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1 Introduction

In nonlinear analysis, one of the most important tools is the concept of measure of noncompactness (MNC)
to address the problems in functional operator equations. This important concept in mathematical sciences
has been defined by many authors in various ways (see [1-8]). In [9], Aghajani et al. established some
generalizations of Darbo’s fixed-point theorem and presented an application in functional integral
equations.

In this paper, we investigate the fixed-point results that generalize Darbo’s fixed-point theorem and
many existing results in the literature by introducing the notion of coupled MNC. As an application,
we prove the existence of solutions of a functional integral equation in Banach space BC(R,). Finally,
an example is supplied to illustrate the results.

Throughout this study, we consider E as a Banach space and briefly represent a measure of noncom-
pactness with MNC, B(v, r) represents a closed ball in Banach space E to center v and radius r. Also, we use
B, to represent B(6, r), where 0 is the zero element, the family of all nonempty bounded subsets of E is
represented with Bg. To begin, we have the following preliminaries from [6,10,11].

Definition 1.1. [6]. Let y : B — R, be a mapping. The family B is called MNC on Banach space E if
the following conditions hold:

(1) For each U € Bg, u(U") = 0 iff U is a precompact set;

(2) For each pair (U, U?) € Bg x Bg, we have

* Corresponding author: Hiiseyin Isik, Department of Engineering Science, Bandirma Onyedi Eyliil University, 10200 Bandirma,
Balikesir, Turkey, e-mail: isikhuseyin76@gmail.com

* Corresponding author: Reny George, Department of Mathematics, College of Science and Humanities in Alkharj, Prince
Sattam bin Abdulaziz University, Al-Kharj 11942, Saudi Arabia, e-mail: renygeorge02@yahoo.com

Hasan Hosseinzadeh: Department of Mathematics, Ardabil Branch Islamic Azad University, Ardabil, Iran,

e-mail: hasan_hz2003@yahoo.com, hasan.hosseinzadeh@iauardabil.ac.ir

Samira Hadi Bonab: Department of Mathematics, Ardabil Branch Islamic Azad University, Ardabil, Iran,

e-mail: hadi.23bonab@gmail.com, s.hadibonab@iauardabil.ac.ir

a Open Access. © 2022 Hasan Hosseinzadeh et al., published by De Gruyter. This work is licensed under the Creative Commons
Attribution 4.0 International License.

3


https://doi.org/10.1515/math-2022-0015
mailto:hasan_hz2003@yahoo.com
mailto:hasan.hosseinzadeh@iauardabil.ac.ir
mailto:isikhuseyin76@gmail.com
mailto:hadi.23bonab@gmail.com
mailto:s.hadibonab@iauardabil.ac.ir
mailto:renygeorge02@yahoo.com

DE GRUYTER Coupled measure of noncompactness =——— 39

U ¢ U? implies p(UY) < u(U?);
(3) For each U! € B,
WU = p(U) = p(conv UY,
where U1 represents the closure of 2! and conv U! represents the convex hull of U;

4) pAU + 1 - DU < p(UY + 1 - Dp(U?) for A € [0, 1];
(5) If {vJ¢® € B is a decreasing sequence of closed sets and lim,,_, ,,1(v,) = 0, then U = iU + @.

In this part, we have the following theorems from [10-12].

Theorem 1.2. Let G be a nonempty, bounded, closed, and convex subset of a Banach space E and F : G — G
be a compact and continuous operator. Then, F has at least one fixed-point.

Theorem 1.3. (Schauder) Let G be a nonempty, closed, and convex subset of a normed space and F be
a continuous operator from G into a compact subset of G. Then, F has a fixed-point.

Theorem 1.4. (Darbo) Let G be a nonempty, bounded, closed, and convex subset of a Banach space E and
F : G — G be a continuous operator. Suppose there is A € [0, 1) such that u(FU) < Au(U) for each U € G.
Then, F has a fixed-point.

Theorem 1.5. (Brouwer) Let G be a nonempty, compact, and convex subset of a finite-dimensional normed
space and F : G — G be a continuous operator. Then, F has a fixed-point.

Lemma 1.6. [9] Let ¢, : R, — R, be an upper semicontinuous and nondecreasing function. In this case,
the following conditions are equivalent:

(1) limy,_,.o ¢'(r) = O for every r > 0;

(2) @,(r) <r foreveryr > 0.

