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1 Introduction

In this paper, all graphs under our consideration are simple, finite and undirected. We follow the notation
and terminology of [1]. For a graph G, we denote by V(G), E(G) and diam(G) the vertex set, edge set and
diameter of G, respectively. The distance between two vertices u and v in a connected graph G, denoted
by dist(u, v), is the length of a shortest path between them in G. The eccentricity of a vertex v in G is defined
as eccg(v) = maxyey(gdist(v, x). For convenience, a set of internally pairwise vertex disjoint paths will
be called disjoint.

In recent years, colored notions of connectivity in graphs becomes a new and active subject in graph
theory. Stating from rainbow connection [2], rainbow vertex connection [3] and total rainbow connection
[4,5] appeared later. Many researchers are working in this field, and a lot of papers have been published in
journals, see [6—-16] for details. The reader can also see [17] for a survey, [18] for a dynamic survey and [19]
for a new monograph on this topic.

In 2012, Borozan et al. [20] introduced the concept of proper k-connection number. A path in an edge-
colored graph is a proper path if any two adjacent edges on the path differ in color. An edge-colored graph
is proper k-connected if any two distinct vertices of the graph are connected by k disjoint proper paths.
The proper k-connection number of a k-connected graph G, denoted by pck(G), is defined as the smallest
number of colors that are needed in order to make G proper k-connected. For more results, the reader can see
[21-24] for details.

As a natural generalization, Jiang et al. [25] presented the concept of proper vertex k-connection
number. A path in a vertex-colored graph is a vertex proper path if any two internal adjacent vertices
of the path differ in color. A vertex-colored graph is proper vertex k-connected if any two distinct vertices
of the graph are connected by k disjoint vertex proper paths. For a k-connected graph G, the proper vertex
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k-connection number of G, denoted by pvci(G), is defined as the smallest number of colors required to make
G proper vertex k-connected.

Motivated by the concept of total chromatic number of graph, now for proper connection and proper
vertex connection, the concept of total proper connection was introduced by Jiang et al. [26]. A total coloring
of a graph G is a mapping from the set V(G) U E(G) to some finite set of colors. A path in a total-colored
graph is a total proper path if the coloring of the edges and internal vertices is proper, that is, any two
adjacent or incident elements of edges and internal vertices on the path differ in color. A total-colored graph
is total proper k-connected if any two distinct vertices of the graph are connected by k disjoint total proper
paths. For a connected graph G, the total proper k-connection number of a k-connected graph G, denoted by
tpci(G), is defined as the smallest number of colors that are needed in order to make G total proper
k-connected. For convenience, we write tpc(G) for tpc(G). Obviously, tpc(G) < tpa(G) < tpcs(G). By [26],
if G is complete, then tpc(G) = 1; if G has a Hamiltonian path that is not complete, then tpc(G) = 3. Note that
if G is a nontrivial connected graph and H is a connected spanning subgraph of G, then tpc(G) < tpc(H).

In this paper, we investigate the total proper connection number of a graph G under some constraints
on its complement graph G.

Theorem 1.1. Let G be a connected graph of order n > 3, if diam(G) does not belong to the following two
cases: (i) diam(G) = 2, 3, (ii) G contain exactly two components and one of them is trivial, then tpc(G) < 4.

For the remaining cases, tpc(G) can be very large as discussed in Section 2. Then we add a constraint,
i.e., we let G be triangle-free. Hence, G is claw-free, and we can derive our next main result:

Theorem 1.2. For a connected graph G, if G is triangle-free, then tpc(G) = 3.

Recall that a clique of a graph is a set of mutually adjacent vertices, and that a maximum clique
is a clique of the largest possible size in a given graph. The clique number w(G) of a graph G is the number
of vertices in a maximum clique in G. Let G be a connected graph, and let X be a maximum clique of G.
We say that Ny(u) is the set of neighbors of u in G[X] and dx(u) = |[Nx(u)|. Let F = G[V(G)\X].
Kemnitz and Schiermeyer [9] considered graphs with rc(G) = 2 and large clique number. In this paper,
we characterize graphs with small total proper connection number with respect to their large clique number.
If w(G) = n, then G is a complete graph, which implies tpc(G) = 1. If G is connected and w(G) =n -1,
then G has a Hamiltonian path, and so tpc(G) = 3. For the cases w(G) =n - 2,n — 3, we obtain the
following three main results.

Theorem 1.3. Let G be a connected graph of order n. If w(G) = n — 2 and X is a maximum clique of G with
V(G)\X = {uh uZ}y then tpC(G) = 3

Theorem 1.4. Let G be a connected graph of order n, diam(G) = 2. If w(G) = n - 3 and X is a maximum
cliqgue of G with V(G)\X = {uy, up, us}, then tpc(G) =3 or tpc(G) = 4 for the following case F = 3Kj,
|Ng(u1) N Nx(uz) N Nx(us)| = 1 and dx(uy) = dx(u) = dx(uz) = 1.

Theorem 1.5. Let G be a connected graph of order n, diam(G) > 3. If w(G) = n — 3 and X is a maximum clique

of G with V(G)\X = {uy, uy, us}, then tpc(G) = 3, or tpc(G) = 4 and one of the following holds.

(i) F = 3Ks, Nx(u) n Nx(v) + @ and dx(u) = dx(v) = 1, where u and v are any two distinct vertices in V(G)\X.

(ii) F = 3K;, dx(uy) = dx(up) = dx(us) = 1 and for any two vertices in V(G)\X, there is no common neighbor
in G[X].

For an integer n > 3, the circular ladder CL,, of order 2n is a cubic graph constructed by taking two
copies of the cycle C, on disjoint vertex sets (uy, Uy, ...,uU,) and (v, v5, ...,V,), then joining the corresponding
vertices u;v; for1 < i < n. The Mobius ladder M,, of order 2n is obtained from the ladder by deleting the edges
wu, and viv,, and then inserting two edges u;v;,, and u,v;. Subscripts are considered modulo n, and we can
derive our next main result:
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Theorem 1.6. Let n be an integer with n > 3. Then
(1) tpc(CLyy) = tpe(CLay) = 3, tpes(CLlay) = 4.
(i) tpc(May) = tpe(May) = 3, tpcs(My,) = 4.

In [7], Fujie-Okamoto et al. investigated the rainbow k-connection numbers of all small cubic graphs of
order 8 or less. In this paper, we determine the total proper k-connection numbers of all small cubic graphs
of order 8 or less. We can easily verify that all such cubic graphs have orders 4, 6, or 8, and those with orders
4 or 6 are K4, K55, and K3 O K, (where [0 denotes Cartesian product). In [27], it was shown that all connected
cubic graphs of order 8 are Qs, Mg, F, F>, and F3, and these graphs are depicted in Figure 1. Our last main
result is stated as follows:

(2 3 A\fg N
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Figure 1: All connected cubic graphs of order 8.

Theorem 1.7.
(1) tpc(Ky) = 1, tpa(Ky) = 3, tpes(Ky) = 4.
(i) tpc(Ks3) = tpe(Ks3) = 3, tpcs(Ks3) = 4.
(i) tpc(Kz O K3) = tpo(K; O K) = 3, tpes(K; O K) = 4.
(iv) tpc(Qs) = tpe(Q3) = 3, tpcs(Qs) = 4.
(v) tpe(Ms) = tpe(Ms) = 3, tpes(Ms) = 4.
(vi) tpc(F) = tpa(F) = 3, tpes(F) = 4.
(vii) tpc(F) = tpo(F) = 3.
(viii) tpc(F3) = tpa(F3) = 3, tpcs(F3) = 4.

