DE GRUYTER Open Mathematics 2022; 20: 478-491 8

Research Article

Xuping Zhang* and Pan Sun

Existence results for neutral evolution
equations with nonlocal conditions and
delay via fractional operator

https://doi.org/10.1515/math-2022-0044
received October 3, 2021; accepted April 6, 2022

Abstract: In this paper, we study the existence of solutions for the neutral evolution equations with non-
local conditions and delay in a-norm, which are more general than in many previous publications.
We assume that the linear part generates an analytic semigroup and transforms them into suitable integral
equations. By using the Kuratowski measure of noncompactness and fixed-point theory, some existence
theorems are established without the assumption of compactness on the associated semigroup. Particularly,
our results cover the cases where the nonlinear term F takes values in different spaces such as X,. An example
of neutral partial differential system is also given to illustrate the feasibility of our abstract results.
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1 Introduction

In this paper, we are concerned with the existence of solutions for the following neutral evolution equations
with nonlocal conditions and delay

%[u(t) + G(t, u(t), ug)] + Au(t) = F(t, u(t), us), tel0,al,
u(t) = gw)(t) + ¢(t), te[-h,0],

(1.1)

where u(-) takes value in a subspace D(A%) of Banach space X, which will be defined later, A : D(A) c X —» X
isalinear operator and —A generates an analytic semigroup T(t)(t > 0), @, h and a be three constants such that
O<a<landO < h,a < +oo. For every t € [0, a], F, G are given functions satisfying some assumptions,
¢ € C([-h, 0], D(A%)) is a priori given history, while the function g : C([-h, a], D(A%)) — C([-r, 0], D(A%))
implicitly defines a complementary history, chosen by the system itself. Following the standard notation
(see [1]), ifu € C([-h, a], D(A%)) and t € [0, a], we denote by u, the functionu; : [-h, 0] — D(A%), defined by
uy(0)coloneu(t + 6) for 0 € [-h, 0O].

Many complex processes in nature and technology are described by functional differential equations,
which are dominant nowadays because the functional components in equations allow one to consider after-
effect or prehistory influence. Delay differential equations are one of the important types of functional
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differential equations, in which the response of the system depends not only on the current state of the
system but also on the history of the system. For more details on this topic, see, for example, the books of
Hale and Verduyn Lunel [1] and Wu [2], and the papers of Chen et al. [3], Chen [4], Dong and Li [5], Fu [6],
Fu and Ezzinibi [7], Li [8], Travis and Webb [9,10], Vrabie [11,12] and Wang et al. [13].

The theory of neutral partial differential equations with a delay has an extensive physical background
and realistic mathematical model; hence, it has been considerably developed and the numerous properties
of their solutions have been studied, see [6,8,14-19] and the references therein. The problem concerning
neutral partial differential equations with nonlocal conditions and delay is an important area of investiga-
tion in recent years. Especially, the existence of solutions of neutral evolution equations with nonlocal
conditions and delay have been considered by several authors, see [7,20].

In problem (1.1), when a = 0 in interpolation space X,, Dong et al. [21] studied the neutral partial
functional differential equations with nonlocal conditions

%[u(t) + G(t, u(t), ug)] + Au(t) = F(t, u(t), u¢), tel0,a], 1.2)

uo = ¢ + gw).

With the aid of Hausdorff’s measure of noncompactness and fixed-point theory, the authors established
some existence results of mild solutions for the problem (1.2). However, their results cannot be applied to
equations with terms involving spatial derivatives.

The existence and regularity problem on the compact interval [0, a], in the very simplest case when
r = 0, i.e., when the delay is absent, was studied by Chang and Liu [22]. In this case, C§ identifies with X,,
F(t, u, up) identifies with a function F from [0, a] x X, — X, and G(¢, u, uy) identifies with a function G from
[0, a] x X, — X, and so the previous paper [22] has considered the problem:

d
a[u(t) + G(t, u(t))] + Au(t) = F(t, u(t)), te]0,al, (1.3)

u(0) + g(u) = up € Xy,

where the operator —A : D(A) ¢ X — X generates an analytic and compact semigroup. The authors of [22]
showed existence results of solutions to neutral evolution equations with nonlocal conditions (1.3) in the
a-norm under the assumptions that the linear part of equations generates a compact analytic semigroup
and the nonlinear part satisfies some Lipschitz conditions with respect to the a-norm. In their work, a key
assumption is that the associated semigroup is compact.

