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1 Introduction

Let Re(a) > 0 and Re(b) > 0. Then, the classical gamma function I'(:) [1-4], psi function Y(-) [5-8], beta
function B(:,-) [9,10], and Euler-Mascheroni constant y [11-15] are defined by

Trar I'@ T(@I(b)
I'(a) = | t*letdt, = , B(a,b) = —2—= .
@ = [eetd, y@ fy Bab =T (1.1)
0
and
< 1
= 1li - -1 = 0.57721566 ...,
Y nfg(,;k Og"]
respectively, and the Ramanujan R-function R(-) [16-18] is defined by
R(a) = -2y - Y(a@) - Y(1 - a), a€(0,1), (1.2)
and it is the special case of the two parameter function
R(a’ b) = _Zy - l/’(a) - ')b(b)’ (1.3)

and sometimes R(a, b) is also said to be the Ramanujan constant although it is a function of a and b.
For a € (0, 1), we denote
T
sin(ma)

B(a) = B(a, 1~ @) = @Il - @) = (1.4)

By the symmetry, in what follows, we assume that a € (0, 1/2] in (1.2) and (1.4).
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Fora, b, c € R with ¢ # 0, -1, -2,..., the Gaussian hypergeometric function [19-30] is defined by

F(a, b; ¢; x) = ,Fy(a, b; c; X) = ) MX—", x € (-1,1), (1.5)
n=-0 (©n n!

where (x),, denotes the shifted factorial function defined by (x), = x(x + 1)---«(x + n - 1) for n > 1 and
(x)o =1 for x # 0. It is well known that F(a, b; c; x) has wide applications in many branches of mathe-
matics and physics. Many elementary and special functions in mathematical physics are the particular or
limiting cases of the Gaussian hypergeometric function. F(a, b; c; x) is said to be zero-balanced if
¢ =a + b. The asymptotic properties of F(a, b; a + b; x) are related to B(a, b) and R(a, b) as x — 1
[31-36]. For example, F(a, b; a + b; x) satisfies the Ramanujan asymptotic identity [37]:

B(a, b)F(a, b;a + b;x) + log(1 — x) = R(a, b) + O((1 - x)log(1 - x)) (1.6)

when x — 1.
Let a, r € (0, 1). Then, the generalized elliptic integral K (r) [38-52] of the first kind is defined by

Ko(r) = gp(a, 1- a1;r2), K00 = g KT = co. 1.7)

For the sake of simplicity and convenience, in what follows, we denote r’' = \/1 — r? forr € [0, 1] and
K'(r) = K4 (r'). By the symmetry, we only need to discuss the case of a € (0, 1/2]. From (1.6), we obtain the
asymptotic identity:

eR(a)/z

B(a)K(r) — mlog ”

= 0((r")*1og(1")) (1.8)

whenr — 1.
Recently, the properties and bounds involving K,(r) and R(a) have attracted the attention of many
researchers. Wang et al. [53] proved that the double inequality

b4 < Kar) < T
R(a) + [B(a) - R(@)]r* log(eX@2/y"y ~ B(a)[l - a(1 - a) + a(1 — a)r?]

(1.9)

holds for all a € (0,1/2] and r € (0, 1).
In [54], the authors established the following two-sided inequality:

sin(rta) eR@/2 sin(ra) eR@/2
1 - ClsKur) < 1 - Cr'?|,
1-b+ brz( 8y ") 1_b+br| o 7 '

foralla € (0,1/2] and r € (0, 1), where C = [R(a) - (1 — b)B(a)]/2 and b = a(1 - a).

Qiu et al. [17] presented the power series expansions of the function R(a) ata = 0 and a =1/2, and
provided the monotonicity and convexity properties of certain combinations defined in terms of polyno-
mials and the difference between the Ramanujan R-function R(a) and the beta function B(a), and proved
that

2n

2Qa, + top_ )X < B(x) — R(X) + ZZakx" < Qag, + Oon_)x* (1.10)
k=1
and
2n+1
Qa1 + 0)X¥ 1 < B(x) - RX) + 2 ) aixk < 2Q2apm,1 + ap)X* D (1.11)
k=1

forn e N and x € (0, 1/2], where
ap = {(-D" + [1 + (D)2 (n + 1),

n
ay = 2"*1(71 - log16 + 222"‘ak]
k=1
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and

(e¢]

1
{(s) = kZF (Re(s) > 1) (1.12)
=1
is the Riemann zeta function [55,56].
Huang et al. [54] established several monotonicity, concavity, and convexity properties for certain
combinations defined in terms of R(a) and b = a(1 — a), and proved that

(71log2 - 3)b < b(2 - b)R(a) + b - 1, (1.13)
Ab <1-b% - b(1 - b)R(a) < 2b, (1.14)
log2 + Di(1 - 2a)?> — D>(1 - 2a)* - D5(1 - 2a)® < bR(a) < log2 + (1 - log2)(1 - 2a), (1.15)

where D; = A(3) - log2, D, = A(3) — A(5), D3 = A(5) — 1, A, =15/4 — log8 and

- 1

A(n + 1) = k:zow. (1.16)

From [31], one has
An+1)=0Q-2"H(n+1). (1.17)

We also denote
- 1
_ 1)k

B(n) = k:ZO( 1) D (1.18)

in the full article.

The Ramanujan R-function often appears in the studies of the properties of the generalized Grotzsch
ring function p,(r) [57,58], the generalized Hersch-Pfluger distortion function <p7a((r) [59-61], and the gen-
eralized n,-distortion function ng(t) [62]. Therefore, the function R(a) is indispensable for studying the
properties of K,(r) and many other special functions [63].