2 Coupled MNC

We start this section with the following concept, and then, we turn to the main subject.

Definition 2.1. Let E be a Banach space and u : 8% — R, be a mapping. We say that yu is a coupled MNC
on E, if it has the following conditions:
(1) kery = {(UY, U?) € BZ : u(U*, U?) = 6} is nonempty;
(2) For every (U, U?) € B, u(U', U?) = § & (U, U?) is a precompact set;
(3) Foreach (U, U?), (U'", U'?)) € B x B2 and (U, U?) < (U"", U'?), where U ¢ U and U? c U,

we have

(UL, U < (U", U’ implies u(U?, U < u(U'", U'D);
(4) For every (U, U?) e B2,
u(UY, U = p(U, U?) = plconv(U?, U?),

where conv(U !, U?) denotes the convex hull of (U1, U?);
(5) MUY, U + (1 - DU, U) < UL, UD + (1 - DU, U™) for A € [0, 1];
(6) If{UL®, {UZE™ in B are decreasing sequences of closed sets and

+00
lim p{(Us, UDK® =0, then (U, U) = (UL U+ D.
n—+oo

n=0
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Theorem 2.2. Let G be a nonempty, bounded, closed, and convex subset of a Banach space E andF : G — G
be a continuous map such that

O,(UFUY, FU?) < o,(u(U, U?) — @,(u(U?, U?), (2.1)

foreach@ + U' < G, + U?* € G, where p is an arbitrary coupled MNC and ¢,, ¢, : R, — R, such that @, is
continuous and ¢, is lower semicontinuous on R.,. Furthermore, ¢,(0) = 0 and ¢,(s) > O fors > 0. Then, F has
at least one fixed-point in G.

Proof. Taking U}, U3 = G, U}, = conv(FUL), U2, = conv(FU3Z), for n=0,1,2,..., we obtain UL,
UL, Uz, < U2 forn = 0,1,.... Therefore, {UUL}®, {U25™ are decreasing sequences of closed and convex

sets. Moreover, from (2.1), we have

P U(Un 1, Us i) = @,(u(conV(FUL), conv(FU3)))
= @,(u(F Uy, FUY)) 2.2)
< ‘PZ(H(‘U}U (ui)) - <P1(H(‘U}p (Ui)),

for n=0,1,2,.... Since the sequence {u(U}, (L{ﬁ)} is nonnegative and nonincreasing, we deduce that
wu },, U ﬁ) — m when n tends to infinity, where m > 0 is a real number. On the other hand, considering
equation (2.2), we obtain
lim sup@, (U1, Up.1)) < lim sup,(u(Uy, Up) — liminf ¢, u( Ly, Up). 2.3)
n—+oco n—+co —+0o
This yields ¢,(m) < ¢,(m) — ¢,(m). Consequently, ¢,(m) = 0 and som = 0. Therefore, we infer u(u, ﬂf,) -0
asn — +o0o. Now, considering that (U}, U2, ) < (UL, U2), by Definition 2.1(6), (U’ o, UZoo) = Mio( U, UD)

is nonempty, closed, and convex. Furthermore, the set (U}, U?,) under the operator F is invariant and

(U, U?.) € kerp. So, by applying Theorem 1.2, the proof is complete. O

Theorem 2.3. Let G be a nonempty, bounded, closed, and convex subset of a Banach space E andF : G — G
a continuous map such that

PFU', FU?) < ,(u(U’, U?), (2.4)

for each @ + U' < G, @ + U? < G, where p is an arbitrary coupled MNC and ¢, : R, — R, is a nonde-
creasing function with lim,,_, ..,@'(s) = O for every s > 0. Then, F has at least one fixed-point.

Proof. According to the proof of Theorem 2.2, we define the sequences {U/1}, {142} by induction, where
UL, U3 = G, Uk, = conv(FUL), U?,, = conv(FU2), forn = 0, 1,..... Moreover, in the same as the previous
method, we can assume u(UL, U?2) > 0 for alln = 1, 2,.... In addition, by given assumptions, we obtain

U(Uy 1, Upyy) = p(conv(FUL), conv(FU))
= u(FUy, FU3)

(2.5)
= ‘Plz(ll((u;—p Uy_y)

< Q" (UG, UY)).