In 2013, Fu [6] investigated the existence of mild solutions for the following abstract neutral evolution
equation with an infinite delay

%[u(t) + G(t, uy)] + Au(t) = F(t,us), te][0,a], (1.4)

uo=¢€Ba,

where u(-) takes values in a subspace of Banach space X. Under the assumption that the linear part of
equations generates a compact analytic semigroup, the author obtained the existence of mild solutions to
the problem (1.4) by using fractional power theory and a-norm. The results in [6] can be applied to
equations with terms involving spatial derivatives. However, to the best of the authors’ knowledge, in all
of the existing articles, such as [6], the neutral evolution equations with nonlocal conditions via fractional
operator have been studied under the hypothesis that the corresponding linear partial differential operator
generates a compact semigroup, and the existence of mild solutions for neutral evolution equations with
nonlocal conditions via fractional operator with noncompact semigroup has not been investigated yet.

Motivated by all the aforementioned aspects, in this article, we apply the theory of fractional power
operator, a-norm, Kuratowski measure of noncompactness and corresponding fixed-point theory to obtain
the existence and uniqueness of mild solutions for neutral evolution equations with nonlocal conditions
and delay via fractional operator (1.1) without the assumptions of compactness on the associated semi-
group. Particularly, our results cover the cases where the nonlinear term F takes values in different spaces
such as X, and X,,.
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The rest of this paper is organized as follows. In Section 2, we recall some preliminary results on the
fractional powers of unbounded linear operators generating analytic semigroups, and the results of
Kuratowski’s measure of noncompactness, which will be used in the proof of our main results. Section 3
states and proves the existence and uniqueness of mild solutions for the problems (1.1) in the a-norm by
utilizing the fixed-point theorem and Kuratowski’s measure of noncompactness. An example of the neutral
partial differential system is also given in Section 4 to illustrate the feasibility of our abstract results.

2 Preliminaries

In this section, we introduce some notations, definitions and preliminary facts that are used throughout this
paper.

Assume that X is a real Banach space with norm ||, A : D(A) ¢ X — X is a densely defined closed
linear operator and —A generates an analytic semigroup T(t)(t > 0). Then there exists a constant M > 1 such
that |T(¢)| < M for t = 0. Without loss of generality, we suppose that 0 € p(A); otherwise instead of A,
we take A — AI, where A is chosen such that O € p(A — AI) where p(A) is the resolvent set of A. Then it
is possible to define the fractional power A* for O < a < 1, as a closed linear operator on its domain D(A?%).
Furthermore, the subspace D(A%) is dense in X and

Ixlle = 1A%, x € D(A%)

defines a norm on D(A%). Hereafter, we denote by X, the Banach space D(A*) normed with |- ||,. In addition,
we have the following properties.

Lemma 2.1. [23] Let O < a < 1. Then
(i) T(t): X - X, foreacht > 0;
(i) A*T(t)x = T(t)A%x, for each x € X, and t > O;
(iii) For every t > 0, the linear operator A*T(t) is bounded and ||A*T(t)| < %, where M, is a positive real

constant;
(iv) For 0 < a <1, one has |A*|| < N,, where C, is a positive real constant;
(v) For0 < a < B <1, weobtain Xg — X,.

