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Abstract: In this article, we study a class of Kirchhoff-type equation driven by the variable s(x, -)-order
fractional p;(x, -) & p,(x, -)-Laplacian. With the help of three different critical point theories, we obtain the
existence and multiplicity of solutions in an appropriate space of functions. The main difficulties and innova-
tions are the Kirchhoff functions with double Laplace operators in the whole space RY. Moreover, the
approach is variational, but we do not impose any Ambrosetti-Rabinowitz condition for the nonlinear term.
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1 Introduction

In this article, we study the existence and multiplicity of solutions for the following Kirchhoff-type
equation:

2 . 3
M GO - n(y) [Py , .

' .U dxdy (-G 1 + Y IPO2n = Af(x, ), (1.1)
i l SN pi(x, y)lx — y|N+stoypitey) pilx,) l;

forall x € RN, M; (i = 1, 2) are continuous Kirchhoff-type functions inRY, A is a real positive parameter, and
the nonlinearity f is a Carathéodory function, whose hypothesis will be introduced later. (—A);‘i)é;;?) are
called fractional p;(x, -)-Laplacian with variable s(x, -)-order, given p;(x, -) : R® — (1, +o0) (i = 1, 2) and
s(x, -) : RN — (0, 1) with N > s(x, y)p;(x, y) for all (x, y) € R¥ x R¥, which can be defined as follows:

) _ In(x) — n(y)IPN-2(n(x) - n(y))

(—A);i)éx,,)l]()() = P.V. _[ Ix — y|N+s(x,y)pi(x,y) dy, (1.2)
|RN

forall x in R, n € C§°(RN) and P.V. stands for the Cauchy principal value. Especially, when s(x, -) = s and

pi(x, -) =p;j, (—A)j}i’&f) in (1.1) reduces to the fractional p-Laplace operator (-A)S, e.g., see [1] involving the
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fractional p-Laplacian problem without the Ambrosetti-Rabinowitz (A-R) condition and see [2] on the

fractional p & g-Laplacian problem with critical Sobolev-hardy exponents.
Throughout this article, we assume that p;(x, y) (i = 1, 2) and s(x, y) are continuous functions and the

hypotheses we impose on p;(x, y) and s(x, y) are as follows:

(P): Pi(X’ Y) are symmetric functions, i.e., Pi(X’ )’) :Pi()’, x),1< pi = inf(x,y)E[RleRNpi(X’ y)Spi+ =SUP(x,y)eRNxRY
pi(x,y) < +co. We denote Ppmax(X,y) = max{pi(x, y), p2(x, ¥)}, Pmin(x, y) = min{pi(x, y), p2(x, y)},
and p;(x) = pi(x, x).

(8): s(x, y) is a symmetric function, i.e., s(x, y) =s(y, x), 0 < s™ := inf, gV g¥S(X, ¥) < s* =
SUP(,1)eRVxRYS(X, ¥) < 1, and 5(x) = s(x, x).

Kirchhoff in [3] introduced the following model, which came to be known as the Kirchhof-type
equation:

az11()()

P =0, (1.3)

L
3o @ E I ) [
ot? 2L

0

where parameters p, po, h, E, and L, with some specific physical meaning, are real positive constants.

Particularly, Equation (1.3) is nonlocal fractional problem that contains a nonlocal coefficient % +

: I ‘ aneo) |2

such as anomalous diffusion, ultra-relativistic of quantum mechanics, and water waves. Since then the
literature on Kirchhof-type equations and Kirchhoff-type systems are quite large, and here we just list
a few, e.g., see [4-7] for further details.

We assume that M; : R§ — R* (i = 1, 2) are continuous functions, which the following conditions are
satisfied:
(My): There are some positive constants J; € [1, pgy,.)/Pmax) (i = 1, 2) and 9 = max{9;, §,} such that

dx and can be used to model some physical systems in concrete real-world application,

t
EMi(t) < OM(t), forany ¢ € R}, where () = IMi(T)dT.
0
(M): There are some positive constants m; = m;(t) > 0 (i = 1, 2) for all T > 0 such that
Mi(t) > m;, forany t > 1.

(M3): M(t) is a decreasing function.

The evolution of the Laplace operator has been progressively deepened and has taken many forms so
far. Many mathematical scholars have been devoted to the integer Laplace operators, fractional Laplace
operators, and variable-order fractional Laplace operators. For some important results of these operators,
we recommend the readers to refer to previous studies in [8—19] and literature cited therein.

In the framework of variable exponents involving fractional p(x, -)-Laplace operator with variable
s(x, -)-order, there have been some papers on this topic involving both with and without a Kirchhoff
coefficient, for instance, see [20—25]. Especially, an embedding theorem for variable exponential Sobolev
spaces was first proved in [26]. In addition, with the help of variational methods, Zuo et al. in [27] studied
a class of fractional p(x, -)-Kirchhoff-type problem with the presence of a single Laplace operator in the
whole space RV,

Problem (1.1) comes from the following system:

1, = div[DnVvn] + c(x, n), (1.4)

where Dn = |Vn|P~2 + |Vn|92. System (1.4) had a wide range of applications in the field of physics and
related sciences and had been paid much attention, for example, see [28-32].
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Since both p & g-Laplacian that is not homogeneous are involved, it is more difficult to get the corre-
sponding estimates to compare to the case p = g > 1; therefore, we do need more careful analysis. The case
on the whole space RN was studied in [33], and He and Li used the constraint minimization to study the
subcritical growth problem:

—div|vn[P=2Vn - div|Vn |92 Vv + min|P~2n + nn|972n = f(x, n(x)), x € RY,
n(x) € WhPRN) | Wh4(RY),

wherem,n > 0,N>3,and1< g < p <N, f(x,n)/nP! tend to a positive constant ] as v — co.
Chaves et al. in [34] analyzed the existence of weak solution in D"?(RY) () D*4(RY) for the equation
involving weight functions as follows:

{— Aom = Ay + a@)M P20 + bOOMIT2n = f(x, ),  x € RY, w5

n(x) € WH-P(RN) N WL4(RY),

wherel<g<p< g = NN—fq, p < N. They proved that problem (1.5) possessed at least one weak solution

even if the nonlinear term f did not satisfy the (A-R) condition.
There are few papers to consider the p(x, -) & q(x, -)-Laplacian problem. The case is on the bounded
domain Q, and Zuo et al. in [35] investigated a kind of the Choquard-type problems without a Kirchhoff coefficient:

. . _ G(y, n(y))

() 6 )y —

(D)5 + (=8)a o = A P2 + j ey Y [g06 MG + kO, x € 0, w6
Q

nx) =0, xeRM\Q,
where the operators (—A);((");,'_)) & (—A)Z((’;’,'_)) are two fractional Laplace operators with variable order
s(x, -) : R — (0,1) and different variable exponents p(x, -), q(x, -) : R¥ — (1, 00). The results of
problem (1.6) are different from the single fractional Laplace operator.
While combining the p(x, -) & q(x, -)-Laplacian with Kirchhoff coefficients, Zhang in [36] devoted
to the study of the following equations:

2

Y M .[ [n(x) = n(y)[picey)

i=1 Dpi(x, y)|x — y|N*spixy)
B QxQ

n=0, xeRN\Q,

dxdy | (-Bpeo)n = FOL M), xeQ, .

where M; (i = 1, 2) is a model of Kirchhoff coefficient on the bounded domain Q. and (—-Ap,))® is fractional
Laplace operators with a constant order. On the basis of variational method and critical point theory,
he proved the existence of solutions for problems (1.7) in an appropriate space of functions.

