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Abstract: The purpose of this paper is to investigate the ground state solutions for the following nonlinear
Schrodinger equations involving the fractional p-Laplacian

(=B)puC) + AVu)P~! = u(x)?, u(x) =0, x € RY,

where A > O is a parameter, 1 < p < g < NA_’—pSp, N > 2, and V(x) is a real continuous function on R¥. For A
large enough, the existence of ground state solutions are obtained, and they localize near the potential
well int(V-1(0)).
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1 Introduction and main results

In this paper, we consider the following nonlinear Schrédinger equations involving the fractional
p-Laplacian

{(—A);u(x) + AVOOUOOP! = u(x)i1,  x € RY, W

u(x) > 0, u(x) € WSP(RN),

where A > 0 is a parameter,1 < p < g < NIY—”SP, N > 2, and V(x) is a real continuous function on R¥,

We are interested in the existence of ground state solutions for A big enough, and their asymptotical
behavior as A — co. As far as we know, these kinds of problems were first put forward in [1] by Bartsch and
Wang, where they studied the Schrodinger equations. Under suitable conditions imposed on the potential,
the loss of compactness caused by the whole space R¥ can be recovered when parameter A is big enough.
Then, many authors began studying the problems with potential well. A lot of results have been obtained.

Bartsch and Parnet [2] also considered the nonlinear Schrodinger equation:

—Au + (ag(x) + Aa@)u = f(x,u), xeRN,
u(x) — 0, x| — oo,
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where ap(x) + Aa(x) is indefinite. By using a local linking theorem and the critical groups theory, they
obtained the existence of solutions and their asymptotical behavior as A — oo.
Xu and Chen [3] studied the following Kirchhoff problem:

—la+b I [Vul2dx |Au + AV(x)u = f(x,u), xeRN,
|RN
u(x) € H'RY),

where f(x, u) can be sublinear or superlinear. By using the genus theory, they obtained infinitely many
negative solutions.
Aleves et al. [4] dealt with the following Choquard equation:

—Au + (Aa(x) + Du = ( !

 [ulP |luP?u, xeRY,
[

u(x) e H(RN),

where u € (0, 3), p € (2, 6 — ), and the potential well Q = U;-Llﬂj. They proved the existence of a solution,
which is nonzero on any subset ();. Furthermore, its asymptotical behavior was investigated.
Zhao et al. [5] studied the Schrédinger-Poisson system allowing the potential V(x) changes sign

—Au + AV(X)u + K()gu = [ulP2u in R3,
-A¢ = K(x)u? in R3,

where p € (3, 6) andV ¢ C(R3, R) are bounded from below. Using the variational method, they obtained the
existence and asymptotic behavior of nontrivial solutions.
For the critical problems, Clapp and Ding [6] have studied the nonlinear Schrédinger equation:

A+ AV()u = pu + u?~!, xeRN

for N > 4, A, u > 0. By using variational methods, the authors established existence and multiplicity of
positive solutions, which localize near the potential well for A large and y small.

Later, the corresponding results obtained in [6] were generalized to the fractional Schrédinger equa-
tions by Niu and Tang [7], where they have studied

(-A)su + AV(X) — pu = |[uf>2u, xeRN,
u>0, ueHRM.

Under the linear perturbation, [6] and [7] obtained the existence of solutions and their asymptotic
behavior. For the nonlinear perturbation, Alves and Barros [8] considered

—Au + AV(u = puP~t + u?-1,  x e RV,

By employing the Ljusternik-Schnirelmann category, for A big enough and u small enough, the aforemen-
tioned problem has at last cat(Q) positive solutions.