2 Proof of Theorem 1.1

In order to prove Theorem 1.1, we need the following lemmas.
Lemma 2.1. [26] For 2 < m < n, we have tpc(Kp,n) = 3.

Lemma 2.2. [26] If G is a complete multipartite graph that is neither a complete graph nor a tree,
then tpc(G) = 3.

Let Ni(x) = {v : distg(x, v) = i}, where 0 < i < 3, and NZ(x) = {v : dist(x, v) > 4}. In this paper, we use
N{ instead of Ni(x) for convenience. Then N2 = {x} and N} = N5(x).
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Lemma 2.3. For a connected graph G, if G is connected and diam(G) > 4, then tpc(G) < 4.

Proof. Choose a vertex x with eccg(x) = diam(G). By the definition of Ni, we know uv € E(G) for any
ue Né, Ve Nci; with |i — j| > 2. Now we define a total coloring of G as follows: assign color 1 to the edges
xu foru € NZ, all edges between N} and Ng, and all vertices and edges in N4; assign color 2 to the edges xu
foru e Ng, all edges between NZ and Ng, and all vertices and edges in N1; assign color 3 to the edges xu for
ue Ng, all edges between Né and Ng, and all vertices and edges in N2, Ng; assign color 4 to the vertex x.

We prove that there is a total proper path between any two vertices u and v of G. It is trivial when
uv € E(G). Thus, we only need to consider the pairs u, v € Né oru e Nc"—;, Ve Nc"—;“. Note that P = xgxx,x is
a total proper path, where x; € NL. By means of the path P, we can find that u and v are connected by some
total proper path for any u € NL, v € NI If i = 1, then P = wxxox,v is a total proper path, where x; € NL.
Ifi = 2, then P = uxx,v is a total proper path, where x, € NZ.Ifi = 3, then P = wqx,xxv is a total proper path,
where x; € Ni. If i = 4, then P = wxxyv is a total proper path, where x, € N2. Hence, tpc(G) < 4. O

Proof of Theorem 1.1. Assume that G is connected. Since diam(G) > 4, we have tpc(G) < 4 by Lemma 2.3.
Assume that G is disconnected. By the assumption, we know that there exist either at least three connected
components or exactly two nontrivial components. Let G; be the components of G with t; = |V(G;)|, where
1 < i < h. ThenG contains a connected spanning subgraph K ;, .. +,, and we have tpc(G) < tpc(Ke s, ...,1,) = 3
by Lemma 2.2. Note that G is not complete. Thus, tpc(G) > 3, and so tpc(G) = 3. O

Next, we will give three examples to show that tpc(G) can be arbitrarily large if one of the following
three conditions holds: diam(G) = 2, diam(G) = 3, G contains exactly two connected components and one
of them is trivial.

Example 2.4. For the graph G shown in Figure 2, we choose a vertex x with eccg(x) = diam(G). Let Ni(x) =
{uill <i <k}, N2(x) ={vll <j < k},andlet E(G) = {xu|l < i <k} U {uuy,|1 < iy, i < k} U {vjv|1 < ji, j, < k}
U fuvill < i,j < k\{uwil1 < i < k}, where k > 3. Obviously, diam(G) = 2 and G is a tree. Then tpc(G) =
A(G) + 1 =k + 1 by [26, Theorem 1]. Observe that tpc(G) will be arbitrarily large based on the increase of k.

Ql
Q

Figure 2: The graph of Example 2.4.

Example 2.5. For the graph G shown in Figure 3, we choose a vertex x with eccg(x) = diam(G).
Let N(x) = {wil1 < i < k}, NZ(x) = {y|1 < j < k}, and N2(x) = {wi|l < s < k}, where k > 3. Furthermore, let
EG)={ull <i<k}ufuvil <i,j<k}ufvywll <j,s <k} u {vvll <j,j, < k}. Obviously, diam(G) =3
and G is a connected graph. Note that N3(x) is a stable set in G, and each edge between x and NZ(x) is

a cut edge in G. Therefore, tpc(G) > k + 1 by [26, Proposition 2], and so tpc(G) will be arbitrarily large
based on the increase of k.
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Figure 3: The graph of Example 2.5.

Example 2.6. Let G contains exactly two components G; and G,, where G, is trivial and G is a clique of G.
Clearly, G is a star, and tpc(G) = |V(G,)| + 1. Thus, tpc(G) can be made arbitrarily large by increasing
V(G

3 Proof of Theorem 1.2

Lemma 3.1. For a connected graph G, if G is connected with diam(G) > 4, and G is triangle-free,
then tpc(G) = 3.

Proof. Choose a vertex x with eccg(x) = diam(G). Since G is triangle-free, we know that N} is aclique in G.
Now we define a total coloring of G as follows: assign color 1 to the edges xu for u € N2, all edges between

N} and Ng, and all vertices and edges in NZ; assign color 2 to the edges between NZ and N(i;*, all vertices and
edges in N}, and the vertex x; assign color 3 to the edges xu for u € N2, NZ, all edges between N} and NZ,
and all vertices and edges in N2, Ng.

We prove that there is a total proper path between any two distinct vertices u and v in G. Note that
P = x0x,xx; is a total proper path, where x; € N&i. By means of the path P, we can find that u and v are

connected by some total proper path for any u € Ni,v ¢ N('i;l. Thus, we only need to consider the pairs
u,ve N(i—;. Fori =2, P = uxx,v is a total proper path, where x, € NZ. For i = 4, P = uxxyv is a total proper
path, where x, € N2. For i = 3, P = uwqx,%xv is a total proper path, where x; € NL. Thus, G is total proper
connected with the above coloring, and so tpc(G) = 3. O

Lemma 3.2. Let G be a connected graph. If diam(G) = 3 and G is triangle-free, then tpc(G) = 3.

Proof. For a vertex x of G satisfying eccg(x) = diam(G) = 3, let n; represent the number of vertices with
distance i from x. If n; = n, = n3 = 1, then G = P, and so tpc(G) = 3.

Case 1. Two of ny, n,, n3 are equal to 1. Without loss of generality, we may assume n; = n, = 1. Since G is
triangle-free, we have that N2 is a stable set in G, and so a clique in G. We can find that G has a Hamiltonian
path. Thus, tpc(G) = 3.

Case 2. One of ny, ny, n; is equal to 1. Suppose n, = 1. Since G is triangle-free, we know that N} and N2
is a stable set in G, and so a clique in G. Note that G has a Hamiltonian path, and so tpc(G) = 3.
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Subcase 2.1. n; = 1. Since G is triangle-free, we obtain that NCZ; is a clique in G. Define a total coloring of
G as follows: assign color 3 to the vertex x, all edges between N(% and Ng, and all edges between N(l; and Ng;
assign color 2 to the edges xu for u € N2, and all vertices and edges in N2; assign color 1 to the edges xu for
u € N2, and all vertices and edges in N}, N2. We prove that there is a total proper path between any two
distinct vertices u and v in G. Note that P = xx3xx; is a total proper path, where x; € Né. By means of the path
P, we know that u and v are connected by some total proper path for any u € N, v € Ni*.. For any two
vertices u, v € N2, it is trivial if uv € E(G). If uv ¢ E(G), since u, v € N2, there exist two vertices u,v' e Ng
such thatuu', w' € E(G). Since G is triangle-free, we can see thatu’ # v' and v/, uv' € E(G). Then P = uxu'v
ia a total proper path. Hence, G is total proper connected with the above coloring, and so tpc(G) = 3.

