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Abstract: In this paper, we prove the global existence of incompressible Navier-Stokes equations with
damping oz(eﬁ“‘I2 - 1)u, where we use the Friedrich method and some new tools. The delicate problem in
the construction of a global solution is the passage to the limit in exponential nonlinear term. To solve this
problem, we use a polynomial approximation of the damping part and a new type of interpolation between

L®(R*, [*(R%) and the space of functions f such that (eflf [ DIf|? € L(R* x R3). Fourier analysis and
standard techniques are used.
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1 Introduction

In this paper, we study the global existence of weak solution to the modified incompressible Navier-Stokes
equations (NSE) in R3:

ot — VAU + u.Vu + u((eﬁ'”‘2 - l)u =-Vp in R* x R3,
S)divu=0 in R* x R3,
u(0, x) = u(x) in R3,

whereu = u(t, x) = (w3, u, u3) and p = p(t, x) denote, respectively, the unknown velocity and the unknown
pressure of the fluid at the point (¢, x) € R* x R3, and the viscosity of fluid v > 0. Also a, 8 > 0 denote the
parameters of damping term. The fact that div u = 0, allows to write the term (u.Vu) = w014 + u0,u +u303U
in the following form:

div(u ® u) = (div(uu), div(u,u), div(usu)).

While u® = (u?(x), ud(x), ugo(x)) is an initial given velocity. If u® is quite regular, the divergence-free con-
dition determines the pressure p. We recall in our case it was assumed that the viscosity is unitary (v = 1) to
simplify the calculations and the proofs of our results. The global existence of the weak solution of the
initial value problem of classical incompressible Navier-Stokes was proved by Leray and Hopf (see [1-4])
long before. Uniqueness remains an open problem for the dimensions d > 3. The damping is from
the resistance to the motion of the flow. It describes various physical situations such as porous media
flow, drag or friction effects, and some dissipative mechanisms (see [2,3,5,6] and references therein).
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The polynomial damping a|u|f~'u is studied in [7] by Cai and Jiu, where they proved the global existence of
weak solution in

Lo(R*, I2(R3) n [2(R*, H'(R3)) n LA*I(R*, LA+1(R3)).

The purpose of this paper is to study the well posedness of the incompressible NSEs with damping

a(ePul” — 1)u. We will show that the Cauchy problem (S) has global weak solutions for any a, 8 € (0, co). We
apply the Friedrich method to construct the approximate solutions and make more delicate estimates to
proceed to compactness arguments. In particular, we obtain new more a priori estimates:

t
()12, + 2j||Vu(z>||2 dz + 2 (e - Du@Plpdz < WO
0

LZ:

comparing with the NSEs, to guarantee that solution u belongs to
L(R*, [2(R%) n LX(R*, H'(R?) n &g,
where
&g ={f: R* x R> > R measurable; (eB'f‘2 - 1)|f|2 e INR* x [R3)}.
Before treating the global existence, we give the definition of solution of (S).

Definition 1.1. The function pair (u, p) is called a weak solution of problem (S) if for any T > 0, the following
conditions are satisfied:

(1) u € I°([0, T]; LAR3)) n I2([0, T]; H'(R3)) and (ef" — 1)Ju? € LY([0, T], LX(R3)).
() du — Au + uVu + a(ePu’ - 1)u = -Vp in D'([0, T] x R3): for any @ € C*([0, T] x R3) such that
div @(¢t, x) = 0 for all (¢, x) € [0, T] x R3 and ©(T) = 0, we have

T T T T
—I(u; 9D) + j(Vu; VD), + I((u.V)u; D)y + aj((eﬁlulz - 1)us @)z = (U DO
0 0 0 0

(3) div u(x, t) = 0 for a.e. (t, x) € [0, T] x R3. ((;)2 is the inner product in L*(R3).)

Remark 1.2.
(1) If (u, p) is a solution of the system (S), then (eﬁ“‘|2 - Du € L (R*, LY(R?)). Indeed: for T > 0, consider the
subsets A} = {(t, x) € [0, T] x R3; 0 < |u(t, x)| < 1}and A? = {(t, x) € [0, T] x R3; |u(t, x)| = 1}. We have

I (eﬁ'”‘ - 1)|ul= I (eﬁ"" - 1)|ul

[0, T]xR3 AbuA?