The main purpose of this article is to establish new asymptotically sharp lower and upper bounds for
the Ramanujan R-function R(a) and to improve inequalities (1.14) and (1.15).

2 Lemmas
To prove our main results, we need several technical lemmas, which we present in this section.

Lemma 2.1. (See [54, Lemma 2.1]) The following two statements are true:

(1) The function A(n) defined by (1.17) is strictly decreasing with respect to n € N\{1} with A(2) = 7%/8 and
lim,_,A(n) = 1, and the function B(n) defined by (1.18) is strictly increasing with respect to n € N with
BQ) = /4 and lim,_,,S(n) = 1.

(2) The following identities

R@=2+2Y¢@n + Dan
a n=1
=1logl16 + 4 oi/\(Zn + DA - 2a)™
-l .1)
=logl6 + 4 ) (1 - 272" Hy(2n + 1)(1 - 2a)™

n=1

:% ~ 4(1 - log2) + 4 OZO:[A(Zn +1) - 1]a - 2a)™

n=1
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and
B(a) = — + 22(1 - 2= (2n)a* ! = 4Zﬁ(2n + 1)1 - 2a)™ (2.2)
a
n=1

hold for all a € (0,1/2].

Lemma 2.2. The function f(s) = -2{(2s + 3) + {(2s + 5) + 9{(2s + 7)/8 is strictly increasing from [1, co)
onto [f(1), 1/8), where f(1) = =2{(5) + {(7) + 9¢(9)/8 = 0.0617 ....

Proof. It follows from (1.12) that

F(s)=~20(25 + 3) + {(25 + 5) + %C(Zs +7)

— il:_zk—(ZSJrB) + k—(25+5) + gk—(lsﬁ):l
k=1 8
- Z(—zlr3 N 31«7)1(25
k=1 8
_ i": -16k* + 8k? + 9k_Zg
] 8k’
Differentiating f(s) leads to
-16k* + 8k2 + 9 8kZ-9
f(s)—kZ( 2log k)f Zzl #I -2,
1

Therefore, f'(s) > 0 for all s > 0 and f is strictly increasing due to 16k* — 8k? — 9 > 0 and logk > O for
k > 2. Note that f(1) = -2¢(5) + {(7) + 9¢(9)/8 = 0.06175 ... and f(c0) = 1/8. O

The following monotone form of L’Hdpita’s rule can be found in the literature [[32], Theorem 1.25].

Lemma 2.3. Let-co < a < b < o0, f, g : [a, b] > R be continuous on [a, b] and be differentiable on (a, b),
and g'(x) # 0 on (a, b). If f'(x)/g'(x) is increasing (decreasing) on (a, b), then so are the functions
[fOO) - f(@)]/[gt) - g(@)], [f(x) - f(D)]/[g(x) - g(b)].

If f'(x)/g'(x) is strictly monotone, then the monotonicity in the conclusion is also strict.

3 Main results

Throughout this paper, we always assume that a € (0,1/2] and b = a(1 — a). Let

AQ) =log2 - A3), AQK) =A2k-1)-A2k+1) (k=?2),
B(1)=1, By2) =0, (3.1)
Bi(2k - 1) = 202k - 1), Bi(2k) =202k -1) (k> 2).

Theorem 3.1. Let n € N and fi(a) = —bR(a) = —a(1 — a)R(a). Then one has
(1) fi has the power series formula

fila) = -log2 + Y Ai(2n)(1 - 2a)** = -1 + Y By(n)a™. (3.2)

n=1 n=1
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(2) fi is increasing, concave, and (-1)*f(a) > 0 on (0, 1/2) for k = 3.
(3) Let

fi(@) - Pyn(a)

Fl’n(a) = (1 _ za)Z(n+1) ’

(3.3)

where Py ,(a) = -1og2 + Y _ A(2k)(1 - 2a)* and A(2k)(k > 1) is defined by (3.1). Then, F,, is strictly
decreasing and convex from (0, 1/2) onto (A;(2n + 2), A(2n + 1) — 1). In particular, the double inequality

0 < -bR(a) — Pip(a) - Ai(2n + 2)(1 - 2a)**2 < [A2n + 1) - 1 - A(2n + 2)](1 - 2a)**3  (3.4)

holds for alln € N and a € (0, 1/2], with equality in each instance if and only ifa = 1/2.
(4) Let
fi(a) - Ryn(a)

an+l

Gl,n(a) = ) (3.5)

where Ry y(a) = -1+ Y;_Bi(k)ak and By(k)(k > 1) is defined by (3.1). Then, Gy n(Gy,ans1) IS strictly
increasing (decreasing) and concave (convex) on (0,1/2] with Gy ,(0%) = By(n + 1). In particular,
the inequalities

2(Gy,2n(1/2) + 2((2n + 1))a®*? < =bR(a) - Ry sn(a) + 2{(2n + 1a***!