In the famous paper [37], Ambrosetti and Rabinowitz introduced the well-known (A-R) condition on the
nonlinearity, that is, there exist some positive constants p, such that

0 < uoF(x, ) < f(x, mn, forall (x,n) e RN xR,

where F(x, n) = I:f (x, t)dt. As is known, the (A-R) condition plays a very important role in the application

of the variational method, which is widely used to guarantee that the Palais-Smale sequences are bounded
and the function I; has a mountain pass geometry. However, some interesting nonlinearities do not satisfy
the (A-R) condition, and an example of such a function (see [38]) is expressed as follows:

-1
In|Po-2n - (pop—)lrzl“"zn, Il <1,
0

f) = .
Inlp°‘2n10g(— + Irzl), Inl > 1,
Do
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wherel < pg <15 < p* = %. Indeed, this function does not satisfy

F(x,n) = djn*o — d,, forall (x,n) € RN xR,

where d;, d, > 0. Hence, many researchers pay attention to find the new reasonable conditions instead
of the (A-R) condition, see [24,39] and the references therein.

As far as we know, there is no result for Kirchhoff-type equation involving double fractional
p1(x, -) & p,(x, -)-Laplace operators with a variable s(x, -)-order without the (A-R) condition in the whole
space RY. Therefore, motivated by the previous and aforementioned cited works, we will investigate the
existence and multiplicity of solutions for this kind of equation, which is different from the work of
[15,34,35] that the equations of these problems involve the fractional p-Laplace operator with a constant
order or do not contain Kirchhoff terms, and more general than (1.7), which authors considered a local
version of the fractional operator, that is, with an integral set in Q and not in the whole space RY. Our study
extends previous results in some ways.

Throughout this article, ; (j = 1, 2, ...,N) denote distinct positive constants, and i = 1 and 2. For any
real-valued function H defined on a domain ©, we denote:

C.(®)={He C(®O,R): 1< H =infH < H < H":=supH < +o0}.
o o)

The function @; : R¥ — R are continuous functions, which satisfy the following conditions:
(A): a, a; € L"O(RN) such that a(x), a;(x) > 0, where h € C.(RM).
(Ay): a, a; € C(RN x R) such that a(x), a;(x) > 0 for all x ¢ RN and a, g; # 0.

The nonlinearity f: R¥ x R — R is a Carathéodory function, satisfying:
(F1): Let p;,q e C.(D) and 1< phay < q < q(x) < gt <9 < pi(x), and there exist a;(x) and a,(x), given
by (Ay) such that

IfCx, t)] < ai(x) + a(x)|t [999-1 forall (x, t) € RN x R.

F(x,t)
|[|‘9p;r13x

(F2): limjy-e0 = +00, uniformly for all x € RN, where F(x, t) = J}jf(x, s)ds > 0.

maxF (X, £)

(#3): There exists B(x) € L°(RY), such that lim sup”Ho”J e < B(x), uniformly for all x € RN,

(F2): There exists a constant 7 > 1 such that 7p(x, t) > o(x, tt) for all (x,t) €e R¥ x R and ¢ € [0, 1],
where p(x, t) = f(x, t)t — praF(x, t);
(F2): flx,—t) = —f(x, t) for all (x, t) € RN x R.

The paper is organized into five sections. Aside from Sections 1, 2 presents the main results, Section 3
presents some preliminary notions and results about fractional Lebesgue spaces and Sobolev spaces,

Section 4 proves the compactness condition of Cerami sequence and Theorems 2.1-2.3, and Section 5
presents a conclusion.

2 The main results
We need to present the corresponding definition and variational framework before stating our main results.
Definition 1. We say that n € X is a weak solution of problem (1.1), if

i=1

2 2
D MG, ) x G4, ) + Y, [ nA-2npax = A [ £x mpds,
=1k R
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for any ¢ € X, where X will be introduced in Section 2 and

_ i(x,y)
8,,() = I j - InG) — n(y)Pr
R:

6 y)lx - le*’S(X’}/)Pi(X,y) Y5

/ NGO = nNIPFEN-2(n(x) = n()(@() - @)
<6px(rl)’ (p> = J‘f |X _ y|N+S(X,y)pi(X,y) dXd)/'
[RZ

The problem (1.1) has a variational form with the function I, : X — R, defined as follows:

2 2
—~ 1 _

L) = ) Mi(6,, —— P dx - A | F(x, n)dx,

() 21 (p,(n))+i§_1£ﬁi(x)lnl E[ (x, ) 2.1)

for all 1 € X and M; given in (M,). Moreover, the function Iy is well defined on the Sobolev spaces X and
belongs to the class C}(X, R), which the argument is similar to [21], and

2 2
(LOD, @) = Y Mi(8,(m)) x (8, @) + ZIIUIW”‘ZWPdX - A_[f (x, Dedx, 2.2)
=15 R

i=1

for any n, ¢ € X. Thus, under our assumptions, the existence and multiplicity of solutions for problem (1.1)
is equivalent to the existence of critical points for the function I,.
Now, we are ready to state three results of this paper.

Theorem 2.1. Assume that (S), (P), (My)—(M3), (A1)—(A3), and (F1)-(F,) are satisfied. Then, for any A > 0,
the problem (1.1) admits at least one nontrivial solution n, in X.

Theorem 2.2. Assume that (S), (P), (M1)-(M3), (A)-(Ay), and (F1)—-(F4) are satisfied. Then, there
exists A* > 0, for any A € (0, A*), such that problem (1.1) possesses at least two distinct nontrivial solutions

s 1 in X.

Theorem 2.3. Assume that (S), (P), (M1)-(M3), (A1)—(A), and (F1)—(Fs) are satisfied. Then, for any A > 0,
the problem (1.1) has infinitely many nontrivial solutions in X.

Remark 2.1. The main idea to overcome these difficulties lies on the p;(x, -) & pi(x, -)-Laplace operators
developed in [27,36], recently. Under the weaker conditions for the nonlinear term, the existence of at least
one nontrivial solution (Theorem 2.1) was proved by applying the mountain pass theorem [40], and then,
we obtain at least two distinct solutions (Theorem 2.2) and infinitely many solutions (Theorem 2.3) by using
the generalized abstract critical point theorem [41] and fountain theorem [40], respectively.

Remark 2.2. Our work is different from the previous papers [2,15,33,35] in the sense because of Kirchhoff
terms and the presence of the more complicated p;(x, -) & pi(x, -)-Laplace operators, which makes our

analysis more complicated. The work of this paper is to be of great importance in the development of the
p1(x, -) & pi(x, -)-Laplace operators theory.

