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Abstract: The aim of this paper is to present a new stable method for smoothing and differentiating noisy
data defined on a bounded domain Q ¢ RN with N > 1. The proposed method stems from the smoothing
properties of the classical diffusion equation; the smoothed data are obtained by solving a diffusion
equation with the noisy data imposed as the initial condition. We analyze the stability and convergence
of the proposed method and we give optimal convergence rates. One of the main advantages of this method
lies in multivariable problems, where some of the other approaches are not easily generalized. Moreover,
this approach does not require strong smoothness assumptions on the underlying data, which makes
it appealing for detecting data corners or edges. Numerical examples demonstrate the feasibility and
robustness of the method even with the presence of a large amounts of noise.
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1 Introduction

It is very common in many scientific applications, such as biological imaging, image processing and
computer vision, inverse source and identification problems, to have to differentiate functions specified
by data. In many cases, the data is experimental and so substantial noise or imprecision may be present.
Since differentiation is an ill-posed problem [1], naive numerical differentiation techniques will amplify the
noise resulting in inaccurate and mostly useless results. A concrete example is given by the function

f5(x) = f(x) + 6sin(wx), x € (0,1),

where f9 is the noisy version of the true data f, and § is a small number representing the noise level.
The computed derivative is then

a°
dx

x) = %(x) + wéb cos(wx), x € (0,1).
Evidently, the maximum error in the data is §, which is small, while the maximum error in the computed
derivative can be arbitrarily large, depending on the value of the frequency w.

The last example showcases the instability associated with the differentiation process: small errors

in the data might induce large errors in the computed derivative. To overcome the instability issue of
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the differentiation operator, several regularization techniques have been developed. In [2], a perturbation
based method is used for single variable functions. In [3], a mollification method is given. Smoothing
splines is adopted in [4], and results for single variable functions are given. Other methods such as the
Lanczos’ generalized derivative [5], and the differentiation by integration using Jacobi polynomials [6], are
known for single variable functions only. For a summary of other popular methods, see [7]. Despite its
importance in real life applications, only few methods dealing with higher dimensional cases have reported
[8-11]. A side from limited applicability due to dimension restriction, the aforementioned approaches are
relatively slow to suit real life applications, particularly with big data.

In this paper, the smoothing property of the classical diffusion equation is utilized to reconstruct
the gradient Vf(x) of a multivariable function f(x) from given noise-corrupted data f ¢ L%(Q) satisfying

If® - fllixg) < 6,

where Q ¢ RY is a bounded domain. For the time being, we shall assume that f ;o = 0; see the Appendix for
the general case. More precisely, the proposed method amounts to take the function V,u as stable approx-
imation to Vf where u solves the diffusion equation:

ouu(x, t) = Au(x, t), xeQ, t>0, (1)
subject to the initial and boundary conditions:
ux,0) =f5(x), xeQ, ulx,t)=0, xedQ, t>O0, 2

where A is the Laplacian operator. The time ¢ can be considered as a design parameter, and its rule is to
control the smoothness of the desired approximation; in the context of regularization theory, t represents
the regularization parameter. The precise formulation of the suggested method as well as the motivation
behind it will be given in more detail in the sequel.

Under reasonable assumptions on true data f, we prove stability results and we propose optimal
convergence rate for the proposed method. Particularly, we show that the method gives an optimal rate
of convergence of order 0(62/3). Several examples and applications in computer vision demonstrating the
validity and efficiency of the proposed approach are also provided.

The rest of this paper is composed of five sections. Section 2 recalls some preliminary and auxiliary
results. In Sections 3, we state the precise formulation of the proposed method and give the motivation
behind it, and then we prove the main convergence results in Section 4. We provide several numerical
experiments and applications in Section 5. More detailed discussion on the general case is provided in the
Appendix.

2 Preliminaries

First, we recall some definitions and results from the theory of Sobolev spaces. Readers may refer to [12,13]
for more detailed discussions. Throughout the rest of the paper, we assume that Q is a bounded domain
in RY, N > 1, with sufficiently smooth boundary 9Q.