(3.6)
< (G1,20(1/2) + 2{(2n + 1))a***!
and
(G1,2n+1(1/2) = 2{(2n + 1))a®**? < —bR(a) — Ry, ans1)(@) — 2{(2n + a’+ (3.7)
< 2Geni(1/2) - 2 @n + D)a*? '
hold for alln € N and a € (0, 1/2], with equality in each instance if and only if a = 1/2.
Proof. (1) It follows from Lemma 2.1(2) and b = a(1 - a) = [1 - (1 - 2a)?]/4 that
1-(1 - 2a)? - ,
fi(a) =—-a(1 - a)R(a) = - 10g16 + 4 Y AQ2n + (1 - 2a)™"
. n=1 (3.8)
=-log2 + Y A(2n)(1 - 2a)*".
n=1
On the other hand, from Lemma 2.1(2), fi(a) can be expressed by
fila) = —a(1 - a)R(a) = —-a(1 - a)(l +2) {(@n+ 1)a2") = -1+ ) Bi(n)a". (3.9)
a n=1 n=1
(2) From Lemma 2.1(1), we know that A;(2n) > 0 for all n > 2. Differentiating f; gives
- 2K2n)!
P@= Y 22 g ona - 20k, (3.10)

n=[(k+1)/2] (2n - k)!

where and in what follows [-] denotes the greatest integral function. Therefore, (—1)"ff")(a) > 0 for all
ac(0,1/2]and k = 3, 4,... and f{' is decreasing on (0, 1/2] due to f{"(a) < 0. It follows from (3.9) that

[e¢]

1'(a) = Z n(n - 1)By(n)a">
n=2
with f}'(0*) = 0. Therefore, f{'(a) < 0 for a € (0, 1/2], so that f](a) is strictly decreasing on (0, 1/2] with
f{(1/2) = 0, which leads to the desired monotonicity and concavity of f;.
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(3) Differentiating
fil@) — Py n(a)

Fin(a) = A 2ay - ;lAl(zk)a - 2a)2k-n-D = kzoAl(z(k +n+ 1)1 - 2a)*
gives
Oy N 1 242! oyl
Fip(a) kz{(;)m( 1) kD1 2 AR+ n o+ D)) - 2a) (3.11)

which implies that
F ,(a) = —4OZO:kA1(2(k +n+ D)1 - 2a)*1
k=1
and
Fl\@ = 8Y K2k - DAk + n -+ D)L - 20472
k=1

Therefore, the monotonicity and concavity properties of F, , follow easily from A4;(2n) > O for alln > 2.
Clearly, F; ,(0") =A(2n + 1) — 1, F; ,(1/27) = Ai(2n + 2), the double inequality follows from the monotoni-
city and convexity properties of F; ,(a).

(4) Let Gy p(a) = hy(a) [ ho(a), where hy(a) = a™*! and

hi(a) = fi(a) - Ry n(a@). (3.12)
Then h{™(0%) = h{™(0*) = 0 for all m € N U {0} with 0 < m < n and

") f"(a)
h2(n+1)(a) - n+ 1! ’

(3.13)

From Lemma 2.3, we know that the function Gy,5,(G1,2n+1)) has the same monotonicity with the function

feuD(f@+2) 1t follows from (~1)*f{"(a) = 0 for a € (0,1/2] and n > 3 that Gy 2,(Gy,2+1) is increasing
(decreasing) on (0, 1/2]. Differentiating G, , gives

hy(a) ) _ (@) ~ Run(@)' — (n + D(fi(@) - Rin(@)

hz(a) an+2

(Gin(@)' = (

Let
hs(a) = a(fi(a) - Ryn(@))' - (n + D)(fi(@) - Ry,n(@)),
and h4(a) = a™2. Then from (3.9), we know that h3(a) can be rewritten as follows:

m@= Y (k- n- DB,

k=n+1

which leads to h{™(0%) = h{™(0*) = 0 for all m € N U {0} with 0 < m < n and

h3(n+1)(a) ~ f1(n+2)(a)
(@) (n+2)!

(3.14)

From Lemma 2.3, we know that the function (G, )’ has the same monotonicity with the function f®+2,
Therefore, the desired monotonicity of (Gy,,)' and (Gy,2n+1))’ is obtained, the concavity (convexity) property
of Gy,2n(G,2n+1)) follows from part (2), and the double inequality (3.6) (3.7) and its equality case follow from
the monotonicity and concavity (convexity) propetties of Gy n(G1,2n+1)- O
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A function f is said to be strictly completely monotonic on an interval I ¢ R if (=1)"f®™(x) > 0 for all
xelandn=0,1,2,3.... If(-1)f®@(x)>0forallx e ] andn =0,1,2, 3 ..., then f is called completely
monotonic on I. The completely monotonic functions have important applications in areas of numerical
analysis [64,65], probability theory [66], physics [67], and so on.

Corollary 3.2. For each n € N, the function F, , is completely monotonic on (0, 1/2].

Proof. It follows from (3.11) that (—l)lFl(”,),(a) >0 for all a€(0,1/2], and 1=0,1,2,3.... Therefore,
F, , is completely monotonic on (0, 1/2]. a

Let

Ay(2) = [9A(3) — 101og2]/4, Ay(4) = [9A(5) — 10A(3) + log2]/4,

A (2k) = [9A(2k + 1) — 10A(2k — 1) + A2k - 3)]/4 (k = 3),

By(1) = -1, By(2)=-2, By(3)=4{(3) +1, By4) =-2(3), (3.15)
By(2k + 1) = -4({(2k — 1) — {(2k + 1)) (k = 2),

By(2k +2) = 2(((2k - 1) - {(2k + 1)) (k = 2).