< I (eﬁ'”' - 1)|u| + j (eﬁ'“‘2 - 1)|u|
Ar A
eﬁ‘lﬂz -1
< J‘glulz + I (eﬁ““2 - 1)ﬁ|u|2
2

o
AT AT

<M j|u|2 _[ (eﬁ‘“' - 1)|u|2 (Mﬁ max (e'BXZT_l)]

Ijlulz jj;(eﬁluz _ 1)|u|2

0 R?
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2
< MgTllulleqo, 11,12®3) + j (eﬂlul - 1)|u|2
[0, T]xR3

2
< MgTllullzeqo, 11,12®3) + ||(€B|”‘ - 1)|M|2 o, 71,0'®3) >
which implies the desired result.

(2) By this definition, the scalar pressure function p is well defined in L. (R*, H(R3)), for all s > 3/2.
Indeed: Formally, if p exists, then

p = (-A)(div u.Vu + ocdiv(el’“”2 - 1)u).

So, just prove that (~A)(div(u.Vw)), (-A) " (adiv(eP " - 1)u) € L} (R*, HSR3)), for all s > 3/2. For
s > 3/2, we have
(=AY H(div(u. V) (Ol g = (=) (div(div(u ® w))(Olg=r>)
<llu ® u®lasr3

1/2

< j(l + ER) 1T ® u)t, ©)PdE
[R3

1/2
< e WOl [ = | [+ 1g0)dg
[R3
<cllu ® u®)lpws
< clu(OI; g3, € Lioe(R).
On the other hand, we have
1/2

I-8)(div(ef" - 1)u)(Ollg-w> < j(l + ER S IF( (P - 1)u)(E, ©)Pdé
[R3

1/2

< CIF( (P - 1)u(®)) o) Cs = f(1+ 1€ PYs)¢ 12d¢
[R3

< Gl (ePF = 1) u(lpg) € Lin(RY.

Then, p is well defined in L. .(R*, HS(R3)), s > 3/2.
(3) If (u(t, x), p(t, x)) is a solution of (S), then (u(t, x), p(t, x) + h(t)) is also the solution of (S). Then, if
we look for p in the space L. .(R*, H%(R3)), we obtain h = 0 and we can express p in terms of u.

In our case of exponential damping, we are trying to find more regularity of Leray solution in
NpLP(R*, LP(R?)). In particular, we give a new energy estimate. Our main result is the following.

Theorem 1.3. Let u® € I?(R3) be a divergence-free vector fields, then there is a global solution of (S)u ¢
L®(R*, I3(R?) n C(R*, HAR3) n I2(R*, H'R3)) n Eg. Moreover, for all t > 0,
t

t
(@2, + 2j||Vu(z)u§zdz + 2aj||(eﬁ‘"<2>'2 - 1) |u@)Plpdz < .. (L.1)
0

0

Remark 1.4.
(1) If (u, p) is a solution of (S) given by Theorem 1.3, then by (1.1) and Proposition 2.1(3), we obtain

lim [lu(t) - u®|;2 = 0.
t—0
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(2) The fact (e - 1)|[uP e L\(R*, LI(R3)) implies that u € N4<p<colP(R*, LP(R3)). Indeed, we have
p

© pk 2
[1emer - yuopiac= 3. - [opsaa
k=1"" 0

0

(3) The factu € L°(R*, LI*(R3)) n C(R*, H?(R3)) implies that u € C,(R*, H7(R3)), for all r > 0.

The remainder of our paper is organized as follows. In Section 2, we provide some notations, defini-
tions, and preliminary results. Section 3 is devoted to prove Theorem 1.3, and this proof is done in two steps.
In the first, we give a general result of equicontinuity, and in the second, we apply the Friedritch method to
construct a global solution of (S), and the only delicate point is to show the convergence of the nonlinear

k
part (efluem!’ — 1)u, to (eF — 1)u. To do this, we approximate (efl“®!" — 1)u) by Z;(nzlf_llutp(n)IZku(p(n),

and we use the convergence in L (R*, L} (R%)) given by technical lemmas.

2 Notations and preliminary results

2.1 Notations

e For R > 0: Bg = {x € R3; |x| < R}.
e Form e N: By(X) = kazlf—,k. Clearly, for each R > 0, we have P,(BR?) / (eﬁR2 -1),asm — +co.
e For R > 0O, the Friedritch operator J is defined by

JRD)f = F(158)f ).
¢ The Leray projector P : (L*(R3))® — (L2(R3))? is defined by

F®f) = F (€) - (?(5)- i)i - MEF ©): M() = (6,(,1 _ ﬁ) .
1€] ) 1€] 1$1° )1ck1e3

e For R > 0, we define the operator Ag(D) by
Ar(D)f = PJr(D)f = F(M()15(6)f ).

e If p,ge(1,00) and Q; c R", Q, c R™ are two open subsets, and we define LP(Q, L1(Q;)) by: fe€
LP(Qy, LI(Qy) if f: Q1 x Oy > C, (4, %) — f(x, %) is measurable and

Ifllzeoy L2y = Mfllzacanllzzy)
is well defined and finite. Particularly, if p = g, then LP(Qq, LI(Q,;)) = LP(Q; x Q;) and

Iflzroy 7@y = IflLPeaxay) -

2.2 Preliminary results

In this section, we collect some classical results, and we provide some lemmas, which are well suited to the
study of the system (S).