Set
Cc§ = C([-r,0],X,) = {u:[-h, 0] - X, is continuous},
C = C([-1,a], Xy) ={u: [-h, a] — X, is continuous}.
It is easy to see that C§ and C; are Banach spaces with norms

lullcg = sup l[u(Ollas Nulce = sup [u(®)la,
-h<t<0 —-h<t<a
respectively. For any R > 0, let D = {u € X, : |lulls <R}, Dr(C§) ={u € Cg : lullce < R}, Dr(Cy) = {u e C :
lullca < R}.
Moreover, we introduce the Kuratowski measure of noncompactness u(-) defined by

n
u(D) = inf{5 >0:D=JD; and diam(D;) <6 fori=1,2, --- ,n}

i=1

for a bounded set D in the Banach space X. In this article, we denote by u(-), p,(-) and yC:(~) the Kuratowski
measure of noncompactness on the bounded set of X, X, and C{, respectively. For any D ¢ C§, s € [-h, a]
and t € [0, a], set

D(s)={u(s):ueD}cX, Dy;={u:ueD}
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Lemma 2.2. [24] Let X be a Banach space and D ¢ C§ be a bounded and equicontinuous set. Then u(D(t))
is continuous on [-h, a], and }lcéx(D) = maX¢e[—n,aU(D(1)).

Lemma 2.3. [25] Let X be a Banach space and D = {u,}>; < C([0, a], X) be a bounded and countable set.
Then u(D(t)) is Lebesgue integral on [0, a], and

a

u Jun(t)dt nent|< zjy(D(t))dt.

0

Lemma 2.4. [26] Let X be a Banach space, and let D c X be bounded. Then there exists a countable subset
D* ¢ D, such that u(D) < 2u(D*).

3 Existence results

This section is devoted to investigate the existence of mild solutions for problem (1.1) in the subspace X,
of Banach space X. By comparison with the abstract Cauchy problem

d
au(t) + Au(t) = h(t), te€]0,al, 3.1)

u(0) = 1,
whose properties are well known [23], we can obtain the definition of mild solution for the problem (1.1)

in X,.

Definition 3.1. A function u € C{ is said to be a mild solution to problem (1.1) in X, if it satisfies
(i) Foreacht e [-h, 0], u(t) = gu)(t) + ¢(t);
(ii) For each t € [0, a] the function s — AT(t — s)G(s, u(s), us) is integrable on [0, t], and the following
integral equation is satisfied:
u(t) = T(t)[g(u)(O) + ¢(0) + G(O, g(u)(O) + @(0), ) + P)] - G(¢, u(t), ur)

(3.2)
IAT(t - 5)G(s, u(s), ug)ds + IT(t — S)F(s, u(s), us)ds.

Definition 3.2. A function F : [0, a] x X, x C§ — X is said to be Carathéodory continuous if

(i) For all (u,v) € X, x C§ — X, F(-,u,v) : [0, a] — X is measurable,
(ii) For a.e.t € [0, a], F(t, -,-) : X, x C§ — X is continuous.

In what follows, we make the following hypotheses on the data of problem (1.1).
(Py) The function F : [0, a] x X, x C§ — X is Carathéodory continuous, and there exist constants g €

[0,1 - a), y > 0 and function ¢y € Li([0, a], R*) such that for some positive constant R,

gl 2
IF(t,u, V)1 < @y(0),  liminf ———0D = y < +oo,

for any u € Dg, v € Dg(C§) and a.e. t € [0, a].

(P,) There exists a constant f € (0, 1) with « + § < 1, such that the function G : [0, a] x X, x C§ — Xy
satisfies Lipschitz condition, i.e., there exists a constant L > O such that

IAPG(t, up, v2) — APG(t, uy, vi)lla < Lo(Ita — til + lluz = willa + V2 = illce)s

where t, t, € [0, al, uj, u; € X, and v, v, € C§.
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(P3) There exists a positive constant L such that

lg) - 8Wllcg < Lgllu — Ve, u,v € Cg.

2M; - ﬁLGaﬁ

1-
(Py) H + Ma( 1-4 ) qalf"‘*qy < 1, where H = M(Lg + 2NsL¢) + 2NgLg + 5

l1-a-gq

(Ps) There exists a function n € L'([0, a], R*) with ||77]|2 < % such that for any bounded and countable
set D c CJ,

M (T(S)F(t, D(t), Dy)) < r[(t)(,ua(D(t)) + sup u,(D(t + ‘r))), a.e. t,s € [0, al.

-h<t<0

Theorem 3.3. Assume that conditions (P,)—(Ps) are satisfied. Then for every ¢ € C§, problem (1.1) exists at
least one mild solution in CZ.