3 Preliminary results

3.1 Variable exponents Lebesgue spaces

In this section, we briefly review some basic knowledge, lemmas, and propositions of generalized variable
exponents Lebesgue spaces.
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Let 9(x) € C.(RN), and we define the variable exponents Lebesgue spaces as follows:

LIO(RN) == {51 : n is a measurable and f [71°®dx < cot,
N

R

provided with the Luxemburg norm

9(x)
dx <1;.

Inllsco = infly > 0 : I n
X
R

Then, (LY)(RY), |- l9r)) is a separable and reflexive Banach spaces, which is called generalized Lebesgue
spaces, see [17,42].

Lemma 3.1. (See [42]) Let 9(x) be the conjugate exponent of 9 (x) € C,(RN), that is, ﬁ + % =1, for all
x € RN, Suppose that n € LY®(RYN) and u € LYO(RN), then

1 1
J"TUdX < (.9_ + §—)||'1||.9(x) Il < 2lmnllseo IUlge -
[RN

Proposition 3.1. (See [43]) The modular of LY)(RY), which is the mapping py,, : L*®(RY) — R, is defined by

Py (M) = I In [Pdx.
N

R

Suppose that n,, n € LYO(RN), then the following properties hold
M) Inlscy > 1= Ml < Lo < M50,

@) Inlls < 1= Wl < Poo @ < Mlco,

3) Inllse < 1 (resp. =1, >1) &py, (M) < 1 (resp. =1, >1),

(4) In,lls00 — O (resp. — +00) & pPy.y(1,) — O (resp. — +co),
(5) limyeoln, = N lgy = 0 & 1limy—, 0Py (M, — 1) = 0.

Lemma 3.2. (See [44]) Suppose that |n|%® e LAW/IORN), where 9(x), B,(x) € C.(RN), and 9(x) < B,(x)
for all x € RN, then n € LA(RY), and there exists a number 9 € [9-, 9*] such that

17 1PN,00 7900 = Unllg,eo)?

3.2 Variable-order fractional Sobolev spaces

From now on, we recall some important lemmas and properties about fractional Sobolev spaces with
variable s(x, -)-order.
Let p(x, -) € C.(R¥) and define the Gagliardo seminorm by

i . InCA) — n(y)Pey
[thsce gy = by > 0 .U YPON |x — y[N+pey)stoy) dxdy <1,
[RZN

and we consider the following variable s(x, -)-order fractional Sobolev spaces with variable exponents

W = WS )P YRN) = {n € LPORN) : n is a measurable and [7]sw, ),per, ) < 00},
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endowed with the norm
Inlw = Nl + Mlse,),p00,)-

Then, (W, ||-|w) is a separable and reflexive Banach spaces, see [26].

Proposition 3.2. (See [20,44]) Define the modular function pps&jg :W—>R by

xX) — p(x.y) _
oo = [[ OO axay + [ oo,
[RN

X — y|N+p(x,y)s(x,y)
< Ix -yl

Suppose that n,, n € W, then the following properties hold
M) lnlw <1 (resp. = 1,>1) & p3 () < 1 (resp. = 1, > 1),
@ lnlw < 1= Il < pseed) < Inlfy,
3 lnlw > 1= Il < o300 < Inlfy,
(@) limy ool lw = O (resp. — +c0) & lim, 5 )(1,) = 0 (resp. — +c0),
(5) limy oo, = Nllw = 0 & limy S ) (1, = 1) = 0.
Lemma 3.3. (See [26]) Assume that s(x, -), p(x, -) fulfill(S), (P) with N > p(x, y)s(x, y) forany (x, y) € Q x Q.
Set 9(x) e C.(Q) fulfill

Np ()
N -p)sx)

where p (x) = p(x, x) and 5(x) = s(x, x). Then, there exists Cg = Cy(N, s, p, 9, Q) > 0 such that

1<9 = 1’1’1%1 9(x) < 9(x) < pix,y(x) = for any x € Q,
Xe€

Inllscy < Collnllw ,

for any n € W. Moreover, the embedding W — L%)(Q) is compact.

Lemma 3.4. (See [26]) Assume that s(x,-), p(x,-) fulfill (S), (P) with N > p(x,y)s(x,y) for any
(x,y) € RN x RN, and suppose that h € C,(RY) is a uniformly continuous such that p(x) < h(x) < pi(x)
for x € RN, Then, the embedding X — L")(RY) is continuous.

3.3 L3X)(RN) spaces

a(x)

We assume that 9(x) € C.(RN) and a(x) satisfying (A,), and consider the following spaces

Lf((;‘))(ﬂ{"’) ={n : RV - R is ameasurable and Ia(x)ln(x)ls(")dx <oor,
N

R

with the norm

9(x)

) dx < 1;.

Y

i) = Wilb.aco = intly >0+ | o)

[RN

Obviously, (Lf((;‘))(RN ), lI-lls,a)) is @ uniformly convex Banach spaces and hence reflexive (see [27,43]). As the

following lemma states, the norm |7lly,q( is connected to a semimodular gy ,,, = jRNa(x)ln(x)la(")dx.
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Lemma 3.5. (See [45]) Suppose that n,, € Lf&‘))(RN), then the following result holds

lim |, llg,aqy = 0 © lim Q.g,a(x)(rln) = 0.
n—oo n—-oo

Lemma 3.6. (See [27]) Let s(x, -) and p(x, -) satisfy (S), (P). Let 9(x) € C,(RM) with1 < 9~ < I(x) < I* < p¥(x)
for all x € RN, Suppose that (A;) holds with h fulfilling

h(x)9(x)

h(x) — 1 < pi(x) for all x € RN,

PO <) =

Then, the embedding W — L3X(RY) is continuous. Furthermore, if ¥+ < pX(x) for all x € RN, and then

‘a(x)

W — LI®RN) is compact.

a(x)

Lemma 3.7. (See [27]) Let s(x, -) and p(x, -) satisfy (S), (P). Suppose that 9(x) € C,(RN) and (A,) hold.
Then, for any n € W, there exist two positive constants 9 € [9-, 9*] and Cg 4 such that

Q9,001 < Co,acolml? .

Later on, we consider the following spaces:

Xi={neW-= WS(X,~),pi(x,~)(RN) . j|n(x)|ﬁ(x)dx <00,
N

R

and this space endowed with the norm

Imllx; = inf{y >0: ppi(x,.)(%) < 1},

where the function P, X; — R defined by

_ [ InG) = n(y)|Py)
ppi(x,-)(n) - j Ix — y|N+pi(x,y)S(x,y)

[RZN

dxdy + j 11700 dx.
[RN

Obviously, the Banach spaces (X;, |- |lx,) is uniformly convex and hence reflexive. Similar to Proposition 3.2,
we obtain the following lemma.