Proposition 2.1. [8] Let H be Hilbert space.
(1) If (xn) is a bounded sequence of elements in H, then there is a subsequence (X)) such that

(Xpmly) — (xly), Vy € H.
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(2) If x € H and (xy,) is a bounded sequence of elements in H such that
(aly) = (xly), Vy € H,

then ||x| < liminf,_, o [|xy].
(3) If x € H and (xy,) is a bounded sequence of elements in H such that

Galy) — (xly), Yy e H
and

limsup|ix,| < lxl,

n—oo

then lim,_, o |x, — x|| = O.

Lemma 2.2. [9] Let s; and s, be two real numbers and d € N.
(1) Ifsy < df2 and s, + s, > O, there exists a constant C; = Cy(d, sy, S,), such that: if f, g € H(R%) n H*(R9),

. _d
then f- g € H""™ 2(R%) and
el iess-¢ < Ci(IF g + I = lgle) -
(2) If 51,5, < df2 and s, + s, > 0, there exists a constant G, = C(d, s1, S,) such that: if fe H(R?) and
ge HRY), thenf-g ¢ Hsﬁsz'g([Rd) and
Ilfglle”szg < Glifllg= gl
Lemma 2.3. For m € N and 8 > 0, there is Cq,g > O such that

(Pu(Bz?))? < Cm’l;(eﬁz2 - 1)22, Vz € R.

Proof. It suffices to prove that (P,,,(ﬂzz))z(eﬁz2 - 1)'z72 is bounded on (0, co). O

Lemma 2.4. Form € N and f8 > 0, there is Cp,g > O such that
|Ba(BIxI)x = Bu(Bly Y| < Con g(Bu(BIXI) + Bu(BlyP)Ix = yl, VX, y € R3,

Proof. Suppose that |y| < |x|. We have
m ﬁk
Bu(BIxt)x = BuBly)y = Ba(BIx)0c = y) + 4= (i~ Iy )y
k=1"¢"

For k € {1, ...,m}, we have

[IXP< = Iy Pyl < 2kx = yI-(x Pt + [y P -yl
<2mlx = yl-(xP Myl + Iy
<2mlx - yl-(xP* + [y,

which implies the desired result. O

Lemma 2.5. For all s > d /2: I{R%) — HS(R9). Moreover, we have

”f”H’S([Rd) < Os,dlflpwey, Vf € HS(RY),

where 0= ([0 + 1g0dg) .
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Proof. Using the fact s > d/2, we obtain

[ igerF @rag< | [ s igeyods |IF Buge <[ [ @+ 18058 IR
RY RY

[Rd
which ends the proof. O
Lemma 2.6. Let € € (0,1) and d € N such that d > 2, then there is a constant C > O such that
If (f, ) € H5(RY) x HI"5(RY), then fg € H-¢"3(RY) and

“fgllHl—s— %([Rd) < C”f”H*;([Rd) “g"HI* ;(Rd) .

Proof. We have

gl a<Ifel?, 4
H™2 H 2
2

< j 1gp(-e-9) jf EE - 1)
3 n
2

< j 1gp(-e-9) ftf @& - plgm
'3 n

2

sj|s|2(l+%) f(l 18— Py @ - I+ [ - P ()]
3 n

By using the elementary inequality
A+ 1= nP)s < (1 + 218P + 2l < 65(1 + |2 + Inl2),

we obtain

2

e, o< [16P0=9) [ ig = npy i - wia + 185 + nt2lgen)
§ n

< C(I1 + Iz + 13),

with

2

= 1t [ 16 -npy i ¢ - gl | = avle, .
4 n

w=FA + [EREIF @),
v =FUEE),

2

L= [P0 [+ 16— npy 6 ¢ - milgooidn | dg = il .
§ n

2

w = FHA + P ),
v, = FEE)D),
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and

2

L= P09 [+ i =Py 7 6 - wiigenl | = v,
§ n
us = (1 + 18P IF (),
vs= 711818 (©)1)-
By applying Lemma 2.2 with the following choices:

(su8) = (0,1-¢), (52 tz)=(o,1— g) (53 6) = (0,1 - ©),

we obtain
vl 4 g < Cltlliies Willgogeey, 1 € {1, 2, 3},
Then
h< Clulolvil o < CIFI (I8« < CIFIZ, gl . < CIFIR, . Il .
b= Clualolval?, o < CIFIR, IR, .
L < Clusl o Val2 . < CIFIR, c1gIR ¢ < CIfIZ, clgl?, .
which ends the proof of the Lemma. O

Lemma 2.7. Let p € (1, +o0) and Q # & be an open subset of R*. If (f,) is a bounded sequence in
L(Q) n LP(Q), then there is a subsequence (fun)) and f € L*(Q) n LP(Q) such that

im (finl@)ez = (flg), Vg € @),
Ifllzr < linminf Ifacny 2 s

llz2 < iminf [fyo 2.
n—oo

Proof. Let g the conjugate exponent of Holder inequality

—+—=1
p q

The sequence (f,) is bounded in the Hilbert space L?(Q), and then there is a subsequence (fy)) and
f € I(Q) such that

lim (faw )2 = (f18)12> 8 € I(OF

By Holder inequality, we obtain
|(fuemy)18) 12l < Wfney e llgllze, Vn € N,

which implies
I(flg)el < (linminf Ifacry ”L")' lIgllza-
Particularly, for g € L}(Q) n L®(Q), we have

I(f1g)r2l < (linminf Ifucn) ”L")'"g”Lq- (2.1)
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For k € N, put the following functions:

200 - | E N, i £ # 0,
0, if F(x) = 0
and
8i(x) = 1,,(x)g(x),
where

Ar = {x € Q; |g)| < k} n By.

Clearly, g, € L{(Q) n L*(Q) and 1,, — 1o almost every where. Applying inequality (2.1) to g, we obtain

1/q
[1acorreorar < (imint Vlie)| [ 1ac0lFCOPAx
n—-oo
Q Q
and
1/p
[racorrcorar| < timinf Uil
Q
As Ay ¢ Agy1 and
1, OOIfF O — IfCOIP, a.e x € Q,
then Monotone Convergence Theorem implies that f € LP(Q) and
Ifllzr < linminf Iyl s
which ends the proof of the first inequality.
The last result is given by Proposition 2.1. O

Remark 2.8. Let p € (1, +co0) and Q # & be an open subset of R*. If (f,) is a bounded sequence in
L2(Q) N LP(Q) and f € L*(Q) such that

}Lrgo(ﬁzlg)Lz = (f18)2, Vg € LX(Q).

Then f € LP(Q) and
Ifllz2 < 1inminf Ifullz2,

Ifller < Yiminf Ify [l
n—oo

Lemma 2.9. Let T > 0 and (f,) be a bounded sequence in LA(H\(R3)) such that
fa = f strongly in C([0, T], Hg(R3)).
Then

fo — f strongly in LX([0, T], L2.(R3)).

Proof. Combining the inclusion C([0, T], Hist(R3)) — L*([0, T], H;¢(R3)) and the interpolation
L([0, T, Hipe(R®) n HY(R3) < LX([0, T1, Liz(R?),

we obtain the desired result. O
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Lemma 2.10. Let T > 0 and py € (2, +00). If (f,) is a bounded sequence in LF(H'(R3)) n L*(LPo(R3)) such
that

fo = f strongly in C([0, T], Hipe(R%),
then f € LF°(LPo(R?)) and
fu — f strongly in L?([0, T], LE.(R®)), V2 < p < po.

Proof. By Lemma 2.9, we obtain
fo — f strongly in L%([0, T], L3.(R3)).
By interpolation, between LPo([0, T], LPo(R%)) and L*([0, T], L2.(R3)), we obtain
fa — f stronglyin L?([0, T], LE (R3)), Vp € [2, po).

