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Abstract: In this work, by the introduction of a new kernel function composed of exponent functions with
several parameters, and using the method of weight coefficient, Hermite-Hadamard’s inequality, and some
other techniques of real analysis, a more accurate half-discrete Hilbert-type inequality including both
the homogeneous and non-homogeneous cases is established. Furthermore, by introducing the Bernoulli
number and the rational fraction expansion of tangent function, some special and interesting Hilbert-type
inequalities and their equivalent hardy-type inequalities are presented at the end of the paper.
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1 Introduction

Suppose p > 1, f(x), v(x) are measurable functions defined on Q, and f(x), v(x) > 0. Define a function
space as follows:

1
r

Lyn(@) = L 2 Il = jfp(x)v(x)dx <col.

Q

Particularly, if v(x) = 1, then we have the following abbreviated forms: ||fll, = lIfll,,, and L,(Q) = L, ,(Q).
Suppose p > 1, a,, v, > 0, and a = {a,};>,. Define a sequence space as follows:

1
p

(o)
Ly=1a: |alp, =:(Zanpvn) < oot
n=0

Particularly, we abbreviate ||al|,,, to [lal, and 1,,, to I, for v, = 1.
Assuming that f(x), g(x) are two nonnegative real-valued functions, and f, g € L,(R*), we have [1]

f00g(y)
/] ey Sy <alllgle. N
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Similarly, let a = {an ., € L and b = {b,}52; € L. Then

a
5 z Bl al, b (12)
n=1lm= 1

The constant factor 77 in (1.1) and (1.2) is the best possible, and inequalities (1.1) and (1. 2) are usually named

as Hilbert inequality. By introducing a pair of conjugate parameters (p, q), p > 1, and .= =1, (1.1) and

(1.2) can be extended to more general forms:

am n
nzl mz non Il (13)
fsy)
j ay < gl (L.4)
R+ |R+ p

we also have some classical inequalities

similar to inequalities (1.3) arid (1.4), such as [1]

nZllema{ < pqlal, Ibl,, L5)
fg(y)
[RJR maxix. y1 ¥ < Palfloletl. w6

In general, such inequalities as (1.3), (1.4), (1.5), and (1.6) are known as Hilbert-type inequalities. Although
these classical inequalities were proposed for more than 100 years, considerable attention has been paid to
their parameter extensions, strengthened forms, and higher dimensional generalizations by researchers
all over the world in recent years, and some new valuable Hilbert-type inequalities were established.
The following inequality is a classical extension of (1.3) established by Krni¢ and Pecari¢ [2]: If p > 1,
and% + % =1,0<B,B,<2, B +B, =B K, = mPU=F)"1 and v, = n90-F)-1, then

Z Z (m T )p < BBy, Bllally,ulIbllg,v wn

n=1m=1

where B(u, v) is the beta function. In addition, Yang [3] gave an extension of (1.4) as follows:

| 098D 4y <« " 1flp ulglve 1.8)

xP + yB B sin
R*R*

where g > 0, u(x) = XPa-D-1, v(y) = yq(l") 1 and +5=1

For other extensions of classical discrete Hilbert-type inequalities, we can refer to [4-12], and some
extended results of integral version can be found in [10,11,13-17]. Furthermore, by introducing various new
kernel functions, special constants, and special functions, and considering discrete and integral forms,
many Hilbert-type inequalities with new kernel functions were established in the past 20 years (see
[18-26]). In addition to such types of Hilbert-type inequalities mentioned above, some new results on
time scales were also established in recent years (see [27,28]). In what follows, we present the following
two integral Hilbert-type inequalities, which involve the kernels related to hyperbolic functions, and are
closely related to our research in the present paper, that is [25,26],

2
| [eseheenyrcograxdy < it et 9)
R* R*
2
'f I(coth(w) - Df(0)g(y)dxdy < T—ZILfIIz,VIIgIIz,V, (1.10)

where 6 € {1, -1}, u(x) = x'=*, v(y) = y3
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Besides the integral and discrete Hilbert-type inequalities, it should be pointed out that Hilbert-type
inequalities sometimes appear in half-discrete form, such as the following two [29,30]:

- day i3
dx < ——IIfllall,,
[ oo Y. s alfplal, (L11)
R* P
2
00 logi
jf(x)z n andx<[ _”,,] 11 Nl (112)
Zx-n sin>
R* r

With regard to some other half-discrete inequalities, we refer to [31-34].