We use the notation L*(Q) to denote the usual Lebesgue space of square-integrable functions, which is
a Hilbert space with the inner product

U, V)i = Iuv, Yu, v € LX(Q).
Q

The induced norm will be denoted by |- [|;2q).
Let a = (ay,...,ay) be a multi-index, and set |a| = a; +---+ ay. For a positive integer m, the Sobolev
space H™(Q) is defined by

H™Q) = {u € IXQ) : 3% € [XQ) V]a| < m},
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where the partial derivatives are taken in the distributional sense. It is a Hilbert space under the inner
product

U, Vg = ), (3%, 3%) ),

|alsm

and a Banach space under the the corresponding induced norm. In particular, the norm on HY{(Q)
is given by

I = Dl + 1V

The Hilbert space H}(Q) is defined as the closure of C°(Q) in HY(Q), where C{°(Q) is the set of all
functions that are infinitely differentiable on Q and compactly supported in Q. We have the characterization

H)(Q) = {u € H(Q) ulyq = 0},

where the boundary value is understood in the trace sense.
By H'/?(0Q), we mean the space of all restrictions on dQ from functions in H'(Q). It is a Hilbert space
with the norm

= inf 1) * =Ur.
Il 20 VGH}@){uvnH @ : Vha = u}
From the Sturm-Liouville theory [14], the eigenvalues of the eigenvalue problem
-Ap =Ap in Q, ¢ =0 ondQ (3)

form a nondecreasing sequence of positive numbers {A,} tending to infinity, and the corresponding (nor-
malized) eigenfunctions {¢,} c H}(Q) n H(Q) form an orthonormal basis for the space L?(Q). Moreover,

VUl = 30t @)% hns Vat € HYQ). 0)
n=1
Associated with the eigenvalue problem (3), the Hilbert space Xj is defined as follows:
Xp = {u € I2(Q) : ||u||§ﬁ = Z(u, ®, iz(m/\fﬁ < oo}.
n=1

The parameter 8 characterizes the regularity properties of the space Xg. We have X, = L*(Q), X/, = H}(Q),
X = H¥(Q) n H)(Q), and Xz c HA(Q), see [14].

3 Motivation of the proposed algorithm

To motivate the proposed regularization approach, let u be the solution of the parabolic initial-boundary
value problem given by equations (1) and (2). Let us set y%(x) = u(x, t) for x € Q, and think of ¢t as
a parameter. Then, on separating variables, we have the following representation

Y00 = Y (f2, @) rx)exp(~Ant )@, (). (5)
n=1
A standard result [14] is that y® € HX(Q) n HXQ) for t > 0. From the expansion given in (5), we deduce that
0%, @12 = exp(-a)(f%, @)y, n=1,2,...

and so, due to the exponential term, the Fourier coefficients of y® decay faster than those of f9. It is also
evident that y% ~ f% for small values of the parameter ¢. Thus, from this brief analysis, we infer that y? is
an approximation of f¢ that is smoother than the input data f?.
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As a consequence of the aforementioned discussion, it would be reasonable to take y9(x), t > 0, as
smooth approximations to f(x) for x € Q. Therefore, we suggest the following numerical differentiation
algorithm:

Step 1. Compute the smoothed version of the noisy data by

Yo) = Y (f%, ¢ )rexp(-A)@,(x),  x € Q;
n=1

Step 2. Take the gradient Vy%(x) as an approximation of Vf(x).

Few remarks are in order. First, from expansion (5), we see that the parameter ¢ plays the role
of a smoothing parameter, that is, sufficiently small or large values of t result in undersmoothing
or oversmoothing, respectively. Second, we point out that the gradient in the second step can be computed
exactly or using an appropriate difference scheme depending on the nature of the available data.

4 Stability and consistency analysis

Our goal next is to examine Vy%(x) computed by the proposed algorithm as a stable approximation to Vf(x).
In particular, we study the stability and consistency of the aforementioned approach and prove a conver-
gence result. Throughout the sequel, we assume t > 0, and for convenience, we also let

y00 = Y (f, @) rexp(-Aat)p,00,  x € Q,
n=1

that is, y is the solution of (1) and (2) corresponding to the noiseless data f.
We start off with the following stability result.

Lemma 4.1. We have
6
vy — Wlixg € —.
IVy® = Vylli2q) NG

Proof. Set g = f% — f and u = y% - y. Since g € L*(Q), we have u € HXQ). Then, it follows from (4) and
the uniqueness of the Fourier coefficients that

(o9 (e9] 2 [ee]
IVulR; = Z/\n( 2 (& P eXP(-Ant) @, con] = 2. (8 @)% g, eXP(-2nt)An.
n=1 \m=1 X n=l

By using the fact that 4t exp(—t) < 1 and the Parseval’s identity, we see that
62

1
2 2
IVulliaq) < 77 I8l < 57>

which concludes the proof. O

Throughout the sequel, we shall assume that f > 1/2, and we setn = -1/2if § <3/2,andn =1
if B > 3/2. We have the following consistency result:

Lemma 4.2. If f € Xg, then
IVy = Vflli2q) < Cpt™,

where Cg = 2max{1, A?"* }|Ifllx,.