For more results about these kinds of problems and fractional Schrédinger equations, see, for example,
[9-24] and references therein. Motivated by the aforementioned results, we consider equation (1.1).
The potential function V(x) satisfies
(V) V(x) € C(RY,R) such that V(x) > 0, Q == intV-'(0) is a nonempty open set of class C®! with bounded

boundary and V-1(0) = Q;
(V,) There exists My > 0 such that

ux e RN : V(x) < Mg}) < oo,

where u denotes the Lebesgue measure on RV,
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We first introdcue some notations. For s € (0, 1), p € [1, +00), define

Wsr®RN) = Ju e @Yy : MO =YD ey s gyl
|x - yle*s
endowed with the norm
1
_ Iu(X) - uyrr
lullwsrwyy = [ulPdx + SRV ——————dxdy | ,
N [RN [RN
where the term
[u(x) — u(y) ;
_ Ju() - u(y)IP.
[u]WS”’([RN) = x — y|N+ps
RY RY

is the so-called Gagliardo (semi)norm of u. Moreover, we define

WSP(Q) = {u e LP(Q) : w € LP(Q x Q)}
X -yl Nis

endowed with the norm

I|u|PdX + J‘J‘%dxdy

Q

lullwsrq) :
Let

Ey = {u € WSP(RY) : JAV(X)Iu(X)Ide <o,
IRN
with the norm

1

p

= | | j 0 = MY gy + [ wveomeorax
N N |RN

|N+ps
R™ R

The energy functional associated with (1.1) is

_ 4
T =+ I ) — NP 4, 4y, A j VOO GoPdx — - I w()%dx for u € Ey,
pJ Jolx -yt pJ qJ
R™ R R R

where u* = max{u, 0}. Then, we can define the Nehari manifold

|N+ps

M = du € E\{0} : j J dedy + /\I VOGP dx = Iu*(x)qu
[RN N

and
¢y = inf{Jj(u) : u e My}
Consider the following “limit” problem of (1.1)
(-D)juC0) = u(x)?!, xeQ,

uix) =20, xeQ,
u(x) =0, xecRN\Q,

(1.2)

(1.3)
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Define a subspace E; of WSP(RN) as follows:
Ey = {u € WSP(RN) : u(x) = 0 in R¥\Q} (1.4)

tl’QEO = {u |Q U € Eo}

The energy functional associated with (1.3) can be defined by
_ p
D) = lj 1) — U 4,4y, - lju+(x)qu for u € E,.
pJ I x -yt q
RY R Q

Then, the associated Nehari manifold is

Iu(X) u(y)®

|N+ps

N=dueE\or: [ [ ZUDP 4 g - I 1 (0)Tdx
RN RV
and

c(Q) = inf{®) : u € N}.

Definition 1.1. A function u;(x) is a ground state solution of (1.1) if ¢, is achieved by u, € M,, which
is a critical point of J;. Similarly, a function u(x) is a ground state solution of (1.3) if c(Q) is achieved by
u € N, which is a critical point of ®.

Definition 1.2. Let X be a Banach space, ¢ € C}(X,R). The function ¢ satisfies the (PS). condition if
any sequence {u,} € X, such that
Pun) — ¢, ¢'(un) > 0 (1.5)

has a convergent subsequence. The sequence {u,,} that satisfies (1.5) is called to be a (PS). sequence of ¢.

Our main results read as follows:
Theorem 1.3. Suppose (V;) and (V) hold, then for A large, (1.1) has a ground state solution u;(x). Furthermore,
any sequence A, — 0o, {u, (x)} has a subsequence such that u,, converges in WSP(RN) along the subsequence
to a ground state solution u of (1.3).
Theorem 1.4. Suppose (V;) and (V,) hold. Let u,,n € N be a sequence of solutions of (1.1) with A being
replaced by A, (A, — 0o as n — oo) such that lim sup,_,..Ja(u,) < co. Then, u,(x) converges strongly along
a subsequence in WSP(RY) to a solution u of (1.3).

The following paper is organized as follows: In Section 2, we will give some preliminary results. Section 3

is devoted to the “limit” problem, and Section 4 contains the proofs of the main results. C denotes various
generic positive constants, and o(1) will be used to represent quantities that tend to 0 as A(or n) — co.

2 Preliminary results

Lemma 2.1. Let Ay > O be a fixed constant. Then, for A > Aq > 0, V(x) satisfying (V;) and (V,), E, is con-
tinuously embedded in WSP(RY) uniformly in A.

Proof. By the definition of WSP(RN) and E;, we only need to prove the following inequality:

IX y|N+ps

J-lu(x)lpdx <C f j W00 = P 4, 4, IAV(X)lu(x)lpdx . 1)
RN
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Define
D={xeRN: V() <My}
and
D% = {x ¢ RN : dist(x, D) < 8o}.