In this paper, by using techniques of real analysis, particularly Hermite-Hadamard’s inequality, we
consider the half-discrete forms of (1.9) and (1.10), then the following Hilbert-type inequalities involving
some hyperbolic functions will be established:

a
'[f(x) Y esch(x/x(2n + 1) )apdx < 27922 = DBt |flp,y, lallgy (a > 1), (1.13)
0 n=0
- n+1
If(x) > (cothzm/ nroo 1)andx < 273Byrt?"|f i latllg,y (0 < a < 1), (1.14)
a n=0 X
a
- 2mm?n i3
If(X)Z cosh(?%/xm)csch(32/xm)a,dx < Tlp(z’"*”(—)llﬂlp,yl lally,s (a = 1), (1.15)
) 6 6
where m, s € N*, By, is the Bernoulli number, p,(x) = %, W) =xP Ly, = ﬁ, and v, = %

More generally, a new kernel function in more general form is constructed in Section 2, and then
a Hilbert-type inequality including both the homogeneous and non-homogeneous cases is established.
It will be shown that the newly obtained inequality is a unified extension of inequalities (1.13), (1.14), and
(1.15), and some other special cases of the newly obtained inequality are presented in Section 4.

2 Definitions and lemmas

Definition 2.1. For ¢t > 0, define I'-function as follows:

I(¢) = J‘zHe*zdz.
J

In particular, we have I'(t) = (t — 1)! for t € N*,

Lemma 2.2. Let -A3 < A, < A < A3, and A > 1. Define

k(z) = %, z>0, (2.1)
and
Clhy oy A, A) o= f[ S SR S 2.2)
ol -A+ )0 Q-+ A)
Then

Ik(z)z“dz = TOC(Ay, A, s, A). 2.3)
R+
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Proof. It can be easy to show that A3 > 0 and
o0
k(z) = z (e(—z}lsi”h—/‘a)z + e(—M3i+/12—A3)Z)_
j=0

By Lebesgue term-by-term integration theorem, we obtain

(o]
Ik(Z)ZA—le — z Ie(—M3j+A1—A3)zZA—1dZ + je(—ZA3j+A2—/13)zZA—1dZ .
R+

i:0 R* R*
Setting (243 — Ay + A3)z = u, we obtain
—uy A1
R+e W-1du _ F(A)
Q) - M + /13)’1 Q) - A+ /13)A

-|‘e(*2/13j+A1*A3)ZZA*1dZ —
R+
Similarly, setting (2A43j — A, + A3)z = u, we obtain

—uy A-1
'|.[R+e Yy du _ r(/\) .
Q) - A + /\3)/1 Q) - A + As)A

J‘ e(’Z/bj*AZ’A})ZZA’le —
R*

Plugging (2.6) and (2.7) back into (2.5), and using (2.2), we arrive at (2.3). Lemma 2.2 is proved.

(2.4)

(2.5)

(2.6)

(2.7)

O

Lemma 2.3. Suppose that B + 0, b > %, and -3 <h <A <A LetO<ac<l,and Q = (a, co) when f3 < 0.

Leta > 1, and Q = (0, a) when B > 0. Assume that A > 1,0 <y <1, and O < Ay < 1. Define

ePy+bY | phxP(y+by

Kx,y) = oY gy x>0,y=0.
Then
_ T'(A)
wn) = | K(x, nxP-1dx <« ——~2—C(Ay, A3, A3, A), n e N*,
= [Keom B o )
Q
w(x) = ZK(X, n)(n + by’ < mC(/ll, A, A3, A), x> 0.
n=0 yXﬁA

Proof. Setting x*(n + b)Y = z, and using (2.3), we obtain

T

A-1 _
= i+ b

j K(x, mxP-1dx = Clhi, Ay A3, ).
Q

__ 1 Ik(z
BI(n + by
[R+
It follows therefore that (2.9) holds true.
Since -A3 < A; < A < A3, it follows from (2.1) that

% = [ = )edwz — (4 + Ap)ehb)z 4 (A, - A)eeb)z — (A + Ag)etah)z](eh - eM2)2 < 0.

In view of that

67 — 243 > 23 - )3 + A) = 0
and

617 — 2A% > 2(A3 — A)(As + A)) = 0,

we obtain

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)
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d k [(/11 A3)Ze(/11+2/13)z + (Al + A3)26(A1—2A3)z + (Az _ A3)Ze(/12+2/13)z + (Az + /\3)26(/12_2’13)2
dz (2.13)

+ (603 - 24)e™ + (677 — 22)e’* | (eM — e M) > 0.