This shows that (2}, U2) — 0 asn — +oo. Since the sequence {(7/}, U2)} is nested, by Definition 2.1 (6),

(U, U = Sy (UL, U2 is a nonempty, closed, and convex subset of (U, U?). Therefore, we obtain
that (U, U?,,) is a member of keryu. So, (U}, U?,) is compact. Next, note that F maps (U4} ., U?.) into
itself, and considering Theorem 1.2, we deduce that F has fixed-point in (2!, U?2,). So the proof is
complete. O
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Now, from the aforementioned theorem, we have the following.

Corollary 2.4. Let G be a nonempty, bounded, closed, and convex subset of a Banach space E andF : G — G
be an operator such that
I(Fv', Fv?) — (FU'', Fu"?)|l < @,(Ilv'w? - v"V'?), for all v!,v'", v, v'? € G, (2.6)
where ¢, : R, — R, is a nondecreasing function with lim,_, ,.,¢'(s) = O for any s > 0. Then, F has a fixed-
point in G.
Proof. Let u : 8% — R, and
U, U?) = diam(U', U?,

where diam(%/, U?) = sup{|vw? - v'V'?| : v, V"' € UL, V%, V2 € U, Tt can be easily seen that u is
coupled MNC in E by Definition 2.1. Furthermore, since ¢, is nondecreasing, then in view of (2.6), we have

sup (P!, F?) - (W', ')l sup  gllvv? - v
v leu v v 2eu? A len L2y e
< (pl( sup ||U1U2 _ U!lulzll),
Lol 2,y e

which yields that
H(F(Llly Fq’lz) < (pl(y(ﬂlx (LIZ))

By using Theorem 2.3, the proof is complete. O

3 Tripled MNC

In this section, as a result of Section 2, we define the notion of tripled MNC as follows.

Definition 3.1. Let E be a Banach space and u : 8% — R, be a mapping. We say that y is a tripled MNC on E,

if it has the following conditions:

(1) kery = {(UY, U, U3) € B3 : u(U*, U?, UP) = 0} is nonempty;

(2) For every (U, U, U3) € By, u(U', U, U3 =0 o (U, U? U3 is a precompact set;

(3) Foreach (U, U, U3, (U, U, U")) € B} x B, (U, U, U3 < (U, U, U ) yieldsU' c U,
U? < U'? and U3 c U'?), we have

(UL, U, U3 < (U, U'%, U implies (U, U, U3) < u(U', U'?, U"3);
(4) For every (U, U, U3) € B3, one has
u(UY, U, UP) = p(UY, U2, UP) = p(conv(U, U2, UP)),

where conv(U !, U?, U3) denotes the convex hull of (U, U?, U3);
5) pAUY, U, U + (1 - DU, U'?, UP) < AU, U, U3 + A - Dp(U', U'?, U’ for A € [0, 1];
(6) If {ULs®, {U2}® and {U3};® in By are decreasing sequences of closed sets and lim,_, .
WU, Uz, UDK® = 0, then (U e, Uley, Uley) = (h0(Un, U, U3) # .

Theorem 3.2. Let G be a nonempty, bounded, closed, and convex subset of a Banach space E andF : G — G
be a continuous map such that

(pz("'l(F(Llls Fq’lzy F(LIB)) S §02(F((u1, 7/{2’ 7/13)) - (pl(”l(ﬂl’ (L{Z, 7/13))’ (3'1)
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foreach@ + U' < G, B + U? < G,andD + U < G,whereuis anarbitrary tripled MNCand ¢, ¢, : R, — R,
such that @, is continuous and @, is lower semicontinuous on R ... Furthermore, ¢,(0) = 0 and ¢,(s) > O fors > 0.
Then, F has at least one fixed-point inG.

Theorem 3.3. Let G be a nonempty, bounded, closed, and convex subset of a Banach space E and F : G — G
be a continuous map such that

PEU, FU2, FUP) < o, (U, U2, 1), (32)

foreach@ + U' < G, D + U? < G, and D + U> < G, where u is an arbitrary tripled MNC and @, : R, — R,
is a nondecreasing function with lim,_, o, ¢'(s) = O for every s > 0. Then, F has at least one fixed-point.