Take { € C*°(RY, R), 0 < { < 1, satisfying

1, xeD,
§00 = {0, e pho, V8IS Cloo. 22

Then, for any function u € E;, we can obtain

Ja-uerac= [ a-ueopaxs [a- ueopdx s oA [ veoueopdx ;)
RY RN\D D oo RY
and
[ erucorax = [ ¢rucopax
RN pbo
A*
p s
<u(0%)" 5| [ meoriax @4
p%
s\ [ [ 100 — u(P
SCF (D ) s _[,_[] |X_y|N+ps dXdy’
R R
where we have used (75) and the Sobolev trace inequality
1/p; 1/p
j [u(O)|P dx <C I dedy ,
N N N |X - leﬂﬂS
R RY R
foru € WSP(RY) and C = C(N, p, s) > 0. Thus, (2.1) follows from (2.3) and (2.4). O

Lemma 2.2. There exists 0 > 0 independent of A, such that ||ul|, > o for allu € M,.

Proof. From Lemma 2.1, for any u € M,,

0 = (W), u) = I I wdxdy + A I VOOl Pdx - Iw(x)qu
[RN

_ y|N+ps
RN RY i RY
> ulf, = Clul s em,

> [lullf - Cllul,

where C > 0 is independent of A > 0. The aforementioned inequality implies that ul|{? > % Choosing

1
o= (%)‘”’, we obtain |Jul > 0. )

Lemma 2.3. Let Ay be a fixed positive constant, there exists ¢, > O independent of A > Ay > 0, such that
if {u,} is a (PS). sequence of ], then either c > ¢y or ¢ = 0. Moreover,
p

lim supllu,|f <

n—oo

C. (2.5)
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Proof. From the definition of (PS). sequence,

€+ o) = u) ~ =0}, )
|un(x) — un(Y)IP
( ) I-[ x — y|N*ps dXdnyAJ:VV(X)Iun(X)Ide
R

q-
= ||un||ff .

Then, (2.5) holds. On the other side, there is a constant C > 0 independent of A > Ay > 0, such that

|X _ y|N+ps

dia,w= | | 10O = U 44y A veomeordx - [ uGosdx s julf - clu
R RN N

N [RN
Thus, there exists o; > 0 independent of A, such that

1
leullf < (jw), uy for |ulx < oy. (2.6)

of(qg-p) (q p)

Ifc < , then

lim supllua|f < Pq_

n—oo

< af.
Hence, |uyla < 07 for n large. It follows from (2.6) that

1 p .

Z”un”}l < UA(un)s un) = 0(1)"un”}l,

which implies |u,/x — 0 as n — oo. Therefore, Jy(u,) — O, that is, ¢ = 0. Thus, ¢y = is as required.

O

of(q-p)
ap

Lemma 2.4. There exists 8o > 0, such that any (PS). sequence {u,} of Jy with A > 0 and ¢ > O satisfies
1im Inf oty g g v, 2 doc. 2.7)

Proof. From the definition of (PS). sequence,

c= lim (]A(un) - 1(],’\(un), un>) = (l - l) lim Iu; (0)9dx = 4-p hm Ilu*(X)IILq([RN)
n—o0 p b ap

n
q Jn—co .

which implies (2.7) with 8, < %. O
Lemma 2.5. Let C; be any fixed constant. Then, for any € > 0, there exists A, > 0 and R, > 0, such that
if {u,} is a (PS). sequence of Jy with A > A, ¢ < C,, then

lim sup I u,(x)?dx < ¢,

n—oco
RS

(2.8)

where B = {x e RN : |x| > R.}.