Subcase 2.2. n; = 1. Since G is triangle-free, we know that Né is a stable set in G, and so a clique in G.
Define a total coloring of G as follows: assign color 3 to the vertex x, and all edges between N} and Ng;
assign color 2 to the edges xu for u € N2, and all vertices and edges in N2; assign color 1 to the edges xu for
u € N2, and all vertices and edges in N}, Nz. We prove that there is a total proper path between any two
distinct verticesu and v in G. Note that P = xxsxx, is a total proper path, where x; € NL. By means of the path
P, we obtain that u and v are connected by some total proper path for any u € Ni, v ¢ N(’i;“. Let u, v be any
two distinct vertices of N2, and N2 = {y}. If y is adjacent to any vertex of N2 in G, then NZ is a clique in G,
and so G has a Hamiltonian path. Otherwise, let V, denote the set of neighbors of y in N2 in G. We can check
that P = uyxv is a total proper path, where u, v € V. If IN2\V}| = 1, then P = uyxv is a total proper path,
where u € V, v e N3\V,. If [N2\V}| > 2, then G is claw-free since G is triangle-free, and G[x U N(%\Vy]
is a complete graph. Note that P = uyxv is a total proper path, where u € V,, v € NZ. Thus, G is total proper
connected with the above coloring, and so tpc(G) = 3.

Case 3. m, ny, n3 > 2. Since G is triangle-free, we have that N} is a stable set in G, and so a clique in G.
If any vertex in N2 is adjacent to all vertices of N2 in G, then both N2 and NZ are stable sets in G,
and so cliques in G. Thus, G has a Hamiltonian path, and so tpc(G) = 3.

Otherwise, we choose a vertex u € N2, let V, denote the set of neighbors of u in N7 in G, we have
V. # @, N2. Define a total coloring of G: assign color 2 to the vertex x, all vertices and edges in N1, and all
edges between N2, N2; assign color 3 to the vertex u, all edges between N} and N2\{u}, and all edges

between x and V,;; assign color 2 to the remaining vertices and edges. Note that P = xvux; is a total proper
path, where v € V,, xq € Né. For any two vertices w, z € N2, P = wxuvxz is a total proper path, where

X € N(l;,v € Vj,. For any two vertices w, z € N(%, P =wuxv is a total proper path, where u,v e V.
If IN2\V}| = 1, then P = uxv is a total proper path, where u € V), v € N2\V,. If [IN2\;| > 2, since G is
triangle-free, we know that G is claw-free, and the subgraph G[x U N(%\Vy] is a complete graph. Note that
P = uxv is a total proper path, where u € V), v € N2\V,. For any w € N2,z € N2, P = wxvuxiz is a total
proper path, where v € V, x € N}. Similarly, there is a total proper path connecting any two vertices
W e N(%,z € N(l;. Hence, G is total proper connected, and so tpc(G) = 3. O

Lemma 3.3. For a connected graph G, if G is triangle-free and diam(G) = 2, then tpc(G) = 3.

Proof. Choose a vertex x with eccg(x) = diam(G) = 2. Since G is connected, we have n; >2, n, =1 or
n, ny > 2, and there exist two vertices u € N}, v € NZ such that uv € E(G). Assume n; >2 and n, = 1.

Since G is triangle-free, we know that Né is a stable set in G, and so a clique in G. Note that G has
a Hamiltonian path, and so tpc(G) = 3.

Assume ny, n, > 2. Observe that N} is a stable set in G since G is triangle-free, and so a clique in G. We
show a total coloring of G as follows: assign color 1 to the vertex x, the edge uv and all vertices in N}\u;
assign color 3 to the vertex v and all edges in N}; assign color 2 to the remaining vertices and edges. If there
exist some vertices w € N2 with dg(w) = n - 2, then w is adjacent to the remaining vertices except x in G.
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Since diam(G) = 2, there exists an edge ww, € E(G) with w; ¢ N(l;, w; € N(%. Thus, w, wy, w; is a triangle in
G, a contradiction. Hence, dg(w) < n — 2 for all w € N2, and so dg(w) > 2. For any z € N1, we know that
P = xvuz is a total proper path. For any y € N2\{v} and z € N}, if Ns(y) n N} # @, letw € N(y) n N}. Then
ywz is a total proper path. Otherwise, let Ns(y) n N} = &. We claim that y is adjacent to all the other vertices
of N2 in G. In fact, for any vertex w ¢ N(%\{y}, there exists a vertex w' € N} such that ww' € E(G). Since
yw' € E(G), we know that yw € E(G). Then yvuz is a total proper path. Next we consider w, z ¢ N2 such that
wz ¢ E(G). Since G is triangle-free, we have that G is claw-free, and at least one of w and z is adjacent to the
v, without loss of generality, assume that wv € E(G). Since w, z € N2, there exist two vertices w', 2’ € N2

such that ww', zz' € E(G), and w’ # z'. Then zw', wz' € E(G) and P = wvuw'z is a total proper path. Thus,
G is total proper connected with the above coloring. Hence, tpc(G) = 3. O

Lemma 3.4. Let G be a connected graph of ordern > 3. IfG is disconnected and triangle-free, then tpc(G) = 3.

Proof. Suppose G is triangle-free and contains two connected components one of which is trivial. Let G; and
G, be the two components of G, where V(G,;) = {u}. Then u is adjacent to any other vertex in G. We will
consider two cases according to the value of §, where § is the minimum degree of G. If § = 1, let d(v) = 6.
Since G is triangle-free, we know that G is claw-free, and the subgraph G[V(G)\{v}] is a complete graph.
Thus, G has a Hamiltonian path, and so tpc(G) = 3. If 6 > 2, letd(v) = 6, D = V(G)\{u, v}, and V, be the set
of neighbors of v in G. Now we define a total coloring of G as follows: assign color 1 to the vertex v and all the
edges between u and V,; assign color 3 to the vertex u and all the edges between v and V,; assign color 2 to
the remaining vertices and edges. Since G is claw-free, we can find that the subgraph G[V(G)\{v} U V,]is a
complete graph, and P = viuwv, is a total proper path, where v;, v, € V,. For any w € V,, z € D\V,, we obtain
that P = wuz is a total proper path. Thus, G is total proper connected with the above coloring, and so
tpc(G) = 3. Suppose G contains at least three connected components or exactly two nontrivial components.
Then we have tpc(G) = 3 by the similar proof of Theorem 1.1. O

Proof of Theorem 1.2. If G is connected, the result holds for the case diam(G) > 4 by Lemma 3.1, the case
diam(G) = 3 by Lemma 3.2, and the case diam(G) = 2 by Lemma 3.3. If G is disconnected, the result holds
by Lemma 3.4. O

4 Proof of Theorem 1.3

Suppose F = K;. Note that G has a Hamiltonian path, and thus tpc(G) = 3. Next, we compute the total proper
connection number of G by proving the following claim.

Claim 1. Let G be a graph obtained by adding two pendant vertices {u;, u,} to a vertex v; of a complete
graph K;. Then tpc(G) = 3.

Proof. Since G is not a complete graph, we have tpc(G) > 3. Now we only need to prove tpc(G) < 3 by the
following cases.

