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Abstract: In this paper, the stochastic asymptotic behavior of the nonautonomous stochastic higher-order
Kirchhoff equation with variable coefficients is studied. By using the Galerkin method, the solution of this
kind of equation is obtained, and stochastic dynamical system under this kind of equation is obtained; by
using the uniform estimation, the existence of the family of D\-absorbing sets of the stochastic dynamical
system @y is obtained, and the asymptotic compactness of @, is proved by the decomposition method.
Finally, the Dy-stochastic attractor family of the stochastic dynamical system @y in V. (Q) x Vi (Q) is
obtained.
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1 Introduction

Let Q ¢ RN be a bounded domain with smooth boundary (i.e., the derivative of the function at the boundary
exists and is continuous). In this paper, we study the asymptotic behavior of nonautonomous stochastic
higher-order Kirchhoff equations with variable coefficients on Q:

U + aQO(=8)"ur + bOOM(IVTul)(-A)™u + g(x, u) = f(x, t) + h(x)%—‘:/,

i 1.1
a—“.zo, i=1,2,....m-1, xel, t=>r1, (LD
%

ulx, ) = u(x), u(x, 1) =u(x), xeQ,

u=0,

where T is the smooth boundary of Q, v is the outer normal vector on the boundary I', m > 1, a(x) and b(x)
are variable coefficient functions, f(x, t) € L2.(R, Vi(Q)) is a time-dependent external force term, w is a
one-dimensional bilateral standard Wiener process, h(x)%—"[v describes white noise, and g(x, u) is a nonlinear

function that satisfies certain growth conditions and dissipation conditions.
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The Kirchhoff model was proposed in 1883 to describe the motion of elastic cross-section. Compared
with classical wave equations, the Kirchhoff model can describe the motion of elastic rod more accurately.
There has been a lot of in-depth research on the Kirchhoff equations. [1-6] studied the long-term dynamics
of the autonomous low-order Kirchhoff equation; [7-11] studied the existence of global solutions and the
blow-up of solutions of the higher-order Kirchhoff equations.

Stochastic wave equations are a very important class of stochastic partial differential equations, which
are widely used in many fields such as fluid mechanics, physics, electricity, etc. The random attractor is
an important tool for studying the long-term asymptotic behavior of stochastic dynamical systems. Using
it to characterize the long-term behavior of random dynamical systems has laid a solid foundation for the
study of random dynamical systems. After more than 30 years of development, random dynamical systems
have also been extensively studied. Many scholars have conducted in-depth studies on the dynamical
behavior of random wave equations in unbounded domains [12-17] and bounded domains [18-20].
For new trends in functional analysis and random attractors, see also [21-24].

Regarding the variable coefficients in the equation, it represents the wave velocity at the space coordi-
nate x, which will appear in the wave phenomena in mathematical physics, marine acoustics, and other
fields. It is of great practical significance to study the mathematical and physical equations with variable
coefficients. In [25], they studied the global well-posedness and asymptotic behavior of solutions of
Kirchhoff-type equations with variable coefficients and weak damping in unbounded domains. More rele-
vant results can also be found in [26-33].

In recent years, Lin and Chen [34], Lin and Jin [35] have performed a detailed study on the long-term
dynamical behavior of higher-order wave equations and proposed the concept of the family of attractors.
Combined with the current research results, there are no relevant research results on the long-time
dynamics of the nonautonomous stochastic higher-order Kirchhoff equation, and the asymptotic behavior
of the higher-order Kirchhoff equation with variable coefficients has not been studied. By studying the
nonautonomous stochastic higher-order Kirchhoff model with variable coefficients, the relevant results of
the Kirchhoff model can be generalized, and the theoretical achievements of the Kirchhoff model can be
enriched, which lays a theoretical foundation for later application. Therefore, this article will specifically
study the family of random attractors of nonautonomous random higher-order Kirchhoff equation with
variable coefficients. In the research process, the reasonable assumption and Leibniz formula are used to
overcome how to define the LP-weighted space and the difficulty of estimating the absorption sets and
asymptotic compactness caused by the variable coefficients.

Section 2 of this article introduces related theories, related definitions, and theories of stochastic dynamical
systems; Section 3 presents the family of the continuous cocycle of the problem; In Section 4, the uniform
estimation of the solution of problem (1.1) is obtained, and the asymptotic compactness of @, is obtained through
the decomposition method; in Section 5, we get the family of D-random attractors of @ in X;.

2 Preparatory knowledge

In this section, we mainly give the related theories of nonautonomous stochastic dynamical systems and
random attractor (the family of random attractors).

First, the relevant notation needed in this paper is introduced: Define the inner product and norm
on H=1I%Q) as (-,-) and (|-]), L? = LP(Q), [, = lI-lzz, where p > 1. Set variable coefficient a(x), b(x) =
boa(x), by as a positive constant, satisfyinga € C5°(Q), a(x) > ago > O, g%’ Ir =0, ay = la0)|leo, a(x)™! = p(x),
x €Q,and u € L3(Q) N C(Q).

By D2, we define the closure of the CS°(Q) functions with respect to the “energy norm” |up.2 =
IQWulzdx. It is well known that

D? = DV(Q) = {u e LNW2(Q)|Vu e (L)},

and for D2 — L2N(N-2)(Q)), there exists f > O such that |ullww-2) < Bllullp2.
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Lemma 2.1. [26] Suppose that u € LIzV(Q) N C5°(Q), then for allu € C5°(Q), there exists a > 0 such that

ajyuzdx < j|Vu|2dx,
Q Q

where a = B=2|ully),.-
Let p > O be the weight function, and the weighted space L} = L(Q) with the following norm:

1
lu?y = [lurrax = pbus,
Q

for1 < p < +oo. Clearly Lﬁ = L}f(Q) is a separable Hilbert space the inner product and norm are respectively:

U, V), = Iyuvdx = (y%u,y%v), lull,z = llp2ull.
0

Forp : 1< p < oo, the Banach space LI{’ is uniformly convex, reflexive space, and (Llf’)’ = Llf", where p' is the
conjugate number of p.

Lemma 2.2. [26] Suppose that u € L>(Q) n C(Q), then D2 is compactly embedded in L;. Let
Vi = HP(Q) = H™(Q) N HY(Q),  Vper = HMKQ) = H™ Q) n H}(Q), k=0,1,...,m,
and the corresponding inner product and norm are, respectively,
U, VI = (VU VRV), -y, = IV Fully.

At the same time, a general form of Poincare inequality: Aj|VTul? < |[V*u|?, where A, is the first eigenvalue
of -A. In the text, C; is a positive constant, C(-) represents a positive constant that depends on the parameters
in parentheses, and C,y, is the corresponding number of combinations.

Assuming that (X, |-||x) is a separable Hilbert space, and B(X) is the Borel o-algebra of X(Q,, ¥, P)
is the metric probability space.

Definition 2.3. [12] Let 6;: R x Q; — Q; be a family of (B(X) x ¥, ¥)-measurable mappings such that
0o(-) is the identity on Q; Vt, s € R, 0;,5(-) = 6:(-) o 65(-), PO;(:) = P. Amapping® : R* x Rx Oy x X - X is
called a continuous cocycle or continuous random dynamical system (RDS) on X over R and (Qq, F, P, (6)¢cr)
ifforallT € R, w € Qy, t, s € R* the following conditions are satisfied:

i: (¢, 1,-,-) : R* x Q; x X - X isa (B(R") x ¥ x B(X), B(X))-measurable mapping;

ii: ®(0, 1, w, -) is the identity on X;
iii: Ot +s,1,w, ) =0, T+s, 0w, D, T,w, +));
iv: ©(t, 7, w, -) : X — X is continuous.