Proof. Set u(x) = y(x) — f(x), and so u € H)XQ). Moreover, from (4), the definition of y, and the uniqueness
of the Fourier coefficients, we have
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1V, = Y100 Gy — (Fr @@PAa = 3 (Fr @)1~ EXD(-A)P A
n=1 n=1

The last equality together with the fact that (1 — exp(-t)) < 2t /(t + 1) imply

Ant A2

0 2 00
2 2 — 2 2B
VUl < 4;0, <p,,)Lz(Q)( = M) An = 4;0, P W

Now, it is an easy matter to show that

£2A3-28 -1, B <3/2,
— = <
A+ A%, B=3/2,

for all A > A;, from which we see

t#1, B<3/2,

2 3-28 2
IVulRZ, o, < 4maxil, A; }||f||xﬁ{t2, 8232

which ends the proof. O
Combining Lemmas 4.1, 4.2, and the triangle inequality, we obtain the main convergence result:

Theorem 4.1. Suppose that f € Xg for some B > 1/2, then there exists a constant K independent of t and &
such that

6
IVy? - Vflzq) < K(f” + f)

Remark 4.1. If we choose the parameter t so thatt ~ §¥ for some y € (0, 2), then we obtain the convergence
result
IVy? = Vflzq) — O
as 6 — 0. The convergence rate is optimal when y = 2/(2n + 1); in this case, we have
IVy® = Vfllizq) = 082/ @),
We obtain the fastest convergence when 8 > 3/2, in which case, n =1 and
IVy® - Vflzq) = 0(6%3),

provided that t = C5%/3 for some positive constant C.

5 Numerical experiments

Since data acquisition results in only discrete data in many scientific applications, we assume Q = (0, L)V
and that the noisy data, which we denote by f%, is sampled at n = (m + 1)V regular grid points
X = {x; = (ijh,...,iyh) : i € I} using the formula

f? Zf(Xi) + €, iel= {(il,...,iN) H il,...,iN =1,....m - 1},

where e is some Gaussian noise with mean 0, and h = L /m. Let us further assume that f |3 = O (refer to the
attached appendix for general treatment). We will designate the symbol § to denote the relative noise level
in the data measured in the , norm, that is,

I£° — £l = SIf,
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where |- || is the usual Euclidean norm. We shall assess the quality of the recovered gradient by the relative
L, error given by

IVy® — VA
IVEl

Regarding the choice of the parameter ¢, we employ the Morozov’s discrepancy principle (e.g., [1]),
which amounts to choose t such that

ly® - £l = &£

For such domain Q, the eigenvalues and eigenfunctions of (3) are

L \2 s N\2 . .
A= (%) +oeet (%) , X)) = sin(—llle) sin(—lNZXN )

Therefore, the Fourier discrete sine transform 5 of the data f° is expressed as follows:

~ 2 N/2
£, = (_) Zfi(pl.(xk), Viel
m kel

Using the trapezoidal rule over the regular grid X, the smoothed data given by (5) can be computed
as follows:

N
vio9)= 31 (1) [roopmaxiepe
Q

iel

- Z{(i)N Zfﬁwi(xo}eﬂﬂgoi(x,-)
et N e
- (E)N/ZZ(E-?&) x), Vel
=\ i I7)Pi(X), ] s

iel

where E; = eMt, Thus, the smoothed data can be computed by

y‘S:/fa*E,

where the symbol (+) denotes the elementwise multiplication operator, and the hat (*) stands for the Fourier
discrete sine transform.

In the following examples, the derivatives of the smoothed data are computed via the central difference
formula:

5 5
aLS(xi) . Vi il iy T yil,...,ik—l,...,iN, PeL k=l...N

Xy 2h

and similarly for the true and noisy data.

Now, we examine examples in several space dimensions. We point out that the computations are
extremely quick owing to the fast Fourier transform (FFT) routine, which is available in many computer
algebra systems.

Example 5.1. The true data are given by the function
fx) = exp(-3(2x - 1)) sin(57x), 0<x<1.