Theorem 3.3. Let f,(a) = b(2 + b)R(a). Then, the following statements are true:
(1) f, has the power series formula:

fl@ = 282 1 Y e - 20 = 2+ Y Batma (3.16)

n=1 n=1
(2) The function f, is strictly decreasing on (0, 1/2], and f, is neither convex nor concave on (0, 1/2] and
(-D¥PO(a) > 0 for (0,1/2] and k > 5.
(3) Let

f(a) - Py p(a)

Fz’n(a) = (1 _ 2a)2(n+l) ’

(3.17)

where P, y(a) = (91082) /4 + ¥,_,A2k)(1 - 2a)* and A,(2k)(k > 1) is given in (3.15). Then, F, 5 is strictly
decreasing and convex from (0, 1/2) onto (Ay(n + 1), F> ,(0")). In particular, the double inequality

0 < b2 + b)R(a) — Py (@) — Ay(n + 1)(1 - 2a)X™D < [F, 4(0%) — A,(n + D](1 - 2a)*™+D+1 (3.18)

holds for alln € N and a € (0, 1/2], with equality in each instance if and only if a = 1/2.
(4) Let
f(a) = Ryn(@)

an+l

Gon(@) = , (3.19)

where Ryy(a) = 2 + Y,_,Ba(k)ak and By(k)(k > 1) is defined by (3.15). Then, for n = 2, G,n(Ga,n-1)) i
strictly increasing (decreasing) and concave (convex) on (0, 1/2] with G;,,(0*) = By(n + 1). In particular,

inequalities
2(Go,on(1/2) = By(2n + 1))a*™*? < b(2 + b)R(a) - Ryn(@) — Bo(2n + D! (3.20)
<(G,2n(1/2) — By(2n + 1))a®™+!
and
(Go,n-1)(1/2) = B,n)a®*? < b(2 + b)R(@) = Ry n(@) — Bo(2n)a’*? (3.21)

< 2Gy,n-1(1/2) — By(2n))a’+3

hold for alln € N and a € (0, 1/2], with equality in each instance if and only ifa = 1/ 2.
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Proof. (1) It follows from Lemma 2.1(2) and b = a(1 - a) = [1 - (1 - 2a)?]/4 that

1og16 + 4 Y A(2n + 1)(1 - 2a)™
e 3.2

f(a)=b(2 + b)R(a) =

9 - 10(1 - 2a)’ + (1 - 2a)"
16
2182 | § g anyat - 20y,

n=1

where A;(2n)(n > 1) is defined by (3.15). Again use Lemma 2.1(2), we obtain

(@) = b2 + b)R(a) = b2 + b)(% +2 i((Zn + 1)a2"]

n=1

=2-a-2a+ (4{(3) + Da® - 2{(3)a* + OZO:[—4((2n -1+ 4(@2n + 1)]a*1 (3.23)

n=2

+[2¢@2n - 1) -2{@2n + D]a**? =2+ iBz(n)a".

n=1

(2) It follows from (1.16) that A,(2n) = [9A2n + 1) — 10A2n — 1) + A(2n - 3)]/4 and

199 -10Q2k + 1)% + 2k + 1% 4i (2 + 2k)(k2 - 1)

A,(2n) = — = >0
Ao = kzl 2k + D2 & 2k + 1)t
for n > 2. Differentiating f, gives
00 k |

M@= Y -2 oy - 20k, (3.24)

nefdon @10

< n)!
M@=y P pmak (3.25)

n=(r /21 = B!

From (3.24), we know that (-1)*f{(a) > 0 fora € (0,1/2] and k = 5, 6,...; and f$”(a) is increasing on

(0, 1/2]. By the series formula of f;(a), we obtain f$(1/2) = 0; therefore, f”(a) < 0 fora € (0, 1/2], so that
2(4) is strictly decreasing on (0, 1/2].

It follows from (3.25) that f{¥(0*) = —48{(3) < 0, so fi?(a) < 0 for a € (0, 1/2]. Hence, f}"(a) are

strictly decreasing on (0, 1/2] with f3"(1/2) = 0, which implies that ;' (a) > 0 and f; are strictly increasing

on (0, 1/2].

By (3.24) and (3.25), we obtain f;'(0*) = -4 and f;'(1/2) = -201og2 + 63{(3)/4 = 5.070 ...> 0. There-
fore, there exists a* € (0, 1/2] such that f) (a*) = 0, and f, is decreasing on (0, a*] and f; is increasing on on
(a*,1/2]. Since f,(0*) = -1 and f5(1/2) = 0, so f,(a) < 0 and f, is strictly decreasing on (0, 1/2] with
£(0") =2 and £5(1/2) = 9log2/4.

(3) Differentiating

fZ(a) - PZ,n(a) _ - —n-1) _ >
F2,n(a) = W = k§+1A2(2k)(1 — Za)z(k D= kgoAz(Z(k +n+ l))(l — 2(1)2k
leads to
Oy N (20! ogykel
Fy)(@) = k:[g/m( DG = @k + n+ D)A - 20, (3.26)

which implies that

F q(a) = —4§kA2(2(k +1n+1))(A - 2a)*?
k=1
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and

F)(a) = Sozo:k(zk - DAQRMK + n + 1))A - 2a)*2,
k=1

Therefore, the monotonicity and concavity properties of F, , follow from A,(2n) > 0 foralln > 2, and the
desired inequalities follow from the monotonicity and convexity properties of F, , together with F5 ,((1/2)7) =
A,(2n + 2).

(4) Let Gy,n(a) = hs(a)/ he(a), where h¢(a) = a**! and

hs(a) = fo(a) — Ron(a). (3.27)
Then it is easy to verify that hé””(O*) = hé"”(O*) = Oforallm € N u {0} withO < m < n. Simple computations
lead to

WY@ (@

@) (m+ D!

(3.28)

From Lemma 2.3, we know that G, ,n(Gs,2:-1)) has the same monotonicity with the function f§2**( f{*V).
Therefore, Gn(G2,n-1)) is increasing (decreasing) on (0, 1/2] due to (—1)"f2(”)(a) >0 for a € (0,1/2]
andn > 5.