Let D = {D(t,w) € X : T € R, w € Q;} be a family of subsets parameterized by (7, w) € R x Q; in X.

Definition 2.4. [13] The family D = {D(t, w) € X : T € R, w € Q4} satisfies:

(1) for all (r, w) € R x Q; D(t, w) is a closed nonempty subset of X;

(2) for every fixed x € X and any 7 € R, the mapping w € Q; — disty(x, B(t, w)) is (¥, B(R")) measurable,
then the family D is measurable with to # in Q.

Definition 2.5. [15] Forallo > 0, w € Q; D = {D(1,w) € X : T € R, w € Q} satisfies:

lim e%||D(t + t, 6w)|x = O,

t—-0co

then D = {D(t,w) € X : T € R, w € Q;} is called tempered.
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Let D = D(X) be the set of all random tempered sets in X.

Definition 2.6. [12] A family K = {K(t,w) € X: T € R,w € Qi} € D of nonempty subsets of X is called
a measurable D-pullback attracting(or absorbing) set for {D(t, T, W)}t»0,rerweo, if

(1) K is measurable with respect to the P completion of  in Qj;

(2) forall T € R, w € Q, and for every D € D, there exists T(D, 7, w) > 0 such that

o(t, T - t, 0w, D(T - t,0.w)) € K(t,w), Vt=>TD,Tt,w).

Definition 2.7. [15] @ is said to be asymptotically compact in X if for T € R,w € Q;, D = {D(1, w) €
X:1TeR,we}eD,xg € B(T—ty, O4w) {®(t, T — by, Ot W, X) 521 has a convergent subsequence in X
whenever t, — oo.

Definition 2.8. [13] A family A = {A(T,w) € X : T € R, w € Q;} € D is called a D -pullback random attractor
for {®(t, T, Wl=0,7¢r weq, if

(1) A(r, w) is measurable in Q; with respect to # and compact in X for vz € R, w € Q,

(2) A is invariant, i.e., for vt € Rand w € Q;, Vt > O,

(¢, T, w, A(T, w)) = A(t + T, Bw);
(3) A attracts every member of D, i.e., for every D € D, t € R and for every w € Q,,

lim distx(®(¢, T - t, 6w, B(t - t, 6_w)), A(T, w)) = 0,

t—+co

where disty(P, Q) denotes the Hausdorff semi-distance between two subsets P and Q of X.

If we change D = D(X) to Dy = Dy(Xx), where k = 0, 1,..., m, then A in Definition 2.8 can be a family of
random attractors {Ay}.

Lemma 2.9. [12] Let D be a neighborhood-closed collection of (T, w)-parametrized families of nonempty
subsets of X and ® be a continuous cocycle on X over R and (Qi, F, P, {0:}tcr), then @ has a pullback
D-attract A if and only if @ is pullback D asymptotically compact in X and @ has a closed, ¥ -measurable
pullback D-absorbing set K in D and the unique pullback D-attractor A = {A(t, w)} is given by

A(t,w)= NUD(E T -t 0w, KT -t 0w), TeR, weQ.

720¢t>T

Similarly, Lemma 2.9 can be extended to Lemma 2.10 of the family of pullback attractors.

Lemma 2.10. Let Dy be neighborhood-closed collections of (1, w)-parametrized families of nonempty sub-
sets of Xy, k=1,2,...,m, and @y be the family of continuous cocycles on Xy, k =1,2,..., m over R and
(Q1, F, P, {6:}tcr), then @y has the family of pullback D-attracts {Ax} if and only if @y is pullback Dy-asymp-
totically compact in X and Dy has closed, F -measurable pullback Dy-absorbing sets Ky in Dy and the
unique pullback Dy-attractor Ay = {Ax(t, w)} is given by

A(t,w)= N UG, T-t, 0w, KT -t,0w), TeR, weQ.

720¢t>T

3 The family of cocycles of nonautonomous stochastic higher-
order Kirchhoff equations with variable coefficients

Let (Q, F, P) be a probability space, where
Q; = {w € C(R, R), w(0) = 0O}.
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w is a two-sided real-valued Winner processes on the probability space (Qi, ¥, P). Define Ow(-) =
w(-+t) — w(t), w € Qq, t € R, thus, (Qq, F, P, (6)¢cr) is an ergodic metric dynamical system.

For a small positive number &, let z be a new variable given by z = u; + eu and then, system (1.1)
becomes

ou
— +&U =2z
ot
oz ) ) dw
% =&z — a(x)(-N)"z + ea(x)(-N)™u — €2u — bOOM(|V™ul|>)(-A)™u — g(x, uw) + f(x, t) + h(X)E; 3.1)
u=0 al‘.:o, i=1,2,...m-1, xeT, t>1;
%

ulx, ) = u(x), z(x, 1) =2:) = u(x) + u(x), x € Q,

where (M)M ¢ CY(R*), M’ > 0,and M(s) < M, - (1 + s9), 0 < g < 1/2, My = M(0) is a positive constant Vs € R*,
h(x) € Vot (Q), x € Q, t >1,T€ R, k=0,1,...,m, f(x, t) € L2 (R, Vi(Q)). In order to get the conclusion of
this article, suppose that the nonlinear term g(x, u) satisfies the following conditions: for Vu € R, x € Q, there
are positive constants ¢, ¢, ¢, ¢4, 5 > 0, satisfying

80wl < alpl + ¢,(0), ¢, € Li(Q), (32)
ug(x, u) — oG, u) = $,(0), ¢, € Li(Q), (3.3)
G(x, u) 2 lulP*! - ¢py(x), ¢, € LIQ), (3.4)
18,06 W] < calulP™ + $,(x), ¢, € Vn(Q), (3.5
IVig 0t Wl < cslul? + ¢s(x), s € V() (3-6)

wherel <p < +oo,forN=1,2;1<p< % N =3,4;and G(x, u) = .[:g(x, s)ds. From equations (3.2) and
(3.3), we can get

G(x, u) < ce(Jul? + [ulP* + ¢ + ¢,). (3.7)

To show that problem (3.1) generates a random dynamical system, we let v(¢, T, w) = z(t, T, w) — hw(t), and
then, (3.1) can be rewritten as the equivalent system with random coefficients but without white noise:

ou B .
i vV + €u = hw(t);
2—1; =¢ev — a()(-A)"v + ea(x)(-A)™u - €2u — bOOM(IV™ull?)(-A)™u
1- 806w + F(x, €) + ehGOW(E) - alO)(-B) hGOW(D); (3.8)
u=0, ai“.:o, i=1,2,...,m-1, xeT, t>1;
!
u(x, 1) = u(x), v(x,7)=v%Xx)=2z:x)-hw(t), x € Q.