Corollary 3.4. Let G be a nonempty, bounded, closed, and convex subset of a Banach space E andF : G — G
be an operator such that

I(Fv', Fv?, Fv) — (F'"', Fu'?, Fu?)| < o,(Ilv'w?? - vV %", (3.3)

for all v}, V"', v?,v'"%, 0%, 0" € G, where ¢, : R, — R, is a nondecreasing function with lim_,, @;(s) = 0

for any s > 0. Then, F has a fixed-point in G.

4 MNC and )JS-contraction

In this section, we tend to prove some results of MNC for the family of JS-contractive-type mappings. Also,
we generalize Darbo’s fixed-point theorem to coupled and tripled MNC through JS-contraction-type
mappings.

Denote by O the set of all functions 8 : (0, +c0) — (1, +00) so that:
(6,) @ is continuous and increasing;
(0,) limy,_ o t, = 0 iff lim,_, o, 6(t,) = 1 for all {t,} < (O, +00).

Theorem 4.1. [13] Let (G, p) be a complete metric space and F : G — G be a given mapping. Suppose that
there exist 0 € © and v € (0, 1) such that for all , ¢ € G,

o(Ft, Fg) # 0 = 0(p(Ft, F¢)) < (8(e(, ¢))). (4.1)

Then, F has a unique fixed-point.

Theorem 4.2. Let G be a nonempty, bounded, closed, and convex subset of a Banach space E and F : G — G,
be a continuous map such that

0(p,(u(U*, U?))
0, (@, (u(U Y, UD)))’

for each @ + U'< G, D + U? < G, where 0 € O, and u is an arbitrary coupled MNC and functions
©, @, 1 Ry — R, such that @, is continuous and ¢, is lower semicontinuous on R.. Furthermore, ¢,(0) = 0
and ¢,(s) > 0 for s > 0. Then, F has at least one fixed-point in G.

0(p,(u(FU', FU?)) < (4.2)

Proof. According to the proof of Theorem 2.2, we define the sequences {Z/%}, {U/?} by induction. Moreover,
from (4.2), we obtain

0P, (u(Up 1, Ur,1))) = (@, (u(conv(FUY), conv(FUR))))
= 0(p,(F Uy, FUR))
0(p,(u(Uy, UR))
T 0o (u(U, U

(4.3)
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for n=0,1,2,.... Since the sequence {u(/}, (Llfl)} is nonnegative and nonincreasing, we deduce that
u(UL, U?) — m when n tends to infinity, where m > 0 is a real number. On the other hand, considering
equation (4.3), we obtain

1

. . 0(p,(u(U, U2))
1 2 1 2
m SUpB(P (iU, Uni))) < SUD e L )’

(4.4)

. . 0(py(m))
which yields that 8(¢p,(m)) < W)

som = 0. Therefore, we infer u(U%, U?2) — 0 asn — +oco. Now, considering that (U}, ,, U2,,) < (UL, U),

Consequently, 8(@,(p,(m))) = 1, then @,(p,(m)) = 0 and ¢,(m) = 0

by Definition 2.1 (6), (U}, U%,) = (UL, U?P) is nonempty, closed, and convex. Furthermore, the set
(U, U?.) under the operator F is invariant and (U}, U>,) € keru. So, by applying Theorem 1.2,

the proof is complete. O

Denote by ¥ the set of all functions ¢, : (1, +c0) — (1, +c0) so that:
(92) @, is continuous and increasing;

(p2) limy, .o @,(s) = 1 for all s € (1, +00).

Theorem 4.3. Let G be a nonempty, bounded, closed, and convex subset of a Banach space E andF : G — G
a continuous map such that

OuFU, FU?) < ¢,(0(u(U’, U?)), (4.5)

foreach @ + U' € G, D + U* < G, where B € O, @, € ¥, and p is an arbitrary coupled MNC. Then, F has
at least one fixed-point.

Proof. According to the proof of Theorem 2.2, we define the sequences {Z/1}, {242} by induction.

If for an integer N € N one has u(U}, U3%) = 0, then (U}, U%) is a precompact set. So the Schauder
theorem ensures the existence of a fixed-point for F. Therefore, we can assume u(Uh, U2 >0 for
alln e N u {0}.