It remains to show that f € Lfo(LPo(R3)). For m € N, put

Qn =10, T[ x By and g, , = 1g,,fu.
Clearly, Q,, is an open subset of R* and the sequence (8, n)n is bounded in

IX([0, T1, L¥(Bm)) N LPo([0, T], LPo(By)) = LA Q) N LPo(Qyy).
Then, by Lemma 2.7 and Remark 2.8, we obtain 1g, f € L*(Qp) N LPo(Q,,) and
11, fllzro@, < li'gli(};lf 18, mllzPo) -

But [, mllron) = Wallerony < WallLro (Lrow?)), then

1q, fllLro@,) < linnli;lf Wfallpo (zrow?))-

By applying the monotonic convergence theorem, we obtain f € Lf°(LPo(R%)) and

WFllpo (Lrowey) < laﬁg}f Wfallpo (Lrow?))-

3 Proof of Theorem 1.3

This proof is done in two steps:

3.1 Step 1
In this step, we prove a general result for bounded sequence in energy space of the system (S).

Proposition 3.1. Let vy, V5, v5 € [0, 00), 11, 15, 15 € (0, 00), and f, € LAR3). Forn e N, letF, : R* x R3 - R3 be
a measurable function in C{(R*, LA(R3)) such that

An(D)Fy = F, Fy(0, x) = An(D)fo(x)

and

3
(E1) 3Fy+ Y vdDi* E, + Ay(D)div(Ey ® F) + adn(D)[(ePFF - 1)E] =0,
k=1
t

t
3
(ED) IO, +2 Y ve (DR, + 20 [ 15 - 1)IEP1 < ol
k=1
0 0



DE GRUYTER Global weak solution of 3D-NSE with exponential damping =— 599

Then:
e Form € N, there is a constant C = C(m, a, B) such that

(e9]

| [ @airc opyatax < cin.. G
0 R3?
e ForallT,R > 0 and s > 3/2, we have
T
[ 1 = 1) Bl < 05 MaaT + 2 il v e, (32
0

2 _ 1
where Mg g = SUDo<r<p" P

e For every € > 0, there is 6 = 6(g, a, B, V1, V2, V3, 11, 1, 13, [Ifoll;2) > O such that for all , t, € R*, we have

(lb-t] <6 = |E{t) - BE®lgs <&), VneN, (3.3)

with so = max(3, 2max;i<3h).

Remark 3.2. As |E(0l;2 < Ifoll2z for all (¢, n) € R* x N, then by interpolation between H-%o(R3) and
HO(R3) = I*(R3), we obtain for all ¢ > 0, for each € > 0, there is § > 0 such that

(It -t <6 = |F(t) - F(t)lg~ <&), VneN.,

Proof of Proposition 3.1.
e First, (3.1) is given by (E2) and Lemma 2.3.

e’ -1
* To prove (3.2), beginning by noting that the function hg: [0, +00) — R*, y +—

0 ift=0

ift>0

is continuous, and Mg r = supy.[o,zjhp(y) is well defined and finite.

For t € [0, T], put the following subset of R>
Xnre = {x € R% |Fy(t, )| < R}
Then, for x € R3, we have
X € Xy re = (ePFEOF — 1)|E(t, x)| = h(|Fa(z, )DIE(E, )P < My glF(t, 0P,

2 1 2
x € X = (PROOF — 1), 0] < (PRI~ 1) Bt 0P

By Lemma 2.5, we obtain

T T
DAT) = [U(eP™F - ) R@Ili < 03 [ 15 - 1) F@)ld.
0 0

Combining this inequality with the aforementioned inequalities, we obtain

T
—0,(1) = [ [ (507 - 1)z )
P 0 R?
T T
:J- I (eﬁan(z,x)l2 _ 1)|Fn(Z, x)| + I I (eJBIF,.(z,xN2 _ 1)|Fn(Z, X)|
0 Xy rz 0 Xy,

T T
<My [ [ 1B or+ 2 [ [ (507 - 1)k 0P

0 Xurz 0 Xyp.
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T T
<My | [IRG 0P + - [ [ (PR - 1) Rz, 0
0 R? 0 R?
T T
2 1 BIFa(2) 2
< Myr | IE@Idz + < 150 - D)IEEP -
0 0

By using (E,), we obtain the desired result.
¢ To prove (3.3), integrate (E1) over [, ] ¢ R*, we obtain

with

|E(t) — B0 < Ina(h, &) + Ino(t, &) + Ls(t, &),

t
3 2
Tt &) = Yvi [ IDP Filis,
k=1
4

5]
Ls(ty b) = f 14,(D) div(y ® E)liso,

t

15}
Tt &)= [ledn D[ (75 - 1)R] .