Let X; = Voo x Vi, k=0,1,..., m, whenk =0 1} = Lﬁ, endowed with the usual norm ||(u, v)||§k = Ilull‘zzmk +
||v||%k. By the standard Galerkin method: If the assumptions (M) h(x) € V.1 (Q),x € Q,t > 1,7 € R,
flx,t) e LI%C(R, Vk(Q)) conditions (3.2)—(3.6) hold the problem (3.8) is well posed in Xy = Vj,,x x V4, i.e.,
forallt e Rand P - a. e. w € Qy, (U, v;) € X, the problem (3.8) has a unique global solution (u(t, 7, w, u;),
v(t, T, w, v;)) € C([t, 00), Xi) and (u(t, T, W, u,), v(t, 7, w, %)) = (U, V). Moreover, for t > 1, (u(t, T, w, u,),
v(t, T, w, v;)) is (¥, B(Xy)) measurable in w and continuous in (u., v;) with respect to the X; norm. Thus,
the solution mapping can be used to define a family of continuous cocycles for (3.8). Let @y : R* x R x Q; X
X; — X be mappings given by

DOt T, w, (Ur, vp)) = (Ut + 7, 7, 0w, up), v(t + 7, 7, W, i), (3.9)
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where (t, 7, w, (Ur, 1)) € R* x R x Q1 x X, then @y is a family of continuous cocycles over (R, T + t) and
(Q4, F, P, {6:}ter) on Xi. For P — a.e.w e Q;and t,s >0, T € R:

(Dk(t +S, T, W, (u‘l’s Vr)) = (Dk(t’ S+1T,W, q)k(s’ T, W, (u‘r’ VT)))- (3'10)

For any bounded nonempty subset By of X; denote by | B[l = supg, <rl®Pllx,. Let Dx = {Di(1, w) : T € R, w € Q4}
be a family of bounded nonempty subsets of Xy, and for all 7 € R, w € Q,

lim e%|Dy(t + s, 6wk, = 0. (3.11)

§——00

Remember that Dy is the set of the aforementioned subset family Dy, that is, Dy = {Dyx = {Dy(1, w) :
T € R, w € Qi} : D, satisfies (3.11)}.

4 Uniform estimates of solutions

To prove the existence of the family of random attractors, we conduct uniform estimates on the solutions
of the problem (3.8) defined on Q, for the purposes of showing the existence of a family of Dy pullback
absorbing sets and the pullback D) asymptotic compactness of the random dynamical system. Let € > 0 be

small enough and satisfy aA]" ™! — 3¢ > 0, 2apoA]" — (@A™ + 12)e > 0, My — ;e > 0, b":’" -€>0,

o= %min{w\{”‘l - 3¢, %, %}, 01 = %min{Zaoo/\{" — (agoA™ + 12)e, €}. (4.1

To obtain uniform estimates of the solutions, f(x, t) needs to satisfy (H)f e”|f G, s)ll%k ds < oo.
Lemma 4.1. Suppose M satisfies (M), h(x) € V. x(Q), k = 0,1,..., m, (3.2)—(3.6) hold, f(x, t) satisfies (Fy),
and By ={Bi(t,w) : Te R,we Qi} € Dy for P—a.ew e Qi, T € R initial value satisfies (U;_¢, Vi_t) €

Bi(t - t,0..w), there exists Ty = Ti(T, w, By) > 0 such that for all t > Ty, the solution (u(t, T, w, Uu,_¢),
v(t, T, W,Vr_¢)) = (Ur_¢, Vi_¢) Of problem (3.8) satisfies
(T, T = t, 6w, vl + lu(T, T = t, 0w, eIl < ruT, W),

m+k T

where r (T, w) will be given in detail later.

Proof. Taking the inner product of (3.8) with v in Lﬁ(Q), we find that

1d
S g VIEz = ElVIE: = IV™VIP + e((=8)"u, v) — eX(u, )iz ~ bo(M(IV™ul)(=8)"u, V)

2dt (4.2)
— (806 W, V)i + (F06, 0, V)2 + ew(t)h, V)2 — w(O(-B)"™h, v),

for each term on the right-hand side of (4.2):

e((-M)™u, v) = e((-A)™u, u; + eu + hw(t)) = g%IIV’"uII2 + V™Ml — ew(t)(-A)™u, h), (4.3)
e2(u, v) 2 = XU, us + eu — hw(t));2 = g_2£"v”2 + VI, — ew(t)(u, h),2 (4.4)
LT E A b2 dt L L » ke '
bo(M(IV™u|?)(-A)™u, v) = bo(M(IV™ul?)(=A)™u, u¢ + eu — hw(t))
[V™ul?
by d (4.5)
- 22 j M(s) ds + eboM(IVulP)IV™ul? — boM(IV™ulPw(t)((~A)™u, ),

0

(806, w), V)2 = (80X, w), ur + eu — hw(t))2 = %IHG(X, wdx + e(g(x6, w), w2 - wt)(Eh, W, M2 (4.6)
Q
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Substitute (4.3)-(4.6) into (4.2) to obtain

V™2
4 [VI2, + bo M(s)ds — e[V™ul? + ul?, + 2 | uG(x, wydx | + 2|V™v|?
dt L, Ly,
0 Q

= 2¢lVIZ, + 2eboM(IV"ulP) V™ ul? - 2e|V"ulP + 287ullf, + 2e(8(x, u), w);2
U U

= 2(f(x, £), V)12 + @boM(IV™ulP) - 2)w(t)((-A)"u, h) - 2e?w(t)(u, h)p2
+ 2w(t)(g(x, u), h)L; + 2w(t)(h, v)Lﬁ = 2w(t)((-A)™h, v).

Using the Cauchy-Schwarz inequality, Young’s inequality and Holder’s inequality, we have

26W(O)u, h),3 < e, + elw(OF IR,
M L, L,
2boM I P w(O(-A)"w, )
< oMot + VPO WOVl 9]
< 2oMowOIIV ™IV + 25oMow OV [7h]
< S0y + e boMolw(OPIThIE + L
2q+1

£ 2q-1 2 2
boMo|w(t)[- [|V™h[=2 .
8q +4

+1—2q
2

By (3.2) and (3.4), we get

r
p+l

20(6)(g 0, w), Wy < 2wOllylig il + 26wl [l e | Il
Q

P
p+1

< AwCOlIliz Il + 26wCOl| [ GaGox, ) + x|l
Q

< 2wl s + ecs [ uGx wax + ecy [ g C0dx
Q Q

eo)P(p+1)7
+ ey ED PN D ey,
p+1\ p b

2fCx, £, V)2 + 2w(e)(h, V)2 — 2w(E)(-D)"h, V)
< 2z Ivlz + 2ew(OIRIZIVILz + 2w OV RITT™

m-1

-m=2 1
< 2a7:A; 2 W2Vl + elvilg, + €IW(t)I2IIhII§Fz + EIIV’"VII2 + 2lw(t)PIV™h|?
U

< VWP + ellviZ, + 2“’1/111’mllflliz + 2wOPIVThI? + elw(OFIAIZ.,
H H H

2ew(O)((-A)"u, h) < 2&lwOIIVTRINIVTUl < 2IVTul + WP IVThIP.