For arhitrary x > 0, let z = xA(y + b)Y.Inview of 0 < y < 1, we obtamd— >0 and—2 < 0. It follows therefore
that

dk dkdz
-2 20 2.1
dy dzdy (14
and
2 2 2 2
&K _ dk(dz +%E>O (2.15)
dy? dz?\dy dz dy?
Let

H(y) = K6, y)(y + b)»7! = K(x, y)h(y).
Observing that O < yA < 1, and using (2.14) and (2.15), we have

d—H—d—K(>+°‘—I<<x,y)<o
dy

and

d’H dkK dK dh d*hn
F:_() dd ?K(XJ/)>O

Hence, by Hermite-Hadamard’s inequality (see [35,36]), we obtain

n+l

o(x) = Y H(n) < I H(y)dy = jH(y)dy < IH(y)dy (2.16)
n=0 1
2

Setting x(y + b)Y = z, and using (2.3), we obtain

1“(/1)

jH(y)dy -7 j K@)z dz = N 0, Ay, 15, ). @17)

-b

Applying (2.17) to (2.16), we obtain (2.10), and the proof of Lemma 2.3 is completed. O

Lemma 2.4. Suppose that B + 0, b > %, and -A3 <A <A <A LetO<a<1,and Q = (a, co) when f < 0.
Leta =1, and Q = (0, a) when B > 0. Assume that A >1,0<y <1, andO<Ay§l.Letp>l,%+%:l,

u(x) = xPA-PV-1"and v, = (n + b)1-¥0-1 K(x, y) is defined via Lemma 2.3. For an arbitrary positive integer 1,
which is sufficiently large, set

a = A2, = {(n + b)M-l-L}m , (2.18)
n=0
= X Vh X eE
Foo = ; (2.19)
0, x € Q\E,

where E = {x : x >0, x%8% < 1}. Then

_ ian _[ K(x, n)f ()dx = If(x)OZO:K(x, n)a,dx > —— Jk(z)zA‘q ldz + b7 Ik(z)z“pz‘ldz . (20
n=0 E n=0
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Proof. Observing that 0 < Ay < 1, and using (2.14), we obtain

j> IxﬁA‘1+£III<(x, V( + b -adydx. (2.21)
E

Setting x#(y + b)Y = z, we obtain

jsl _[x’f-l f k(z)zM4-'dz |dx
Y E | xPbY
1 B4 R A-1_1 1 B4 ;l_,_
== |xi k(z)z""a'dz |dx + — | x1 k(z)z a~'dz [dx (2.22)
Y E [ 1 Y E xPpy

%) 1
_ L _[ K@)z idz + L Ix’i 1 I k(z)z'"-41dz |dx.
1Byl y
1 E | xPbY

For B > 0, by the use of Fubini’s theorem, we obtain

1y

1 zBb B

f b1 I k()2 'z | dx = J k(z)z 4! f ot faz = 7 J‘k(z)z’”"ldz (2.23)
0

E xPbY

Applying (2.23) to (2.22), it follows (2.20). Similarly, for § < 0, by the use of Fubini’s theorem again, we have

1 00
I S I k(z)z'-41dz |dx = j k(z)z a1 I X dx |dz = Iﬁl Ik(z)z“prldz (2.24)
E XY 0 z%b%
Plug (2.24) back into (2.22), then (2.20) follows obviously. Lemma 2.4 is proved. O
Lemma 2.5. Let -1 < u < 1, (x) = tanx, and m € N*. Then
(am-p( UT ) _ 2"2m — 1)! - 1 .
Y ( 2 Zl@r1-wr Gt u (2.25)

Proof. Observing that i)(x) = tanx can be expressed in the form of rational fraction expansion as follows [37]:

1 1
Y00 = tanx = Zz [ Q+Dr-2x Q+Dm+2x ] (2.26)

Finding the (2m - 1)th derivative of (x), we have

(2m-1) — 92m _ S 1 1
P@m=D(x) = 22m(2m 1)!];0{[(2]_ P o —— 2x]2m}' (2.27)