Obviously, {(T4%, U3} is a sequence of nonempty, bounded, closed, and convex subsets such that

(UG, UG) 2 (UL, UD) 22 (U, Up) 2 (Upiy, Uy
On the other hand,

OU(Unsr, Upin) = OUEU, FUR)

< @, (OGuU(Un, UD))
< (4.6)

< @ Ou(UG, UY)).
Thus, {u(U2L, U2} is a convergent sequence. Assume that

lim (U, U) = 1.

n—+oo

By taking the limit from (4.6), lim,_, .0 (U4, 1, U%,)) = 1. By (8,), we obtain
lim H((LI}H—]’ (u%ﬂ) = 0.

n—+oo

From Definition 2.1 (6), (UL, UZ.) = MiZo(Us, UZ) is a nonempty, closed, and convex subset of (U1, U?).

Therefore, we obtain (Ul,, U?,) is a member of kerp. So, (U, U?,) is compact. Note that F maps

(UL, U2, into itself, and considering Theorem 1.2, we deduce that F has a fixed-point in (U}, U?%).

+00?

So the proof is complete. O
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Theorem 4.4. Let G be a nonempty, bounded, closed, and convex subset of a Banach space E andF : G — G
be a continuous map such that

0(o,(u(U, U?, U3))
0(p,(p,(u(U Y, U2, U3))))’

foreach @ +# U' < G, D + U* < G, and @ + U3 < G, where 0 € © and u is an arbitrary tripled MNC and
functions ¢,, ¢, : R, — R,, such that ¢, is continuous and ¢, is lower semicontinuous on R,. Furthermore,

®,(0) = 0 and ¢,(s) > O for s > 0. Then, F has at least one fixed-point in G.

0(p,(uF U, FU2, FUP))) < (4.7)

Theorem 4.5. Let G be a nonempty, bounded, closed, and convex subset of a Banach space E andF : G — G
be a continuous map such that

OUFUY, FU?, FUP)) < o,(0(u(U?, U?, U3))), (4.8)

foreach@ + U' < G, D + U < G, and & + U> < G, where 6 € ©, @,V ¢, and y is an arbitrary tripled MNC.
Then, F has at least one fixed-point.

5 Application

We offer the applications of Theorem 2.3 to prove the existence of solutions of a functional integral equation
in the Banach space BC(R.,) consisting of all real functions that are bounded and continuous on R..
This space is endowed with the supremum norm

[Vl = sup{lv'(")ll : r € R}

We choose nonempty bounded subsets U, U2 of BC(R,) and a number L > 0. For £ > 0, v' ¢ U, and
v? ¢ U2, we show the modulus of continuity of function (v', v2) on the interval [0, L] by w((v!, v?), €):

w (W', v?), €) = sup{|[vi(r) - vwXs)| : r,s € [0, L], |r - s| < &}
Also,
w (U, UD), £) = sup{w((V, v?), €) : V! € U, V2 € U3,
wg (U, U) = lim W (U, U3, &),
wo(U', U?) = Llim wk(U?, u?).

—+00
Moreover, for r € R,, we define

U, UH(r) ={W, vA)() : v e UL V7 e U,
u(U, U = wo(UY, U?) + lim sup diam(U L, U)(r),

r—+00

diam(U L, U2)(r) = sup{|piv(r) - VW'*r)| : v, V't e UL, V2, V% € UB.

Now, we consider the following hypotheses:
(i) Let f; : R, x R2 — R be a continuous function. Furthermore, the function r — f(r, 0, 0) is a member
of BC(R,).
(ii) There is an upper semicontinuous function ¢, € ¢, where ¢ is family of all functions ¢, : R, — R,
which ¢, is a nondecreasing function such that lim,_, ,.,¢,'(s) = 0 for each s > 0, such that

Ifi(r, v, v2) - fir, V', V)] < (2 - VW), reRr, v, UL v v eR.

In addition, we presume that ¢,(s) + ¢,(s') < ¢,(s + s') for all 5, s' € R,.
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(iii) Let 5 : R?2 x R?2 — R be a continuous function, and there are continuous functions u, v : R, — R,
such that

lim u(r)jv(s)ds =0
0

and
1L, s, v, v3)| < u(r)v(s)

forr,s € R, such that s < r and for every v!, v? ¢ R.
(iv) There is a positive solution r& from

o) +p<rl,

where

p = sup{lfi(r, 0,0) + u(r)Iv(s)ds :r >0}
0

Now, we consider the integral equation
WL v)(r) = Alr, Vi), v2(r) + Ifz(r, s, V'(s), v*(s))ds. (5.1)
0
We define operator F on BC(R,) by
(Fv', Fo*)(r) = fir, vi(r), v2()) + _[fz(r, s, v(s), v¥(s)ds, for re R, (5.2)
0

where the function (Fv!, Fv?) is continuous on R,.
Theorem 5.1. According to hypotheses (i)—(iv), relation (5.1) has at least one solution in BC(R,).