Substitute (4.8)—(4.12) into (4.7) to obtain

V™l
4 IVIZ, + bo M(s)ds — ellV™ul? + e|ul?, + 2 | uG(x, wydx | + [V™v|?
dt Ly L,
0 Q

= 3ellviz, + (ZSM(IIV’"uIIZ) - %%)bollv'"ullz = 3|VrulP? + Eull?; + 2e(g(x, u), w2
U U

— 69

(4.7)

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)
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<2a'A ""Ilflliﬁ + (3 + 487 Mobo)w()PIV™hIP + 2elw(t)P IIhIIiE
2q+1

1-2q & 21 2 m 2
+ — boMolw(®)[= [[V™hlF2 + 2lw(®)|li@l.21All2 + €6 | nG(x, w)dx
2 (8g+4 i

Q

2(p+1\?
dx 2 p+lﬂ p_ t p+1 h p++1'
+ e, [ upy0odx + 2a) s el MZGT L
Q
By condition (3.3), we have

26(gx, W), W2 > 2 CZIyG(x, wdx + jy¢2(x)dx . (4.14)
Q Q

Substitute (4.14) into (4.12) to obtain

V™2
% IVI2, + bo j M(s)ds — el V™ulP + e2{ul?, + 2 j UGQx, wydx | + VY2 - 3elviR,
U U U
0 Q

+ (ZSM(IIV’"MIIZ) - %%)bonvmuuz =38V + £l + ec, [ G0, wabx + 2¢ [ up G
’ Q Q
< 2N, + G + he Mobo)WOP IVHIP + 2elw()PIRIE, (4.15)
n m

2q+1

1-2q( & =
+ "( ) boMolw(t)|: 2 [V™hl s -+ 2Aw(e)| .2 Il

2 8q +4

-p -p
+ ey [y + (zcop*l(“;)(p—”) WO RIZ.
p+1 p u
Q

According to (4.1), we get

V™ ul?
Q1 ve, + by j M(s)ds — el V™l + eulp, + 2 juG(x, wdx
dt Ly Ly
0 Q
rorul (4.16)
+ o[ IVI2, + bo j M(s) ds - el V™ul? + eul?, +2 JyG(x, u)dx
u u
(0] Q

< 2N, + Conll+ WP + WO + [w(B)]P*),

where

2
Ly

Co1 = maxy (3 + 4&"Mobo)[V"hI + 2€||hlliﬁ + II¢1IIi3 IRIZ., ec JH¢3(X)dX’
Q

2g+1
- 2q-1 -p -p
L-2( & V" moivmnli, oyt ERZ[PE1) Yy L
8q + 4 p+1\ p L

Using the Gronwall inequality to integrate (4.16) over [T — t, T] with ¢ > 0 and replacing w by 6_,w, we obtain
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V™
e’ ||V||i; + b I M(s)ds — ]|V™ul? + 82||u||i; +2 ij(X, u)dx
0 0
IVmuz-6)I?
< %0 |v(t - t)"i; + bo I M(s)ds — &l|V™u(t - t)|?
0

T

+ &flu(r - t)IIiﬁ +2 IyG(X, u(t - t)dx | + 2a A ™ I e%f (., "r)"i,fd‘f
0

Tt
T

+ Cor j (1 + WEP + W@l + [W@)P)dE,

Tt
then
IVmu(r,t—t,0.w,vr_ )|
(T, T = t, 6w, ve_ )2, + bo _[ M(s)ds — &l V™u(t, T - t, 0w, vl
1
0
+ (T, T — t, 0w, v I, + 2 IHG(X: uT, T~ t, 0w, v ))dx
1
)
Iv™u(r-6)I
< el e -0, +bo [ Ms)s - elvmu - oF
n

0

T

+ Elu(r - O, +2 j UGG, u(r — )dx | + 20 Mot I eSIFC, )IP,dE
n n

Q Tt
T

+ Coe™™ j (1 + 0. WER + 0. W) + B wE)PE.

Tt

By (3.7), we have

U

1 1
juG(x, u(r - )dx < co(lyl2, + I llps + Ml + ul?sh) < Coo1 + Nul?, + Jullf™).
i / u n
Q

Since (u(t - t), v(t — t)) € Bo(T - t, 6_,w) when t — +c0

IV™u(T-6)I?
e Iv(t - DI + bo f M(s)ds - e[ V™u(t - DI + eu(r - Ol + 2 _[HG(x, u(t - ))dx
n i3
0 Q

< Coe(1+ V(T = O, + [V™u(t - O + [V™u(r - DIP*1) — 0,
13

and there exists Ty = Ty(7, w, By) such that for all t > Ty,
Cose (1 + V(T = O, + IV™u(r - O + [V™u(r - HIP*) < 1.
(]
By (3.4), it is easy to get to any ¢ > O,
—2IG(X, wdx < —2C3I|u Pridx + 2I¢3dx < 2I¢3dx.
Q Q Q Q

When || — oo, w(§) at most polynomial growth,

T

Coe™ j e (1 + 10 WP + 10wl + 10 w(©)P)dE = roo(T, W).

-0

— 71

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)
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We get from (4.18) and (4.21) that

"V(Ta T- t, B—Tw, V‘rft)”iz + ”vmu(T’ T - t; G,TW, VTft)HZ
n

p (4.23)
< Cof 1+ 2 e [ eI, OI,AE |+ rolr, w) = e, w),
and ro(t, w) is bounded. O
Taking the inner product of (3.8) with (-A)*v, k =1, 2,..., m — 1in I2(Q), we find that
%%IIV"VII2 = e[| VKVI? - (@()(=B)™v, (=B)*v) + e(a(x)(-A)™u, (-A)kv)
— €2(u, (-D)v) - (BEOMIV™uR)(-B)"u, (~A)v) ~ (8(x, u), (-D)kv) (4.24)
+ (fx, ), (=)%v) + ew(t)(h, (-B)*v) = w(t)(a(x)(-A)"h, (-D)kv).
For each term on the right-hand side of (4.24):
m-k
(a)(-A)"v, (-A)kv) = (a(x)Vmrky, ym+ky) 4 ( Z Cl_ Vmk-iyVig(x), V"”kv), (4.25)
i=1
m-k )
e(aO)(=A)™u, (-A*v) = e(a(x)Vmku, vmrky) + s( Y Ch V™R ivia(x), V’”*"u)
i=1
= séé(a(x)vm*ku, vk + g2(a(x)Vmiky, vmtky) (4.26)

m-k
— ew(t)(a(x)V™mrky, vmikp) 4 e( Y Cho V™R ivvia(x), V’"*"u),
i=1

e2(u, (-N*v) = 2(u, (-A)*(u; + eu - hw(t))) = %Z%IIV"uIIZ + &3||\Vkul? — e2w(t)(Vku, Vkn), (4.27)

(bCOM V™) (-8)"u, (~B)*v)

m-k
boM(IV™ulP) @GOV, Vmeky) + M(nvmunZ)( Yl 9 ivib(x), vm*ku)

i=1

2

= %M("V’"ullz)%(a(x)vm*ku, vmrky) + eboM([V™ )2 )(a(x)VmHku, vmrky) (4.28)

m-k
= boM(IV™ulP)w(6)(@C)V™fu, v ih) + M(||vmu||2)( Y GV vwib(x), vm+ku],
i-1
(g%, ), (-D)%v) = (Vig(x, u), Vkv) < I(Cslu P+ ¢5(X))VkaX‘
0
<Cs Ilu [PVkvdx | + J-gbs(x)Vkvdx ‘ (4.29)
Q Q