Setting x = % in (2.27), we arrive at (2.25). Lemma 2.5 is proved. O

3 Main results

Theorem 3.1. Suppose that f§ # 0, b> ,and A3 <Ah <A <M. LetO<a<1,andQ = (a, o) when f§ < 0.
Letazl,andQ:(O,a)when,B>O.Assumethat/\>1,0<ys1,and0</1ys1.Letp>1,;+;—1,
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u(x) = xPAPO-10 and v, = (n + b)AAYV-1 Let f(x), a, >0 with f(x) € L, ,(Q), and a = {a}p, € lg,v.
C(A, Ay, A3, A) and K(x,y) are defined via Lemmas 2.2 and 2.3, respectively. Then the following three
inequalities are equivalent:

p
= 3 (n+ bym- l[ [ xex n)f(X)dXJ <|Braw rrr@cn o ds 0| 111, (3.1)
n=0
q
o= [xom 1(2K(x, n)an) dx < [ IB Iy STCCh A ) | lal 5.2)
Q n=0

- Ya, j K(x, mf (o) = _[f(X)ZK(x, Madx < B[4y ST, Aoy A, Dl lalyns  (33)
n=0

n=0

where the constant |ﬁ|‘%y‘%F(A)C()l1,/\Z,A3,/\) in (3.1), (3.2), and (3.3) is the best possible.

Proof. By Hélder’s inequality, and using (2.9), we obtain

( ]p [ 1-pA BA-1 ?
IK(X, nfGodx | = IK(X, n)(xqf(x))qux
Q Q

p-1
ﬁA)fl’(x)dx[J-K(x, n)xﬂ“dx]
Q

< JI( (x, X"
Q (3.4)

- [wm)P-! jK(x, X" P (x)dx
[ T(D)
Bln + by

p(1-pA)

p-1
C(/ll,/tz,/lg,/t)] _[K(x, P () dx.

Plugging (3.4) back into the left hand side of (3.1), and using Lebesgue term-by-term integration theorem
as well as inequality (2.10), we have

p(-pA)

3 K, m(n + by 1dx < | 1BrawreT@ca. A . | e,

n=0

Ji < [ r&f') Choy 2oy s, A)] jfp(x)x

The proof of inequality (3.1) is completed. Similarly, by the use of Hoélder’s inequality again and (2.10),
we have

o) 0 _ q
(ZK(X, n)an) [ Y K(x, n)(n + b) p ((n + b)lg/lan)]
n=0 n=0

q@ y)

<[m(x))d- 1ZK(X nn+b) »r (3.5)
n=0
q-1 oo

[5(/‘) C(}ll,)lz,/\g,)l)] 3 Kx, mn + b)"7"

n=0

qQ y)

It follows from Lebesgue term-by-term integration theorem and (2.9) that

q-1 co

J < [rlg)cml,/tz,@,/l)] Y+ b

q(-yd)

q
anI<(x, nxF-1dx < [wr%y%ro\)co\l,Az,)g,/\)] lale,.
Q
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Inequality (3.2) is proved. Additionally, we will prove (3.3) by (3.1). In fact, we can first obtain two
representations of J by Lebesgue term-by-term integration theorem, and then by the use of Holder’s
inequality, we obtain

0 1| o q 1
J= 2|+ b)yﬂ-éjK(x, nf ()dx || an(n + by 77 | £]1p[ Y ain+ b)qﬂ-y“-l] = lalgy. (3.6)
Q

n=0 n=0

Applying (3.1) to (3.6), we have (3.3). On the contrary, we assume that (3.3) holds true, and let b = {b,};2,,
where

p-1

by = (n + byr!| [Kx mfoax
Q

By the use of (3.3), it follows that

n=0

Ji=Y by jK(x, mf (Odx < [Bay sTA)C(A, Ay A3, DIl u1Bllg,v
Q 3.7)

1
= |BI 4y s T)C (s, Ay Asy DlIf )7

By (3.7), inequality (3.1) follows naturally. Hence, inequalities (3.1) and (3.3) are equivalent. In order to
prove the equivalence of inequalities (3.1), (3.2), and (3.3), it suffices to prove that (3.2) and (3.3) are
equivalent. In fact, if (3.2) is assumed to be true, then

o 1
J = I[X*“*%f(X)] [xﬁyé Y K(x, n)an]dx < Fllp 5 - (3.8)
Q n=0
Applying (3.2) to (3.8), we have (3.3). Conversely, assume (3.3) holds true, and let
o) q-1
gx) = xqﬁ’”( Y K(x, n)an) )
n=0
Then
b= j 8(0) Y, K(x, maydx < |B[ 4y sTA)C(A, Ay, A5, Dliglp,pllallg,v
o "0 (3.9)
1
= By S TA)C(h, A, A, Dllallg, ¥ -