Proof. For some positive constant R, consider an operator & : Dg(CS) — C: defined by

T(®H[gw)(0) + ¢(0) + G(0, gw)(0) + ¢(0), () + ¢)]

t
Gt u(t), up) + JAT(t — $)G(s, u(s), ug)ds
(Fu)t) = 0 33)

t
+ '[T(t — S)F(s, u(s), us)ds, te[0,al,
0

g(u)(t) + ¢(t)’ te [_h’ O]'
From hypothesis (P,) and Lemma 2.1, one has

IAT(t — $)G(s, u(s), us)lla < |APT(t ~ $)I-IG(s, u(s), us)larp

M _
< oy [Le(lOe + ks + @) + 16O, 6, Ol

< % [Lo(2lullcx + a) + 1G(0, 6, O)llasp ]
Then from Bochner theorem, it follows that AT(t — s)G(s, u(s), us) is integrable on [0, t) for every t € (0, a]
and u € Dg(CY). Therefore, 7 is well defined and has values in CZ. In accordance with Definition 3.2, it is
easy to see that the mild solution of problem (1.1) is equivalent to the fixed-point of the operator # defined
by (3.3). In the following, we will show that operator # has a fixed-point by applying the famous Sadovskii’s
fixed-point theorem, which can be found in [27].

First, we prove that there exists a positive constant R such that the operator # defined by (3.2) maps the
bounded set Dr(CS) into itself. If this is not true, there would exist u" € D,(CS) and t" € [-h, a] such that
I(Fu")(t)]l > r for each r > 0. For t" € [-h, 0], by (3.3) and the hypothesis (P;), one has

r < IFUE < 18QNE) + Bt < 18 Ncy + Iblleg < +Lelw e + I8(Oleg + Iplcg
< Ler + 118(®)llce + lipllce,

(3.4)

and for t" € [0, al, by (3.3), Lemma 2.1, the conditions (P;)—(Ps;) and Hélder inequality, we obtain that
r <[I(Fu)(E)le

< M(Ig@)(O)le + 90l + GO, w'(0), Wo)la) + IG(¢7, W' (t"), W) lla
t’ t (3.5)

N j JAT(E — $)G(s, u(s), (W)s)lads + jnT(ﬂ ~ S)F(s, w(S), W)s)lads
0 0]
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< M(lIg@)lleg + Iplice + IAPI-1GO, w(0), WoMllasp) + IAPING(E", w(t), U )llasp
tr tr

+ IIIAl‘ﬁ T(t" = 9N-1G(s, u'(s), Ws)llaspds + JIIA"‘T(t’ = SF(s, u'(s), Ws)lds

< M(L I llce + Ig@llcg + Iplics + NGO, uf(0> W)oMllasp) + Nl G(t, w(t"), U )er)llasp

j 1O WO, (laspds +j PGS, w(s), (.)1ds

tr-s
< M(Lgr + 18O)lcg + Iplicg ) + MNg [LG(nu'(O)ua + ||(ur)o||cg) + 1G(0, 6, O)llacp |
+ Np[Le(t" + It + 10)ellcg) + 1G(0, 6, 0)lasp ]
\ Ml_ﬁ r r
+ jm[LG(s + I ($)lla + 1@ sllcg ) + 1G(0, 6, 0)llap]ds
0
1-q/¢ q

&
+ M, I(t, _ s)Cads Iq;, (s)ds
0

< M(lIg®)lice + llplicz + CAIG(O, 6, O)larp) + M(Lg + 2CsLe)r + Ny(Lga + 1G(0, 6, O)llasp) + 2NgLgr

B 2M,_gLgaP - 1-q
1-pa 1-pLG 1-¢g 1-a— —
(Lga + 11G(0, 6, O)llasp) + 5 r+ Ma( o q) a =Nl 1 0.0 = Hre

Combining with (3.4) and (3.5), we obtain that
r< maX{Lgr + 18@lice + P, Hr}-
Therefore, by the fact M > 1, one gets
r < H,. (3.6)

Dividing both side of the inequality (3.6) by r and taking the lower limit as r — +co, combined with the
assumption (P,), we obtain that

