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1 Introduction

Let C be a complex plane and C := C U {oo}; G ¢ C be a bounded Jordan region with boundary L = 9G such
that0 € G; Q = C\G = extL; A = A(0, 1) == {w : |w| > 1}. Let w = ®(z) be the univalent conformal mapping
of Q onto A such that ®(co) = co and limz%oq)iz) > 0; ¥ := @1 For R > 1, we take Ly = {z : |®(z)| = R},

Gr = intLg, and Qg := extLg. Let g, denote the class of all algebraic polynomials F,(z) of degree at most
neN.

In this work, we consider the following weight function h(z). Let {zi}lj:1 be the fixed system of distinct

points on curve L. For some fixed Ry, 1 < Ry < 00, and z ¢ GRO, consider generalized Jacobi weight function
h(z), which is defined as follows:

!
h(z) = ho@)] Iz - 2P, 1)
j=1

where y; > -2, for all j=1,2,...,1, and hy is uniformly separated from zero in Lg,, i.e., there exists a
constant ¢(G) > 0 such that ho(z) = q(G) > 0 for all z € Gg,.
Let 0 < p < oo and o be the two-dimensional Lebesgue measure. For the Jordan region G, we introduce:

1/p

1Bl = IBulla, ) = Hh(z)m(z)wdoz ., 0<p<co, o
G

1Blleo = 1Bullacc1.c) = max|B(z)l,  p = oo,
ze

and A,(1, G) = Ap(G).
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When L is rectifiable, for any p > 0, let

1/p
1Rl = | [R@IREPIE| <o, 0<p<oo, ;
) 3)

1Bl £ 1,6y = max|B(z)|, p = oo,

zel
and Ly(1, L) = L,(L).
According to well-known Bernstein-Walsh lemma [1], we have:

I1BllcGo < R 1Rllc@)- (4)

Hence, setting R =1 + %, we see that the C norm of polynomials P,(z) in Gg and G have the same order
of growth, that is, the norm ||P,|¢) increases up to multiplication by a constant in Gg.

In [1] also was given some similar estimates for various norms on the right-hand side of (3). Analogous
estimation with respect to the quasinorm (3) for p > 0 was obtained in [2] for h(z) =1 (i.e., y; = O for all
j=1,2,...,1) as follows:

1
1Bl < R™7 IR0y, P > 0.

Moreover, in [3, Lemma 2.4], this estimate has been generalized for h(z) # 1, defined as in (1) for the
;> -1, forall j=1,2,...,1 and the following was proved:

1+y* .
1Bl £,n, L) < R™ v Bl cynry,  v*=max{Osy;: 1<j <} ®)

To give a similar estimation to (5) for the A,(h, G) norm, first, we will give the following definition.
Let the function ¢ map G conformally and univalently onto B := B(0, 1) := {w : |w| < 1}, which is nor-
malized by ¢(0) = 0 and ¢'(0) > 0; let Y = ¢~

Definition 1. A bounded Jordan region G is called a x-quasidisk, 0 < x < 1, if any conformal mapping ¥
1+x
1-x’
the curve L := oG is called a x-quasicircle. The region G (curve L) is called a quasidisk (quasicircle), if it is
x-quasidisk (k-quasicircle) with some 0 < k < 1.

can be extended to a K-quasiconformal, K = homeomorphism of the plane C on the C. In that case,

A simple example of a x-quasidisk may be a region bounded by two arcs of circle, symmetric with
respect to the OX-axis and OY -axis, each of the arcs crosses the OX-axis at +&,, where €3 > 0 and the angle
between the arcs is 7(1 — k), where 0 < k < 1.

ATJordan curve L is called a quasicircle or quasiconformal curve, if it is the image of the unit circle under
a quasiconformal mapping of C to C (see [4, p. 105], [5, p. 286]). On the other hand, it was given some
geometric criteria of quasiconformality of the curves (see also [6, p. 81], [7, p. 107]). It is well-known that
quasicircles can be nonrectifiable (see, e.g., [8], [4, p. 104]).

In [9] (see also [10]), the Bernstein-Walsh type estimates for the norm (2), the regions with quasicon-
formal boundary, weight function h(z), defined in (1) with Y, > -2, and for all p > 0, are as follows:

1
n+
1Blla,n,Gr) < GR™ 7 || Bullayn,6)s

where R* =1+ (R - 1), ¢ > 0 and, ¢ = ¢(G, p, ¢;) > 0 constants, independent from n and R.
In [11, Theorem 1.1], analogous estimate was studied for A,(G) norm, p > 0, for arbitrary Jordan region

and was obtained: forany B, € ,, R =1 + % and arbitrary R, R > Ry, the following estimate

2
1Bllay60 < CR™5 IBila, (64,)

is true, where ¢ = ( 2 )’1’[1 + O(%)], n — oo.

el -1
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Stylianopoulos in [12] replaced the norm ||B,||cz) with norm ||B|4,c) on the right-hand side of (4)
and found a new version of the Bernstein-Walsh lemma: Assume that L is quasiconformal and rectifiable.
Then, there exists a constant ¢ = c¢(L) > O depending only on L such that

N
dz, L)

IB(2)| < c Bl | @@, zeQ,
where d(z, L) = inf{|{ - z| : { € L} holds for every B, € g,.