Case 1. t = O(mod 3). Assign a total coloring ¢ to G as follows: Let c(uyvy) = 1, c(uovy) = 3; c(v3i41) =
c(v3i42v3i43) = 2, €(V3i42) = C(V3i13V3i54) = 1, and c(v3i43) = ¢(v3i41lsi42) = 3, Where 0 < i < § - 1. Observe that
Py = up, -+ vi_1vy and P, = upviVyve_q -+ V3V5 are two total proper paths.

Case2.t = 1(mod 3). Assign a total coloring ¢ to G as follows: Letc(uyvy) = c(viev1) = 1, c(vp) = 2, c(upvy) =

c(vvp) =3. Let i be an integer with 0 <i < H =1, c(v3i41) = c(v3i42V3143) = 2, C(V3i42) = C(V3i43V3i44) = 1,

and c(v3i;3) = c(v3iz1Usiy2) = 3. We can find that P, = upvyv; -+ vi_1vy and P, = wovivs_q -+ V3VV; are two total
proper paths.
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Case 3.t = 2(mod 3). Assign a total coloring c to G as follows: Let c(uyvy) = c(viv)) = c(v) = c(v_o»1) = 1,

c(vi-1) =2, c(upvy) = c(vpve_1) = c(Ve_1v») = 3. Leti beanintegerwithO < i < H - 1,c(v3i11) = c(V3i42V3i43) = 2,

c(V3i12) = €c(V3i13V3i54) = 1, and c(vsii3) = c(v3inisi2) = 3. We can easily verify that P = wvy; - v,
Py = upvivs o3 -+ v3WaV_q, and P3 = iU, are three total proper paths.

Thus, G is total proper connected with the above coloring, and so tpc(G) = 3. This completes the proof
of Claim 1. O

Suppose F = 2K;. Assume that Nx(u;) N Nx(u,) = &. Then G has a Hamiltonian path, and so tpc(G) = 3.
Otherwise, if [INx(u;) N Nx(up)| = dx(uy) = dx(up) = 1, then we know that tpc(G) = 3 from Claim 1. If | Nx(1;) N
Nx(up)| = 2, or |Nx(uy) N Nx(up)| = 1, and max{dx(u;), dx(u2)} > 2, then we can find that G has a Hamiltonian
path. Thus, tpc(G) = 3.

5 Proof of Theorem 1.4

Suppose F = K; or P;. Note that G has a Hamiltonian path, and so tpc(G) = 3. The following three claims will
be used later.

Claim 2. Let G be a graph obtained by adding a pendant vertex u; adjacent to vertex u; or u, of graph in
Claim 1. Then tpc(G) = 3.

Proof. Without loss of generality, assume that u; is adjacent to u;. Let c(uy) = {1, 2, 3}\{c(uyvy), c(W)},
c(uus) = c(v1), and the remaining vertices and edges are assigned the same color as Claim 1. We can verify
that G is total proper connected with the above coloring. Then tpc(G) = 3. This completes the proof
of Claim 2. O

Claim 3. Let G be a graph obtained by adding three vertices {u;, u,, us} to a complete graph K; such that
d(u) = d(us) =1,d(up) =2, N(wy)) N N(wz) = @, and |[N(up) N N(u;)| = 1, where 1 < i < 2. Then tpc(G) = 3.

Proof. Without loss of generality, assume that N(u;) N N(uy) = v, N(4p) N N(u3) = v;. Let c(u3vy) = c(viviy1),
c(vip) = c(v;_1), and the remaining vertices and edges are assigned the same color as Claim 1. Suppose
t = O(mod 3). Note that P, = uyviv -+ Vi_1Vy, Po = WoViVyV_1 -+ V3Va, P3 = usVilh, P, = vy, -+ viuz, and Ps; =
W3ViVi_1 -+ ViVe_1 -+ Vi41 are five total proper paths. Suppose t = 1(mod 3). Note that P, = wyvyv; -+ Vi 1%,
Py = upvs_q -+ v3VoW, P3 = W3Vily, B, = wpvyv; -~ iz and Ps = usV;_q -+ ValWpVp_q -+ Vi are five total proper paths.
Supposet = 2(mod 3). Wecan find that P, = wyvyv; -+ Vi_1Ve, Py = oViVe_3 -+ V3VoVp_1, P3 = UsVitlp, Py = upnv; -+ Vilia,
Ps = u3Wi_1 -+ VaVs_1Ve_> --- Vipq, and Ps = uzvv;_1v; are six total proper paths. Therefore, G is total proper connected
with the above coloring, and so tpc(G) = 3. This completes the proof of Claim 3. O

Claim 4. Let G be a graph obtained by adding a vertex u to the graph in Claim 1 such that d(u) = 2 and
v; is adjacent to u. Then tpc(G) = 3.

Proof. Since d(u) = 2, without loss of generality, we assume that v; is adjacent to u. Let c(uv) =1,
c(uvy) = {1, 2, 3}\{c(v;), c(vv;_1)}, and the remaining vertices and edges are assigned the same color as
Claim 1. Suppose t = 0(mod 3). Note that P, = uviv;_; --- V\VjVy_1 **+ Viy1, P> = u;_q -+ viiy and P; = uvju, are
three total proper paths. Suppose t = 1(mod 3). Note that P, = uvj;_1 -+ vily, P> = UVjVj_1 ++ VaVeV_q ** Viy1, and
P; = uviu, are three total proper paths. Suppose t = 2(mod 3). We can find that P, = uvy;_1 --- vitiy, P>, =
UViVi_1 -+ VaVe_1Ve_2 -+ Vip1, P3 = uvip, and P, = uvy;_q --- viv; are four total proper paths. Hence, G is total
proper connected with the above coloring, and so tpc(G) = 3. This completes the proof of Claim 4. O
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Suppose F = K, + K. Let V(K5) = {u, up} and V(K;) = {us}. Since diam(G) = 2, we have Nx(u;) N Nx(up) N
Nx(u3) = {v}, and so tpc(G) =3 by Claim 2. Suppose F = 3K;. Assume Ny(u;) N Nx(up) N Nx(u3) = @.
Then tpc(G) = 3 by Claim 3. Assume Nx(u;) N Nx(up) N Nx(uz) # @. If dx(uy) = dx(up) = dx(uz) = 1, then
tpc(G) = 4 by [26, Proposition 2]. Define a total coloring of G as follows: c(usv) = 4 with v € Nx(u3), and
the remaining vertices and edges are assigned the same color as Claim 1. We check that any two vertices
have a total proper path, and so tpc(G) = 4. Otherwise, we have dy(;) + dx(uy) + dx(us) > 4. Without loss
of generality, let dy(u;) = 2, and u € X\{v} where v € Nx(u;) N Nx(u,) N Nx(us). Thus, tpc(G) = 3 by Claim 4.

6 Proof of Theorem 1.5

Case 1. diam(G) = 3. We prove Case 1 by analyzing the structure of F.

Subcase 1.1. F = K3 or P;. Note that G has a Hamiltonian path, and so tpc(G) = 3.

Subcase 1.2. F = K, + K;. Denote V(K) = {u;, u,} and V(K) = {us}. Suppose Nx(u;) N Nx(u3) # @ or
Nx(up) N Nx(u3) + &. Without of loss generality, we may assume that Nx(u;) N Nx(u3) # &. Then tpc(G) =
3 by Claim 2. Suppose Nx(u;) N Nx(u3) = & and Nx(u,) N Nx(u3) = @. Since diam(G) = 3, we have Nx(u;) + &
and Nx(u3) # &. Then G has a Hamiltonian path, and so tpc(G) = 3.