2M;_gLgaP 1-q )¢
1< M(Lg + 2NgLg) + 2NpLg + S + M, Toa s al-%-1y < 1,

which is a contradiction. Hence, we have proved that F : Dr(CS) — Dr(C).
Second, we prove that the operator % : Dr(CY) — Dr(CY) is condensing. For this purpose, we first
decompose # as & = F# + F,, Where

T()[g(u)(0) + ¢d(0) + G(0, g(u)(0) + d(0), g(u) + ¢P)]
t
(FAu)(t) = 1 - G(t, u(t), uy) + jAT(t - 5)G(s, u(s), us)ds, te|0,a],

0

g(u)(t) + ¢(t)’ te [_h’ 0]:

(F)(E) = | IT(t — S)F(s, u(s), us)ds, te|[O0,a],

0
0, tel[-h,0].

Now, we show that 7 : Dg(CZ) — Dg(CY) is Lipschitzian with Lipschitz constant 7 . In fact, take u and v in
Dr(CH). For t € [-h, 0], by the formulation of the operator #; and the hypothesis (P;), we obtain that for
t €[0,al,

I(7)(®) = (FAV)(Olla = Ig@)(t) - gV Dl < 18W) — 8W)licg < Lellu = viicg,  Vu, v € Dr(Cg). B.7)
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On the basis of the definition of the operator #;, Lemma 2.1 and the hypotheses (P,) and (P;), one obtains
that

(7)) - (F)(Olla
M(llg@)(0) — g(V)(O)lla + I1G(0, u(0), uo) — G(0, v(0), vo)lla) + IG(t, u(t), u) - G(t, v(t), volla
t

IN

+ IIIAT (t = S)[GC(s, u(s), us) — G(s, v(s), vs)lll«ds

IN

M(llgw) - gWlicg + IAPI-1G(O, u(0), uo) — G(0, v(0), volllasp ) + IAPI-IGCE, u(t), ur)

- G(t, v(t), v)llasp + IIIAl‘ﬁT(t = 9I-1G(s, u(s), us) — G(s, v(s), vs)llarpds

(3.8)

IN

M| Lglu ~ vlics + NeLg(I1u(0) = v(O)lla + o — volleg ) | + NeLa (Iu(®) = v(O)lla + llute — velleg)

t
Mg
+ I s ﬁLc(IIu(S) V(S)lla + llus — Vs”CO)ds
0

IA

M(Lg + 2NgLg) + 2NgLg + 2Lg J‘ﬁds lu = Vilcs

2LM,_gaf

B

IN

{M(Lg + 2NgLg) + 2NgLg + }Ilu —Vlce = Hllu - vlcz, Vu,v e Dp(Cp).

Notice that M > 1 yields that
Ly <H. 3.9)
Thus, from (3.7), (3.8) and (3.9), it follows that
1(Qu(®) - (Qv)(Olla < Hllu = Vlicx, t € [-h, al.
Taking supremum over t, we obtain that
Quu - Qulice < Hllu - viice. (3.10)

This means that 7 is Lipschitzian with Lipschitz constant # .
Subsequently, we prove that the operator %, : Dg(CS) — Dg(CY) is continuous. To this end, letting
the sequence {u,}3°; ¢ Dr(CY) such that lim,_, U, = u in DR(CS). Then

lim w,(t) = u(t), te[-h,a], lim(u,)=1u, te][O0,a].
n—oo n—oo

Combining with this and the condition (P;), one obtain that

lim F(s, un(s), (un)s) = F(s, u(s), us), a.e. s e [0,al. (3.11)

From the hypothesis (P;), we obtain that for a.e. s € [0, t], t € [0, a],
(t = S)Y®IF (S, un(s), (Un)s) — F(s, u(s), us)ll < 2(t — s) “g(s). (3.12)

Using the fact the function s — 2(t — s)"%pg(s) is Lebesgue integrable for a.e. s € [0, t], t € [0, a], by (3.11),
(3.12) and Lebesgue dominated convergence theorem, we obtain that

1(F2un)(8) - (F2u)(Olla < _[IIA“T(t = SI-IF (s, un(s), (un)s) — F(s, u(s), us)llds

< M, _[(t = ) F(S, un(s), (un)s) — F(s, u(s), us)llds

—0 as n — oo.
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Hence,
[Fu, — Foullcz — 0 asn — oo,

which means that the operator %, : Dr(CS) — Dr(CY) is continuous.
Below we demonstrate that {Zu : u € Dr(C})} is a family of equi-continuous functions. For any
u € Dr(CH and O < t' < t" < a, by the formulation of the operator %, we obtain that
I(7=W") = (Fu)(E)la

" !