< csllull®, IVKVIL + N5 COllIVEV]

a
< BT+ G, w) + 18,00,

(fx, ), CD)R) = (VK (x, ), VEv) < IVEF (x, OIIVRVI < %IIV’”*"VII2 + 22—1_mIIV"f(X’ O, (4.30)
00
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moreover,
(Vmkeivvia(x), vky) < g vmkivivmekyg, i =1, 2,00, m - K @ = Va0 o (4.31)

According to the interpolation inequality, we have

[V < GIvmkelie, g = MK
m+ k
then
(CL_ V™ yVig(x), vty < Ch CallvI- [vmky|i+a
1+a;
. pa (4.32)
< 00 jgmikyp , 174 oo (CL_CapalvIR,
8(m - k) 2 (41— a)m — k)
(Ch T vviage), vk < 2000Mo yomiip 2O 1 gy
8(m - k) aogoboMo
aoob a
< 00boMo "Vm+ku”2 + 00 "Vm+kv"2 4.33)
8(m — k) 8(m — k)
aj 1
a a102(m — k), . 1-g
+(1- ao( 00 ) ( ( )(c;,,_ka,-c,-)Z) vI?,
8a;(m - k) aooboMo
boM(IV™ul? )W (t)(a(x)V™*u, Vi)
< boaoMo(1 + [V™ulPD)[w(t)]V™+ul |V +h]| 434)
< Muv"ﬂkun2 + 26 YagiboadMo(1 + VMUl 2w )R IV KRIR,

m-k
M(||vmu||2)( Y G VR ivvib(x), V’"*"u)
i=1
m-k ) .
Mobo(1 + [|[V™u?2) z C,ln_kai"Verk—zv"”vm+ku"
i=1

IN

m-k
IVl + elagiboMo Y, (Cho(1 + IV™ulP0)a;2|vm-iv]? (4.35)
i=1

EboaooMo

IN

eboagoMo

a
s "Vm+ku||2 + %va+k‘/"2

@4

m-k ey
“agih & 1-a)| —20 1" (Cl_ @G + [V™ulPa))aviP.
+ (e7"agoboMo) Zl< m)( oy k)) (Crk@iCi(1 + [IV™ulPD))ra V]

By (4.25)—(4.30) and (4.32)—(4.35), we get
%[IIVkVII2 - g(a(x)Vmhy, vmrky) + 2| VEkul?] + boM(IIV’"ullz)%(a(X)V’"*ku, vmky)

+ 2a(x)vmrky, ymikyy %aoouvm*kvuz - 2¢||Vkv|?

3€a00b0M0

||Vm+ku||2
4

+ 2eboM(|IV™ulP)(a(x)Vm+ku, vmiky) —
~ 2e2@()V™ ku, V) + 263 Vkul? (4.36)
S doo tgi i 2 o
< 1 Y, R e a— Cl _ a'C- 1-qi ||V
i;( l)(l‘(l - a;)(m - k)) (G- Ci)=si vl
m-k g N
doo a1 2(m — k) i , Ta; "
+ 2¢ 1-a; Cloac )
g( l)(gai(m - k)) (aooboMo( m-kaiCi) (v
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m-k i
_ 1 a aj-1 . 2
+2 Y (eagihoMo)ra(l — )| ——2—— | (Ch_x@Ci(1 + IV™ulP)sa|lv]?
part 8ai(m - k)
-1 2 202 apomekp o 2 ok 2
+ 4eagdboagMo(1 + [VUPTYIWOP IV RIP + =2V (x, D)
00

+ 2Ca(ri (T, w) + lps0OI?) — 2ew(t)(a(x)V™+ku, v+kh) + 2e2w(t)(Vku, VEh)
+ 2ew(t)(-A)ku, h) - 2w(t)(a(x)(-A)"h, (-A)*v).

Using the Cauchy-Schwarz inequality,Young’s inequality and Holder’s inequality, etc. we have

2ew(t)(a(x)Vmky, vmrkp) < e2a00|| VMR + ag&aélw(t)lz [vm+kp2, (4.37)
2e2w(t)(Vku, VEh) < €3||Vkul? + glw(t)?|V¥h|?, (4.38)
2ew(t)(-D)Fu, h) < e VKv|? + elw(t)*| V¥R, (4.39)

2w(t)(aCO(-A)"h, (-A)v)

m-k
= 2w(t)(a(x)Vmiky, ymikp) 4 2W(t)( Y G V™Rivia(x), V"“"h)
i=1
mk , (4.40)
%uvm*vu2 + Aagoagw(OP V™I + %nvmkvu2 + Aaglw(O)F Y, (Coog @)A1V *RI?
i=1

IN

m-k
a _ _ . ;
< “2IVmHRYR + dagdadlw©ORIVTRR + dagolw(t)P Y (Ch @A IV FR)P.
i=1

Substitute (4.37)—(4.40) into (4.36) to obtain

%[IIV"VII2 - g(a()Vmku, vmrky) 1+ 2| Vkul?] + boM (IIV’“uIIZ)%(a(X)V’“*ku, vmeky)

+ 2(a@)vmrky, ymkyy 6+ SaOOIIV’"*"VIIZ - 3¢|VKV|2 + 2eboM(|V™ul?)(a(x)Vmrku, vimtky)

_ 3£a00b0M0

4 ||vm+ku||2 _ 2£Z(a(x)V”’+"u, Vm+ku) _ 82000||Vm+ku||2 + £3||Vku||2

1+aj

m-k rai
S [ NN BT MR Syipre
<20 al)(lt(l—ai)(m—k)) (ChsaiCilv]

1

+ 2 Z(l—aa( o0 ) (2(’” ")(c;n_kaici)Z) e (4.41)
i=1

8a;(m - k) aooboMo

m_k i
+2) (1~ ai)(elao&boMo)fm(L) (Clh@Ci(1 + [V™ulP4))i s |v]2
P 8a;(m — k)
-1,-1 2 2g\2 2 k12 Mfm k 2
+ 4e agghoagMo(1 + IVuPIW(OP IV hIP + = V¥ (x, O]
00

+ 2Ca(rg(T, w) + lpsCOIP) + Sageadlw®P IV + 2elw(t)P (V<R
m-k
+ 4agdw®OR Y. (Ch @) AT V™ k2.

i=1
When %(a(x)vm*ku, vrky) 4+ 2e(a(x)Vmtiu, vimtky) > 0,
my, |12 d m+k m+k m+k m+k
boM (||V™ul?) E(a(x)v u, Vi) + 2e(a(x)vVmriu, vimiy)

> %(boMo(a(x)V’”*ku, Vi) + 2eboMo(a(x)Vmky, vimtky);



DE GRUYTER The family of random attractors for higher-order Kirchhoff equations = 75

else
bOM(vaHHZ)(dit(a(x)vm+ku’ Vm+ku) + Zg(a(x)vm+ku’ V’"*ku))
> %(boC(IIVmu||2)(a(x)Vm+ku, Vm+ku)) + ZSbOC(”Vmu”Z)(a(X)va(u’ Vm+ku),

then (4.41) is transformed into
4
dt

+ 2a(x)vmrky, ymrkyy —

[IVEVIZ + (BoMo(C(IV™ull?)) — e)(a(x)V™+ku, vmrky) + 2| Vkuy|?]

6+¢
Aol V™ RVI? — 3¢ VRv|?