Proof. For R > 0, let
ARR) ={x e RN : |x| > R, V(x) = My}
and

B(R) = {x e RN : |x| > R, V(x) < My}.
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It follows from Lemma 2.3 that

f GO dx < ——— jAV(xnun(x)de
AR)

L I 10O = NP 4 4, IAV(x)|u,,(X)|de (2.9)
AM, x — y[N+pe
RY RY "

. L(ﬂq . o@).
AMo\qg -p

From Holder inequality and (2.5), we can see that, for 1 < r < N/(N - ps),
1/r
| noreax <| [ uorrax | uB@)Y" < Clunlf uB®R)" < cLLcy - uE@)”,  210)
B(R) RY 1a-p
where C = C(N, r) > 0 and 1/r + 1/r' = 1. By interpolation inequality and Sobolev embedding inequality,
we can obtain

q(1-6) 99

Juicomax <| [lucorac| | [corax
BR BR BR
q(l;@) Ing
<| [corar| | [ mcoriax
By RY
[un(x) — ua(y)I?
<C '[lun(x)lpdx j j - axay
Bg RY RV
4q0-6)
D
<l [ eorace | weordr| g,
AR) B(R)
where 0 = %%. Then, the result follows from (2.9), (2.10) and (). O

Lemma 2.6. (Brézis-Lieb lemma, 1983) Let {u,} ¢ LP(RN), 1 < p < co. If
(@) {un} is bounded in LP(RY),
(b) u, — u almost everywhere on RN, then

Hm (unl = Jun — ulp) = Jul. (2.11)

Lemma 2.7. Let A > Ag > O be fixed and let {u,} be a (PS). sequence of J,. Then, up to a subsequence, u, — u
in Ey with u being a weak solution of (1.1). Moreover, u} = u, — u is (PS).' sequence with ¢’ = ¢ — J,(w).
Proof. By Lemma 2.3, {u,,} is bounded in E;. Then, up to a subsequence u, — u in Ey as n — oo, and
u, — u in WSP(RN), (2.12)
u, —u in LIRY), p<gq<ps (2.13)

up, > u in LIRY), p<gq<p;, (2.14)
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u, - u ae.in RN, (2.15)

where pf = 2 s the fractional critical Sobolev exponent. Hence, for any ¢ € E;, we have
s N-ps

U;’\(un), Q) = I j [un(x) — Un(YIP 2 (Un(x) — U (M) — e(¥)) dxdy

) |X }{N+ps
RY R
+A j V00 un(00)1P 2 ()@ () dx — ju,:(x)q-lgo(x)dx
RY
- f 400 =~ uWIP2(uC) = uyPL) = e g g
b =y
RY RV

i A j Voou(oP-lp(odx - jw(x)q-ko(x)dx = (LW, p).
[RN

RN
Therefore,
Jrw, @) = lim Jr(un), @) = 0, (2.16)
which implies that u is a critical point of J;.
Let u! = u, — u, we will show that as n — oo,
Ip) = ¢ = hw (2.17)
and
Jiuh — o. (2.18)

To show (2.17), we observe that

1 1
A =1 j j 140 = O 34 % JJV(x)w,%(x)V’dx - é [ b

|N+ps
RN

= \(un) = () + > IV(X)(Iuﬁ(X)Ip — [upy(OP + [uC)|P)dx
R (2.19)

1 J I [tn (O = g — [un () = un(Y)IP + [uCx) — u(y)lP dxdy
pJJ, b — y[Fers

é I wootdx — L IN U (o) — é Iu*(x)qu.

|RN

From Lemma 2.6, I[RNu,’{ (x)9dx — .I‘szw(x)qu - IRNur}+(x)qu — 0 as n — oo. Conversely, we know that
luall? = ul? - lluall? — 0, as n — co. Thus, from (2.19), we indeed have obtained (2.17). Now we come to

show (2.18). From (2.16), we have for any ¢ € E;

Thud), ) = Jiw), @) - j U p(odx + j(u;)q-wx)dx— j(w)q-lgo(x)d“ oD).
N [RN |RN

Since J;(u,) — 0 and u, — u in LYRYN), we have

Hm sup | ()00 () = )T () + T 'p(x))dx = 0.

n=Ypa<1
RN

Thus, we have

lim (J3(uy), @) = 0 forany ¢ € E,
n—oo

which implies (2.18), and this completes the proof. O
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Proposition 2.8. Suppose (V;) and (V5) hold. Then, for any Cy > 0, there exists Ao > O such that ], satisfies
the (PS). condition for all A > Ay and ¢ < C.

Proof. Choose 0 < € < 8q0co/2, where ¢y and &y are the constants in Lemmas 2.3 and 2.4, respectively.
Let Ag = A, where A, > 0 is from Lemma 2.5.

