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1 Introduction

The classical Brunn-Minkowski theory appeared at the turn of the nineteenth into the twentieth century.
One of the core concepts that Minkowski introduced within the Brunn-Minkowski theory is the projection
body. There are important inequalities involving the volume of the projection body and its polar, such
as Petty projection inequality [1] and Zhang projection inequality [2].

In the early 1960s, Firey [3] introduced the Firey-Minkowski L,-addition of a convex body. In the mid-
1990s, it was shown in [4] and [5] that a study of the volume of the Firey-Minkowski L, combinations leads
to the L, Brunn-Minkowski theory. This theory has expanded rapidly. An early achievement of the
L, Brunn-Minkowski theory was the discovery of L, projection body, introduced by Lutwak et al. [6].
Since then, Ludwig [7,8] extended the projection body to an entire class that can be called the general
L, projection body.

A mixed projection body was introduced in the classic volume of Bonnesen-Fenchel [9]. In [10] and [11],
Lutwak considered the volume of the mixed projection body and established the classical mixed volume
inequalities, such as Aleksandrov-Fenchel inequalities and Brunn-Minkowski inequalities.

Let us mention that the projection bodies described above are all real. The theory of the real projection
body continues to be a very active field now. For additional information and some results on real projection
body see, e.g., [8,12-17]. However, some classical concepts of convex geometry in real vector space were
extended to complex cases, such as complex difference body [18], complex intersection body [19], complex
centroid body [20,21], and complex projection body [22-25].
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In this paper, we mainly study the projection body in complex vector space. Let K(C") be the set of
convex body (nonempty compact convex subsets) in complex vector space C". For the set of the convex
body containing the origin in their interiors and the set of an origin-symmetric convex body in C", we write
Ko(C™) and K,s(C™M), respectively. Let V(K) denote the complex volume of K, B the complex unit ball,
and S?*-! the complex unit sphere.

In 2011, the complex L, projection body IIcK was defined by Abardia and Bernig [22]: For K € K(C")

and C € K(C),

RAIGK, ) = nVi(K, €)= > [ H(C -, v)dS(v) wn

SZn—l

for every u € $*™1, where C - u := {cu : ¢ € C}. They also defined the mixed complex projection body as
h(HC(I<1a KZ’ sI(anl)’ u) = nV(I<1’ I<2s e ’KZYlfls C- u)‘ (1'2)

Very recently, the concept of asymmetric complex L, projection body IT;, (K was introduced in [24].
First, a convex body C € K{(C) is called an asymmetric L, zonoid if there exists a finite even Borel measure
My c(v) on S"™-1 such that

hew? = [ (Rlcu - vD)Zdw, ((0).
Sn—l

Based on the fact that h¢.,(v) = he(u - v) and the sesquilinearity of the Hermitian inner product in C",
we obtain

he.u(v)? = I(R[c W -v)DYdu, o(c) = I(R[cu-V])i’dup,C(C)
Sn—l Sn—l

for all u, v € S"1. Then, if p > 1, K € K,(C"), and C € K(C) is an asymmetric L, zonoid, the asymmetric
complex L, projection body II,, cK is

h(II,cK, w)? = 2nVp(K, C - u) = _[ I (Rlcu - v)¥dp,, ((c)dS, k(v) (13)
SZn—l Sn—l
for all u, v € $-1, where S, k(v) is the L, surface area measure of K on $**°1.

Motivated by the works of Abardia and Bernig [22], Haberl [20], and Liu and Wang [24], we introduce
more general definitions of complex L, projection body and complex L, mixed projection body.

Definition 1.1. If p > 1, K € K,(C"), and C € K(C) is an asymmetric L, zonoid, the general complex
L, projection body H?,,CK is defined by

(I, (K, w)P = f(OR(ITS oK, w)? + (AT, oK, u)? (1.4)

for every A € [-1, 1], where

1+ AP
QA+MDP+Q-1P’

a-ar
A+A)P+ 1 - AP

HA) = L) =

and i) + H(A) = 1.