Differentiating G, gives

hs(a) )’ _ 4@ ~ Ryn(@)' — (n + 1)(f(@) ~ Ron(@))

(GZ,n(a)), = (h6((1)

an+2

Let hg(a) = a™? and
hy(a) = a(f(a) - Ryn(@))' - (n + D(fa(a) - Ryu(a)).
Then from (3.23), we know that h;(a) can be rewritten as follows:

hy(a) = ozo" (k — n — 1)By(k)ak.

k=n+1
Therefore, h{™(0*) = h{™(0*) = 0 for all m € N U {0} with 0 < m < n and

h7(n+1)(a) ~ f2(n+2)(a)
h8(n+1)(a) - (n + 2)| ’

(3.29)

which shows that G, , has the same monotonicity with the function £ by Lemma 2.3. Therefore, the
desired monotonicity of Gz’,z,,, and Gz’,(z,,,l), the concavity (convexity) of G2,(G2,2n-1)), are obtained, and the
inequalities (3.20) and (3.21) follow easily from the monotonicity and concavity (convexity) properties
of G3,2n(G2,2n+1))- O

Corollary 3.4. The function F, ,(n > 2) is completely monotonic on (0, 1/2].

Proof. From (3.26), we clearly see that A,(2n) > O for alln > 2. Therefore, (—1)’F2(f21(a) >0 foralla € (0,1/2]
and!=0,1,2,3..., and F, , is completely monotonic on (0, 1/2]. |

Corollary 3.5. G, is increasing and concave, and G, is decreasing and concave on (0, 1/2].

Proof. It follows from (3.28) and Lemma 2.3 that G, ,(G,;) has the same monotonicity with the function
£, (f1). Since f'(fY) is strictly decreasing (increasing) on (0, 1/2], we can obtain the desired monotonicity
of G, and G,,;. It follows from (3.29) and Lemma 2.3 that G, ,(G; ) has the same monotonicity with the
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function fi”(fy"). Since f5" and f¥ is strictly decreasing on (0, 1/2], the desired monotonicity of G,,(a) and
Gz’,l(a), and the concavity (convexity) of G,,(a) and G, 1(a) are obtained. O

Let

A;(0) = 710g2 - 4 = 0.8520 ...,
A3(2) = 7A(3) + log2 — 4 = 4.055745 ...,
AQK) =TAQk + 1) + Ak - 1) - 4 (k> 2),

P . O
B(1) =0, By =-#0)-1, (:30)
B3(2k-1)=-1-2{Qk-1) (k=2),
B3(2k) = -1+ 2{(2k — 1) + 42k + 1) (k = 2).
Theorem 3.6. Let f3s(a) = (2 — b)R(a) — 1/b. Then the following statements are true:
(1) f5 has the power series formula:
f(@) = 71og2 - 4 + Y Ay@n)(1 - 20)" = % ~2+ Y Byman, (331)
n=1 n=1
(2) f3(a) is completely monotonic on (0, 1/2].
(3) Let
Fy (@) = f(@) = P3n(a) (332)

(1 _ 2a)2(n+1) ’

where P; ,(a) = Y _,As(2k)(1 - 2a)* and A;(k)(k > 0) is given in (3.30). Then, F; ,, is strictly decreasing
and convex from (0, 1/2] onto (As(n + 1), co). In particular, the inequality

As(n + 1)1 - 2a)X™Y < 2 - b)R — 1/b — P3 n(a) (3.33)

holds for all a € (0,1/2] and n € N, with equality in each instance if and only ifa = 1/2.
(4) Let

f5(a) - Rs n(a)
a2n+1

G3,n(a) = ’ (3-34)

where R;n(a) =1/a -2+ Y;_Bs(k)a* and Bs(k)(k > 1) is defined in (3.30). Then, Gs, is strictly
increasing from (0, 1/2] onto (B3(2n — 1), G5 ,(1/2)]. In particular, the inequality

B;(2n - Da®1< (2 - b)R(a) - 1/b - Ry 4(a) < Ggyn(%)azn‘l, (3.35)
holds for all a € (0,1/2] and n € N, with equality in each instance if and only ifa = 1/2.
Let

(@) = R3 an-1(a@)

(3.36)
aZn

H; y(a) =
where Ry n(a) =1/a - 2 + ZZ=1B3(I<)a" and Bs(k)(k = 1) is given in (3.30). Then, Hs , is convex on (0, 1/2] and
there exists ao € (0, 1/2] such that Hs y is strictly decreasing on (0, ao] and strictly increasing on (ao, 1/2].
In particular, the inequality

(2-b)R(a) - 1/b — R an-1(a) < min{B3(2n)a2”‘1, Hg,n(%)az”‘l} (3.37)

holds fora € (0,1/2] andn € N.
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Proof. (1) It follows from Lemma 2.1(2) that

L 1 _7+Q-2a?, 4
f(@)=2 - bR b 4 1-(1-2a)?
=[7+Q- 2a)2][10g2 + i/\(Zk + DA -22)%*| -4 §(1 - 2a)* (3.38)
k=1 k=0

=7log2 - 4 + Y An)(1 - 2a)™",

n=1
where A3;(2n)(n > 1) is given by (3.30), which leads to

f(@)=Q - bR - %

~[2 - a(l - a)] % + 2%(@1 + 1)a2”] S

) a(l - a)
_2_ A-a)+2Q2-a+ az)i((zn + Da™ - (l + ia") (3.39)
a n=1 a S

:% -2+ 4{B) - Da* + i[(—l -2(2n - a1+ (-1 +2{(2n - 1) + 4{(2n + 1))a’]

n=2

N > By(n)a",
a n=1
where B3(n)(n > 2) is defined by (3.30).
(2) From Lemma 2.1(1), we know that 7log2 — 4 = 0.8520 ..., 7A(3) + log2 — 4 = 4.055745 ... and
As(n) > 4 for all n € N. Simple computations lead to