Subcase 1.3. F = 3K;. Let V(F) = {wy, uy, us}. Since diam(G) = 3, we have Ny(u;) N Nx(u;) N Ny(u3) = .
Suppose there exists two vertices u;, u; € V(F) satisfy Nx(u;) N Nx(w;) # &. Without loss of generality, let
and u, satisfy Nx(u;) N Nx(u;) # @ and v; € Nx(uy) N Nx(up). Assume dx(u;) = dx(uwp) = 1and v; € N(u3). Since
G is not complete, we have tpc(G) > 3. To the contrary, suppose there exists a total coloring ¢ of G using
three colors such that G is total proper connected. Since any two vertices of G are connected by a total
proper path, we have c(uyv;) # c(vy) # c(uvy). Without loss of generality, let c(uyvy) =1, c(v) = 2 and
c(uvy) = 3. Consider the total proper path P between u; and u, then the color of vertices and edges in P
follows the sequence 1, 2, 3,..., 1, 2, 3,.... Thus, the value of (c(v;), c(vw)) is (1, 2), (2, 3), or (3, 1). Consider
the total proper path Q between u, and u, then the color of vertices and edges in Q follows the sequence
3,2,1,...,3,2,1,.... But the value of (c(v)), c(vu)) is (3, 2), (2, 1), or (1, 3), a contradiction. Assign a total
coloring c to G as follows: c(uyvy) = 1, c(vy) = c(viu) = 2, c(upvy) = 3, assign 4 to the remaining edges, and
assign 1 to the remaining vertices. We can check that G is total proper connected with the above coloring,
and so tpc(G) = 4. Assume dx(u;) + dx(up) > 3, without loss of generality, let dx(u;) > 2. If dx(u3) = 1 and
Nx(u;) N Nx(u3) + @, then we have tpc(G) = 3 by Claim 3; if Nx(u;) N Nx(u3) = &, or Nx(u;) N Nx(u3) # & and
dx(us3) = 2, then G has a Hamiltonian path, and so tpc(G) = 3.

Now, we may suppose Nx(u;) N Nx(uy) = &, Nx(uy) N Nx(u3) = &, and Nx(u;) N Nx(us) = &. Since G is
not complete, we have tpc(G) > 3. To the contrary, assume that v; € N(u;), and there exists a total coloring
¢ of G using three colors such that G is total proper connected. Since any two vertices of G are connected by
a total proper path, we have c(uyv;) # c(v;). Without loss of generality, let c(iyv;) = 1 and c(v;) = 2. Consider
the total proper path P between u; and u,, then the color of vertices and edges in P follows the sequence
1,2,3,...,1,2,3,.... Thus, the value of (c(v,), c(vour)) is (1, 2), (2, 3), or (3, 1). Consider the total proper path
Q between u; and us, then the color of vertices and edges in Q follows the sequence 1, 2, 3,..., 1, 2, 3,....
Hence, the value of (c(v3), c(vsu3)) is (1, 2), (2, 3), or (3, 1). Consider the total proper path W between u,
and us. If c(v;) =1 and c(v,up) = 2, then the color of vertices and edges in W follows the sequence
2,1,3,..., 2,1, 3,.... Note that the value of (c(v3), c(vsu3)) is (2, 1), (1, 3), or (3, 2), a contradiction. If c(v,) = 2
and c(v,u,) = 3, then the color of vertices and edges in W follows the sequence 3, 2, 1,..., 3, 2, 1,.... Note
that the value of (c(v3), c(vsu3)) is (2, 1), (1, 3), or (3, 2), a contradiction. If c(v,) = 3 and c(v,u;) = 1, then the
color of vertices and edges in W follows the sequence 1, 3,2,...,1, 3, 2,.... Note that the value of
(c(v3), c(vsw3)) is (2,1),(1,3), or (3,2), a contradiction. Assign a total coloring ¢ to G as follows:
c(uvy) = c(vr) = 1, c(v1) = c(uv,) = c(usvs) = 2, assign 4 to the remaining vertices, and assign 3 to the
remaining edges. We can verify that G is total proper connected with the above coloring, and so tpc(G) = 4.
Case 2. diam(G) > 4. Thus, F = P;or F = K, + K;. Assume F = P;. Obviously, G has a Hamiltonian path, and
so tpc(G) = 3. Assume F = K, + K;. Denote V() = {u;, o} and V(K;) = {us}, without loss of generality, we
have dx(u,) = 0, dx(w) > 1, dx(u3) = 1 satisfying Nx(u;) N Nx(u,) = &. Hence, we can find that G has
a Hamiltonian path, and so tpc(G) = 3.
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7 Proof of Theorem 1.6

The proof of Theorem 1.6 follows from the next two lemmas. First, we shall determine the total proper
k-connection numbers of the circular ladders.

Lemma 7.1. Let n be an integer with n > 3. Then tpc(CLy,) = tpc(CL,,) = 3, tpcs(CL,yy,) = 4.

Proof. Let n be an integer with n > 3. Since CL,, contains a Hamiltonian path that is not complete, we have
tpc(CL,y,) = 3. Since tpg(CL,y,) > tpc(CLy,) = 3, we only need to prove tpc(CLy,) < 3.

Case 1.n = O(mod 3). Let n = 3t. Assign a total coloring c to CL,, as follows: Let i be an integer with 0 <
i< t-1,c(usiyn) = C(Usiasis3) = C(V3i42) = C(V3i13V3is4) = 1, C(Usis2) = C(Usii3Usiss) = C(V3i43) = C(V3i41V3i42) = 2,
and c(usiy3) =C(Usiy1Usis2) = €(v3ip1) = C(V3ipavsivs) = 3; c(upvp),c(uy), c(vy) € {1, 2, 3} with c(uv;) #c(uy) #c(v;)
for 1 <i < n. Let x and y be any two distinct vertices of CL,,. By symmetry, we may assume that x = u.
Ify = y; for2 < i < n, then xuous --- u;_1y and xu,u,_1 --- U1y are two total proper paths connecting x and y.
If y =v, then xy and xuyu,_;--- wy are two total proper paths connecting x and y. If y =v;, then
XViVpVp_1 -+ Vir1y and Xuyu,_q --- Uy are two total proper paths connecting x and y. Thus, CL,, is total proper
2-connected with the above coloring.

Case 2. n = 1(mod 3). Let n = 3t + 1. Define a total coloring ¢ of CL,, as follows: Let i be an integer with
0 <i<t-1, c(usirn) = c(Usisalisir3) = C(V3i43) = C(V3i41v3is2) = 1, C(Uzis2) = C(Usis3Us144) = C(V3i42) = C(V3143V3i44)
=3, and c(usi+3) = c(UsiUzi2) = C(V3ip1) = C(V3i42V3143) = 2; C(Uy) = c(vivy) = 1, c(UnW) = 2, ¢(Vn) = c(Uilty) =
3,and c(ujy)) = 3forl < j < n - 1. Let x and y be any two distinct vertices of CL,,. We may assume that x = u;
forl<i<n-1Ify =uyfori <j <n-1,then xuj Ui -+ U1y and Xui_1Ui_y - W1V *++ Vp_qUn_1Un-2 *** Uj1y
are two total proper paths connecting x and y. If y = v; for1 < j < n - 1, then xu;_ju;_; --- wyvyv; -+ vj_1y and
XUji1 -++ Un_1Vn-1Vn—2 --- Vj+1y are two total proper paths connecting x and y. If y = u,, then xuj.q - U1y
and xu;_1u;_; --- Wy are two total proper paths connecting x and y. If y = v,, then xuj,; ---up_1uny and
XUj_1lUj_p - WViV, -+ Vp_1y are two total proper paths connecting x and y. Assume that x = u,. If y = v; for
1<j<n-1, then xuuy -+ Up_1Vp-1Vn-2 --* Vj+1y and XuuVpVyv; --- Vi_qy are two total proper paths connecting
x and y. If y = v, then xy and xu,_1u,_» --- upyy are two total proper paths connecting x and y. Thus, CL,, is
total proper 2-connected with the above coloring.