IN

t t
IIIT(t” — $)E(s, u(s), u)ds|,ds + III[T(t” _8) = T(¢' — S)|E(s, u(s), ug)lads (3.13)
¢ 0

L+ D

Therefore, we only need to check J; tend to 0 independently of u € Dg(C%) when t”" — ' — 0 fori=1,2.
For J;, taking (3.13), the assumption (P;), Lemma 2.1 and Ho6lder inequality into account, we obtain

t//

J < j JAST(t" — S)F(s, u(s), us)|ds

t

t”
M
< j(t,,_—“s)a(pR(s)ds
t’

1-g¢g -4
- 1 g\l-a—-q
< Ma(—1 — q) @ = gl 2 0.

-0 as t'-t —o.

For t' =0, 0 < t" < a, it is easy to see that , =0. For t' > 0 and O < € < t' small enough, by (3.13),
the condition (P;), Lemma 2.1, Holder inequality and the equi-continuity of T(t), we know that

J, < jH [T(t" 'y %) - T(%)]A“T(%)F(t’ —s,ult' - s), ups)
0
e+ (e - s -

£
s
ZMI A“T(—)F t'—s,u(t' —s), uy_
H (5t - 9),ue)
0
+ sup

[/
T(t" —t'+ i) - T(i) H JH A"‘T(E)F t'—s,u(t' —s), up_
sele,t'] ’ 2 2 2 ( ‘ S)
£

1-q 1-a-
=6 (e-e+3)-1(5)
mmf ——2 | (& o wosup || T(e -+ ) -1
a(l_a_q) (2 Wik + S0 H )18

1-a—-q 1-q

1-q| / N\ 1og 1-a—q
1-¢ ¢\ 14 €\ 1-q
X Ma(41 T a q) (E) - (5) "(pR"L%([o,a])
1-q 1-a-
1-¢q € q
S ) (5) " ot
—a - q 2 s

s s 1-qg VYt -¢ 1raa
+ su Tt"—t'+—)—T(—) M — — |
e H ( 2) ") [ Ml Toa =g > 192l o,

-0 ast'-t' >0 and & — 0.

ds

ds

IN

ds

ds

IN

IN
:
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As a result, [|(Fu)(t") — (Fu)(t)|, — 0 independently of u € Dr(C%) ast” — t' — 0, which means that %,
maps Dg(CY) into a family of equi-continuous functions. Here, we consider only the case 0 < t' < t" < q,
since the other cases ~h < t' < t" < 0 and -h < t' < 0 < t" < a are very simple.

For any bounded set D c Dg(C}), by Lemma 2.4, there exists a countable subset D* = {uy,}32,, such that

Hc(FAD)) < 2Uca(FH(DY). (3.14)

Since 7,(D*) ¢ #(Dr(CY)) is equi-continuous, by Lemma 2.2 and the definition of the operator #,, we arrive
at

Hea(F2(DY)) = t?fﬁ]“‘*((%’)*)(t)) = }:}3’5]"“((%[)*)“))' (3.15)

From the formulation of the operator .#,, using the condition (Ps), we obtain that for any t € [0, a]

t
U (F2D)(1)) < 2 _[Ha({T(l‘ = S)f (s, un(s), (un)s)})ds
0

t
<2 In(s)(ya(D*(s)) + sup u(D(s + 7))ds (3.16)
0

-h<1<0
t
< 4pgs(D) [ n(s)ds < 4l ucs(D).
0

By (3.13)-(3.15), one has
Hc(F2AD)) < 8lnllppca(D). (3.17)