In this work, we study for x-quasidisks G, O < x < 1, pointwise estimation in unbounded region
Q1 eont = C\Giyegnt for sufficiently small &, > 0, for the derivative |P{™(z)|, m = 0, 1, 2,..., in the following
type:

IP{(2)] < 0,(G, h, p, m, d(z, L), @)™ DIIBillp, 2 € Qyerts (6)

where 7,(-) — 00, asn — co, depending on the properties of the G and h.

Analogous results of (6)-type for m = 0, different weight function h, unbounded region Q, and some
norms were obtained in [13, pp. 418-428] [14—22] and others.

To obtain estimates for |P,(,m)(z)| on the whole complex plane, it is necessary to use Bernstein-Markov-
Nikolsky type estimate for [P{™(z)|, z € G, of the following type:

1P loo < A(G, by PRy, m=0,1,2,..., @)

where A, = A,(G, h, p, m) > 0, A, - 00, n — o0, is a constant, depending on the geometrical properties
of the region G and the weight function h in general.

Many mathematicians have studied inequalities of type (7) since the beginning of the twentieth century
[23-25]. In recent years, such inequalities for various spaces have been studied (see, i.e., [10], [13, pp. 418-428],
[14], [15, Secttion 5.3], [16], [21, pp. 122-133], [26-29] (see also the references cited therein). In recent years,
analogous estimates to the (7)-type for m = 0 were continued to be studied in [9,10, 19,20,22-34] and others
for various regions in the complex plane.

Therefore, combining estimates (6) and (7), we obtain in whole complex plane estimate for |P,5m)(z)|
foranym=1,2,...,:

AH(G’ h, p) Z € Gl+£0n'1,

n+1 (8)
ﬂn(G, h, b, d(Z, L)lq)(Z)| ) z € Ql+son’1’

IPM(@)| < ¢4 ||Pn||p{
wherec, = ¢4(G, p) > Oisaconstant independent of n, h, B,, and A,(G, h, p) — o0, n,(G, h, p, d(z, L)) — oo,
asn — oo, depending on the properties of the G and h.

2 Definitions and main results

Throughout this paper, c, co, G, G, ... are positive and &, &, &,... are sufficiently small positive constants
(generally, different in different relations), which depends on G in general and, on parameters inessential
for the argument, otherwise, the dependence will be explicitly stated. For any k > 0 and m > k, notation
i=k,mmeansi=k,k+1,...,m.

First, we give estimate for [P\™(2)|, z € G, form > 0.

Theorem A. [35, Theorem 1] Let 0 < p < 00, G be a k-quasidisk for some O < k < 1 and h(z) be defined by (1).
Then, for any B, € p,,n € N, and everym = 0,1, 2,..., we have:

Y

*42
IPI™]lo < cn(7m)as0 IR, ©)

where here and throughout the text,

y*=max{0; y, j=1,1} (10)
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Recall, the estimate (9) is sharp and for m = 0 was given in [32, Theorem 2.1].

For0 < §; < 8¢ = %min{|z,~ -z|:1,j=1,2,...,1,i #j},1etQ(z;, 6;) = Qn{z : [z-z| < §}; 6:=minb;;
Ux(L, 6) = ;L U({, 6)-infinite open cover of the curve L; Uv(L, 6) = §V=IU}-(L, 6) c Uy(L, 6)-finite open
cover of the curve L;Q(8) = Q(L,8) = Q n Uy(L, 8), Q = Q\Q(6);Qr(8) = Q(Lg, 8) = Qg N Uy(Lg, 6),
Qg = Qr\QR(D).

Now, we start to formulate the new results.

2.1 The general estimate (recurrence formula)

First, we present a general estimate for the |[P{™(z)|, for which it will be possible to obtain estimates for
the derivative for each orderm =1, 2,...

Theorem 2. Let p > 2, G be ax-quasidisk for some 0 < k < 1, and h(z) be defined by (1). Then, for any B, € g,,
neN, and everym =1, 2,..., we have:

P < a |<1>"+1<z)|~{ d”( "”z)A,z,,(z, m) + ic,ﬁB;,;<z)|P,$m"><z>|}, an
j=1

where ¢ = ¢(G, y, m, p) > 0 constant independent from n and z;

a5 +m- 1)(1“‘), p=>2, m=2, y>-2,
a5 +m )(1“‘),23p<1+(2+y)(1+x),m:1,yzO
Aﬁ,p(z’m):z‘(nlnn) v, p=1+Q+y){1+x), m=1, y=20
n'-s, p>1+QR2+y)1+kx), m=1, y>0
n(prm-1)am - p s o) m>1, -2<y<0,

B,%’](Z) = n]'(l+K), ] = 1, 2, Le,m,

if z € Q(6), and

a5 +m- 1)(“"), 2<p«< LI (y +2 )1 LILIRVN ! ,
2+K 2+K 1+«k
1-1 + K 1
(nlnn)t-», p= +(y+ 2) y = ,
2+ K +x 1+«
App(z,m) =1 -, p> 1, (y + 2) RS > 1 ,
2+K 1+k
n'-s, p=2 0<y 1 ,
1+k
n"(l‘ﬁ)*zl’, p=2, -2<y<0,

B,%’](Z) = nK, ] = 1’ 2’ e, m,

if z € Q(6).