Proposition 3.3. Suppose that n,,, n € X;, then the following properties hold
(1) Inlx, <1 (@resp. =1,>1) & Pp,»(x,»)(’l) <1 (resp.=1,>1),

@ Il <1= 1Y < Py 00 < Il

3) lInlx, > 1= 11 < pp e < INIF

(4) lim,_ln,lx = 0 (resp. — +00) & limnﬁooppi(x’_)(nn) =0 (resp. - +00),
5) limy ol — Al = 0 © limy ez o (T, = 1) = O

Let X = X; n X;, which is a separable and reflexive Banach space endowed with the norm
Inllx = lnlx + Inlx,.

To simplify the presentation, we will denote the norm of X by |-| instead of |-|x. X* denotes the dual
space of X.

We note that the embedding X — LI®(RY) is no longer compact, which makes it difficult to verify the
Cerami condition. The following embedding result provides a new tool to overcome this difficulty.
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Lemma 3.8. Let s(x, -) and p(x, -) satisfy (S), (P). Let 9(x) € C,(RN) with1 < 9~ < 9(x) < 9* < pZ(x) for all
x € RN, Suppose that (A,) holds with h fulfilling

h()9(x)

h(x) - 1 < pi(x) for all x € RY,

P <px) =

Then, the embedding X — Lf((;‘))(RN) is continuous. Furthermore, if Y* < pi(x) for all x € RY, and then,
X < LIYRYN) is compact.

Proof. For any (x) € C*(RY) satisfies * < pi(x) for all x € RY, and form Lemma 3.6, we obtain that
X = LIY®RY) and %, — LIRY), and therefore, we get X — L5 (RY), where the imbedding is continuous
and compact. O

The function £(n) : X — R is defined as follows:

L) = Lp,o (1) + Lpyoe, (1D,

where

1 n0o) = n(y)Pieey) I 1 -
Ly, () = dxd P dx,
w0 '[’[ pi(x, y) |x — y|Vrpileystoy) a ﬁ'(X)m(X)I
R

i
R

N

Proposition 3.4. Let s(x, -) and p;(x, -) satisfy S and P . We consider the following function ‘CIPi(X, 5 X — X7,
with X;* the dual space of X;, such that

(Lo D) = j o) - n(y)lpi(;w—z)f;zvs);?(xjygfx),/y{)@&) SAOT _[ ICOPO-2n(x)p(x)dx,
R¥ RN
for any n, ¢ € X;. Then:
(i) Ly, is a bounded and strictly monotone operator;
(ii) Llpf(x,J is a mapping of type (S,), that is, if n,—n in X and limsuanoo<L’pl_(Xr)(nn)—
Lo, M, =) <0, thenn, — nin X;;
(ii) Ly, : Xi — X is a homeomorphism.

Proof. The proof of this proposition can be given arguing similar to Lemma 2.6 in [44] and Lemma 4.2
in [46] by combining with Lemma 3.6, which we omit here. O

Similar to Proposition 3.4, we have the following result.

Proposition 3.5. Let s(x, -) and p;(x, -) satisfy S and . Then:
(i) L' is a bounded and strictly monotone operator;
(i) L' is a mapping of type (S,), that is, if n, — n in X and limsup,_(L'(n,) - L'(N), n, — n) <0, then
n, —» ninX;
(iii) L' : X — X* is a homeomorphism.

Proof. Here, the proof is similar to [36], and we give a brief proof process for completeness.
(i) Obviously, £’ is continuous and bounded. According to Proposition 3.4, since Liui(x,-)

monotone operator, £’ =L} )+ Ly is strictly a monotone operator. Consequently, £’ is

is a strictly

a bounded and strictly a monotone operator.
(ii) From (i) and if , — n in X and limsup,_.{(L'(n,) - L'(n), n, — n) < 0, as a consequence,

Jim (L6 = Ly T + Ly 1) = Lipya oD My = 1) = 0,
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and it follows that asn — co
(L)) = Lipye, s My = 1) = 0 3.1)
and (L, 1) = Ly s My = 1) — O (3.2)
Since 1, — n in LPA®O(RY), which implies that
[UnP002uy — [ulP00-2y in Lato 1(RY),
and according to the Holder’s inequality, we obtain
j (17,0012, 06) = InGOP D200 (g, ~ mdx — 0 as n — co. (33)
RN
To simplify the presentation, we define the following functions:

&, y) = n,(x) - n,(y),
E(x, y) = n0o) - n(y), (3.4)
Va(x) = n,(x) = n(x).

It follows that V(x) - Vu(y) = &,(x, ¥) — £(x,y). Combining with (3.1) and (3.4) and as n — oo,
we deduce that
(L)1) = Ly, M My = 1)
= (L) = Ly, (0 Vo)
- ”‘ 11,() = 1, (WIP "2, (0) = (YD Vo) = Va(y)) dxdy
[RZN

|x — y[N+pi(oy)soy)

(3.5)

() = n(MIPE2(mx) = n(YNVa(¥) = Va(y))
B JJ Ix — y[N+Pi06ystey) dxdy
[RZN

+ j [17,0017092, () — INCAP D200 | (V) — Vay))edx

[RN

_ j (16,06, MIPIO=28 (x, y) = 1§06, YIPE2E(x, )] (V) = Va())

|X _ y|N+p1(x,y)s(x,y) dXdy + 0(1)-

[RZN

From the well-known Simon inequality, when p;(x,y) >2 and as n — co, we have the following
estimate:

I 1€, (x, y) — &x, y)|pieey)

|x — y[N*tp1Goy)sty)

|x — y[N+P1Goysty)

106Y) - _ 106Y)— _
CI_U (18,00, YIPI=2& (x, y) = |0, YIPIEN=2E(x, y)](&,(x, ¥) = &,(x, ¥)) dxdy + o(1)
R

(3.6)

< ¢ [I§,C0IP10=28 (x, y) = 1§06, Y128 (x, )] (Vax) = Va())

- [x = y|N+P1Goy)sioy)
[RZN

dxdy + o(1)

Cz<‘£;71(X,-)(rln) - le(x,)(ﬂ)» V)
= G Ly, (1) = Lipyx, D> My = M)

Taking into account (3.1), (3.3), (3.5), and (3.6), we obtain
ppl(x,<)(’1n - T’I) — 0 asn-— oo. (3.7)
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When 1 < pi(x, y) < 2 and n — oo, we have the following estimate:

_ 1(x,y)
I 1&,(x, ¥) = &(x, y) |1y dxdy

|x — y[N+P1oy)stoy)

1
6 [ ey 00 P 26, 66y) = P 2606, )
[RZN

p1(%.y) P1(X )

x (§,06y) = §06,y)) + oD 2 [18,06 Y)Y + [§(x, y)|Pion] dxdy

¢, J‘ I (18,00, YIPEN=2E (x, ) = [E(x, Y)IPIEN2E(x, y))

|x — y[N+P1Goy)sty)

p1(x,y)
2

(606 y) = E06 ) + 0(1)]

2-p1(x.y)

2-p1(x%.y)
p1(x,y) 2 p1(X.y) 2
( 16,06, )] ) N ( £Cx, ) ) dxdy.