We use 1'[21 +K to denote the polar body IT} ;K. The normalization is chosen such that IT :B = B and
9 (K = I, cK. If A = 1 in (1.4), then IT,, (K = IT}, ;K. In addition, set IT, cK = IT;, -(~K). By the definitions
of IT; K and IT), (K, we obtain

1+ )7 - AP
M K= ( I K :
P T A P+ AP PP AP (1= )P

IL, (K, (1.5)
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and the complex L, projection body is defined as
1 1 _
Ty, cK = - T, K 4y = - T, oK. (1.6)
It is clear that if p = 1 in (1.6), IT, K is II¢cK defined in (1.1).
Definition 1.2. If p > 1, K, K,, ..., Kon_1 € K,(C"), and C € K(C) is an asymmetric L, zonoid, the general
complex L, mixed projection body Hﬁ)c(Kl, K, ..., K5, 1) is defined by
h(Hg,C(I<1’ -KZ, “ee ’K2n71)’ u)p = fi(A)h(H;,C(IG’ -KZ’ “ee ’K2n71)’ u)P + fZ(A)h(H‘;,C(KD I<2’ ’K2n71), u)P (1'7)

for every A € [-1, 1].

Moreovet, if K, _j == by = Band M = (K, K5, ...,Kn_1-;), thenfor0 < i < 2n - 2,H§,C(Kl, K,... Ky 1)
is written as Hg’i,C(M). IfK == Ky 1-; = K, we simply write Hg,i,C(M) as Hg,i,C(K ) that is called the ith L,

mixed complex projection body of K. If i = 0, we write I} , (K as IT} (K.
Before stating our main results, let us introduce the L, Blaschke combination. For 2n#p > 1
and K, L € Kys(C™"), the L, Blaschke combination K#,L € K,s(C") is defined by Lutwak [4] as

AS,(K#tpL, -) = dSy(K, -) + dS,(L, -), (1.8)

where S,(K, -) denotes the L, surface area measure of K on $**"1. If p = 1and K, L € K(C"), it is a classical
Blaschke combination.

Our main results can be stated as the following Theorems 1.1-1.4 and among them, Theorems 1.1-1.2
are the Brunn-Minkowski-type inequalities for the general complex L, projection bodies. Theorems 1.3-1.4
are the Aleksandrov-Fenchel-type inequalities for the general complex L, mixed projection bodies.
Theorem 1.1. If p > 1, K, L € K,(C"), and C € K(C) is an asymmetric L, zonoid, then

VI (KL > V(A K)m + V(I (L) (1.9)

with equality if and only if K and L are real dilates.

Theorem 1.2. If p > 1, K, L € K(C™), and C € K(C) is an asymmetric L, zonoid, then
V(W e(KpL)) 5 > VALY eK) 5 + V(T L) (1.10)
with equality if and only if K and L are real dilates.

Theorem 1.3.If p > 1, K;, K, ..., Kon_1 € K(C"), and C € K(C) is an asymmetric L, zonoid, then

2n-1 r
V(T (K, Koy .., Kon 1)) = Q)P [[ Vs .., Kon-1, K)ot [ [V, Ky o Ko D))o, (111)

j=1 j=1

If K; is an ellipsoid centered at the origin or an Hermitian ellipsoid, the equality holds.

Theorem 1.4. IfK;, K5, ..., Kon_1-; € Ko(C™) and C € K(C) is an asymmetric L, zonoid. Let M = (K, K, ..., Kon_1-7).
Ifp>=1,i=0,1,...,2n - 2, then

2n-1-i r
VAL, Mz > Qot? [T WM, Kot [ [V e, Ko, .. Ko1)o (1.12)

j=1 j=1

IfK; is an ellipsoid centered at the origin or an Hermitian ellipsoid, the equality holds.
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Remark 1.1. Note that the cases of C = [0, 1] of Theorems 1.1-1.4 are the Brunn-Minkowski-type inequalities
[26] and the Aleksandrov-Fenchel-type inequalities for the general L, projection bodies [27].