For noise level § = 20% and sample size n = 500, the true, noisy, and smoothed data, and their corre-
sponding derivatives are shown in Figure 1. Error results are summarized in Table 1.
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--=- noisy data 150 i --=- noisy data
truedata ||  } o1 | Hi o9 [ true data
—— smoothed data 100 —— smoothed data
0 |
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Figure 1: Data (left) and the corresponding derivative (right) for Example 5.1.

Table 1: /,-relative errors in the estimated derivatives for Example 5.1 for several sample sizes n and noise levels . Numbers in
parenthesis represent the relative errors computed from the noisy data

o\n 50 500 5,000

0.2 0.190 (0.809) 0.085 (9.084) 0.043 (89.13)
0.02 0.045 (0.080) 0.030 (0.908) 0.020 (8.913)
0.002 0.007 (0.008) 0.012 (0.090) 0.008 (0.891)

Remark 5.1. The results in Example 5.1 suggest a convergence rate of 0(¢*“®). Since f € X for all < 1.25,
from Remark 4.1, we deduce the theoretic optimal order O(£°-%). The deterioration in the convergence rate is
mainly due to discretization errors and the nonoptimal choice of the smoothing parameter ¢.

Example 5.2. We consider the recovery of the gradient of the function
flx,y) = 5(6y - 3)exp(~(6x - 3)* - (6y - 3)),

where (x, y) € [0, 1]%. For noise level § = 10% and sample size n = 50 x 50, the noisy and smoothed data are
depicted in Figure 2. The error results in the estimated gradients are summarized in Table 2.

Example 5.3. The true data are given by the function

fx,y,2) = sin((x - X°)(y - y))(z - 2%,

Figure 2: True data surface along with the noisy data (left) and smoothed data (right) for Example 5.2.
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Table 2: /,-relative errors in the recovered gradients for Example 5.2 for several sample sizes n and noise levels 3. Numbers in
parenthesis represent the relative errors computed from the noisy data

o\n 50 x 50 500 x 500 750 x 750

0.2 0.138 (1.671) 0.056 (16.64) 0.047 (24.97)
0.02 0.051 (0.167) 0.023 (1.664) 0.021 (2.497)
0.002 0.013 (0.016) 0.011 (0.166) 0.009 (0.249)

where (x, y, z) € [0, 1]%. A slice contour plot for the noisy and the corresponding smoothed data are shown
in Figure 3. Relative errors in the estimated gradients are summarized in Table 3.

Remark 5.2. Contrary to the naive method, the error results in Tables 1-3 show that the proposed method
is stable with respect to the sample size n, that is, as the grid is refined, the error gets smaller.

Now we present an application on edge detection (emphasizing) of digital images.

Example 5.4. Image gradient is an essential ingredient in common image processing and computer vision
applications, particularly in edge detection algorithms. Since the gradient is sensitive to noise, noisy images
must be denoised or smoothed prior to the gradient estimation. In common edge detection algorithms,
such as the Canny method, a Gaussian filter is typically used for this purpose. In the following demonstra-
tion, we employ our method to smooth out the noisy images, and then the image gradient is approximated
using the central difference formula. Consequently, the magnitude of the image gradient at pixel (x, y) is
approximated by

19f e, vl = %\/[f(x YLy fox-LyP+ oy + D -fny-DE,

where f is the underlying image intensity function.

1.00.0

Figure 3: Sliced contours of noisy data (left) and smoothed data (right) for Example 5.3.

Table 3: ,,-relative errors in the recovered gradients for Example 5.3 for several sample sizes n and noise levels 3. Numbers in
parenthesis represent the relative errors computed from the noisy data

o\n 50 x 50 x 50 100 x 100 x 100 150 x 150 x 150
0.2 0.061 (4.705) 0.038 (9.174) 0.038 (13.64)
0.02 0.030 (0.470) 0.021 (0.917) 0.020 (1.364)

0.002 0.015 (0.047) 0.011 (0.091) 0.009 (0.136)




500 —— Mohammad F. Al-Jamal et al. DE GRUYTER

Figure 4: Original images (left), noisy images (middle), and smoothed images (right).