[x — y[N+P1(y)stoy) [x — y[N+P1(oystoy)

To simplify the presentation, we define the functions f,, f,, f;, :R¥ x RN — R¥ as follows:

(18,0128 (x, y) = 1§06, YIPEN 28 (x, y))

|x — y[N+Poy)sy)

fl = ({n(X, Y) - {(X’ )’))

and

£,00pP o ___l§cope

X — y[VPilaystey) B= x — yNepilensten)

fz =

Then, from (3.8), Holder inequality, the Proposition 3.3, we derive that
|€,0¢, ) = £(x, y)[Prxy)

[x — y[N+Pi(oystoy) dxdy
[RZN
le) 2-p1(x,y) 2-pi(x,y)
< csj (ot o)™’ 1, 2 +95 2 |dxdy
2-p; 2 P1 2- Pl 2- Pl
<

Cs(ll(f1+0(1))llL e II(f1+0(1))IIL - ](||f2||L 2oy + Il + 102w + 1o |

(3.8)

(3.9)

Since 7, and n are bounded in X;, from Proposition 3.3, |If,l g2 and |fl g2 are bounded. Therefore,

combining with (3.1), (3.3), (3.5), and (3.9), we have
pPl(X,~)(nn -1n) - 0asn— co.

Consequently, (3.7), (3.10), and Proposition 3.3 imply that

In, — nlx, — 0 as n — co.

Similarly,

In, - nllx, = 0 as n — co.

So, we get that

In, —nll — 0 as n — oo,

that is, if n, — n in X and limsup,_.(L'(n,) - £'(M), n, - n) <0, thenn, — nin X.

(3.10)
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(iii) Since L(n) is strictly a monotone operator in X, £(n) is an injection. From Proposition 3.3,
we obtain

(L’(TI), n _ <£Ip1(x,.)(rl), n + (-C;,z(x,.)(rl): n
Il Inl

”‘ | 70O - n(y) I”1<”>dxdy+j InC)P @ dx JJ‘ [ n0) -~ n(y) 'pz(x'Y)dxdy+'[ [n()[P20dx
R RN + RN

N | x — y[N+P1YISO6Y) R2V | x — y|N+p206y)stxy)

In In
_ minlnl , Inlg'} + mindinlg; , Inlg;3
In '
It means that
!
L
Inl—co 7l

Therefore, £'(n) is coercive operator, thanks to the Minty-Browder theorem (see [47], Theorem 26A),
L'(n) is a surjection. Due to its monotonicity, £'(n) is an injection. So, (£'(n))™! exists. Consequently,

the continuity of (£'(n))™! is sufficient to ensure that £'() is a homeomorphism.
If {g,}nen € X*, then g, — g in X*. we assume that there are 1,, 7 € X such that

M, = (L") (g,), and n = (L") ().

In view of the coercivity of £'()), we conclude that {1, },cnis bounded in X. Then, up to subsequence n, — 1
in X, which implies

nlim (L' - L'm),n, —m) = nlim (g —9:M,-M =0

Since L' is of (S,)-type operator, we have n, — n in X. O

4 The proof of the main results
4.1 Compactness condition

Let X be a Banach space and I) € C}(X, R). We review that {n,},ey € X is a Cerami sequence, if
Il < ¢, A+ lnIDIh(n,) — 0 in X* as n — oo, (4.1)
and we say that a function I, satisfies the Cerami condition at the level ¢ € R, and I} has a strongly

convergent subsequence in X.

Remark 4.1. As being known, the Cerami condition is weaker than the Palais-Smale compactness condi-
tion. Thus, if a function, I; satisfies both Cerami condition and mountain pass geometry, abstract critical
point theory, and fountain theorem, then I has a critical point in X.

Lemma 4.1. Assume that (S), (P), (My)—-(M3), (A))-(Az), (F2), and (F,) are satisfied. Then, for any A > 0,
the sequence {1, }nen is bounded in X.

Proof. Let A > 0, and {1, }nen € X is a Cerami sequence (4.1) associated with Ij, which implies

()l < c, (4.2)
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for some positive constant ¢, which does not depend on n, and
1 + lIm,IDIx(n,) — 0 in X* as n — oo. (4.3)

In view of (4.3), there exists x,, — 0 such that

Knll§1l

Ly, &) <
KOG, O < in

, forall ée¢ X and n e N. (4.4)

By choosing ¢ = 7,,, we obtain

) < -3 0n, - j P dx + 2 jf(x Mo < ]

< Kn < G 4.5
Z Loy == ve (45

From now on, we show that the sequence {1, }ncy is bounded in X by contrary arguments. Assume that
7, = oo, as n — oo. (4.6)
We define a new sequence {w,}ney to be denoted by wy, = 1,/ I1,,ll, then {wp}ney € X and lwy| = 1. By Lemma
3.8, there exists a subsequence, without loss of generality, still denoted by {wy}ncn, such that
w, — w weaklyin X, w, — w stronglyin L{f((;‘))(RN), wy, —» w a.e.in RY (4.7)
for 9(x) € (1, p; (x)) and w = O.

If w # 0, the set Q, ={x ¢ RN : w(x) > 0} has positive Lebesgue measure and 1,(x) — +co for all
x € Q,. Therefore, on the basis of the hypothesis (#3), we deduce that

F , Spr;ax
limsup Fx Snf‘) = 1imsup% =00, in Q,. (4.8)
n—oco ||I’l [|PPmax n—oo |rln|pma"
From Fatou’s lemma, we obtain
F S F s (9pr:1ax
limsup Lﬂf‘)dx = limsup de =00, in Q,. 4.9
Ip, I, (4.9)
nooo 1, [I%Pmax n—oo |17, |"Pmax
As a consequence of (4.2), we have
2
1<
[Fecin < 23 W@, m) + Z j " )|n,,|n<x>dx L4 (4.10)
= i=1 bi
and then, it follows by the condition (M,) that
F(X’ nn) 1 C7
) W85, + j PO+ —T g
a[ PP~ g oo Z O+ Z oo TN
Hence,
F(x, M, M,
limsup (x '2:1) dx < max{l,Ml(l),Mz(l)}’ 412)
n—oo et ||T2n||8pmax ADmin

and this contradicts (4.9).
We suppose that w is the null function and again arrive at a contradiction. Since (¢, is continuous
function in ¢t € [0, 1], we define the sequence t, c [0, 1] by

L(tmn,) = max I(tn,). (4.13)
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Without loss of generality, we assume that pa(x, -) < p1(x, -), and there exists a positive sequence

= QP w, = G ; 1 , where u > (i ! )”1 2 On the basis of the continuity of the Nemytskii operator,
2

we have that F(x, v,) — 0 in L'(RY) due to v, — 0 in LY®(RN) as n — co. Therefore,

li F(x, =0.
n:ngo (x, vp) (4.14)

[RN

@u/ea

o € (0,1) for all n > ng.