[

DE GRUYTER

Let € > 0 be a positive real, let us find a positive real § > 0 such that if |t, — ¢ < §, we obtain

L, &) <€/3, ke{l,2,3}

¢ To estimate I, 1(;, t,), we write

Then lfltz - tll < 51 =

3 b 3 b 3
Ina(t, &) < zvk'[”EIHHZYk’SO < (zvk]j||Ex(Z)||H°dZ < (zvk]l%ﬂﬁ(tz - t).
1y 1)y k=1

&€

————=——, weobtain I, ;(, t,) < £/3.
3% v 1o N2 +3 n1(t, &) /

e Estimate I, 5(t, t;): By Lemma 2.5, we obtain

Then lfltz - tll < 52 =

6
Loty b) < j |div(E ® E)@)lydz

t

5}
< j 1B ® E)@)ly2dz

[

15}
<035 ju(Fn ® F)@)lpdz

f

15}
<05 [ IE@R.dz
4
<0p5lfol2:(6 - t).

€ .
3o 15 30 V€ 0PN Lo(h, &) < /3.
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e Estimate of I, 5(t;, t,): Let R > O (to fixed later) and t; < , € R*. By Lemma 2.5, we obtain
5] 2]

[ 1@ - ) R@Il < 035 [ 1 - 1)@ ld

[ 4

Combining this inequality with the above inequalities, we obtain

5]
5, 6) _ j I (eWn(Zr"”2 - 1)|E(z, )|

Qo033 s
t R
t b
[ [ (eprer - )R or+ [ [ (epBe07 - )i, 0)
tl Xn.R.z [1 XHC,R,Z
t t
), 1 BlFn(z,X) I 2
< Mg g Iz 0P + & (ePIFeF — 1) |Ey(z, )|
tl Xn,R,z tl X,,C,R,z
t t
< Mgr _[ I |Fi(z, ) + % I j (ePIFEIF — 1) |Fyz, x)P
t R® 4 R®

6 6
1
< My [IR@RAz + 2 [1(eH5F - 1) R,

t t
By using (E;), we obtain
Lk, )

a03,3

30531 fo 12, +3

1
< MpRilfol2.(6 — &) + ﬁ”fo 12, (3.4)

b3 = £ we obtain
> 6aos sMp.z, | fo I, +67

|t — bl < 63 = IL3(h, 6) < g/3.

Then, with the choices R = R, =

To conclude, it suffices to take § = min{é;, §,, 85}. O

3.2 Step 2

In this step, we construct a global solution of (S), where we use a method inspired by [9]. For this, consider
the approximate system with the parameter n € N:

o — Nou + J,(Jau.Viau + at],,[(eﬁunl"2 - 1)],,u] =-Vp, in R*xR3,
(5] Pn = GO (i JuGu.Vu + adiv Jo [ (A0~ 1)u]),

divu=0 in R*xR3,

u(0, x) = J,u(x) in R3.

¢ By Cauchy-Lipschitz theorem, we obtain a unique solution u, ¢ C'(R*, L*(R3)) of (S,). Moreover, J,u, = uy
and

t

t

2

Ran©; + 2 [ 192, + 2 [ 1P = 1)l Pl < IO (3.5)
0 0
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e By inequality (3.5), we obtain (u,) is bounded in L2 (R*, HY(R3)):

T
[u®|?
j(nunuiz +IVilf;) < W0 T + = = My, VT 0. (3.6)
0
¢ By using inequality (3.5) and the fact that
(s 1)Iunl2 = B P2, (3.7)
we obtain for all k € N, (u,,) is bounded in IZ*2(R* x R3) and
f e < 22 2“ (3.8)
0 R?
¢ By applying Proposition 3.1 and Remark 2.8, we obtain
the sequence (u,) is equicontinuous in Cy(R*, H(R3)). (3.9)

* Let (T;)4 € (0, 0o)Y such that T; < T,,; and T, — co as g — co. Let (6;)4en be a sequence in C§°(R3) such
that: for all g € N,

0,x)=1, Vxe B(O, g+1+ %),

0,x) =0, VxeB(0,q+2)F,
0<6,<1.

Using (3.5)—(3.9) and classical argument by combining Ascoli’s theorem and the Cantor diagonal process,
we obtain a nondecreasing ¢ : N — Nandu € L®(R*, [*(R%) n C(R*, H3(R3)) such thatforallq € N, we have

nlggo 165Uy — u)||L°°([o,Tq],H"’) =0. (3.10)

¢ Combining inequalities (3.7)—(3.10) and applying Lemma 2.10, we obtain
Upmy — U strongly in LP (R, LP (R3)), Vp € [2, c0). (3.11)

e The sequence (i) is bounded in the Hilbert space I*(R*, H'(R3)), then

Upmy — u weakly in LX(R*, H'(R)).

Particularly u € L2(R*, H'(R3)) and

I||Vu|| < 11m1nf.[||Vu¢(n)||Lz, vt > 0. (.12)

e Prove thatforallT > O and k € N,

u[%*2 < liminf I I iy P42, (3.13)
n—oo

R’ 0 R?