Therefore, inequality (3.2) holds true, and the equivalence of inequalities (3.1), (3.2), and (3.3) is proved.
Finally, it will be proved that the constant |ﬁ|‘5y‘§F(A)C(A1, A, A3, A) in (3.1), (3.2), and (3.3) is optimal.
Assuming that the constant factor |,B|‘r1:y‘§1“(/l)C(/11, A, A3, A) in (3.3) is not optimal, there must be a real
number ¢ satisfying

0 < ¢ < [BIray sTA)C(Ay, Ay, A3, A), (3.10)
so that (3.3) still holds if |,8|‘%y‘%1“(}l)C (A4, Ay, A3, A) is replaced by c, that is,

> an [ Ko mfeode = [£00 Y Kt mandx < clfllaly - G.11)
n=0 Q Q n=0

Replace f and a, in (3.11) with f and d, defined in Lemma 2.4, respectively. It implies that
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1

- R - B >
f F00 Y KGt, mandx < clf Iy uléily = c IxT"ldx (Z(n ; b)‘}z"l)
E n=0

1

n=0 T =

1

o[ o 4
L5 Y byt
Bl ]
) | (3.12)
LYl v, T o
<cl— | |b1 +I(y+b)z dy
Bl
| 0
5 v \g
=C L b’%’l + b .
IBI y
Combining (2.20) and (3.12), we have
00 1 1
1 -y 1 1 b_%_l b% g
j K@)z -z + bTIk(z)zﬂ*a*dz <o [+ 2 (3.13)
1 0 Y
Letting | — +oo in (3.13), and using (2.3), we have
¢ 2 |BIay s TA)C(h, A, A3, ). (3.14)

Inequalities (3.10) and (3.14) are apparently contradictory, and therefore |ﬁ|*%y*%F(A)C (M, A, A3, A)in (3.3) is
the best possible. It can also be proved | |*$y*%F(/\)C(/\1, A, A3, A) in (3.1) and (3.2) is the best possible from
the equivalence of (3.1), (3.2), and (3.3). Theorem 3.1 is proved. (|

4 Some corollaries

Let =4 =0,A=p (p >0),and A = 2m (m € N*) in Theorem 3.1. In view of the equation [37]:

- 2 B
> o = o (M= D, m e N (4.1)
pars 2i+1) 2m)!

where B,, is the Bernoulli number, B, = 1, B, = 3%, B3 = 412, ..., we obtain the following corollary.

Corollary 4.1. Suppose that p > 0, 8 + 0, b > %, and0 <2my<1(meN').Let0O<a<1,and Q = (a, co0)
when B < 0. Let a > 1, and Q = (0, a) when B > 0. Assume that p > 1, % + % =1, u(x) = xPA-2mB)-1" gnd

Vp = (n + b)1A-2m-1 Let f(x), a, > 0 with f(x) € L, ,(Q), and a = {a};2, € lg,,. Then the following three
inequalities are equivalent:

) P 2m\P
>+ by [ eschipxt(n +b)y>f<x>dx] < lwﬁyé(zzm— 1@(%) ] L, 42
n=0

2m
Q
0 q 1 1 B 2m4
Ixz’"qﬁl[ Y csch(pxb(n + b>v>an] d < [wuyp(zzm - 1)—'"(5) ] lal,. “3)
Q n=0 2m p
[ 2m
[ 700 Y eschipxtin + byyax < IBr-iy-ham - 1)%"(%) Fly v, (4.4)
Q n=0

2
where the constant Iﬁl’%y’%(sz - 1)5—;(%) " in (4.2), (4.3), and (4.4) is the best possible.
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Setting =y (0 < 2my < 1), b = s (s € N*) in Corollary 4.1, we obtain the following inequalities with
a non-homogeneous kernel (a > 1):

- p

0 Bm 2m
Z:snzmpy‘l Icsch(p(xn)Uf(x)dx < [(22’” - DM(%) ] I, s (4.5)
| O
a [ q B 2m4
'[szqu ZCsch(P(Xn)y)an] dx < l(zm - 1)_m(£) ] lal,, (4.6)
n=s 2my\ p '
o |
a 00 B o 2m
2m m ot
jf(x)zscsch@(xn)wandx <(@m-1) Zmy(p) Wfllp il (4.7)

where u(x) = xP(-2m)-1 and v, = ng-2m)-1,
Setting = -y (0 < 2my < 1), b = s (s € N*) in Corollary 4.1, we obtain the following inequalities with
a homogeneous kernel (0 < a < 1):