If C is just a point, then HQ,CK = {0} for every K € K,(C") and every A € [-1,1]. We assume that
dim C > 0 throughout this paper.

2 Preliminaries
2.1 Support function, radial function, and polar of convex body

For a complex number ¢ € C, we write ¢ for its complex conjugate and |c| for its norm. If ¢ € C™", then
¢* denotes the conjugate transpose of ¢p. We denote by “-” the standard Hermitian inner product on C" which
is conjugate linear in first argument. Koldobsky et al. [19] identified C" with R?" using the standard mapping:

c) = Rlal, ..., Rleals €lal, ... ¢leal),  ceCy

where R and { are the real and imaginary parts, respectively. Note that R[x - y] = ix - ty for all x, y € C",
where the inner product on the right hand is the standard Euclidean inner product on R?",

We collect complex reformulations of well-known results from convex geometry. These complex version
can be directly deduced from their real counterparts by an appropriate application of . For more details
refer to the books in [28,29].

A convex body K € K(C") is determined by its support function hx : C" — R, where

hg(x) = max{R[x-y]:y € K}.

For every Borel set w ¢ $?*-1, the complex surface area measure Sx of K € K(C") is defined by

Sk(w) = H?> (x € K : Ju € w, R[x - u] = hx(u)}),

where H 21 stands for (2n — 1)-dimensional Hausdorff measure on R?". In addition, the complex surface
area measures are translation invariant and S.x(w) = Sx(¢w) for all ¢ € S™! and each Borel set w € S,

K is an Hermitian ellipsoid if K ={x e C": x - ¢px < 1} + t for a positive definite Hermitian matrix
¢ € GL(n,C) and a t € C". Note that if K is an Hermitian ellipsoid if and only if K = y)B + t for some
Y € GL(n,C) and at € C" (see [20]).

If K is a compact star-shaped (about the origin) in C", its radial function, p, (x) = p(K, x) : C"\{0} — [0, c0)
is given by

pr(x) = max{A = 0 : Ax € K}.
If pg (x) is positive and continuous, K will be called a star body. For the set of star body containing the origin
in their interiors, we write S,(C"). Moreover, if K € K,(C"), then K* € K,(C"). On C"\{0}, the support
function and radial function of the polar body K* can be given, respectively, by
1 1

h = —y = —,
K e Pk Iy

2.2 The L, mixed quermassintegrals

For K € K, (C"),i=1,2,...,2n — 1, the quermassintegrals W;(K) of K are defined by (see [29])

W) = o [ hK wS(K, ), o1

SZn—l

where S;i(K, u) is the mixed surface area of K.
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Ifp>1,K,L e K,(C"), and a, B > 0 that are not both zero, the L, Minkowski combinationa - K +, - L
is defined by

h£1<+pﬁ-L = ahg + phy.
The extension of the Brunn-Minkowski inequality (see [4]) is as follows: If K, L € K,(C"), p > 1, then
Wi(K +p L)zt > W(K)z-i + Wi(L)as 2.2)

with equality if and only if K and L are dilates. In particular, if p = 1, i = 0, the inequality is the Brunn-
Minkowski inequality.

Ifp>1,i=1,2,...,2n -1, and K € K,(C"), there exists a positive Borel measure S, ;(K, -) on §:-1
such that the L, mixed quermassintegral W, ;(K, L) has the following integral representation (see [4]):

1
WK 1) = = [ AL, w)PdS, (K, 23)
Sanl

for all L € K,(C"). It turns out that the measure S, ;(K, -) on $*! is absolutely continuous with respect

) = h()! 7. Obviously, Sp,o(K; ) = Sy(K, -).
In view of the L, Minkowski inequality in R" by Lutwak [4], there is an L, Minkowski inequality about

the L, mixed quermassintegrals in C". That is, if K, L € K,(C"),p > 1, and O < i < 2n, then

to Si(K, -) and has the Radon-Nikodym derivative

Wp,i(K, L) > WK™ PW(L)P (2.4)

with equality for p = 1 if and only if K and L are real homothetic, while for p > 1 if and only if K and L are
real dilates. In particular, ifi = 0 in (2.4), then

Vp(K, L) > V(K)*"-PV(L)? (2.5)

with equality if and only if K and L are real dilates.