Assume {u,} is a (PS). sequence of J, with A > Ay and ¢ < Cy. By Lemma 2.7, u! = u, — u is a (PS)¢
sequence of Jy with ¢’ = ¢ — Jy(u). If ¢’ > 0, it follows from Lemma 2.3 that ¢’ > ¢y. From Lemma 2.4, we can
obtain

lim inf g * (), = Boc’ = Soco.
n—-oo

Conversely, Lemma 2.5 implies

. doC
lim sup I U1 < e < 22,
n—-oo BC 2

Re

Noting u} — 0 in LI .(RN), p < g < p;, a contradiction follows from the aforementioned two inequalities.

Therefore, ¢’ = 0. Thus, u,} — 0 in E; by Lemma 2.3. O

Corollary 2.9. For any q € (p, p:), there exists Ao > 0, such that c, is achieved for all A > Ay at some uy € E,
which is a ground state solution of (1.1).
Proof. By Ekeland variational principle, there is a PS sequence uy, € E,, such that

Ji) — e and  Ji(up) — 0.

By Proposition 2.8, there exists some u, € Ej, such that, up to subsequence, u, — u, in Ey asn — oo and A is
sufficiently large. It is not difficult to show that

Nuy) - Jw) and  Ji(un) — L.

Therefore, we have Jj(uy) = ¢, and Jj(uy) = 0. This means that u, is a ground state solution of (1.1). O

3 Limit problem
Lemma3.1. Let1<p < g < ps = N”fl\;s, N > 2. Then, trqE, is compactly embedded in LI(Q).

Proof. Since troEy ¢ WSP(Q) and W5P(Q) — LP(Q) are compact for p < g < p;, N > 2, the result follows.
O

Lemma 3.2. The infimum c(Q) is achieved by a function u € N, which is a ground state solution of (1.3).

Proof. By Ekeland variational principle, there is a PS sequence u,, € Ey, such that
D(u,) — c(Q) and @'(u,) — O.

Thus, by Lemma 3.1, we can easily obtain a subsequence of {u,} (still denote it itself), such thatu, — u in Ej.
Therefore, u is a ground state solution of (1.3). (|

Remark 3.3. Assume set Q = intV-1(0) has more than one isolated component, for example, Q = Q; U Q,
with Q; N Q, = &. Suppose thatu € N is a nonnegative solution of (1.3) with u(x) = 0 in Q; and u(x) 2 0 in

Q,. Then, we have (-A)ju(x) = _f[R 100 ~ P2 (U0 -~ u(y)) dy < 0inQy. Conversely, (-A)5u(x) = u(x)?"! = 0 for

N |X _ y|N+ps
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x € Qq. This contradiction shows that the nonnegative solution u(x) of (1.3) must be u(x) 2 0 in both
Q; and Q,. However, the Laplacian case can have a nonnegative solution u(x) satisfying u(x) = 0 in Q; and
u(x) z 0in Q,. The difference between the two phenomena is attributed to the nonlocality of fractional oper-
ators and the locality of Laplacian operators.

4 The proof of the main results
Lemma 4.1. ¢, — c(Q) as A — oo.

Proof. From the definition of ¢; and c(Q), we know that c; < c(Q), A > 0. Furthermore, c¢; is monotone
increasing about the parameter A > 0. Then, there exists a constant k, such that

lim Cr, = k,

n—oo

where A, — oo. It follows from Lemma 2.3 that k > 0. By Corollary 2.9, for n large enough, there exists a se-
quence u, € M, such that ],{n(un) = 0 and Jj,(un) = ca,. If k < c(Q), it is easy to see that {u,} is bounded in
WSP(RN); thus, we can assume that u, — u in E and

u(x) -» u(x) in LZ.(RN) for p <6 <p. (4.1)

Claim 1: u |gc = 0. In fact, if u|gc # 0, then there exists a compact subset F ¢ Q¢ with dist(F, Q) > 0,
such that u |r # 0. It follows from (4.1) that

Ilun(x)ll’dx - jlu(x)lpdx > 0.
F F

However, there exists £y > 0, such that V(x) > &y > 0, x € F. Thus,

T = TP, [Veorueorax > L Lhey [lu(oldr — oo as 1 - oo,
pbq bq
F F

which is a contradiction. Therefore, u € E,.
Claim 2: u, — u in LI(RY) for p < ¢ < pi. Indeed, if not, then by the concentration-compactness lemma
from the study by Loins [25], there exist § > 0, p > 0 and x, € RN with |x,| — oo, such that

lim inf Jun(x) = u(x)Pdx = 6 > 0.