According to |In,| — co asn — oo, there exists ny large enough such that
Thus, from (4.14) and the conditions (M;) and (M), we obtain

I(tan,) = IA(Vn)

> Z M (8 (i) + Zj

111

Sl - 2 IF(X, y)dx
R

- pi(x,y) B
T Opne T z J ) i)l dxdy + I|Vn|””(")dx - AIF(X, Vy)dx
IPmax i1 |x — y|N+sCoyipitoy)

(4.15)

min{1, my, my} [ Qu)Pr /P2 P2 .
5, min{ my 2}(( i) —lwally + —}illwnllf}f) -A _[F(x, Vp)dx
Spmax p Pz

1

_ pmin{l, my, my}

2 T Whplx, + lw pf—/\J-Fx,vdx
n; 723(%“)2 (lwnllx, + lwsllx,) %, vy)

-A IF (x, vy)dx,
2vi ‘29(p

where we have used that |lwulx, < llwallx, + lwalx, = lwal =1 and also that (a + b)? < 2P~1(a? + bP)
for a> 0 and b > 0. From (4.14), we take n; > ny such that

Hmil’l{l, my, mZ}

lim | F(x, v,) < - , forall n > n.
n—oco on 4 2D —lg(p;lax)z (4.16)
which joint with (4.15), we obtain
pmin{l, my, my}
L(tan,) > —pr*IS(pgmx)z , forall n > n;. (4.17)
Due to u being arbitrary, we have the following conclusion:
I(t:,) = co, forall n > n. (4.18)
Since O < t, < 1, and the hypothesis (74) yields
_[ o(x, ta,)dx < ITQ(X, nydx, forall n>ny. (4.19)
N N

R

By passing to new subsequence, if necessary, we can assume that 0 < t, <1 for all n>n, > n,.
Indeed, (4.18) combined with (4.2) implies that ¢, # 1 and the fact that I;(0) = O implies that t, # 0. Thus,

= tn IA(trln)lt th — (I//1<tnnn)’ tnnn>

(4.20)
- ZM B tay)) X () (bat)s taly) + ijnn PO dx — A jf(x b, )l A

i=1
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Hence, for all sufficiently large n, we have

ey = ZM(ap,(tnnn» 1 2 j o, 0 dx % jF(x, b1, )dx

i)
1
L MGt * (8.t — j|t 7, [P0 dx
max j=1 max i= 1
)b, dx + o(1) (4.21)

2
ZM(api(trﬂn)) X (51,;,-(1}177;1): tan,)

max j=1

1+ 5i()
= — Dpilx —
. §= (8 p(tan,) + — E _[ e )Itn,,l dx

ann POy + —j(
maxl e

By combining with (4.19) and the hypothesis (), we obtain

Y, — F(x, tnrln))dx + o(1).

Jroc i, dx = [praFo tnax+ [ ot tn)ix < [ tnax + ot n)ax “2)
R R R

which joint with (4.21) and the condition (M5), we obtain

_IA(tnnn) <1 ZM(ap,(tnqn)) +1 ZI o, P e

pi(x¥)

ZM(6p1(tnnn)) X <6l,7i(tl‘lrln)! tﬂ’ln)

max j=1 max i= 1n

f|t NP0 dx + o(1)

<ZM(6p.(nn))+ZJ ()lnnlﬁf<x>dx+ f ox, 7,)dx

max

(4.23)

ZMi(5p,~(nn)) X (8, (My)s M) —

max j=1 max i= 1%

- ZM(ap.mn» + Zj a2 j (

jm P dx + 0(1)

f(x, nn, - F(x, nn))dx

max

ZMi(apxnn» X (8,(1)s M) —

jm P dx + (1)
max j=1 max i= 1

< C8’

asn — oo, which contradicts (4.18). Therefore, we conclude that the sequence {1, }nen is bounded in X. O

Lemma 4.2. Assume that (S), (P), (M2)—(M3), (A1)-(Az), and (F7) are satisfied. If the sequence {1, }neny € X
is a Cerami sequence of I at the level c € R, then, for any A > 0, {n,}nen has a strong convergent subsequence.

Proof. We assume that {1, }nen € X be a Cerami sequence. From Lemma 4.1, the sequence 7, is bounded
in X. It follows from Lemma 3.8, combined with the reflexivity of X, that there exists a subsequence, which
is still expressed as {1, }nen, such that

n, — n weaklyin X, n, — n stronglyin L(R"), 75, — n a.e.in RY, (4.24)

a(x)

for 9(x) € (1, pi(x)). Since 1, is bounded in X and Ij(n,) — 0, we derive that

(L(n)> M, — M) — 0, as n — oo,
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and it follows that

2 2
omr%Mm%m—m=ZM®Mmewﬂmwu—m+2fmmmﬂm—mw
- w (4.25)
- A rex ), - .
R
Indeed, by using the fact that , — n strongly in L,f((;‘))(RN) together with Holder’s inequality and Lemma

3.8, we obtain

nhm —[lnn |}7i(X)—1 (rln — rl)dx = 0. (4.26)
R
According to the hypothesis (A;) and using the hypothesis (#7), we infer that
[ e mon, - max < [aGoem, - max + [atoim, 0, - nax 2
R R R
and
[ @001, - max < 20| [aoln, - neoax+ [aoomeoo, - max|.  @.28)
R R R

By (4.24), Holder inequality, and Lemma 3.5, we have

tim [ a000g, - max = o,

n—oo

R

nmjmmm—wmm=a (4.29)

n—oo

R

lim ja2<x>|n|w>fl(nn ~ pdx =0,

n—oo
R

which joint with (4.27), we obtain

Tim | £, 1), - mdx = 0. (4.30)
R
Therefore, from (4.25), (4.26), and (4.30), we deduce that

2
lim ([i(n,), 0, = m) = lim 3 M(8p(n,))  (8},(1,), m, = 1) = O (4.31)

i=1

Since {1, }nen is bounded in X, passing to a subsequence, we suppose that

dxdy — to > 0 as n — co.

J‘J' n,(x) = n,(y)Pey)
p(x, y)lx — y|N+steypey)
[RZ

(i) Ifty = 0, then n,, strongly converges ton = 0 in X.
(ii) If to > 0, since the function M; is continuous, we have

2
lim ) My(6,,(n,)) = My(to) = 0. (4.32)

n—oo .
i=1
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Therefore, from the hypothesis (M,) and (M3), for n large enough, there exist Cy, C;o > O such that
0 < Gy < Mi(6p(n,)) < Co, (4.33)
which joint with (4.31), we obtain
Z lim (8, (1,), 1, = ) = lim (8, (1,), 1, = 1) + Lim (8,,(1,), 7, = 1)
i= 1 —00 —00
= lim (6,,(n) + 6., m, — M) (4.34)
= nlim L'y my — M)
=0.

Thus, according to (4.34) and Proposition 3.5, we finally achieve the strong convergence of n, — v
as n — oo in X. I) satisfies the Cerami condition for all c € R. O

4.2 Proof of Theorem 2.1

In what follows, we prove Theorem 2.1 by applying the mountain pass theorem, see [40].