Therefore, by (3.10), (3.17), the properties of the Kuratowski measure of noncompactness and the condition
(Ps), we arrive at

Hes(F (D)) < o D)) + Hes(FoAD)) < (H + Bl Yga(D) < pa(D),

which means that & : Dr(CS) — Dr(CJ) is a condensing operator. According to the famous Sadovskii’s
fixed-point theorem, we know that the operator # has at least one fixed-point u € Dg(CY), and this fixed-
point is just the mild solution of problem (1.1) in CZ. O

In the second half of this section, we discuss the uniqueness of mild solutions to problem (1.1) in
a-norm. To do this, we need the following hypothesis:
(P¢) There exist positive constants L} and L such that
IF(t, u, vi) = F(t, up, vl < Lilluy — tolla + Lilvi — vallce,
where ¢t € [0, al, w;, u; € X, and vy, v, € C§.

Theorem 3.4. Assume that conditions (P,), (P3) and (Ps) are satisfied. Then for every ¢ € C§, the problem (1.1)
has a unique mild solution in C§ if

1-a 1 2
a My (Lg + Lf) <1
1-«a

H + (3.18)

>

B
where H = M(Lg + 2NgLg) + 2NgLg + -t

Proof. From the proof of Theorem 3.3, we can see that there exists a positive constant R such that the
operator # defined by (3.3) is well defined and has values in CJ. In accordance with Definition 3.2, it is easy
to see that the mild solution of problem (1.1) is equivalent to the fixed-point of the operator .# defined by (3.3).
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In the following, we will prove the operator # has a unique fixed-point in CZ. For any u, v € Dg(CS), by
the proof of Theorem 3.3, one has

|7au — Flice < Hlu - Viica. (3.19)

Furthermore, by the formulation of the operator #,, Lemma 2.1 and the hypothesis (P;), we obtain that

t
[(FRu)(t) — (Fv)(O)lla < IIIA“T (t = SI-IFC, u(s), us) — F(s, v(s), vs)llds
0

t
< M, j(t — sy (LHuCs) - VSl + LElus — wleg )ds
0

t
< Mo(L} + LD — Vligs f(t ~ syeds
0

< aliaMa(L}" + LI-%)

1_ "u - v”C:s te [Os a]'

Therefore,

a~“My(Li + L§)

[72u = Fvlce < 1

lu = Viicz. (3.20)

Combining with (3.19) and (3.20), we arrive at

1-a 1 2
a*M,(L: + L
17U - FVles < |73 - Fvles + |17t — Fovles < {w + % It — vis.

From the aforementioned inequality and (3.18), we obtain that
Fu — Fvlcs < lu - Vvice.
This illustrates # : Dg(CY) — CZ a contractive mapping. By using Banach contraction mapping principle,

we know that the operator # has a unique fixed-point u* in CJ, and this fixed-point is the unique mild
solution of problem (1.1) in CZ. O

4 An example

By using the abstract results obtained in Section 3, we can solve the following neutral partial differential
system

t

2
9 w(t, x) + J Ib(S -6y, x)(w(s,y) + 9 w(s, y))dyds | - i w(t, x)
ot . dy ox?

th 0

t
] - l(w(t, 0+ 2w, x)) + Ibo(s - t)(w(s, X+ iw(s,x))ds, (t,x) € [0, a] x [0, 7], .1)
oy 2 dy

w(t,0) =w(t,m) =0, te]l0,al,

w(s, x) = iﬁi(w(ti +8,X) + a%w(ti +S, x)) + ¢x,s), (s,x)e[-h,0]x [0, ],

i=1

where p is a positive integer, 0 < t; < a, f;, i =1, 2,..., p, are fixed numbers, the functions b and by will
be described later.
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Let X = L%([0, ], R) be a Banach space with L?>-norm | -||;. Define an operator A on X by
Af = —f"
with the domain
D) ={feXIf',f" ¢ X, f(0) = f(m) = O}
Then —A generates a strong continuous semigroup T(t)(t > 0), which is analytic. Furthermore, -A has
a discrete spectrum, the eigenvalues are —n?, n € N, with the corresponding normalized eigenvectors
en(x) = \/g sin(nx). Then, the following properties hold:
(a) If f € D(A), then
Af = Y n¥(f, en)en.
n=1
(b) For every f € X,
T(tf = Y e, een t30, A= i%(f enen.
n=1 n=1

In particular, |T(¢)] < 1, [|A
(c) The operator A is given by

| = 1.