Proof. For arbitrary v', v?> € BC(R,), using the aforementioned hypotheses, we obtain

|(Ful, Fu®)()| < Ifi(r, v'(r), v&(r)) - fi(r, 0, 0)| + Ifi(r, 0, 0)| + Im(r, s, V(s), v*(s))|ds
0

< @,(Ww’())) + Ifi(r, 0,0)] + u(r)jv(s)ds
0

= @,(WV’ (M) + Ifi(r, 0, 0)| + a(r),

where
a(r) = u(r)_[v(s)ds.
0

Since ¢, is nondecreasing, in accordance with the fourth condition, we obtain
I(Fv', Fu)ll < @ (lv'v?]) + p.
Thus, F is a self-mapping of BC(R,). On the other hand, applying assumption (iv), we deduce that F is

a self-mapping of the ball B,;. To show that F is continuous on B, take € > 0 and v, v v e B,
such that [[uw? — v''"?|| < €, we obtain
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[(Fu', Fu?)(r) - (Fv'!, Fu"*)(r)|

f 5.3
< @A) - VA + flfz(r, s, VX(s), VX(s)) - fo(r, s, V' \(s), U'X(s))|ds 3
0
< (W) - V0D + [, s 0, vNIds + 150 5, (5), vslds
0 0
< @,(e) + 2a(r),
for any r € R,. By assumption (iii), there is a number L > 0 such that
2u(r)jv(s)ds <e forevery L<r. (5.4)

0

So, considering Lemma 1.6 and the similar evaluation mentioned earlier, for an arbitrary L < r, we have
|(Ful, Fud)(r) — (Fu'l, Fu'®)(r)| < 2e. (5.5)

Now, we define

w (fo, €) = sup{lfo(r, s, v}, V) - (1, s, V', v'D)| : 1,5 € [0, L], v, v'}, w2, v'% € [-1d, ], vw? - v"W'?| < el

Due to the uniform continuity of £,(r, s, v!, v2) on [0, L]> x [-r3, ri]?, we infer that w’(f,, &) — 0 as & — 0.

Now, considering the first part of equation (5.3), for the arbitrary constant r € [0, L], we obtain

L

[(Fu', Fu?)(r) - (FV'!, Fu">)(r)| < () + le( f, €)ds = @,(e) + Lwl(f, €). (5.6)
0

By combining (5.5) and (5.6) and based on the aforementioned fact about w’(f,, €), the operator F on the
ball By, is continuous. Next, we can choose arbitrary nonempty subsets U 1 U? of the ball B,1. To do this,
we consider constant numbers L > 0 and € > 0. Also, take arbitrary numbers r, r’ € [0, L] with|r - r'| < €.
Without loss of generality, it can be assumed that r’ < r. So, for v! € U and v? € U?, we obtain

[(Fv', Fu®)(r) - (Fv', Fu’)(r)|

!

< 1 V), V() — G, 00, V)] + jﬁ(r, 5, v(s), v3(s))ds jfz(r', 5, U(s), vX(s))ds
0 (0]

N

< 1fi(r, v'(0), v2(r) - A0, V1), VO] + 1i(, 1), v3(0) = A, VI, V()

+ sz(r,s, vi(s), vz(s))ds—jfz(r’,s, vi(s), vi(s))ds | + Jﬁ(r’,s, vi(s), v(s))ds
0 0 0

- j £ s, vi(s), v2(s))ds
0 (5.7)

IN

wi(fi, &) + (W) — v + Ilfz(r, s, VI(s), v(s))ds — fo(r', s, U(s), v(s))|ds
0

+ I 1L, s, vi(s), v¥(s))|ds

r

wi(fi, €) + (W', v?), €)) + Jw{(ﬁ, e)ds + u(r’)_[v(s)ds
0 r'
wi(fi, €) + (w1, v2), €) + Lwl(f, €) + e supu(®)v(r) : r, 1’ € [0, L]},