Lemma 4.3. Assume that (S), (P), (My), (M), (F1), and (F3) are satisfied. Then, there exist positive constants
po and ay = ao(p,) such that for all A > O we have the function Iy = ao(p,) for all n € X with |l = p,

Proof. From the hypotheses (1) and (#3), for any € > 0, we can verify that there exists C, > 0 such that

F(x,t) <

(BX) + &)|tPmax + CJt]9®, forall (x,t) € RN x R. (4.35)

max

Let A > 0 and ||n| < 1, and then, by using the conditions (M), (M,), and (4.35), for any n € X, we deduce
that

L) =

P00 gy - AL+ ) o
S M) (6L, n>+zj g jmv’ dx

maxll

-G [mtodx

Main | [ 1100 — )Py i A+ ) ;
: Sme 2 b y[epGostoy X * j Inrde | = == I == dx (436
max j=1{ o~ o 'max

- AC; jlnlq“)dx

M + Al + €
Moin e+ iy - X )j| Pass dx — AC Ilrzlq(")dx
maX

9 Pmax
where My, = min{l, my, my} and I = [|B(x)[| =™, - According to Lemma 3.8, there exist C;; and Cy, such that

10p = i (aper 4 gy - A8

+
8 max max

———=CullnliPr=x — ACCralinl . (4.37)
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IITIH

without loss of generality, we suppose that ||r1||§11+ > ||n||§'}22 and it follows that
M i +
n) 2 —— Il -

/1(1 + &)
zpmax p

8 max max

———=CullnllPrax — AC.Cpalinll? . (4.38)

. 1
Since ¢~ > phax > pi- and choosing p € (O, min{l, 1/Cy, [Mmin / 2PmaAC1I(1 + €)]Pmax—#i }), we obtain

L) = Ilpll - ACCyllpl9 . (4.39)

+18 +
Let us take
0<p, < min{l, 1/Co, [Mnin / 2P0AC1I(1 + &) [piax 71 , [Manin /29505 AC1ppshay Ce |7 70 } (4.40)

combining with (4.39) implies that

( M
L = pg (%

max

) = a(p,). (4.41)

Consequently, there exists a constant ap = ag(p,) > 0 such that the function I}() > ao for all n € X with
Inll = po- o

Lemma 4.4. Assume that (S), (P), (M1)-(M,), and (F1)—(F4) are satisfied. Then, for all A > 0O, there exists
Ny € X with|Inyll > p,, where p, is given in Lemma 4.3, such that I(n,) < O for all t > 1 sufficient large.

Proof. Let A > 0, and it follows from the hypothesis (¥7) and (%3) that for a positive constant M:

-1

2 3F 2
M1
M > (Z ,( )Ilfpoll P Z:II%II”I ) II(pO [Pmaxdx |, (4.42)

i=1 (pi )8 i= 1p1

and there exists a corresponding positive constant Cy; such that
F(x, t) > M|t|%max — Cy, uniformly forall x € R¥, (4.43)
By using the condition (M;), we have
Mi(t) < M;()t%, forany t > 1. (4.44)
Let us take ¢, € X\{0}, from (4.42)—(4.44), we obtain

Itoy) < Y6ty + z f It [P dx — AM j |ty [Poan dx + ACy jdx

i=1 111

< i | A, (¢o))3‘+z_,_[l¢ [P0 dx AMjuo [iwcdx | + ACy j A& (445

i=1 111

+ M 1 1 + +
< e 3 > ()3 ol Zgu%ngg -0 [ g |+ A [ .
i=1 i=1Fi

By choosing M large enough, we deduce that I(tgp,) — —co as t — oco. In consequence, there exists
1o = tg, € X such that [|Inyll > p, and I(n,) < O for all ¢ > 1 sufficient large. O
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Proof of Theorem 2.1. Let X be a real Banach space, according to Lemmas 4.1 and 4.2, and therefore, there
exists a Cerami subsequence {1, }ney € X, such that 5, — 1, in X as n — co, and the function I fulfills
Cerami condition for any A > 0. Moreover, I}(0) = 0 is obvious, from Lemmas 4.3 and 4.4, we know that all
conditions of the mountain pass theorem are fulfilled. It follows that I, has at least one critical point 1, such
that I)(n,) > ao(p,) > 0, namely, problem (1.1) has at least one nontrivial weak solution in X. O

4.3 Proof of Theorem 2.2

The function I;, which is relevant to problem (1.1), is rewritten in the following form:

L(n) =Un) - AV(@), (4.46)
where
2 2 1 500
Wn-—EMi(Si +E P dx,
( ) < ( p(rl)) i=1£ i( )|’1|

(4.47)
(wm=jnnmm.
R

In this section, we prove Theorem 2.2 by using the following abstract critical point theorem, see [41].

Theorem 4.1. Let X be a real Banach space and consider two locally Lipschitz continuous functions
U,V : X > R. Assume that U is bounded from below and U(0) = V(0) = 0. Set { > O be fixed, and it is
supposed that for each

-1

Aedy=]0, (( sup fV(n)) , (4.48)
neU(-00,{)

the function Iy = U - AV fulfills the Cerami condition for any A € Ay and is unbounded from below. Then, for

any A € Ay, the function I has two distinct critical points.

Proof of Theorem 2.2. Obviously, ¢(0) = V(0) = 0 and U is bounded from below.
According to an argument similar to Lemma 4.4 of Theorem 2.1. Let € X\ {0}, from the hypotheses (F7),
(%2), (M), and enough large t > 1, we have

2 2

— 1 _
D(tn) =) Mi(6,(t —|tn|Pi®dx - A | F(x, tn)dx
A(tn) ;:1 (6 ( n))+i§_1ﬂ[ﬁi(x)lnl ﬁ[ (x, tn)

o 2 (4.49)
+ M 1 -t 1 + +
< e | Y 2D ey 5 Ly _/LMfmwpmaxdx +Achdx,
i-1 (pi )" i1 Di R R

. + + + -1
by choosing M > (Zle (A:f)lg)illnllfgipf + zizzlﬁi;"n”;g )(/1 I[R |1 %P dx) and M is large enough, we deduce that

I(tn) —» —oo0 as t — oo. As a consequence, I = U — AV is unbounded from below.
In view of the hypothesis (#7) and Lemma 3.7, it follows that

(wm:jnnmw
R

(4.50)
q@mmw+%fwmmmw
R q R
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< Cismax{llnll, Inl", I’}
< Csmax{ll, + Il 272 (Inlg + Il ), 27 (il + Inlg, )3

where we have used that (a + b)? < 2’~!(a? + bP) fora > 0 and b > 0.
On the other hand, using (4.2) and the conditions (M;) and (M,), Proposition 3.3, we deduce that

U = ST ) + Zj

In[Pi dx,
Z O

pi(x)
23 r;ax l§1M i(6p,() x (8,,(m), M) + ZJ Sk )Inlp dx
(4.51)

Moy (1060 — QP
IPmax i=1| g |x — y|N*pixy)stoy)

dxdy + flnlﬁx)dx

Mnin —0 (Il + Inllg),

+
'9 max

where My, = min{1, m;, mp}. Without the loss of generality, we suppose that [7|§*"” > "'7" > g% > 1.
Let us take ¢ = 1, it follows for each n € U~} (-o00, 1) that