Oozm—l 2m_ﬁﬂzmp p
nén py csch( )/(x)dx [ 2 1)2my(p) l (Tl (4.8)
2 o) n\ q B = 2m4
Ix-zmqy—l nz_:scsch(p(;) )an] dx < | (22m - 1)%(;) lall,, (4.9)
. Bm - 2m
If(X)ZCSCh( ( ) )a dx < (2" - )m(;) Ifllp.pcllallg,v s (4.10)

where pu(x) = xP1+2m)-1 and v, = n41-2m)-1,
Setting f=y (0O<2my<1),b = %, and replacing p with p2¥ in Corollary 4.1, it follows that
a P
m

&) 2m|P
gb(Zn + 1)2mpy-1 Icsch(p(x(2n + Dfx)dx| < [21/1"(22m - l)zljn—";(;) l 15,05 (4.11)

0

a 00 q 2m4
I xZmav=11 %" esch(p(x(2n + 1)) )ay | dx < | 277P(22m - l)ﬁ(z) lalig , , (4.12)
0 n=0 2my P ’
a 00 2m
If(X) Y esch(p(x(2n + D) )aydx < 2P — 1)ﬂ(ﬁ) Ifllp . llallg,v s (4.13)
n=0 zmy p

where a > 1, u(x) = xP-2m)-1" and v, = 2n + 1)20-2W)-1_ Letting y = ﬁ, p =1 in (4.13), we obtain
inequality (1.13).

Setting f=-y (0<2my<1), b= %, and replacing p with p2’ in Corollary 4.1, we can obtain the
homogeneous forms corresponding to (4.11), (4.12), and (4.13) with the same constant factors, such as

n+1 B, (nm o
I f(x) Z Csch( ( ) ) apdx < 27vp(2m — 1)%(;) Ifllp, ullallg,v (4.14)

where 0 < a < 1, u(x) = x?1+2m)-1 and v, = (2n + 1)94-2m)-1,
Let Ay =0, A =-20,A3 =2p (p > 0), and A = 2m (m € N*) in Theorem 3.1. It follows from (2.1) that

+ et

k(t) = IT 1 coth(ot) - 1.
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Additionally, by the equation [37]:

o B,
g (j+ 1)2m 2m)!

2m)*™, m e N, (4.15)

and (4.1), we have

) o 1 1 B n2m
Cy, Ay, A5, ) = —— = amil o)
(M, Aoy A3, ) szg(:) (4 + 4)2m * (4j+2)2m] Z(ZM)!(P)

Therefore, we obtain Corollary 4.2.

Corollary 4.2. Suppose that p >0, 8+ 0, b > %, and 0 <2my<1(me N*). LetO<a <1, and Q = (a, o)
when B<0. Let a>1, and Q = (0,a) when B> 0. Let p >1, % + é =1, u(x) = xPA-2m0)-1" gnd v, =

(n + b)14-2m)-1_ Suppose that f(x), a, > 0 with f(x) € L, ,(Q), and a = {a}2, € lg,. Then the following
three inequalities are equivalent:

i 2m
Z(" + b)zmwy-1 '[(coth(pxﬁ(n + b)) = Df (x)dx [lﬁl‘qy‘me(p) ] IIB ., (4.16)

n=0
q . 2m4
Ixmﬁ 1[ Y (coth(pxf(n + b)) - 1)an} dx < lIBI ayp m(;) } lal,., (4.17)
Q n=0
2m
If (x) Z (coth(px(n + b)¥) - Dandx < |B| 2y ‘lf—(—) Ifllp,p.eallg,v » (4.18)
n=0 m\ p

. 2m
where the constant |B|- qy‘*B’"(p) in (4.16), (4.17), and (4.18) is the best possible.

Remark 4.3. Letting A, = A4, = -A3 = —p (p > 0), and A = 2m (m € N*) in Theorem 3.1, we can also obtain
Corollary 4.2. In fact, by (2.2) and (4.15), we obtain

1 Ve 5 B, (n m
e = (5) LG (m)!(ﬁ) '

j=0

Therefore, Theorem 3.1 reduces to Corollary 4.2 obviously.