Case 3.n = 2(mod 3). Let n = 3t + 2. Define a total coloring ¢ of CL,, as follows: Let i be an integer with
0 <i<t-2,c(usi1) = c(Usisalisir3) = C(V3ip1) = C(V3i42V3i43) = 1, C(Usiv2) = C(Usis3tsina) = C(V3ir2) = C(V3i43V3i44)
=3, and c(u3i:3) = C(U3is1U3i+2) = C(V3is1) = C(V3142V3i43) = 25 C(Uy) = C(Un_4) = C(Vp2) = c(Vn) = 1, c(Uy-1) =
C(Vn—l) = C(un—3) = C(Vn—3) =3, C(un—z) = C(Vn—4) = 2, C(un—Aun—3) = C(un—lun) = C(Vn—an) = C(Vn—BVn—Z) =
C(Vn-2Vn-1) = 2, C(Up_3Un_2) =C(Un_zUn_1) = C(WVy_gVy_3) = c(Wpv2) = 1, c(uyiyy) = c(uittn) =c(vivy) = 3; C(Usjvsj) =
1, c(uaj—1wj-1) = 2, c(Usjs1Vai1) = 3, where 1 < j < t — 1. Note that ujtty -+ Up_sVy_2Vy—3 -+ Vi is a total proper
cycle, any two distinct vertices of the cycle have two disjoint total proper paths. Now, we may assume that
x=uyforl<i<n-2.1fy=u,, then xujq -+ Up_2Vyh_2vy_1y and xu;_q --- wyl,y are two total proper paths
connecting x and y. If y = u,, then xu;,1 -+ Up_2Vy_2Vy_1 -+ Vivyy and xu;_q --- WyVivyy are two total proper paths
connecting x and y. If y = v,,_;, then xu;_1 - usvsvavivyy and xujq -+ Up_2Vy 2y are two total proper paths
connecting x and y. If y = v, then xu;_1 --- wu,y and xuj,q -+ Up_2V_2Vy_1y are two total proper paths con-
necting x and y. Assume that x = v; for1 <i<n - 2. If y = v,,_1, then xvi,q -+ Vy_sUpy_sUn_1 -+ WlyUy_1y and
XVv;_1 -+ iy are two total proper paths connecting x and y. If y = v,, then xvj,1 -+ Vp_olUn_oUp_1Upy and
xv;_1 --- viy are two total proper paths connecting x and y. Thus, CL,, is total proper 2-connected with the above
coloring.

To the contrary, suppose there exists a total proper 3-connected coloring ¢ of CL,, using three colors.
Considering u; and v;, ujupV,, Uvyva, and uiu,VyVy_1 -+ Va3V, must be three total proper paths connecting u; and
v,. Then c(uu,) # c(upv,) # c(uy). Considering wy and us, ujuyus, UilnUn_q -+ UzUs, and uyvivovsuz must be three
total proper paths connecting u; and u3. Hence, c(uyu,) # c(uou3) # c(uz), and so c(upv>) = c(upus). But then,
there is no set of three disjoint total proper paths connecting u; and v,, a contradiction. Hence,
tpcs(CL,y,) > 4. Now we only need to prove tpcs(CLy,) < 4.

Case 1. n = O(mod 3). Let n = 3t. Assign a total coloring ¢ to CL,, as follows: Let i be an integer with 0 <
i<t-1, c(usis) = c(Usis2lsi+3) = C(V3i12) = C(V3i43V3104) = 1, C(Usi12) = C(U3i43Us114) = C(V3143) = C(V3i41V3i42) = 2,
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and c(usiy3) =C(Usip1lirz) = C(V3ip1) = C(V3iraV3ie3) = 35 c(y;) = 4 for 1 <j<n. Let x and y be any two
distinct vertices of CL,,. By symmetry, we may assume that x =w. If y=u; for 2<i<n, then
XUplz -+ Uj_1Y,XUnlUy_1 -+ Uir1Y, and xviv, --- vy are three total proper paths connecting x and y.
If y =v, then xy, xuov;y and xu,vy are three total proper paths connecting x and y. If y =v; for
2 <i<n, then xuuy - wy,xvyvy -+ vi_1y, and XupVpV,_1--- Uy are three total proper paths connecting
x and y. Hence, CL,, is total proper 3-connected with the above coloring.

Case 2.n = 1(mod 3). Letn = 3t + 1. Define a total coloring ¢ of CL,, as follows: c(uz;,1) = c(Uzj,oUzis3) =
c(v3i43) = c(V3ip1v3i42) = 1, C(Usir2) = C(Usi3Usirg) = C(V3i42) = C(V3i43V3iea) = 3, and c(usiy3) = C(Usi1liziia) =
c(v3i+1) = c(V3i42v3i43) = 2, Where O < i <t - 15 c(up) = c(vivy) = 1, c(upW) = 2, c(V) = c(uup) = 4, and c(y;v;)
=4 for2<j<n-1. Let x and y be any two distinct vertices of CL,,. By symmetry, we may assume that
x =u. Ify = u; for2 < i < n, then xuous -+ u;_1y, Xuply_1 -+ Uiy, and xviv, --- vy are three total proper paths
connecting x and y. If y = vy, then xy, xu,v5y and xu,v,y are three total proper paths connecting x and y.
Ify =v for 2 <i<n, then xuu, --- Wy, xviv, -+ v;_1y, and xu,vyvy,_1 --- Uy are three total proper paths con-
necting x and y. Hence, CL,, is total proper 3-connected with the above coloring.

Case 3.n = 2(mod 3). Letn = 3t + 2. Define a total coloring ¢ of CL,, as follows: c(us;;1) = c(Uzj,oUsis3) =
c(v3ir4) = C(v3i42V3143) = 1, c(Ui42) = C(Uzi43Usiva) = C(V3i43) = C(V3i41V3i42) = 3, and c(Usiy3) = C(Usi1Usis) =
c(vsir2) = C(v3i13V3i44) = 2, Where 0 < i<t - 15 c(un) = C(Va-1vn) = 3, €(Vu) = c(Un-1Un) = c(uvy) = 2, c(Un-1)
= c(vvy) = c(unathy) = 1, c(vy) = 4, and c(wv;) = 4 for 2 < j < n. Let x and y be any two distinct vertices of
CL,,. By symmetry, we may assume that x = w;. If y = y; for 2 < i < n, then xwpu3 -+ Ui_1y, XUply_1 -+ Ui1Y,
and xvyv, --- vjy are three total proper paths connecting x and y. If y = vy, then xy, xu,v,y, and xu,v,y are
three total proper paths connecting x and y. If y =v; for 2 <i < n, then xwu, --- w;y, xviv2 -+ v;_1y and
XUnVpVn_1 -+ Uiy are three total proper paths connecting x and y. Hence, CL,, is total proper 3-connected
with the above coloring. O

Next, we shall determine the total proper k-connection numbers of the Mobius ladders.
Lemma 7.2. Let n be an integer with n > 3. Then tpc(M,,) = tpe(My,) = 3, tpcs(May,) = 4.