O C—

For this take m € N and put Q,, = ]0, T[ x By. Applying Lemma 2.10 to the sequence (1g,Uum)) With
Po =2k + 4 and p = 2k + 2, with taking into account (3.8), we obtain

T T
j j 2 < liminf'[ J iy P42,
n—oo
0 B,

0 By,
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Then

T
u[*2 < liminf J f Uy P42,
n—oo

B, 0 R®

O C—

By using monotonic convergence theorem, we obtain the desired result.
e Prove that for all T > O,

n—oo

O C—

T
(e = 1)lup < liminf [ [ (M0 - 1)lugin . (3.14)
0 R’

IRB

For this, take m € N and by (3.13), we obtain
T T
| [ Patpapytu < timint [ [ BuGBlagon Polgon -
n—oo
0 R3 0 R3

Then

T T
j IPm(ﬁlulz)lu|2 < liminf I j (em“«’(")'2 - 1)|u¢(n)|2.
n—oo
0 R?

0 R>
Monotonic convergence theorem gives the desired result.
e Combining the aforementioned inequalities, we obtain for all ¢t > O,

t t
(O, + 2 |IVu(z)I2.dz + 2aj||(eﬁ'“<z>'2 - 1) lu@)Plpdz < [ul,. (3.15)
0 0

It remains to show that u is a solution of the system (S). To do this, we must verify that

Jlim Jotm Wity = Uit in D'([0, 00) x R, (3.16)
lim ],,,(n)[(eﬁ'“«’m)'2 ~ D] = (e5|“‘2 - 1)u in D'([0, 00) x R3). (3.17)
n—oo

e Let @ in C§°(R* x R3). There is an integer g € N such that
supp(®) c [0, T;) x B(0, q).
We start by proving (3.16). For this, we write
DUy — DU = 6, DU U ) — QDU = 6,y — UNDUY ) + Bg(u) ) — WD,

Using Lemma 2.6, we obtain, for g, € (0, 1),

189y = UIPUpr 2 r-eo-3

IN

i —ut £ j &
C” eq(u(p(n) ul)"Loo([O’ Tq],H’TO) ”cDu(p(n) ”Lz([O, Tq],HI’TO)

IN

OOt~ W0t 7150l 1.

IA

i i j
C'116, (g ~ ul)"L‘x’([O,Tq]; H*%O) I gy l2ct0, ,1: 1Y

IN

C' M, 16, (ugn) - ui)"L“([o,Tq]; o7 )
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where Mz, is given by (3.6). Then, equation (3.10) implies

i | J —
nh—>r£lo ||9q(u(p(n) ul)(Du(p(n)"LZ([RtHfsof%) = 0.

In a similar way, we show that

lim eq(u;;(n) — W)Oui = 0 in IR+, H03(R3)).
n—oo
Then, we obtain

lm Dupgul ) = Quiv in IA(RY, H#0-3(R3)).

S ¢
Using the fact that (u,) is bounded in L®(R*, L3(R3)) n LAR*, H'(R3)), we obtain
1A = Jpam) ' (OW O y-so-1, < 10 = Jpm)Du (WO, o1
< (@) (WD), 1
< Clpm)*oflu()l2 lu(®ll ;-
Then, we obtain
Id - ]ga(n))ui(t)uj(f)||L2(R+,H-so-%) < Cle(m) llullpowe, ) lull 2+ g

which implies (3.16).
¢ Now, we want to prove (3.17). Let € > 0 and Ry > 0 such that

1 £
— < .
Ro 4wl 1Dl owexr) + 4

Let mg € N such that

o k
ePRS_1-P (BRD))R, = ﬁ_Rzk+1 < £ ‘
( " ° ) kz%ﬂk! 0 4a"q>||Ll([R"><[R3) + 4
We have
(o) 0 ,
I _[]‘“")[(em"“’(")'z = Dty ® - I (ePf — 1)u@ = (Zbi) +S,
0 R? 0 R’ i=1
with

Ot 8 O, 8 O3 O3
o

Ly [ Brio Bl Mty — Prno(Blulu ] @,

=
w

Lr% (Id - ](p(n))[(eﬁlu‘/’(">|z - l)u(p(,,)]CD,

h
S w
]

[ (eP1eom — 1 = By (BlttgenP) ) g | @

)
w

9]
Il

[(eﬁ‘“|2 -1- Pmo(ﬂlulz))u]cb.