Setting f =y, b = %, and replacing p with p2¥ in Corollary 4.2, it follows that

P

o0 a 2m
Y @n + 12mer-t I(coth(p(x(Zn D)) - DFOdx | < 21/111&(5) FB,, (419
n=0 0 my\ p

a oo q m1d
I;@mw-l[ Y (coth(p(x(2n + 1)) - 1)an] dx < [2-%’-1&(5) l lalg,, (4.20)
5 n-0 my\ p
By (m any
Jf(X)Z [coth(p(x(2n + 1)) - 1]aydx < 277~ 1my(;) Ifllp,ullalg,v (4.21)
n=0

where a > 1, u(x) = x?4-2")-1 and v, = (2n + 1)70-2m)-1,
Setting B = -y, b = %, and replacing p with p2¥ in Corollary 4.2, we obtain the homogeneous forms
corresponding to (4.19), (4.20), and (4.21) with the same constant factors, such as
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[e) . 2 1V Bm 2my
'[f(X)g:o(COth(p( ”X+ ))—1)andx<2-w-lm—y(%) Wflppllally.y» (4.22)

where 0 < a < 1, u(x) = xP+2m)-1 and v, = 2n + 1)90-2W)-1_If we set y = ﬁp =11in (4.22), then (4.22)
reduces to (1.14).

Setting B =y = ﬁ, b=s(m,seN"),and f = —ﬁ, y= ﬁ, b =s (m, s € N*) in Corollary 4.2, respec-
tively, we obtain

a 00 2m
ff(x)z [coth(p/xm) — 1]andx < Bm(%) Ifllp,p, lallg,y (a > 1), (4.23)

2m
Jf (X)Z [ coth( zw§F ) - 1]andx <B (Z) Ifllp.p, lallg,y (O < a<1), (4.24)

where p,(x) = %, W) =xP v = —
Let A, = -A;, and A = 2m (m € N*) in Theorem 3.1. By Lemma 2.5, we obtain the following corollary.

Corollary 4.4. Suppose that B + 0, b > %, “A3<0<Ah<A,and0<2my<1(meN"). LetO<a<1,and
Q =(a, o) when B < 0. Let a >1, and Q = (0, a) when > 0. Let p > 1, % +%=1, Y(x) = tanx, p(x) =

xPA=2mB-1" and v, = (n + b)24-2m)-1, Suppose that f(x), a, > 0 with f(x) € L, ,(Q), and a = {an}32; € I
Then the following three inequalities are equivalent:

o p

Z (n + b)2mpy-1 I cosh(A;xA(n + b)Y)csch(AsxB(n + b)Y )f (x)dx

"o 0 (4.25)

< [Iﬁléyé(z%) t,b@'"“()‘l”)} IF12,.»

0 q 2m q
Ixzmqﬁ-l[ 3" cosh(Apxh(n + by )esch(Apxb(n + b)V)an] dx < [wréy'é(%) lp@m-l)(;—")} lalg,,, (4.26)
3 3

Q n=0

If(X) Z cosh(Axf(n + b)")esch(xB(n + b)Y )apdx < |B[ ey~ ( o ) Pm- D( Alﬂ)ltfllp ulallgy, (4.27)
3

n=0

2
where the constant |ﬁ|*%y*%(ui3) mz/)(z'"*l)(g;—’;) in (4.25), (4.26), and (4.27) is the best possible.

In Corollary 4.4,let f =y, b = %, and replace A; and A; with A4;2¥ and A32Y, respectively, then we obtain

a D
z (2n + 1)Zmpy-1 j cosh(l;(x(2n + 1))Y)csch(As(x(2n + 1))Y)f (x)dx
"= 0 (4.28)

[T

I - ‘ 1 (7 )" Rtk
2mgy-1 I L @m-pf A
lx ay Zacosh(/\l(x(Zn + 1))esch(A3(x(2n + 1))V)an] dx < [yZVP( 2/13) P ( 2A3) lall,, (4.29)

a 00 2m
If(x) z cosh(A;(x(2n + 1))Y)csch(A3(x(2n + 1)) )a,dx < ﬁ(i) lp(Zml)(Aln )||f||p ullall,y, (4.30)
n=0