& k

therefore, (—l)kfék)(a) >0forallae (0,1/2]and k =0, 1, 2,..., so f; is completely monotonic on (0, 1/2].
(3) Differentiating

@) - Pspla) & PN
Fsn(a) = =2y k§+1A3(2k)(1 — 2g)¥k=n-1) = k;A;(Z(k +n+ 1)) - 2a)*
gives
Oy N 1 24@2K)! el
Fi@= ) D="=—AQ%k+n+ 1)1 - 2a)*, (3.41)
’ kel (Zk=D!

which implies
F3q(a) = —4§kA3(k +n+ 1A - 2a)*1
k=1
and
Fi () = SOZO:k(Zk ~ DAk + n + DA - 2a)%2,
k=1

From Lemma 2.1(1), we know that 7A(3) + log2 — 4 = 4.055745 ... and As(2n) > 4 for all n e N.
Therefore, we obtain the desired monotonicity and concavity of F; ,, and inequality (3.33) follows from
the monotonicity of F5 , and F5 ,(1/2) = As(n + 1).
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(4) Differentiating
f3(a) - Rs,any(@)
Gan(@) =
a
— k Z BB(k)ak—(ZnJrl) (342)
=2n+1

= Y [B3(2k + 2n + D)a** + B3(2k + 2n + 2)a?+1]

=~
o

gives

GBI,n(a)

Il
Mg

T
o

[(2k + 1)B3(2k + 2n + 2)a* + 2k + 2)B3(2k + 2n + 3)a?+!]

Mg

[(2k + 1)B5(2k + 2n + 2) + (2k + 2)B3(2k + 2n + 3)ala*.

T
o

Note that {(2n + 1) is decreasing, O < {(2n + 1) < 2, B3(2k + 2n + 2) > 5, and B3(2k + 2n + 3) > -5. Let
Mi(a) = 2k + 1)B3(2k + 2n + 2) + (2k + 2)B3(2k + 2n + 3)a. Then, M; is strictly decreasing on (0, 1/2],
Mi(a) > M;(1/2) > 52k + 1) = 5(k + 1) =5k > 0 for n €N, k>0 and a € (0,1/2]. Therefore, G; ,(a) > 0

and Gs ,, is strictly increasing on (0, 1/2]. Clearly, Gs ,(0%) = Bs(2n - 1).
From (3.39), we obtain

Hs p(a) = f(a) - f;(znﬂ)(a)

= Z [B5(2k)a?*™ + B3(2k + 1)a2k-m+1]
k=n

(3.43)

M8

[B3(2k + 2n)a** + B3(2k + 2n + 1)a**1].

T
o

Differentiating Hs , yields

(e9]

H; (@)= Bs(2n + 1) + ) [2kB3(2k + 2n)a®~1 + (2k + 1)B5(2k + 2n + 1)a?]
k=1

(e9]

=B;2n+1) + Z [2kB5(2k + 2n) + (2k + 1)B5(2k + 2n + Da]a®-!
k=1

and

H (@) =) [2k(2k — 1)B3(2k + 2n)a~2 + 2k(2k + 1)B3(2k + 2n + 1)a*~]
k=1

= Z[Zk(zk — 1)B5(2k + 2n) + 2k(2k + 1)B3(2k + 2n + Dala®-2.
k=1

Note that {(2n + 1) is decreasing, 0 < {(2n + 1) < 2, B3(2k + 2n) > 5 and B;(2k + 2n + 1) > -5. Let
My(a) = 2kB3(2k + 2n) + (2k + 1)B3(2k + 2n + 1)a. Then, M,(a) is strictly decreasing on (0, 1/2] and My(a) >

My(1/2) > 10k — 5(2k + 1)/2 =5k — 5/2 > O for k > 1 and a € (0, 1/2]. Let Mz(a) = 2k(2k — 1)B3(2k + 2n) +
2k(2k + 1)B3(2k + 2n + 1)a. Then, Ms(a) is strictly decreasing on (0, 1/2].
If k =1and a € (0, 1/2], then we obtain

2B3(2 + 2n) + 6B3(2n + 3)a > 2B3(2 + 2n) + 3Bs(2n +3) = -5+ 4{(2n + 1) + 2{(2n + 3) > 1.
If k > 2 and a € (0, 1/2], then one has

Ms(@) = My(1/2) > 10k(2k — 1) - 5k(2k + 1) = 5k(2k - 3) > O.
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Therefore, Ms(a) > O for k > 1 and a € (0, 1/2], Hy ,(a) > 0, H; , is strictly increasing on (0, 1/2], and
H; , is convex on (0, 1/2]. Clearly, H; ,(0%) = B3(2n + 1) < 0 and

o 2k-1
H; n(l) =Bs(2n +1) + Z [2kB3(Zk +2n) + (2k + DBk + 2n + 1) ](l)
2 “ 2 2
2 2%k-1
>B32n + 1) + Z [2’(33(2]( +2n) + (2k + DBy(2k + 21 + 1) ](l)
1 2 2
:_ﬂ N 7¢(2n + 3) N 11¢{(2n + 5) S E’
16 2 8 11
which leads to the conclusion that there exists ao € (0, 1/2] such that H;, is decreasing on (0, ap] and
increasing on [ag, 1/2]. O
Let

4,(0) = 41082 — 15/4 = ~0.9774 ...,

A42) = 4A3) — 17/4 = —0.0426 ...,

A0 = 402k + 1) - 1) (k> 2), (3.44)
B,(1) =0, By(2)=2(3) -2,

B2k - 1) = -1, By2k) =202k +1) -1 (k= 2).