n—oo

Bp(Xn)

Then, we have

]}ln(un) — q-p I J- |un(X) - lln()/)|p dXdy + q-p jAnV(X)|Un(X)|de
pg JJ, pg ),

|X _ y|N+ps
S J j VOO lun(0Pdx
pq
Bp(xn)N{x: V(x)=Mo}
_49-p _ p
= oa An V(O lun(x) — u(x)|Pdx
By(xn)N{x: V(x)=Mo}
> qp‘qp Ao Mo j () — uGOPdx — My j U (0)Pelx
Bp(xn) Bp(X,,)ﬁ{X: V(x)<Mo}

=P | m, I lun(x) — uCOPdx — o(1) | = 0o as n — oo,

Bp(xn)
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as a contradiction. So u, — u in LP(RY). Therefore, it is easy to see thatu > 0 is a solution for problem (1.3).
Furthermore,

n—oo n—oo\ p

K= lim ¢, = lim Jy,uy) = lim (l - l)j ! (0)9dx = (— - l)ju*(x)qu,
a)), p a))

which means u € N, and then, k > c(Q), a contradiction. Hence, lim,_, ¢ = c(Q). a

Proof of Theorem 1.3. By Corollary 2.9, there exists u, € M, such that J; (u,) = ¢, (A; = co as n — co).
It is easy to see that {u,} is bounded in WSP(R¥). Then, without loss of generality, u, — u in WSP(RN)
and u, — u in L (RM) for p < 6 < p;.

Now we prove that u, — u strongly in WP(R") and u is a ground state solution of (1.3). First, as the
proof of Lemma 4.1, u > 0 is a solution of problem (1.3) and u,, — u* strongly in LI(RN).

Now we claim that

Mo j VOO lun()[Pdx — 0

[RN
and
100 = P 4y |u(x) OO ~uIP 4o
|X _ y|N+ps y|N+ps
RN RY RY RY
Indeed, if either
liminfA, | VOO|u,(x)Pdx > 0
n—oo [RN
or
fmig [ [ 400~ WP o |u(x) - u(y)P
n—00 |X y|N+ps y |N+ps
RY RY RY RY
Thus, we have
Iu(X) —u(y)P
EpwIRe ——= dxdy < Ju*(x)qu.
RY RY Q
Therefore, there is a € (0, 1), such that au € N and
au(x) — au(y)|P
c(Q) < O(au) = q p '[ -[ |auC )—)/IN”(”ZN dxdy
u(x) — u(y)l?
e
[RN N y
_ p
< lim 4 1400 = UV g gy I/\nV(x)lun(x)lpdx
n—co pq |x — y[*pe .
= lim Jy,(un) = c(Q>,
n—oo
which is a contradiction. By now we complete the proof of Theorem 1.3. O

Proof of Theorem 1.4. Suppose {u,} ¢ WSP(RYN) is a solution of (1.1) with A being replaced by A, (A, — oo
as n — co). It follows from lim sup,_cJi(u,) < co that such a sequence {u,} is bounded in WSP(RV).
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Suppose that u, — u in WS?(RV) and u, — u in LI%C([RN) for p < 0 < p;. Similar to the proof of Lemma 4.1,
ulgc = 0 and u € E, is solution of (1.3). Moreover, u, — u in L%RYN) for p < 6 < p;. Noting uy, € M, and
u € N, we can obtain

J J [un(x) — un(y) — u(x) + u(y)P dxdy + J AV O n(x) — u(o)[Pdx
RY RV RY

b= ypes

- I dedy + IAnV(X)lun(X)|de _ j _[MdXdy _ _[AnV(X)W(X)lde
RY RrRY RY

IX _ y|n+ps . IX _ y|n+ps
R
+ 0o(1)
- Iun*(x)qu - Iu*(x)qu + o(1) = o(1).
RY Q
Thus, u,, — u in WSP(RY). This completes the proof of Theorem 1.4. O
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