IN

IN
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where
wlL(fir S) = Sup{lfi(rr Ul; Uz) - fi(rly Uly U2)| : T, r'e [Oa L]y Ula Uz € [_ré! r(%]’ |r - rll < S}!
wi(f, €)= sup{lh(r, s, v, v?) - (", 5, v, V)| : 1,1, 5 € [0, L], v}, 0% € [-15, 73], |r - '] < €}

In addition, due to the uniform continuity of f; on [0, L] x [, ri]2 and f, on [0, L]? x [-1{, ri]?, we deduce
that wlL(fl, €) — 0 and a)lL(fz, €) — 0 as € — 0. Also, since u = u(r) and v = v(r) are continuous on R,,
we have

sup{u(r'yv(r) : r,r' € [0, L]} < +co.
Therefore, from (5.7), we obtain

wy(FU', FUP) < lim g (0H(U, UP), £).

As a result, given the upper semicontinuity of the function ¢,, we obtain
we(FU, FU?) < p(wg (U, U?),
and eventually
wo(FUY, FU?) < o (wo(U, UY). (5.8)

!

Now, take arbitrary functions v', v'! € U and v2, v’ € U2. Then, for r € R, we obtain

|(Ful, Fu)(r) — (Fv'!, Fu') ()|

IA

A (r, 01, v2(1) — filr, V"), V)] + Ilfz(h s, V'(s), v¥(s))lds + _[lfz(r, s, U''(s), v'*(s))lds
0 0

IN

o.(WA(r) — VW) + 2u(r)'|.v(s)ds
0

@, (IWw(r) - VW) + 2a(r).
Hence, from the aforementioned inequality, we have

diam(FU?, FU?)(r) < o,(diam(U L, U)(r)) + 2a(r).
As a result, given the upper semicontinuity of ¢,, we obtain

lim sup diam(FU!, FU*)(r) < ,(lim sup diam(U !, U)()). (5.9)

r—+00 r—+o00
By combining (5.8) and (5.9) and considering the superadditivity of ¢,, we obtain
wo(FU', FU?) + lim sup diam(FU?, FU)(r) < ¢, (wo(U?, U?) + lim sup diam(U !, U?)(1)),

r—+00 r—+00
or equivalently,
HEFUY, FUP) < o(u(U', UP), (5.10)

where y is coupled MNC in BC(R,). So, from (5.10) and using Theorem 2.3, the result is obtained. O

Example 5.2. Let us define the functional integral equation as follows, which is a special mode of equa-
tion (5.1),

r
e5~1-7 cosvlv?(s)

15,2 __r 1,)2
L vH)() = 1 In(1 + [vwA())) + I 7 sinuv’s)] ds, (for r € R,). (5.11)
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Here,

filr, v, v = _r In(1 + |v'v?)),
r+1

es 177 cosvlv?
fr, s, v v7) = PR AT
1 + |sinv'v?|
In fact, if we take @,(s) = In(1 + s), we see that ¢,(s) < s for s > 0. Evidently, ¢, is concave and increasing
on R,. Moreover, for v!, v'!, v?, v'? € R with [v'v?| > |[v""v'?| and for r > 0, we obtain

r 1+ [vw?|
r+1 1+ |U11UI2|

R
/1UIZ|

lfl(r’ Ul, UZ) - fl(r’ Urly Ulz)l =

<In|1+
1+ v

<In(1 + (plv? - vW'?))
= @,(jv'v? - v'"?)).
In the case [v''v'?| > |v'w?|, the same can be done. Therefore, we conclude that the function f; gives
hypothesis (ii) and also (i). In addition, note that the function f, operates continuously from R? x R? — R.
Furthermore,

Ia(r, s, v, V)| < e, r,seR,, vV, VP eR.

Then, if u(r) = e7177, v(s) := e%, we see that hypothesis (iii) holds. In fact,

r r
lim u(r) | v(s)ds = lim e‘l‘rjesds =0.
r—+0o r—+0o

0 0

Now, we calculate p according to assumption (iv). Then,

p = sup{lfi(r, 0, 0)| + u(r)Iv(s)ds :r>0l=supfel:r>0}=el.
0

In addition, we consider the hypothesis inequality (iv), we have
InA+rH+p<rl,

It can be easily seen that every r! > 1 holds in the aforementioned inequality. Thus, as a number r{, we can
catch r} = 1. Therefore, we conclude that according to Theorem 5.1, equation (5.11) has at least one solution
that is on the ball B, = By, in BC(R.).
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