IPmax of IPmax 0
< —==Y s —=U
Il max{(ZMmin ('D) (ZMmin (")) }

1 L
< max (Sp,;ax )vr ’ (9p$ax ) (4.52)
2Mmin 2Mmin
1
S ( IDmax )Pf
2IVImin

Similar to the aforementioned discussion, considering ||n||p2(" > ”'7” > ||q||§11("") > 1, we have

IPmax CRE - o
< —==Y | —U
Il max{(mmm (")) (ZMmm (")) }

1 1
< max ( l9pr;ax )”2 , ('-9pr;ax )pz (4.53)
2Mmin 2ZMmin
3 ( IPmax )Pz‘
2Mmin
Let us denote
+ + -1
9 \or (Ot \oi
&= |20 (P_) . (p_) |l (4.54)
2Mmin 2Mmin

which joint with (4.50), we have

N g N
sup V() < 27 1Cis (—9”‘“3")” +(—‘9p m) - <

(4.55)
neU-(-o0,1) 2Minin 2Miyin

>~
> |

According to Lemmas 4.1 and 4.2, there exists a Cerami subsequence {1, }nen € X, such thatn, — n,in X
as n — oo, and the function I) fulfills the Cerami condition. Moreover, all conditions of Theorem 4.1 are
satisfied. Therefore, for any A € (0, A*) C A, problem (1.1) possesses at least two distinct nontrivial solutions
n, N, in X. O
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4.4 Proof of Theorem 2.3

The space X is a separable and reflexive real Banach space, and there exist {¢;} ¢ X and {e} ¢ X* such that

X=span{e:j=1,2, ..}

Xt = span{e]tk :j=1,2,...}
and
. =],
(€, ) = {0, P4,
Let X; = span{e; : j = 1, 2, ...} and define

k
Ax=oeX;=spanfe: j=1,2, ...,k},
i=1

By = %)Xi =spanfe:j=k+1,k+2, ..}
i=k

Theorem 4.2. (Fountain theorem, see [40]) Let X be a real Banach space and an even function Iy € C'(X, R)
satisfies the Cerami condition for every ¢ > 0, and that there is ko > 0, such that for every k > ko, there exists
Py > 1 > 0, so that the following properties hold:

() ax = max{[i(n) : n € Ay, Inll = pi} < 0;
(it) b = inf{I}(nn) : n € By, IInll = n} — +o0 as k — co.

Then, I) has a sequence of critical points i, such that I)(n;) — +oo.
Lemma 4.5. (See [27]) Assume that (A;y) and (A,) are satisfied. Let {(x) € C,(RY), {(x) < pi(x), for any
x € RN and denote

Bc= sup Inll,aws

ueBy, llulx=1

and then, limy_ B, = 0
To prove Theorem 2.3, we will utilize the fountain theorem, we first need to prove two lemmas.

Lemma 4.6. Under the conditions of Theorem 2.3, there exists n, > O such that

inf  Li(n) > +oco.
ueB lull=r

Proof. According to the hypothesis (#7), we can verify that there exists G,;, G, such that
F(x, t) < CuaO|t] + Coa()|t 1999, forall (x, t) € RN x R. (4.56)

Set A > O and ||| > 1for any 5 € Bg. Then, using the conditions (M;), (M>) and Lemma 3.8, we deduce that

L) = ZM(apl(n» X (8}, 1) + z j gl dx G j a,(0)lnldx - AG jag(x)dex

max
i=1 R R

2

Mmin |’1(X) B rl(pri(X,y) pi(x) )
> Y | ey b + [ mpeoax| - ac [ aicomiax - ¢ [ acompeax
NOxQ R

R R
M + +
(Il + Il ) - ACxslnll - ACuBY Il
"9 max
Mmm

2pmax _1,9 rJrrlax

lImgliPmin: = ACyslinl = ACxBE Inle”,
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where Mpin = min{l, my, m,}, where B, is defined as in Lemma 4.5. Choosing
1 N 1o+ N -1
e = (Miyin) 0" viin ( 2Pmex160p 5, ACyB ) P .
It is easy to see that r, — +oco as k — +0o, thanks to Lemma 4.5 and the fact that poi, < Pmax < g7

Thus, by the choice of i, € Z with [lu| = r such that p, > 1, > 0, we obtain

. My,
Bk _ inf I(u) > Ty Puin _ ACorty — +00,
- " k 23k
ueBg, lull=re 2PmaxIpy oy

as k — +oo. O

Lemma 4.7. Under the conditions of Theorem 2.3, then there exists p, > O such that

max [(n) <O0.

ueAy, llull=py

Proof. Let A > 0 and it follows from the hypotheses (#7) and (#3) that there exist corresponding positive
constants Cy, Ci7, Cig such that

F(x, t) > Cyglt|%Pmax — Crray(X)|t] — Ciga(x)|t]9%, uniformly for all x € R¥. (4.58)
For any n € Ay with ||| = 1. Combining with (M;) and (4.58), we obtain
2 _ 2 1 -
Bt < FIGE, )+ Y — jm 1700
i=1 i=1 i R

~ ACie j|m [Paendx + ACy jal(xntmdx + ACis jaz(x)un 1969 dx

R R R
(4.59)

2max{1, My(1), Mr(1)}

min

||rl||-9pmax - ACi6 I|n|9pmaxdx t9Pmax
R

+ Aot j a(GOnldx + ACiste f ()11 dx.
R R

Since all norms are equivalent on the finite dimensional Banach space Ay, there exist some constants Cy9,
Cy, G, and G such that

max{1, My(1), My(1)}

min

Il < S2Acy [ i d,
R

jln|9p$axdx > Collnl, jal(x)lnldx < Calnll, jaz(x)|n|q<x>dx < ol
R

R R

which combine with (4.59), we have
I,\(tn) < —%/\Clstgp‘;ax + AC17C21t + AC]ngth+. (4.60)

Since Ip;.x > g, we obtain that () — —oo as t — +oco. Therefore, there exists t, > 1, > 0 large enough
such that I (ton) < 0, and thus, let us take p, = t;, and we conclude that

ar= max I(n) <O0. O
ueAy, lull=py

Proof of Theorem 2.3. Let X be a real Banach space, from Lemmas 4.1 and 4.2; therefore, there exists a
Cerami subsequence {1, }nen € X, such that i, — n, in X asn — oo, and the function I, fulfills the Cerami
condition. Moreover, Lemmas 4.6, 4.7, and [}(0) = O imply that I satisfies all conditions of Theorem 4.2.
Consequently, for any A > 0, problem (1.1) has infinitely many nontrivial weak solutions in X. O
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5 Conclusion

In this article, we study a kind of Kirchhoff-type problem in the whole space RY. Under some reasonable
assumptions of f and with the help of variational and critical point theory, we get at least one nontrivial
solution, two distinct nontrivial solutions, and infinitely many nontrivial solutions in an appropriate space
of functions without the Ambrosetti-Rabinowitz condition. Several recent results of the pieces of literature
are extended and improved.
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