Theorem 3.7. Let f,(a) = R(a) + b — 1/b. Then the following statements are true:
(1) f4 has the power series formula

fu(a) = 4log2 - % + Y A2 - 20 = ~1+ ¥ By(k)ak, (3.45)
n=1 k=1
(2) The function f,(a) is strictly increasing on (0, 1/2], and f, is neither convex nor concave on (0, 1/2] and
(-D¥®(a) > 0 fork =3 and a € (0,1/2).
(3) Let

fa(@) — By n(a)

Funl@) = (i

(3.46)
where P, ,(a) = ZZZOAZ,(Zk)(l - 2a)* and A,(2k)(k > 0) is defined in (3.44). Then E, , is strictly decreasing
and convex from (0, 1/2] onto [A,(2n + 2), E, »,(0%)), and the inequality

O0<R@+b- % - Pyn(@) - Ay(2n + 2)(1 - 2a)* ™D < (B, o(0%) — A4(2n + 2))(1 - 2a)*3 (3.47)

holds for alln € N and a € (0, 1/2], with equality in each instance if and only ifa = 1/2.
(4) Let

fa(a) = Ry n(a)

T (3.48)

Gyn(a) =
where Ry n(a) = -1+ Y,_By(k)ak and By(k)(k > 1) is given by (3.44). Then G;n(Ga n-1) is strictly
increasing (decreasing) and concave (convex) on (0, 1/2] for n > 2 with G,,(0") = B4(n + 1). In particular,
the inequalities

2(Gy,20(1/2) = B4(2n + 1))a**2 < R(a) + b - % - Ry n(a) — B4(2n + 1)a®++! (3.49)

< (Gy,2n(1/2) = By(2n + 1))a**+!
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and

(64’(2n71)(1/2) — B4(2n))a2"+2 < R(a) +b - % - R4,2n(a) - B4(2n)a2n+2 (3.50)

< 2(Gy,2n-1(1/2) - B4(2n))a*"+3

hold for alln € N and a € (0, 1/2], with equality in each instance if and only if a = 1/2.

Proof. (1) It follows from Lemma 2.1(2) that

fui@=R@ +b - % - -% +b+ % 41~ log2) + 4 Y AGn + 1) - 1)1 - 20)

n=1

-4 _4—2[1)2 - 4(1 -1log2) + 4 i[/\(Zn +1) - 1] - 2a)* (3.51)

n=1

_1
4

15 (o]
=4log2 - = + Y A,(2n)(1 - 2a)™,
g 4 z 4(2n)( )

n=1

where A,(n)(n > 1) is given in (3.44). Therefore,

f(@)=R@ +b - % - [% + iz((zn + 1)a2"} +a(l-a)-

n=1

a(l - a)

1 o 1 <
==+ YACn+Da - |=+1+a+a+ Yy a*|+a-a
a = a

n=3 (3.52)

(e9]

=-1-@2-2@)a®- ) [@ '+ (1 -2@n + 1)a*]

n=2

=-1+ Y By(k)ak.
k=1

(2) It follows from Lemma 2.1(1) that A,(2n) = 4(A2k + 1) — 1) > 0 for all n > 2 and n € N. Elaborated
computations lead to

0 k
(k) — _1k 22! A0 = 2a)2nk
fi’(@ n:[a;l)m( ) n b 4(2n)(1 - 2a) (3.53)
and
Oy = S W gk
fia n:[(kzﬂm = o Bemar, (3.54)

which imply that (-1)¥f{X(a) > 0 for all a € (0,1/2] and k = 3, 4,.... Therefore, f;"(a) < 0 and f (a) are
decreasing on (0, 1/2]. Note that f; (a) can be written as follows:

(e¢]

i (a) = Y n(n - DBy(M)a2.
n=2
It is easy to check that f;(0*) = 4{(3) - 4 > 0 and f;(1/2) = -34 + 28{(3) = —-0.341 .... Therefore,
there exists a; € (0, 1/2] such that f;/(a) = 0 on (0, @] and f; (a) < 0 on (ay, 1/2], and f’(a) is increasing
on (0, a;] and decreasing on [a;, 1/2]. Note that

fa(@) = Y nB,(ma*', f,(0%) = f,(1/2) = 0,

n=1

and f;(a) = 0 on (0, 1/2]. Therefore, we obtain the desired monotonicity and concavity of f;.
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(3) Differentiating
fa(a) — P, n(a) -

Fyn(a) = A= 222 §+1A4(2’<)(1 = 2q)*kn = kZ;)Az;(Z(k +n+ DA - 2a)* (3.55)
yields
O (Y — S 1 242K)! _ 59\2k-1
Fyn(@) kz[glm]( D' Gk~ pra @+ o+ D)A - 2077, (3.56)

which leads to
Fj (a) = —2§2k,44(z(k +n+ D) - 2a)%
k=1
and
Fyn(a) = 4§2k(2k ~DA,QK + 1+ D) - 2a)%2.
k=1

It follows from Lemma 2.1(1) that A4(2n) > O foralln > 2 and n € N, F; ,(a) < 0, F; ,(a) > 0. Therefore,
we obtain the desired monotonicity and concavity of F, ,, and the desired inequality follows from the
monotonicity of F, , and F, ,(0%) =1 — P, ,(0), F, ,(1/2%) = A4(2n + 2).