2.3 The dual L, mixed quermassintegrals

For K € So(C") andi =1, 2,...,2n — 1, the dual quermassintegrals Wi(K ) are defined by (see [30])

W(K) = % j p(K, W) idS(u), 2.6)

SZn—l

where S(u) stands for the push forward with respect to (™! of #{2*! on the (2n - 1)-dimensional Euclidean
unit sphere.

If p>1,K,LeS,C", and a, > 0 that are not both zero, the L, harmonic radial combination
a-K 7%, B-Lis defined by

Pelicapr = P + Bor”

Forp>1,i=1,2,...,2n -1, and K, L € S,(C"), the dual L, mixed quermassintegral VNI@,I-(K, L) has the
following integral representation (see [31]):

. 1 .
WKL) = o J (K, wP-ip(L, w)yPdSQ). @7
Sanl

The dual L, Minkowski inequality in C" can be stated as follows: If p > 1, K, L € S,(C"), and 0 < i < 2n, then
Wy, i(K, L)1 > W(K)* P~ W (L)P (2.8)

with equality if and only if K and L are real dilates.
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2.4 The general complex L, projection body and complex L, mixed projection body

Since the integral representations of the general complex L, projection body and complex L, mixed projection
body need to be used in Section 3, we will present their integral representations in this part.
First of all, by combining (1.3) and (1.4), we obtain the integral representation of the general complex L,

projection body IT} K as
h(I, oK, u)? = J j ADRIcu - v)Pdp, ()dS, (K, v) + j j ANRIeu - vDPdp, (AS,K. V) (50)
SZn—l Snfl SZn—l Snfl

for all u € $** ! and every A € [-1, 1].
In order to give the integral representation of HQ,C(KI, K,...,Ky,_1), we introduce the following definition.

Definition 2.1. For p >0 and K, K, ..., Kon-1 € K(C"), we define Borel measure Sy(K, K>, ...,Kn-1, -)
on $71 as

Sp(Ka, Koy ..., Kon 15 @) = I(h(Kl, Wh(Ky, w).... h(Kon_1, W) 1dS(Ks, Ko, .., Kon-15 1) (2.10)
w

for each Borel w ¢ $2-1,

Let us mention that Sy(Kj, Ko, ..., Kn_1; -) on $?*71 is called the general complex L, mixed surface area
measure of K, K5, ..., K5,_; and has the Radon-Nikodym derivative

dSp(Kh K, ..., Kon-15 +)

= (WK, (s, -)... h(Kop_1, -))orti. 211
B s = (0 hE, ... (Ko, @11
If Ki=K==Kn1=K, then S)(K,K,...,K, ) = S)(K, -). In particular, if K, K,..., Ion_1-i € K,(C"),
K, i=-=K,_.1=B,then fori=0,1,...,2n — 2, we obtain

dSp,i(I<1, I<Zy cee ,KZn—l—i; )

= (h(K;, YKo, ... H(EKon_1_iy -))mici. 2.12
BT oy = (s DR, . 1 ) 212)

Next, with respect to (1.7) and (2.10), we have the following integral representation of the general complex
L, mixed projection body Hé,c(Kl, K,...,.K, 1) as

MO (K, Koy, Kon 1), )P = f jﬁ(A)(R[cwv])fdsp(Kl, Koy s Kon 13 V)

SZn—l Sn—l

(2.13)
+ j j HORIcU - v)PAS, (K, Ko .., Ko V)

SZn—l Sn—l

for all u, v € $**! and every A € [-1, 1].

3 Proofs of main results

In this section, we give the proofs of Theorems 1.1-1.4. First, the proof of Theorem 1.1 needs the following
Lemma 3.1.