In this demonstration, we consider three noisy images that are obtained by adding a Poisson noise to
the noise free images. The original, noisy, and smoothed images by the diffusion method are shown in
Figure 4. To assess the quality of the smoothed (denoised) images, we computed the peak signal-to-noise
ratio (PSNR) of the noisy and the smoothed images, given by

(255)?
MSE

PSNR =10 - loglo( )(dB),

MSE = —~ ' S'11G,)) - Fi, D
= l’] - la] ’
MN 555

where finy and fyxy are the original and denoised images, respectively. The PSNR results are summarized
in Table 4.
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Table 4: PSNR results for noisy and denoised images in Example 5.4

Image Noisy image Denoised image
House 15.129 21.530
Brain 18.092 25.216
Fish 15.568 21.164

The gradient magnitudes of the noisy and smoothed images are plotted in Figure 5. For the sake of
comparison, we also plot the edges of the noisy images obtained by the popular Canny method [15], which
consists of five main steps: Gaussian filtering, measuring intensity gradient, edge thinning, double thresh-
olding to determine strong and weak edges, and edge tracking via blob analysis to extract weak edges.

Figure 5: Detected edges: from noisy images (left), by Canny method (middle), and from smoothed images (right).
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From Table 4, we see that the PSNR of the denoised images are significantly higher than those of noisy
images, which indicates the denoised images by the proposed smoothing method have better qualities than
the noisy images. Moreover, as it can be observed from Figures 4 and 5, the proposed technique can
significantly enhance the quality of the recovered edges, and it seems that the smoothing stage has no
bias toward certain direction; this is a major advantage since edge orientation is mostly unknown in real-
life applications. It is evident from this experiment that diffusion smoothing gives plausible results, and
it can be well suited for such type of applications.

From the presented examples, we see that the proposed diffusion technique is very suitable for data
smoothing and numerical differentiation, and it can excel in various scientific applications due to its speed
(in particular, when utilizing the fast Fourier transform), supporting theory behind it, and further, it does
not pose any dimension limitations; the method can be extended easily to problems in any dimension,
contrary to the most existing methods in which they are limited to one-dimensional domains.

6 Conclusion

The smoothing property of the diffusion equation is utilized to estimate the gradient of functions specified
by noisy data. We proved stability and consistency results and carried out the convergence analysis for the
proposed method. Several examples in one and higher dimensional domains demonstrate the feasibility
and robustness of the proposed approach.

The main advantage of the method lies in multivariable problems, where some of the other smoothing
approaches do not easily generalize. Moreover, the method shows decent results under mild assumptions
on the true data even in the presence of a large amount of noise, while these could be limitations for other
methods. We believe the method can excel in various scientific applications due to its speed, relative ease of
implementation, and the supporting theory behind it; we look forward to extending this approach and the
theoretical results for higher derivatives estimations. Furthermore, appropriate a priori and a posteriori
parameter choice strategies for choosing ¢t are under investigation.
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Appendix

If the true boundary data h = f |5g is known approximately by the function h® satisfying

[h® - h||H‘/2(aQ) <E,

then smoothed data can be defined as follows:
yoe(x) = WeX) + Y. (f = WE, @) 2exp(-Ant)p,(X), X € Q,
n=1
where the function W¢ satisfies (in the weak sense) the boundary-value problems:
-Au+u=0inQ, u=nh?%ondQ.
To derive stability and convergence results, we set
yx) = W) + Y (f = W, ¢)rexp(-At)p,(x), x € Q,
n=1
where W solves the boundary-value problems
-Au+u=0inQ, u=honodQ.
From the definition of H/2(3Q) (e.g., [12]), we see that
W& — Wllgq) = Ih® = hllgzpq) < €.

Using the aforementioned inequality and similar arguments as in the proofs of Lemmas 4.1 and 4.2, it is easy
to conclude that

6+¢
VY5 — Wyl € —— + &, |IVy = Vfl2q < Cat?,
Vy Yllz2) G IVy = Vfllq < Cg

where (g depends on f and W, provided f — W ¢ Xp. The last inequalities together with triangle inequality
imply the main error result:

6+¢

NG

Moreover, if we let € = max{§, €}, and choose t ~ €' for some y € (0, 2), then we obtain the convergence
result

IVy®€ = Vflizg) < K( +e+ tﬂ).

IVy®€ - Vflizqy — O
as € — 0. The convergence rate is optimal when y = 2/(2n + 1), and in this case, we have
IVy® — Vflzq) = O(g*/@1+D),
We obtain the fastest convergence when f — W € X for some § > 3/2, in which case n = 1 and
IVy® = Vfllzq) = O(e?/3),

provided that t = Ce?/3 for some positive constant C.
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