Proof. Since M,, contains a Hamiltonian path and is not complete, we have tpc(M>,) = 3. Since tpo(Myy,) >
tpc(Ms,) = 3, we only need to prove tpo(Ms,) < 3.

Case 1. n = O(mod 3). Define a total coloring ¢ of M, as follows: Let i be an integer with1 <i<n - 2,
cuy) = c(Vn-ix1) = 1, c(ui1) = c(Vp—p) = 3, and c(u2) = CWVn-iz1) = 25 c(uitig), c(uy), c(uiyg) € {1, 2, 3} with
c(uiuiy) # c(uy) # c(uiyy) for 1<i<n —1; c(vyin), cv), c(vivn) € {1, 2, 3} with c(vivia1) # c(v) # c(v,1) for
1<i<sn-1c(uwv) = 3, c(ugvy) = 2, and c(Ujvp_j,1) = 3 forl < j < n. Let x and y be any two distinct vertices
of M,. By symmetry, we may assume that x = ;. If y = u; for 2 <i < n, then xwu; --- u;_1y and xvv,
-+ VpUn_1 -++ Ujy1y are two total proper paths connecting x and y. If y = v;, then xy and xw,uzy are two
total proper paths connecting x and y. If y = v; for 2 < i < n, then xwuy -+ UpVyVy_1 -+- Vir1y and xvyv, -+ vi_1y
are two total proper paths connecting x and y. Thus, M, is total proper 2-connected with the above
coloring.

Case 2. n = 1(mod 3). Let n = 3t + 1. Define a total coloring ¢ of M,, as follows: Let i be an integer with
0<is<t-1,c(usig) = c(UsiaUziss) = C(V3ip3) = C(V3i41V3is2) = 1, C(Usir2) = C(Usi43Usisg) = C(V3ir1) = C(V3i42V3i43)
= 3, and c(ui,3) =c(Usinlizi2) = €(V3ih2) = C(Vi3v3ipg) = 25 if j = 3ifor1 < i < t, then c(ujv,_j1) = 3; if j # 3i
for1<i<t, then c(Ujvn-j1), c(), c(Vnoji1) € {1, 2, 3} with c(Ujvi_j1) # () # c(Vn_ji1); c(Un) = 1, c(Unvy) =
c(uvy) = 2, c(vy) = 3. Let x and y be any two distinct vertices of M,,. We may assume that x = y; for1 <i < n.
If y=uy; fori<j<n, then xuj U2 -+~ Uji—1y and Xuj_qUj_y -+ UVillnlln—1 --~ Uj,1y are two total proper paths
connecting x and y. If y = v for1 < j < n, then xu;_1ui_5 -+~ WVuVy—1 -+- Vj1y and X, -+ Up_j1y are two total
proper paths connecting x and y. Thus, M,, is total proper 2-connected with the above coloring.

Case 3.n = 2(mod 3). Let n = 3t + 2. Define a total coloring ¢ of M,, as follows: Let i be an integer with
0<is<t-1, cusisr) = c(Usisalsir3) = C(V3i43) = C(V3141V3is2) = C(UsisaVn-3i1) = 1, C(Usi2) = C(Usiy3Usivs) =
c(v3is1) = (v3i42V3i43) = C(Usi13Vn-3i-2) = 3, and c(Usj;3) = C(Usis1liziv2) = C(V3i42) = C(V3i43V3i44) = C(Usi4Vn-3i-3)
=2; c(up_1) = c(Upvy) = cWp_1vy) = 1, c(up) = c(Vy_1) = c(uvy) = 3, c(vy) = c(uy_1u,) = 2. Let x and y be any
two distinct vertices of M,,. We may assume that x =u; for 1<i<n. If y=u for i <j<n, then
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XU Uiy -+ Wi—1y and Xuj_jli_y -+ UVplpln_1 --- Uj,1y are two total proper paths connecting x and y. If y = y;
for 1 <j < n, then Xxu;j_qui_p --- WVVp—1 -+- i1y and Xuiq --- Un_j,1y are two total proper paths connecting
x and y. Thus, M5, is total proper 2-connected with the above coloring.

To the contrary, suppose there exists a total proper 3-connected coloring ¢ of M,, using three colors.
By considering the pair {u,, v,}, uous -+ UpVy, Ullvy, and u,v;,_1v, must be three total proper paths connecting
u, and v,. Then c(uavy,_1) # c(Vy_1Vy) # c(V_1). By considering the pair {u,, Vi,_2}, WlhVpVy_1Vin_2, UolUsVy_2,
and u,v,,_1v;, must be three total proper paths connecting u, and v;,,_,. Thus, c(iaVy,_1) # C(Vn_1Vn-2) # ¢(Vu_1)s
and hence c(V,_1vn_2) = c(vs_1vy). But then, there is no set of three disjoint total proper paths connecting
Va_> and vy, a contradiction. Thus, tpcs(Ms,) > 4. Now we only need to prove tpcs(Ma,) < 4.

Case 1. n = O(mod 2). Let n = 2t. Assign a total coloring ¢ of M, as follows: c(uis1) = c(Vu_2) =
C(Uis2Vn-2i-1) = 1, c(Uaiv2) = C(Un-2i-1) = C(Uair1Vn-2i) = 3, C(Vn-2iVn-2i-1) = C(Uais1lhis2) = 2, Where O < i<t - 1;
C(UpiyoUi3) = C(Vp_2itVnai2) =4 for 0 < i<t —2; c(uyvy) = c(uyvy) = 4. Let x and y be any two distinct
vertices of M,,. By symmetry, we may assume that x =uw. If y=w; for 2 <i<n, then xu, - u;_qy,
XVl _1 -+ Uir1Y, and xviv; --- Vy_iqu; are three total proper paths connecting x and y. If y = v;, then
Xy, Xupus -+ Upy, and XvpVy_1 --- Vo) are three total proper paths connecting x and y. If y=v; for2<i<n,
then xviv, -+ Vi1y, XViVy_1 -+- Vi1 and Xupls -+ U,_j,1y are three total proper paths connecting x and y.
Hence, M,, is total proper 3-connected with the above coloring.

Case 2. n=1(mod 2). For n =3, we assign a total coloring ¢ to Mg as follows: c(u;) = c(v3) =
c(ows) = c(nvz) =1, c(up) = c(v2) = c(uzv3) = c(uy) = 2, c(u3) = c(v1) = c(uiiy) = c(Vav3) = 3, C(UiVp-is1) = 4
for 1 <i<3. We can verify that My is total proper 3-connected with the above total coloring, and
so tpcs(Mg) = 4.

For n = 5, define a total coloring ¢ of Mjq as follows: c(u;) = c(vs) = 1, c(uz) = c(v) = 2, c(u3) = c(v3) =
c(us) = c(v1) =3, c(us) = c(v2) = 4, c(Uu3) = c(Uslts) = c(viva) = c(v3vy) = 1, c(usus) = c(usvs) = c(uvy) = c(vav3) =
2, c(ugvy) = c(un) = c(yvs) = 3, c(Ujvy_j41) = 4 for i =1,2,3,5. We can check that My is total proper
3-connected with the above total coloring, and so tpcs(Myo) = 4.