Asf = §n<f, en)en

n=1

on the space D(4) = {f() € X, Yoo n(f, enen € X3}
(d) For every f € X,

(ee]
ATf = Zne*”zf(f, eyen, t=0.

n=1

In particular, A T(t)| < F(%)t‘%, t> 0.
The following lemma is also needed in order to prove our main result of this section.
Lemma 4.1. [10] Ifu € X%, then u is absolutely continuous with u' € X and |[u'|, = IIA%ullz = ||u||%.

For solving the neutral partial differential system (4.1), the following assumptions are needed.
(i) The functions b(6, y, x), b(@ y, X) are measurable, b(6, y, 0) = b(8, y, m) for all (8, y) and

n 0 n %
ij(ab(e y”‘)) dydodx b < co.
0-h O

1

0 2
(ii) The function by : R — R is continuous and ¢ = [I(bo(e))zde] < 0o.
-h

Now define the abstract functions

u(t)(x) =w(t,x), tel[-h,a],

0on
1
¢, $)0) = j jb(e, Y, @O + ¢OY(Y)dyds, (¢, ) € [0, a] x CF,

-h 0
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0
1
F(t, 9, 9)(x) = (p(x) + ¢'(x)) + jbo(e)(tﬁ(@)(X) +@0)())db, (L, ¢, ¢) € [0, a] x X1 x Cg,

D 1
g)()(0) = Y Bu(t; + $)(x) + u(t; + 5)'(x)), s € [-h,0], ueCZ.
i=1
Then system (4.1) can be rewritten as the abstract from (1.1). Here, we will verify that G, g and F satisfy
the condition (P,), (P3) and (Ps), respectively.

1
For any 4, t; € [0, a], ¢,, ¢, € C¢, by the definition of G and assumption (i), we see that G(-,-) € D(A)
and
9%b(0, y, x
1AG(ts, b,) — AG(t, $,)IB = [M

oz [@O)Ny) = ,(0)(y)) + ($,(6)(y) - py(6) (y))]] dydfdx

O

I
|

O C— *l—\o
& — o O 3

f(a b, y. x>) dydadx I I [($,O) - pO))
0

-h 0

+ (¢,(0)'(y) - ¢,(6)'(y)[dyd6

~
/-\

¢z

0

< ﬂ(f)zf(||¢z(9) = $O)lz + 19,(6) - ¢,(6)'[2)*d6

~h
= n(6>2j<nA*% ll,(6) — Py(O)llz + lih(6) — Py(O)]l:)?d6
-h
< QeNTh g, - ¢l 17

1
For any t € [0, a], ¢, @, € X%, ¢,, §, € C¢, by the definition of F and assumption (ii), we obtain that
F(-,-,-) € X and

”F(t’ QDZ, ¢2) - F(tl’ §01¢1)”%

n 0 2
Ill(tpz(X) - 9,00) + lp,00) — 9,(0)) + Ibo(e)[(d’z(e)(x) = P (O)(X) + (9(O)'(x) - ¢1(0)’(X))]d9} dx
0 _

172

0 2( 0 2
Ue, = @il + lip; — @l + [Ibé(e)dGJ [I(II¢2(9) - 9Ol + [1$,(6)" - ¢1(9)'||2)2d9]

INA

-h -h

: 2
< |2lg, - oyl + 2Jchlig, - qbluc;] :
L 0

1 1
For any s € [-h, O], uy, u, € CZ, by the definition of g, we see that g(-) € C§ and

i=1

2
lgu)(s) - ga)(8)I3 < (ZZB i = wl )
Suppose further that

14
2Y B + 26Nmh 3 + 2a:T(1/2)) + 4a>(l + NchT(1/2)) < 1.

i=1

Then system (4.1) exists a unique mild solution follows from Theorem 3.2.
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