=
w

DE GRUYTER

(3.18)

(3.19)
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— Estimate of term Lnlz Using Lemma 2.4, we obtain

Tq
L1 G [ [ [PuBltginP) + BunCBluP) |ty - wll
0 B(0,q)

Tq
< Crol®lioiesss [ [ [BroBltgnl?) + BBt 8tgi ~
0 B(0,9)

Applying Cauchy-Schwarz and using Lemma 2.3, we obtain

|Lal < Cino, gl Pl oo (| [Pmo(ﬁluw(n)|2)||L2([0,Tq]><B(0,q)) + ||Pm0(ﬁ|u|2)] Iz2(t0, 7,180, MOa(Uoemy — WllL20,7,1xB0.9)

, 2
< Cmo’ﬁCmO,B"q)"Lm(R*xRB)(”(eﬁluq)(")l - 1)|u<p(n)|2 ||}‘{(2[0,Tq],L1(R3)) + ||(eﬁ|u| - 1)|u|2||i{(2[0,Tq],Ll(m3)))"9q(u<P(n)
= W20, 7,1xB0.q)) -

Energy inequalities (3.5)—(3.15) give

Oy (Upmy — Wz, 1,),12) -

V202
L} < Cmo,ﬁCmo,ﬁ||q)||L°°(R*xR3)TL||

Then, the convergence result (3.10) gives an integer n; € N such that: for all n > n;, we have

L} < e/4. (3.20)

— Estimate of term L?: we have

I
£1=1¢ | [ ad - [ (e#0" - 1ugen ] @

0 R’

T
-IC j (Ud = Jpm) [ (€810 — 1)) | 1) 2]
0

Tq
<C j I~ ) [ (€855 = 1)ty -« IDCO
0

Tq
C J‘ >
< I (eP™e!” — Dugem |l 1Dl owe,
o(n) [( ) ‘p"] R,H")
0
C 2
< eBlieml” — 1)u 1 3 || Dl peom g4y -
e I[( Yo | Io, 1) [Pl i

By using Proposition 2.1(3.2) with the choice (R =1,s =3, T = T;), we obtain

L] <

1
Mg T, + — |03 31U D@l 0w %y s
<p(n)( 3,114 Za) 33012 | Rl o )

which implies that there is an integer n, € N such that

IL}| < €/4, Vn = n,. (3.21)

— Estimate of term LJ: Put the following set

Yn,RO = {(t’ X) € [0’ Tq] X B(Oy q); |u(p(n)(t, X)l < RO}'
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We have

ILg| < j [(ePuol" — 1 = RoyBlugm) ) lugim] |10 + f [(ePluol® = 1 = Buy(Blupm) 1)) lutgim] |11

Yn,RO Y"C,R()
2 1 2
<[ (€% — 1 = Ruy(BR) ) Ro | 1@l wexr?) + = j [(ePtel” — 1 = By (Blugeny P)) gy ] I1@l o)
0 C
n,Ro
2 1 2
<[(€7 = 1 = Bu(BR))Ro] IPlwrswy + - f [ (eP1eml” = 1) [ugem P I®lomcr?)
0
R*xR3

1
< [(eﬂROZ -1- Pmo(BRg))RO] 1Pl Rexr3) + R—||u0||iz||®||L°°(R*xR3),
0

Using the choices (3.18)—(3.19), we obtain
IL3| < &/4, Vn eN. (3.22)
- Estimate of term S: Put the following subset of R*,
Zg, ={(t, x) € [0, Ty] x B(0, q); |u(t, x)| < Ro}.

We have

i< [ [(eP - 1= BB )il + [ [(e8 - 1 - Bu(Bup)) ul] 10

Zro Zg,

1
< (ePR3 - 1 - Buy(BRY) )Roll@ll i) + = j (P = 1 = By (BIUP)) uf (1Dl pogrexr?)

c
ZRO

1
< (€PR6 = 1 = Buy(BR))Roll @l g, t o f (P — 1) [up (IOl orr?)
R*xR3

2 1
< (€7 = 1 = Buy(BRD))RollPlliesw’y + - IOl 1Py

0
By the choices (3.18)-(3.19), we obtain

IS| < £/4. (3.23)
Combining (3.20), (3.21), (3.22), and (3.23), we obtain

[¢] (o]

J I]w(n)[(eﬁ‘”w(">'2 - 1)u<p<n)]<b - I J (eﬁ‘”'2 - l)utb <&, Vn = max(m, ny),

0 R® 0 R?

which implies (3.17), and the proof of Theorem 1.3 is finished.
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