where a > 1, u(x) = x?A-2")-1 and v, = (2n + 1)94-2m)-1,
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In Corollary 4.4, let = -y, b = %, and replace A; and A3 with 412 and A32Y, respectively, then we can
obtain the homogeneous forms corresponding to (4.28), (4.29), and (4.30).
In Corollary 4.4, let B =y, b = s (s € N*), then we obtain
00 [ 2 p 2m
2mpy—1 I (2m-1) /11”
Z n2mpy cosh(A;(xn)Y)csch(A;(xn)")f (x)dx | < | = N Y |[f|| B (4.31)
Y\

| O

a [ q 2m q
Ixzmqﬁ‘l > cosh(/ll(xn)Y)csch()lg(xn)y)a,,] dx < [;( 2)l3) pem- D(;Z)] lali., (4.32)
0 | n=s
j v TR am-v At
f@) Y cosh(Ay(xn))esch(As(xn) )adx < 2 Y o Ifllp, . llallg, (4.33)

0

where a > 1, u(x) = x?A-2W-1" and v, = nd0-2m)-1, Letting A =1, ;3 =3, and y = im in (4.33), we
obtain (1.15).

Remark 4.5. Setting A; = p, A3 = 2p (p > 0) in Corollary 4.4, and observing that

cosh(u)csch(2u) = %csch(u),

it implies that
P

00 2m
>+ bywt| eschoxdn + byfoode| < [wﬁyéz“m(%) yon- D( )] 5, (4.34)
n=0

Q

0 q 2m
szm‘ﬂ“[ Z csch(pxf(n + b)y)an] dx < [|ﬁ|éy11121"’"(£)
n=0 p

Q

q
z/ﬂml)(%)] lalg,,, (4.35)

2m
jf(x)chch(pxﬁ(n + DY )aydx < |B[hy 52 ‘""(’; ) - 1>( )ufup,,nauqv (4.36)

Inequalities (4.2), (4.3), (4.4), (4.34), (4.35), and (4.36) are equivalent. In fact, by Lemma 2.5 and (4.1),
we obtain

emn( 2 - 4 "'y L 1 _(4 me @m - 1! _ B oom _ 1yyam-2
vefi) - em oo () Jé[(4i+1)2m+<4i+3)2'"] (=) LG om w0

and it follows therefore that (4.2), (4.3), (4.3), (4.34), (4.35), and (4.36) are equivalent.

Remark 4.6. Setting A; = p, A3 = 4p (p > 0) in Corollary 4.4, and observing that
cosh(u)csch(4u) = %csch(u) sech(2u),

we obtain the following Hilbert-type inequalities involving hyperbolic secant and hyperbolic cosecant
functions:

0 p

Z (n + b)2mpy-1 Icsch(pxﬁ(n + b)")sechRoxf(n + b))f (x)dx

" 0 (4.37)

2m
llﬁl Ty 3m(p) - 1>( )l IFIE
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00 q 2m q
Ixzmqﬁ_l[z csch(pxP(n + b))sech(2pxP(n + b)y)an] dx < [|ﬁ|_‘11)’_;’41_3m(%) l/)(zm_l)(%)l lall,, (4.38)
Q n=0
[} 2m
If(x) z csch(pxf(n + b)Y)sech(2oxP(n + b)")a,dx < |,B|‘5y‘1}'41‘3"'(%) l/)(zm_l)(g)”f”p,y”a”q,v- (4.39)
Q n=0

Letting f=y,p=1,b =5 (s € N*), and m = 1 in (4.39), we have
a
- m (n
jf(X)Zcsch((xn)y)sech(z(xn)V)andx < Ew(g)llfllp,y lallg,v,
0 n=s

wherea >1,0 <y < %, u(x) = xPA-2)-1"and v, = n?10-2-1,

5 Conclusion

The main objective of this work is to establish some half-discrete Hilbert-type inequalities involving hyper-
bolic functions. This interest is mainly motivated by [22,25,26], where the authors provided some integral
inequalities with hyperbolic functions. In order to do so, we first constructed a more general kernel function
composed of several exponent functions with multiple parameters. By using the Hermite-Hadamard’s
inequality, Holder’s inequality as well as some other techniques of real analysis, we established a half-
discrete Hilbert-type with the newly constructed kernel function. Second, by constructing a special
sequence and a special function (Lemma 2.4), we proved that the constant factor of the established
Hilbert-type inequality is the best possible. At last, by the introduction of the Bernoulli number and the
rational fraction expansion of tangent function, some special examples and their equivalent forms were
considered. We need to point out that some hyperbolic functions or their combinations are not included
in our results, and it is worthy of further research.
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