"Vm+ku”2

+ 2eboMo(CIV™ulP))(@G) V™ u, Vi) — M

— 2e2(a(x)Vmrky, vmrky) — e2q00|| VR + €3] VEul2
T+aj

m-k Ta;

oo i =

< Ya- ai)(—) (Cr@Co) vl
bt 41 - a;)(m - k)

2e S 1 ap 20 \T(2m=B) e o)
vl 8ai(m - k) agoboMy

(4.42)

m-k i
_ 1 a aj-1 . 2
+2 Y (1 - ap)(eagiboMo)ra| ——2—— | (CL4@Ci(1 + IV™ulP)ra[v]?
ia 8a;(m - k)
1 2 2412 2 2 . Mok 2
+ 4e”'agoboagMo(1 + IV"ulP 2w (OP IV HhIP + — V¥ (x, )]
00

+ 2Ca(8(T, W) + IdsOIP) + 5ageagw(®P IV + 2elw(®)PIVFRIP

m-k
+ 4aglw(OR Y. (Crxa@)? AT V™ k|2
i=1

By 2(a(x)V™tky, Vky) > 2a60||VHRV|R, (@(x)V™HRu, VHRU) > agol| VU, (4.1), we have

%[IIV"VII2 + (boMo(C(IIV™ul?)) — €)(a(x)V™ku, vmeky) + 2| Veul?]
+ a[IVEVIZ + (boMo(C(IV™ul?)) — £)(a(x)V™ru, vmrky) + g2 Vkul?] (4.43)

L ATk 2
< Gl + [w(t)P) + p IVEf (x, OI7.
00

When k = m, (4.43) is also true, which will not be detailed here.
Using the Gronwall inequality to integrate (4.43) over [T — t, 7] and replacing w by 6 ,w we obtain

e T[|VEv|2 + (boMo(C(IV™ul?)) — €)(a(x)V™+ku, vmku) + 2| Vey|?]

< e O[VRv(T = O)IF + (boMo(C(IV™ul?)) - £)(@C)V™ u(t - t), v™u(r - t))
7 T (4.44)

- VU - OF] + [ e Catt + WP + ELN [ emiwscn, oopa,
doo

Tt Tt
moreover,

IVEVIZ + (BoMo(C(IV™ul?)) — £)(a()V™+ku, Vmrky) + 2| VEul?

< e [IVu(r - O + (BMo(C(IT™uI)) - £)@C)V™ku(r — t), V™ u(r - 1)
T ~ T (4.45)
+ eVhu(r - O] + e j e Co(l + W(E)P)AE + Do j e IVHF (x, )AL
-t aOO -t
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Since (u(t - t), v(t - t)) € Bi(t - t, 6_,w), when t — +oo0,

e U[|VRv(T - O + (boMo(CIV™ul?)) — €)(@aC)V™ku(t - t), V™*ku(t - t)) + €2|Vku(t - t)I?]

(4.46)
< e N||[Vkv(t = DI + (boMo(C(IV™ul?)) - €)aoll V™ *Fu(t — OI? + €2|Vku(r - t)I’] - 0,
then there exists T = Ti(1, w, By) such that for all t > T,
e U [|Vkv(T = )7 + (boMo(C(IV™ul?)) — €)aolV™ku(t - )2 + 2|Vu(r - O] < 1. (4.47)
When |¢] — co w(&) at most polynomial growth,
T
e [ et + WEPIE = rou(r, w).
We get from (4.45)—(4.47), (aG)V™ Ky, Vmrky) > agol V™ Hul? that
”VkV(T’ T - t’ G,TW, V‘rft)llz + ”vm+ku(Ta T - t’ efTW’ V‘rft)llz
T
~m 4.48
< Gof 1+ 2o [ enfwifcr, g |+ e w) = rudr, w, (4.48)
Qoo

-0

and r (T, w) are bounded.
Lemma 4.1 is derived from (4.23) and (4.48).
Lemma 4.1 is proved.
Considering the eigenvalue problem

(=8)™*u = A" ky, ulp = 0,

the problem (3.8) has a family of eigenfunctions {e;};2; with the eigenvalues {A4;};2; : 4y <A << Aj — 00

(j — o0), such that{e;};2; is an orthonormal basis ofLﬁ(Q). GivennletQ, = span{ey, -,e,jand B, : Vi(Q) — Q,
be the projection operator.

Lemma 4.2. Suppose M satisfies (M), h(x) € Vi1 (Q), k =0,1,..., m (3.2)-(3.6) hold f(x, t) satisfies (F;)
and for Vn > 0,71 € R,w € Qy, By = {Bi (1, w) : T € R, w € Q3} € Dy, there exists Ty = Ti(t, w, B, ;) > 0,
N = Ni(t, w, ;) = O such that the solution of (3.8) satisfies for t > Ty, n > Ni

I - Byv(t, T — t, W)y, + I — Bu(t, T — t, 0 w)lly, , < 1y
Proof. Let upi = B, Uns = U — U1, Va1 = BV, Vn2 =V — V1. Applying (I — B,) to the second equation
of (3.8), we obtain

an,z
dt

= &Vn,2 = A0O)(=D)"V 2 + £a(X)(=A)™un,> — €2, — OO = BY)M([V™|*)(-A)"u
= (I = B, u) + f(x, 1)) + eh(Ow(t) — aC)(=A)"h(x)w(t).
Taking the inner product of the resulting equation (4.49) with v, in Lﬁ(Q), we have

1d
——lVnal?> = ellvaal?s = V™l + €((=8)"n,2, Vn,2) — €2(Un,2, V212
n i3

2dt
= bo((I = RYM(IVulP)(~B)"u, Vi) = (1 = R)Z(X, ), Vi 2)y2 (4.50)
+ (I = RIFC6 0), V)i + ew(B)(R0O), i)z = w(O(-B)™h, Vi)

(4.49)

Applying I — B, to the first equation of (3.8), we get

dun,z

dt

V2 = + EUp,,; — hw(t). (4.51)
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For the third and fourth terms on the right-hand side of (4.49), we obtain
e((—=D)™un,2, Vn,2) — €2(Un,2, Vn,2)12

= B0 2 gy, — B () — 2002 22 4y — ()

dt ’ odt
= EOI—IIV’"unzII2 + &V Mun ol — ew(t)(—A)"up,2, h)
e d
—?d—llun 20z = Eunal; + ew(O)Un2, Bz,

for the fifth term on the right-hand side of (4.49), we have
bo((I = BYM(IV™ull?)(-A)"u, V,2)

du,
Bo(M(IV™ulP)(~A) ™y, , 7’2 + €Uy — hw(t))

for the sixth term on the right-hand side of (4.49), we have
(I = B)g(x, w), wn,2)r2 = (I - R)g(x, u) t + EUln, — hw(t));2

= E((I = B)g(x W), un2)12 = (U = B)gy(X, We, Un,2)2
+e(( = B)g(6, W), un )z = (I = B)g(x, w), hw(t)).z,

for the seventh, eighth, and ninth terms on the right-hand side of (4.49), we have

1
(= B 0,2 € ¢ IVaalf + — s IT = B)F 6, OF,
4 n+1An+1
1 t
W (OR0), vy < 1Vl + 2O o,
Oni1 n+1