Lemma 3.1. Let K € K,(C") and C € K(C) be an asymmetric L, zonoid. If p > 1 and 0 < i < 2n, then for all
Q € K,(C™), we have

Wp,(Q, T}, K) = V(K, Hg’i,co). (3.1)
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Proof. From (2.3), (1.4), and the conjugate linear of Hermitian inner product, we know that for all
Q € 7(0(@)1),

Wy,1(Q, Hf,,cK) = % I h(H?,’CK, w)PdSs, (Q, u)
SZn—l

= I I I fDR[cu - v])fdyp,c(c)dsp([(, 1)dS,.((Q, u)
SZn—l SZn—l sn,1

+% J J Ifz()l)(R[cu-v])f’dyp’c(c)dsp(K, v)dS,,(Q, u)

Sanl Sanl Snfl

:% I I Ifl(/\)(R[u.Ev])fdyp,c(c)dsp,i(Q, w)S,(K, v)

SZn—l SZn—l Sn—l

+ % '[ '[ I LR - ev])Pdu, ((€)dS,,i(Q, wSy(K, v)

SZn—l SZn—l Sn—l

1 I Iﬁ()l)h(Cu, V)PdS, (Q, wdS,(K, v)

S2n71 S2n71

+ % .[ _[ HDh(-Cu, v)PdS, (Q, wdSy(K, v)

SZn—l SZn—l

1
" ,[ h (T, -Q, v)PdS,(K, v)
SZn—l

= p(K’ Hﬁ,i,CQ)’
where C is the conjugate of C and then we conclude the proof. O

Now, we are in a position to prove Theorem 1.1.

Proof of Theorem 1.1. Since K, L € K (C"), then for N € K,(C") and by (1.8), we have
1
Vo(K#tpL, N) = o f h(N, wPdS,(K#pL) = Vo(K, N) + V,(L, N). 3.2)
SZn—l
According to Lemma 3.1, for all Q € K,s(C"), one deduces
Wy,i(Q, T, (K, L)) = V(K L, TIA Q)
=V,(K, ng,l.’CQ) + Vp(L, T, Q)

p,i,C
= W, i(Q, T4 cK) + Wy, (Q, TIA cL).

By (2.4), we have

2n-p-i

W, (Q, T c(KitpL) = WH(Q)'" | WHIT} cK)ar's + WH(IT) cLa | (33)

with equality if and only if Q, K, and L are real dilates.
Taking Q = IT) -(K#,L) in (3.3), we obtain

Wi o(KftpL))zri > WD Kz + WA(TT, oL)ans (3.4)

with equality if and only K and L are real dilates. O
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The following lemma provides a connection of Hg',*c and Mgi ¢ in terms of the dual L, mixed quer-

massintergral and their mixed volume. We need the lemma to prove Theorem 1.2.

Lemma 3.2. Let K € K,(C") and C € K(C) be an asymmetric Ly, zonoid. If p > 1 and 0 < i < 2n, then for all

Q € S,(C"), we have

P n+p
A, * _
Wi(Q, T K) = == v,(K, M, -Q),

(3.5)

where M;},CQ is the general complex L, moment body [24]. If Kon_; =---= Ky—1 = B, we write M;/},i,C(Q’ B)

as Mg,i,cQ-
Proof. By (2.7), (2.9), and the conjugate linear of Hermitian inner product, we have

V,(K, M, Q) = % J h (M), -Q, u)PdSy(K, u)
Sanl

= # C n+p-i

= @i D) J J- fiMDA(Cu, v)Pp(Q, v)+P-idS(v)dS,(K, u)
S n-1 Sanl

2

" nn+p) I HMh(-Cu, v)Pp(Q, v)?*P-idS(v)dS,(K, u)
S

2n-1 SZn—l

= # 2n+p-i

~on@n + p) .[ AOR(Cu, v)Pp(Q, v)?"P-idS,(K, u)dS(v)
S

2n-1 SZn—l

J J HOR(=Cu, v)Pp(Q, v +P-idS()dS, K, 1)

2n-1 Sanl

N S
2n(2n + p)
s

S j KT, oK, v)Pp(Q, v)*P-idS(v)
2n(2n+p) J ’
s2n-

P 2K, v)Pp(Q, v)**P-idS(v)

1

.2 I
2n(2n + p)
SZn—

2 & A
= 2” + p Wp,i(Q’ prcl()s

which ends the proof of Lemma 3.2.