(4) Let Gy n(a) = ho(a)/hio(a), where hjp(a) = a™*! and

ho(a) = f4(a) = Ry n(a). (3.57)
Then h§{™(0*) = h{I"(0*) = 0 for all m € N U {0} with 0 < m < n and

hén+D(a) ~ j§n+0(a)

= . 3.58
A7 (@)  (n+1)! (3:58)

From Lemma 2.3, we know that Gy, 2,(Gy,(2n-1)) have the same monotonicity with the function f; @+ fi (2m)y

Therefore, Gy, 2n(Gy,2n-1y) is increasing (decreasing) on (0, 1/2] follows from the monotonicity of f; m
Differentiating G, ,, gives

(Gun(@) = ( hy(a) ) _ a(fu(@) - Rin(@))' - (n2+ D(fu(a) - R4’n(a)).
hio(a) a
Let hyy(a) = a**? and

hu(@) = alf(@) - Ryn(@)]" — (n + DI f(a) - Ryn(a@)].

Then from (3.52), we clearly see that hj;(a) can be rewritten as follows:

hy(a) = ) (k- n - DB,(k)a*.
k=n+1
Therefore, h{"(0%) = hJ(0") = 0 for all m € N U {0} with 0 < m < n. Note that
hi@ _ S
h3 @)  (n+2)!°

(3.59)

It follows from Lemma 2.3 that G; , has the same monotonicity with the function fin2 Therefore, we
get the desired monotonicity of G, ,, and G, 5, 1y, and the desired concavity (convexity) of G on (Gs,2n-1))-

The double inequality (3.49) (3.50) follows easily from the monotonicity and concavity (convexity)
of Gy, 2n(Gy, (2n+1))- O

Let n = 1. Then Theorems 3.1, 3.3, 3.6 and 3.7 lead to Corollary 3.8 immediately.
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Corollary 3.8. The inequalities
log2 - A;(2)1 - 2a)? - Ai(4)(1 - 2a)* - (A(5) — (1 - 2a)° < bR(a) < log2 - A Q)1 - 2a)? - A(4)(1 - 2a)%,

1-a+ (4log2 -2)a® < bR(a) <1-a+2{B)a® - 4(1 - 2log2 + {(3))a*, (3.60)
1-a+2(3)a®-2{(3)a* + 4[12 + 8log2 - {(3)]a® (3.6
< bR(a) <1-a + 2(3)a® + 4[12 + 8log2 - {(3)]a*, '
9lzg2 + A - 2a? + (1 - 20)*] < bQ2 + b)R(a)
< 21082 | 4 (- 202 + (1 - 2a)] + [(8 - 9l0g2) /4 — 24,2)](1 - 2a’,
2—a-2a+ 4{@3) + Da® + 2[1810g2 - 4{(3) - 9]a* (3.62)
< b2+ b)R(a) <2 — a - 2a + 291og2 — 4)d, '
2-a-2a+(9log2 - 6)a* < b2 + b)R(a) <2 - a - 2a*> - 2a* + 2(91og2 - 4)a®, (3.63)
710g2 - 4 + (7A3) + log2 - 4)[(1 - 2a)* + 1 - 2a)*] < 2 - b)R - 1/b,
% C2<Q@-BR-1/b< é — 2+ [56log2 - 8¢(3) - 30]a, (3.64)
2 - bR - % < % + 2 + min{(4(3) - Da, (2810g2 — 16)a}, (3.65)
A400) + A, = 2a)? + Ay(&)( - 2a)* < R(a) + b - %
< A40) + Ay - 2a)? + Ay(4)(1 - 2a)* + (F,,1(0%) — A4(4)(A - 2a)°, (3.66)

-1+ B,(2)a? - @ + 2(G42(1/2) + Da* < R(a) + b - % < -1+ By(2)a? + Gy 5(1/2)a®

and
-1+ B4(2)a? + G4 1(1/2)a* < R(a) + b - % < -1+ Bj(2)@? + By(2)a* + 2(G41(1/2) — B,2)a®> (3.67)

hold for all a € (0, 1/2], with equality in each instance if and only if a = 1/2, where
A(2) =1log2 - A(3) = -0.358653 ..., Ai(4) = A(3) — A(5) = 0.047276 ...,
Ay (2) = (9A(3) — 1010g2) /4 = 0.633682 ...,

A4(0) = 41log2 - % = 09774 ..., A2 = 8AB3) - % - _0.0426 ...,

Ay(4) = 4(A3) - 1) = 0.2072 ..., F,1(0%) = -1 — A4(0) — A4(2) = -2.02 ...

Gy1(1/2) = 161og2 — 11 = -3.90964512 ...

G42(1/2) = 321082 — 4{(3) — 18 = —0.02648% ...,
and

B,(2) =2¢((3) — 2 = 0.1035996 ....

Remark 3.9. It is not very difficult to prove that the upper and lower bounds for bR(a) in (3.60) are better
than that in (3.61), the upper and lower bounds for b(2 + b)R(a) in (3.62) are better than that in (3.63), the
upper bound for (2 — b)R(a) — 1/b in (3.65) is better than that in (3.64), and the upper and lower bounds for

R(a) + b — 1/b in (3.66) are better than that in (3.67). We leave the details of the proof to the interested
readers.



740 =— Chuan-Yu Cai et al. DE GRUYTER

4 Conclusion

In the article, we have established some monotonicity and convexity (concavity) properties for certain
combinations of polynomials and the Ramanujan R-function, R(a) = -2y — Y(a) — Y(1 — a) by use of the
L’hépital’s monotone rule, and presented serval novel bounds for the Ramanujan R-function, which are the
refinements and improvements of the results given in [54]. The proposed method and technology may lead
to a lot of follow-up work in the future.
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