1
w(t)((=A)™h, Vy,5) < ZIIV'"vn,zII2 + WP IV™hoO)|2.
When SV, 5| + 26Vl 2 0
my, 112 d m 2 m 2 d m 2 m 2
boM([|V™ull*) gllv Up ol + 2| V™V ol* | 2 a(boMoIIV Un2[1*) + 2eboMol V™V ol
else
d d
boM (IIV’"llllz)(&IIV”’un,zII2 + 2€IIV’"Vn,zI|2) > a(boC(IIV’"uIIZ)IIV’"un,zIIZ) + 2eboC(IV™ulP)IV™Vy 2l

By using Young’s inequality and Holder’s inequality, we can get

2boM(IV™ulP)W(E((=8)"tn,2, h) < 2BoM IV Ul WOV 2l W(OIIV™ R

eboM, boC(IV™ull®)
EMO

< TIIV'"un,zII2 +2 [w(®PIV™hI?,

2e?w(t)(h(x), un,2)2 — 2ew(t)((=1)"un,2, h(x))

< ElunalZ, + VMUl + eW(OPIRIE, + [W(OPIVTRIP.
n H

—_— 77

(4.52)

(4.53)

1 d
EbOM(”vmu”2)E||Vmun,2"2 + EboM(IV™ulP)I V™ 2P = boM IV Ul )w(E)((~2)"uy,2, h),

(4.54)

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)

(4.60)

(4.61)
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By (3.5), we have

2((I = B)g, (6, wue, un2)r2 < 2\l luellp2 lun2lls + 2C4||uz||L2||u||p l[un, 2l 2

4.62)
eboMy Cos - - (
< TIIV'"un,zII2 + eboM, K4 "ut”22 + CoaﬂrL{"IIutlliﬁIIV’”uIIZ” 2,

2w()(U - B)g(x, w), iz < 2w(Olliglinlyg + 26w (Ol Wl

(4.63)
< 2wOlliylizlihlzz + 2Cow OV ullP Iz
By substituting (4.52)—(4.63) into (4.50), we have
d
g[llvn,zlliﬁ + (boMo(CUV™ull)) = NV"thn I + e%unallf; + 2T = Bg(x, w), Un2)r2]
1
+ EIIV”’Vn,zll2 - 28IIVn,zI|§§ + (2eM(IV™ul?) ~ eMo)bollV™ull”
= 3e?VMul? + &ull?, + 2e((T - B)g(X, u), Un,2)12
i
(4.64)

my |12
L (1 4 o boCUY™ulP)
&My

28)|w<t)|2 IVl + (s v %}w(mz IhCOR,

n+1tn+1

C
b‘fd e, + Codha Tl IVl + (20ebiluglilLg + 2Cosl V™l )w(O)hl
(0}
+ }L’" ———— I = p)f (x, t)II
Uniini1

Because,whenN =1, 2, then1 < p < +oo;whenN = 3, 4,then1 < p < %.Moreover,whenn — 00, A, — 00
so given 1, > 0, there exists No; = Noi(7,) = 1forn > Ny,

2
(1 4 o boCUY™ulP)
M

EMop n+1An+1

v 2e)|w(t>|2||v'"hn2 s (s + 2—)w(t)ﬁ RGO,

C
ATl + Coa VP2
oo (4.65)
+ (2l Il + 2CosI V™l YWl + —== I = p)f (6, O,

n+1An+1

—— I = po)f (x, t)"iﬁ

rl+1An+1

+

< Cootto(1 + WP + el + V™) +

Then, there is an appropriate positive constant g, so that (4.64) can be reduced to

d
— [ Va2l + (BoMo(CUV™uIR)) = V™ol + €2un, oI, + 2 = RIE(X, w), un )12
dt LV Ll‘ U
+ Uz[||Vn,2||i3 + (boMo(CUIV™ul®)) = V™ unal? + 2l + 20 ~ B)g(x, w), unrz]  (4.66)

< Cootto(1+ WP + el + V™) + — — 2 - pof(x, DI,

n+lAn+1
integrating (4.66) over (1 — t, 7) with t > 0 we get for all n > Ny,
Va2(T, T - 8, W)Iliﬁ + (boMo(CUIV™ul?)) = eIV o(T, T = t, W)

2 (4.67)
+ &MU, T = 6 WG, + AU~ R)gO ), un (T, T~ £ W)
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< €[ vt - Ol + (boMo(CAUV™uI)) ~ EIV™un AT ~ O

+ Eun (7 = O, + 20 = BIgO6 u(T = ), (7~ )]

T
+ Cogllg j e?S0(1 + [w(s)P + lu(s, 7 - t, w, ol + VUGS, 7 - 6w, u,)[¢)ds
Tt

i |
+——— | eI - X, S)|2.ds.
PR ) I - p)f(x,s) 12

T

Replacing w by 6_,w in (4.67) for every t € R*, T € R, w € Q4, n > Ny;, we obtain
IVno(T, T = £, 6wl + (BoMo(CAV™UIP)) = IV o(T, T~ £, BW)I?
+ o1, T =, OWIEs + 20 - Bg(, ), e o(T, T — £, 0.0W))
< e [|lvpo(T - t)lli; + (boMo(C([IV™ul?)) — &)V upo(T - BI

+ &l (T ~ t)lliﬁ + 2(I - B)g(x, u(t — 1)), uno(T - 1))12]

(4.68)
T
+ Coolly I e + [W(S)P + (s, T = t, 8w, w6, + [V™u(s, T = t, 6w, uy)[°)ds
Tt ’
T
2 I a(s—t) 2
e I - X, S)|?,ds.
T I = P)f G, IR,
Tt
From (3.8), f(x, t) satisfies (F;), h € V, and Lemma 4.1, we have
Va7, T = 8, 97TW)IIi§ + (boMo(C(IV™ul?)) = )V o(T, T = t, O W) + E2uno(T, T - 8, 97TW)II23
+ 2 - B)g(x, u), uno(T, T — t, 6W))p2
< e [Ilvn,z(T - t)lli; + (boMo(C(IV™ul?)) = eIVt o(T = OIF + lutn,o(T — l‘)lli;
T (4.69)
+ 20 - BZO6U(T — ), ot~ £)12] + Costlgtdo j e + [W(s)P + [W(s)[f)ds
Tt
T
2
+—— | eI - X, S)|2, ds,
—1z | eeona - poree i,
Tt
by (Ur—¢, Vr—¢) € Bo(T - t, 6_;w), then
e [V (T = OI> + (boMo(CUV™UIR)) = E)IV™un 2T ~ OF + n,o(T ~ O
" (4.70)
+ 2((I - B)g(x, u(t — 1)), Uno(T - )2l = 0, t— oo.
Taking the inner product of (4.49) with (-A)*v,», k =1,2,..., m — 1in [XQ), we have
1d
EEIIV"Vn,zII2 = ellVFVl? = (@OO)(=D)Y™Vn,25 (D)W 2) + €(@0)(=D) 2, (~A) Vi)
= &2(Up 2, (=D)Vp,2) — (BOOMIV™ulP)(=A) "2, (~DB)Vp,) 4.71)
- (I - R)g(x, w), (=) vn0) + (f(x, 1), (=B) W 2) + ew(t)(h, (-A)*v;,2)
- w(t)(@()(=A)"h, (=8)*vy,,).
Then applying I — P, to the first equation of (3.8), we obtain
d
Vo = Un,2 + EUp,, — hw(t). (4.72)
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Combining the processing method of Lemma 4.1,