Proof of Theorem 1.2. From (2.8), (3.2), and Lemma 3.2, we have for all Q € S,(C")

— N 2n +
Wpi(Q, Ty e (KttpL)) = TP

_2n+p
2

V,(Kit,L, M}, -Q)

[Vo(K, M};{LCQ) + V(L Mg’i,ca)]
= W,,((Q, I} eK) + WL i(Q, Ty L)

2n+p-i

> WH(Q) 5 [Wi(Hg’,’gK)‘% + Wi(ngfgL)-%]

with equality if and only if Q, K, and L are real dilates.
Taking Q = I} #(K#,L) in (3.6), it yields that

Wi (KoL) i > WIS oK) i + Wi(ITA £L) o

(3.6)

(3.7)

with equality if and only if K and L are real dilates. Finally, let i = O in (3.7), we conclude the proof

of Theorem 1.2.

O



DE GRUYTER Complex L, projection bodies and complex L, mixed projection bodies —— 175

From now on, we pay attention to prove Theorems 1.3 and 1.4.

Proof of Theorem 1.3. From (1.3), (2.11), and the Holder’s integral inequality [32], one has

h(IT, (K Koy, Kon 1), )P = j h(C -, v)PdS,(Ksy Koy .., Kon i3 V)

Sanl

- j h(C - u, V)P(h(Ks, ) B (K1, W) AS Ky, K., Konss V)

sZVlfl
r 2n-1 (3 8)
> I h(C - u, v)dS(K;, K, ..., Kon_15 V) (zn)l—pn .
SZH*I }:1
VK, Ko, .., Kon_1, K)ot
2n-1
= h(HC(I<1’ KZ’ e ’KZrl—l)’ u)p(Zn)l—p H V(I<]y Kz, e ,K2n—19 I<})21n_—p1 .
j=1

According to the equality condition of H6lder’s integral inequality, the equality holds if and only if K; and
C - u are dilates.
For each Q € K,(C"), integrating both sides of (3.8) for dS,,;(Q, u) in u € $**"1, we obtain
2n-1
VVp,i(Q’ H;,C(qu KZ’ eee aI<2n—1)) 2 (2n)1_p 1_[ V(Kly KZ’ cee 9I<2n—1’ Ig)%wp,i(09 HC(Kly KZ’ cee 9I<2n—1))'

j=1

Taking Q = I, (K, Ky, ..., Kon-1) and by (2.4), we have
2n-1
W(H;,C(R'ls I(Za cee ’KZrlfl))% > (zn)l—p H V(I(l’ I(Z’ cee ’K2n71a Kv})%vvl(HC(Kvl: I(Z’ oo ’K2n71))% (3-9)
j=1
with equality if and only if H;,C(Kl, K., K 1), Ic(Ky, K, ..., K1) are real dilates. But the equality
condition in inequality (3.8) reveals that this happens precisely if K; and C - u are dilates.
By the extension of the Brunn-Minkowski inequality (2.2), we obtain

Wi(Hg,c(Kl, K2,~~-aK2n—1))% > WL, (K, K, --~3K2n—1))% (3.10)

with equality if and only if IT), ((Ky, K, ..., Kon-1), IT,, (K, K3, ..., Kon 1) are real dilates which is only possible
if IL, c(Ky, Koy ... s Kon 1) = 1T, (K3, Koy ..., Ko 7). It means that if 1T, o(Ky, Ko, ..., Kon-1) # 0, (Ko, Ko, ..., Kon 1),
the inequality is strict unless A = -1, 1, or O.