Subcase 2.1. Let n = 1(mod 4) for n > 7. Let n = 2t + 1. Assign a total coloring ¢ to M,, as follows:
C(Ugi1) = CWnoap) = 1, cUsgir2) = C(Vn-si1) = 2, CUsi43) = C(Vn—si-2) = 3, and c(Ugir4) = C(Vy_s4i-3) = 4, where
0<icx< %; C(Ugiligis1) = CWVnosisVn-ai) = C(Uais2Vn-si-1) = 35 CQUsis1Usi42) = CVn-aiVn-si-1) = C(Us4is3Vn-si2) = 4,
C(Usir2Usir3) = CVnti-Vn-s4i-2) = CQUaiVn-sis1) = 1, and c(Vn-s4i-2Vn-4i-3) = C(Usis3Usiza) = C(UsiriVn-ai) = 2,
where1<i< %; c(Un) = c(v1) = c(z) = C(V-1) = 3, C(Ualt3) = C(Vp_1Vn-2) = c(1v2) = C(Un-1Un) = C(Un_1v2)
=1, c(uzuy) = c(Vy_2vn_3) = c(uyvy) = c(uxvy) = 2, and c(uyvy) = c(UaVi_1) = c(Usvy_p) = 4. Let x and y be any
two distinct vertices of M,,. By symmetry, we may assume that x = w. If y =u; for 2 <i<n, then
XUl -+ Uj_1Y, XVilgUp_q -+~ U1V, and xvyv; --- v, i qU; are three total proper paths connecting x and y.
If y = vy, then xy, xwous --- upy, and xv,v,_q --- v,y are three total proper paths connecting x and y. If y = ;
for2 < i < n, then xviv, -+- Vi_1y, XVyVp_1 -+ Viy1y and xupls -+ U,_i,1y are three total proper paths connecting x
and y. Hence, M,, is total proper 3-connected with the above coloring.

Subcase 2.2. Let n = 3(mod 4) forn > 7. Let n = 2t + 1. Assign a total coloring c to M,, as follows: Let i

be an integer with 0 < i < % c(Uagir1) = CWVn-si) = 1, c(Usis2) = C(Vn-si-1) = 2, C(Usir3) = C(Vn-4i-2) = 3, and
C(Usisg) = C(Vu_s4i-3) = 4. Leti be an integer with1 < i < %, C(Usilgis1) = C(Vn-si—Vn-4i) = C(Usir2Vn-si-1) = 3,
CQUsin1Usis2) = COnoaiVosi-1) = C(Usis3Vn-s4i2) = 4, C(UgiaUsir3) = CUsiVn-sis1) = CWVngi-Va-si2) = 1,
and  c(Usis1Vn-4i) = C(Usi—1U4i) = C(Vn-sirVn-sis) =25 C(Uy) = (V) = c(Uitlp) = C(VVn-1) =3, C(Up-1) = c(v2) =
c(uvy) = c(upvy) = 2, and c(uy_») = c(v3) = c(uuz) = c(Vy_1v4_2) = 1. By the similar proof of the above subcase,
we can verify M,, is total proper 3-connected with the above coloring. O

8 Proof of Theorem 1.7

Note that K5 O K; = CL¢, K53 = Mg, Q3 = CLg and Mg. By means of Theorem 1.6, we can obtain their total
proper k-connection numbers. Now, we only need to consider K, Fi, F>, F.
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Lemma 8.1. tpc(K,) = 1, tpe(K,) = 3, tpes(K,) = 4.

Proof. By [26], we know that tpc(K,) = 1. Suppose tpo(K;) = 2, then there is no set of two disjoint total
proper paths connecting u; and u,, a contradiction. Thus, tpc,(Ky) > 3. Let V(Ky) = {uy, W, us, us}, we assign
a total coloring ¢ to K, as follows: c(u;) = c(uous) = c(usuy) = c(upuy) = 1, c(up) = c(uy) = c(uus) = 2,
c(u3) = c(uup) = c(uuy) = 3. We can verify that the Ky is total proper 2-connected, so tpc(K,) = 3.

Now, we suppose there exists a total proper 3-connected coloring ¢ of K, using three colors. Considering
u; and w,, W, wuLly, and wusu, must be the three total proper paths connecting u; and w,. Then
c(uuy) + c(upuy) # c(uy). Considering uy and us, uyus, ujlpuz, and uu4uz must be the three total proper paths
connecting u; and us. Thus, c(uju,) + c(usuy) # c(uy), and so c(uu,) = c(usus). But then, there is no set of
three disjoint total proper paths connecting u, and u3, a contradiction. Hence, tpcs(K,) > 4. Define a total
coloring ¢ of K, as follows: c(u;) = c(u3) = 1, c(p) = c(uy) = 2, c(up) = c(uzuy) = 4, c(uuy) = c(uus) = 3,
c(uus) = 2, c(wuy,) = 1. We can easily check that K, is total proper 3-connected, and so tpc3(K,) = 4. O

Lemma 8.2. tpc(F)) = tpo(Fy) = 3, tpcs(F) = 4.

Proof. Since F; has a Hamiltonian path that is not complete, we know that tpc(F;) = 3. It is easy to verify that
F, is total proper 2-connected depicted in Figure 4(a), and so tpo(F;) = 3. Now, we suppose there exists
a total proper 3-connected coloring ¢ of F; using three colors. By considering the pair {u,, ug}, usug, uuug,
and wus --- ug must be the three total proper paths connecting u, and ug. Then c(uu,) + c(uug) # c(uy).
By considering the pair {us, ug}, usugu;us, usujug, and usu,usurug must be the three total proper paths
connecting us and ug. Then c(ujus) # c(uug) # c(uy), and hence c(uu,) = c(wus). But then, there is no set
of three disjoint total proper paths connecting u, and us, a contradiction. Hence, tpcs(F;) > 4. By Figure 4(b),
we know that F is total proper 3-connected, and so tpcs(F;) = 4. O

Lemma 8.3. tpc(F,) = tpa(F) = 3.

Proof. Since F; has a Hamiltonian path that is not complete, we know that tpc(F,) = 3. We can check that
the coloring shown in Figure 4(c) is total proper 2-connected. Thus, tpc(F,) = 3. O

Lemma 8.4. tpc(F3) = tpa(F3) = 3, tpcs(F3) = 4.

Proof. Since F; has a Hamiltonian path that is not complete, we know that tpc(F3) = 3. It is easy to check
that the coloring shown in Figure 4(d) is total proper 2-connected using three colors. Thus, tpc(F3) = 3.
Now, we suppose there exists a total proper 3-connected coloring ¢ of F; using three colors. Considering u,
and ug, wug, wyuyug and wus --- ug must be the three total proper paths connecting u, and us.
Then c(uu,) + c(uug) # c(uy). Considering us and ug, usugisUg, Usiug, and usuusipug must be the three

1 1
2 2 2 3
: 4
3 5 3 3 5
1 1 1 ! 4 1
2 2 3
2 : 1
3 3 4 2
1 3 1 1 3 4
2 2 3 3
3 2

Figure 4: The total proper k-connected coloring of F;, F, and Fs.
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total proper paths connecting us and ug. Thus, c(ujus) # c(uug) # c(uy), and so c(uup) = c(uyus). But then,
there is no set of three disjoint total proper paths connecting u, and us, a contradiction. Hence, tpcs(F3) > 4.
By Figure 4(e), we know that F; is total proper 3-connected, and so tpcs(F3) = 4. O
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