d
d—t[IIV"Vn,zII2 + (boMo(CUIV™ul?)) ~ )(@O)V™ U2, V™ up2) + €2 VFUn,o ]
+ &

6
+ 2a()Vmrky, 5, vmrky, ) — ool V™ vy ol2 - 3e]| Vv, ol

IV w52

 28BoMo(CT P @GOt 77 ) — 220000t

= 2e2(a()V™ KUy 5, VMU ) — €2a00 V™ KUy 2P + €3] VFUn 5|2
ﬂ

m-k
doo 1-a i 2 2
< Y- ———2— | (€l aC)ra
i=1( al)( 4(1 — ai)( — k)) ( m—kQi 1)1 "Vn,2”

m-k & =
a w1 2(m - k), ;i 1
+2 ) (1- a,-)( o ) ( ( )(Crlnkaici)z) (Vi 2l
i=1

8ai(m - k) aooboMo
: m-k a a:_xil ) ,
+ 2 agiboMo)ra Y. (1 - a)f ——2—— | (Chx@Ci(1 + IV ulP9)) i [ ol
a 8a;(m - k)
ZA*m
+ 4e laggboalMo(1 + [V™ulP)?w(t)RIVTFhI? + =L VKF (x, £
oo
+ 2Ca(rd (T, w) + psOIP) + Sagsaglw(®)PIVmh|? + 2elw(t) | VFhI?
m-k
+ dagolw(t)P Y, (Crx@)? AT IV k|2
i=1

Then there is a positive constant g; (4.73) can be reduced to
d
&["Vkvn,zﬂz + (boMo(C(IV™ul?)) — e)(a(x)V™ *uy 5, VM kuy 5) + €2 VRuy o]

+ Oyl [VEvl? + (BoMo(C(IV™ul?)) — )(@O)V™ Ky 5, VKU, ) + €2 VFuy 5[?]

M—m
< G + WP + —LIVEF(x, BIP.
Aoo

when k = m, (4.74) also holds.

Integrating (4.74) over (1 — t, ) with t > 0, we get for all n > Ny

V5,207 + (BoMo(C(IV™ulP)) — €X(@COV™ *uty, 5, V™t 5) + €2V¥uy 5|
< M IVVo(T = OIF + (beMo(CUIV™UIP)) — )(@COV™ FUno(T — 8), V™Kt o(T ~ 1))
T T
—-m

+ &2 Vkuy o(T — D] + e I e Cra(1 + [w(&)P)dE + 2}l;e""f _[ e8| Vkf (x, &)|2dé.
oo

Tt Tt
Replacing w by 6_;w in (4.75), we obtain for every t € R*, 7 € R,w € Qq, n > Ny

VKV o(T, T = t, 0. W)I? + (BoMo(C(IV™ul?)) - €)
x (aQOV™kuy o(T, T = t, 0.w), V™uy (T, T = t, 0. W) + €2|VKun o(T, T — ¢, 0. W)|?
< e U [|[VRvy o(T = OIF + (boMo(C(IV™ul?)) — €)(a(x)V™*upn (T = t), V™*kuy, o(T - 1))

4 2 Vkuo(r — O] + eor j TGl + (W(E)P)AE + Do j eI VHF (x, E)dE.
Aapo
Tt -t

From (3.8), h € Vi, f(x, t) satisfies (F;) Lemma 4.1 and (u;_¢, Vr—¢) € Be(T — t, 6_;w) fort — +co
e[| VRvn (T = OIF + (boMo(CIV™ulP)) — e)(@OO)V™ K o(T = 1), V*Kup o(T - 1))
+ &2|Vku, »(t - t)I?] — 0.

Combining (4.69), (4.70), (4.76), (4.77), and Lemma 4.1, we can get the conclusion of Lemma 4.2.
Lemma 4.2 is proved.

(4.73)

(4.74)

(4.75)

(4.76)

(4.77)
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5 The existence of the family of random attractors

In this section, we shall prove the existence of the family of random pullback attractors for system (3.8).
From Lemma 4.1, we know that for P — a.e. Dy = {Dy(7,w) : T € R,w € Q;} € Dy and w € Q, there exists
Tx = Ty(Dy, w) such that for all t > T

< ny(T, w). (5.1)

(T, T = t, 0w, ve_ ), + IV Fu(t, T = t, 0w, ur I, | <

Let
BT, w) = {, v) € Vi x Vit VI, + ulf,,,, < ruz, w)}. (5.2)

Then, by (5.2), Bx = {Bi(T, W)}weq, are the closed absorption sets of @y in X;. We are now ready to prove
the asymptotic compactness of @ in X;.

Lemma 5.1. Suppose M satisfies (M), h(x) € Vi, (Q), (3.2)-(3.6) hold f(x,t) satisfies, (F,), then @y is
asymptotically compact in Xy, that is, for every T € R, w € Q,, the sequence {®y(t;, T — t;, 0w, (Uri, Vr.1))}
has a convergent subsequence in X provided t; — oo and

(Uz,is V1) € Dk(T -t G,tiw); Dy ={Di(t,w) : T € R,w € Oy} € Dy.

Proof. We first let t; — oo, it follows from Lemma 4.1 that there exist i; = ij(t, w, D) > 0 such that for every
i>1

< n(T, w), (5.3)

2 2
Iv(t, T - t;, W, volly, + llu(t, T - &, Ow, uly, , <

next by using Lemma 4.2 for vy, > 0, there are iy, = ix,(1;, W, By) and Ny = Ni(1,, w) > 0 such that for every
ik > ikz

"(I - Pn)V(T; T - tki’ G,TW, VT)"%,( + ”(I - Bl)u(T’ T - tki’ G,TW, uT)||2V < rlk' (5'4)

m+k T

By using (5.3), we find that {Py,(u(t, T — t;, W), v(7, T — t;, w))} is bounded in PyX; and PyX is finite
dimensional, which associates with (5.4) implies that {(u(t, T - ;, w), v(1, T — t;, w))} is precompact in Xj.
O

Theorem 5.2. Suppose M satisfies (M), h(x) € V1 (Q), (3.2)—(3.6) hold f (x, t) satisfies (Fy), then the family of
cocycles @y generated by (3.8) has a family of pullback Dy, attractors {Ay} = {{Ax(T, W)} € Dy (k=1,2, ...,m)}
in X, and can be expressed as follows:

Ait,w)= N UDk(t, T - t, 0w, B(t - t,0w)), T€eR, weQ.

720t>71
Proof. From (5.2), Lemmas 5.1 and 2.10, the conclusion of Theorem 5.2 can be obtained.
Theorem 5.2 is proved. O

Note 5.3. Theorem 5.2 shows the family of cocycles @, generated by (3.8) has a unique pullback attractor
Ay, respectively, in the space Xi(k = 0, 1, ...,m), which together form a family of pullback attractors {A}.
At the same time, according to Lemma 4.1 and (5.2) and the tight embedding of X; — Xo, k=1, 2,..., m,
get the corresponding a family of pullback attractors {Ax}, which is (Xi, Xo) the family of random weak
attractors, which means that the family of cocycles @, has uniformly asymptotically compact absorp-
tion sets By(T, w) c Xo, k = 1, 2,..., m, where Bi(t, w) are the bounded sets in X, i.e., @ are asymptoti-
cally compact in Xp.
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