Combining (3.9) and (3.10), we obtain

2n-1
WIS o(Ksy Koy .., Kon-1))art > Q)2 [ Vs, Koy . Kono1, K A WHTTC(KG,y Koy ooy Ko1)ot (3.11)
j=1

If p = 1, the Aleksandrov-Fenchel-type inequality (see [22]) is

.
V(K Ko, .., Kon-0))" 2 [ [VAcK[r], Ky, .. Konr))-
j=1
After that, leti = 0 in (3.11) and combine with the case of p = 1, we obtain

2n-1 r
-
V(L (K, Kooy Kon-))on = @) [T V(K ..y Koo, Kot [ [VALCKIT, Kooy Kone)ir. (3.12)
j=1 j=1
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Let us turn toward the equality condition. If K; is an ellipsoid centered at the origin, then K;= ¢B
for ¢ € GL(n, C). From I} «(¢B) = |det ¢|»¢p*II} ;B and the fact that II} ;B = aB, IIcB = bB a,b > 0
(see [20,24]), we have

VAL (K, Ko, ..., Kon1))mn = V(I ($B))m
= V(ldet p|pyTT, cB)%
= |det ¢V (¢TI, :B)= (3.13)
= |det ¢]?|det ¢~*[7V(aB)m
= |det ¢|det ¢~*|raPV (B)z.

Similarly, we also obtain

V(c(Ky, Koy ..., Kon 1)) = V(IIc($B))n = |det pP|det ¢~*[nbPV(B)n, (3.14)
2n-1 p
@) P[] V&K, ..., Kon-1, Kot = (20)1PV(¢B)'P = (2n)1-P|det pP-P)V(B)!P = c|det 1P, (3.15)
j=1
1-p
where ¢ = (.[Sznilh(B, u)dS(B, u)) is a constant.
From (3.14) and (3.15), we have
2n-1 - r » v »
QP[] VK, ..., Kon-1, Kot [ [VIK[r], Kpts ... Kon-1))aw = cldet ¢2|det ¢*[nbPV(B)x. (3.16)
j=1 j=1
Comparing equations (3.13) and (3.16), we know that a = crb is possible, which means that if K; is an
ellipsoid centered at the origin, the equality holds in (3.12).
If K; is an Hermitian ellipsoid, there exists a positive Hermitian matrix ¢ € GL(n, C) and a vector t € C"
such that K; = ¢B + t. The definition of HQ,,C reveals that Hf,,c is translation invariant. Hence, if K; is an
Hermitian ellipsoid, equality also holds in (3.12). O

The case of A = 0 of Theorem 1.3 is the following Aleksandrov-Fenchel-type inequality for the complex
L, mixed projection bodies.

Corollary 3.1. If p > 1, K}, K5, ..., K1 € Ko(C™), and C € K(C) is an asymmetric L, zonoid, then

2n-1 r
1-
V(T c(Ky, Koy oo s Kon-))n = Q)P [TV, oy Koo, Kot | [V, K ooy Kon)ow.
j=1 j=1

For p =1, the inequality is Aleksandrov-Fenchel-type inequality for mixed projection bodies [22].

In particular, the case of C = [0, 1] and A = 0 of Theorem 1.3 is Aleksandrov-Fenchel-type inequality for
the general L, mixed projection bodies [27]. We are now ready to prove Theorem 1.4. Note that Theorem 1.3
reduces to Theorem 1.4 by setting I, ; =---= K1 = B.

Proof of Theorem 1.4. Recall that M := (K, K, ...,Kn_1_;). From (2.12), (2.13), and the Holder’s integral
inequality, we have
2n-1-i

h(I, ; oM, w)P > )P [ WiM, K)o th(IL M, w)P. (3.17)
j=1

For all Q € K,(C"), we integrate both sides of (3.17) for dS,(Q, u) and obtain
2n-1-i

Vo(Q, II} (M) = (2n)'PV(Q, Ty, cM) [T WM, Kyyon 7.

j=1
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Taking Q = IT} ; (M and using (2.5), we obtain

r 2n-1-i
VAL M)z > QP [ [V K], Kty oo Ko1)o [] WEM, Kp)an i,
j=1 j=1
If K; is an ellipsoid centered at the origin or an Hermitian ellipsoid, then the equality holds. O
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