Theorem 3. Let 1 < p < 2, G be a k-quasidisk for some 0 < x < 1 and h(z) be defined by (1). Then, for any
Biegp,neN,andeverym=1,2,..., we have:

P2 < c2|c1>n+1(z)|{ d”( "”i)A,% Zm) + ZC,LB,%,,-<z)|P,§m”<z>|}, 12)
j=1

where ¢ = 6(G, y, m, p) > 0 constant independent from n and z;

y*+2 _
A2z, m) = nl 5 )0
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if z € Q(6),
P2 em-1)(1+K) 1
n''» s 1<p<2, y = ] ,
+ K
n(y -+, p<l+y(l+k), O<y< n ! ,
+ K

A p(z,m) = 4 n"(%*)*%(lnn)l*% , p=1+y1+kx), 0<y< N ! ,
+ K

n(3-1)+4, p>1+yd+x), 0<y< L ,
1+kx
n"(%‘l)J'%, 1<p<2, -2<y<0,

if z € Q(8), y* :== max{0; y}, and B,;j(z) defined as in Theorem 2.

2.2 Estimate for |P,(2)]
As can be seen from (12), we also need an estimate for |B,(z)| as follows.
Theorem 4. Let p > 1, G be a x-quasidisk for some 0 < k <1 and h(z) be defined by (1). Then, for any

B, e g, neN,and z € Qg, we have:

(Dn+1 z
B2 < cgﬁflzp T 13)

where ¢; = ¢3(G, ¥, p) > 0 constant independent from n and z;

n(s 00 2 < p < ! +(2+y)1+K, y= ! ,
2+ K 2+ K 1+«
(nlnn)t-», p= ! +(2+y)1+K, y = L
K 2+ K 1+«
3
Anp = \nls, p> ! +(2+y)1+K, Y= 1,
2+ K 2+ K 1+kx
n'-s, p =2, 0<y !
1+kx
(35, pso2, —2<y<0,
forany p > 2 and
n(y;z‘l)(“"), 1<p<2, Y= 1 ,
1+«
+2
n(YT"l)(l”‘), 1<p<l+yd+x), O<y< 1 ,
1+x
3
Anp '—‘n"(%‘l)+%(lnn)1-é, p=1+yQd+x), 0<y«< ! ,
1+x
(314, 1+y(l+x)<p<2, 0<y< ,
1+x
n"(%’l)*%, 1<p<2, -2<y<0,

forl1<p<2.

We note that the estimate for |B,(z)| was previously received by us in [32, Theorem 3] for p > 0. But this
result is better for p > 2 and coincides with that [32, Theorem 3] for1 < p < 2.
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2.3 Estimate for |P,(2)|

Now, using Theorems 2 and 3, we can give an estimate for the |P,(z)| for z € Q.

DE GRUYTER

Theorem 5. Let p > 2, G be a x-quasidisk for some 0 < k <1 and h(z) be defined by (1). Then, for any
B, € p,, n € N, we have:

IPY2)| < 4

d(z, L)

|d)2("+1)(z)|

IBllpAntp(2),

where ¢, = ¢,(G, Yy, p) > O constant independent fromn and z;

Arl!',p(z) = <

if z € Q(6), and

if z € Q(6).

Aép(z) = <

y+2
n» (1+K)’

n2—},+x(lnn)1—;

2-Lik
nerre,

2-1
n?rtK,

v+2

n» (1+K)’

np(lnn)' s

1
nlﬂc—ﬁ,

1
n1+K—;,

nK(Z—%) +%’

1 1+kx 1
2<p< + 2+ , > ,
p 2+K ( Y)2+K ¥ 1+«k
1 1+k 1
R = +(2+ , > ,
p 2+ K ( y)2+x 1+x
p> 1 +(2+y)1+1<’ S 1
s 2+K 1+«
p =2, 0<y< ,
1+k
p=2, -2<y<0,
2<p< +(2+y)1+K, > 1 ,
+ 1+k
, b= +Q+vy) +K, > 1 ,
2+ kK + 1+x
1+ 1
p> +2+y) , y = ,
K 2+ 1+«
p=2, O<y L >
1+k
p=2, -2<y<0,

(14)

Theorem 6. Let 1 < p < 2, G be a k-quasidisk for some 0 < k < 1 and h(z) be defined by (1). Then, for any
B, € g, n €N, we have:

|Py(2)| < cs

|(D2(n+1)(z)|
d(z, L)

where ¢s = ¢5(G, y, p) > 0 constant independent from n and z;

A rip(z) =

7)),

n(¥)(1“‘),

n“(i-l)ﬂlﬁ“", 1+y(l+x)<p<2, 0<y<

nx(%—1)+%+1+x’

1<p<2,

1<p<l+y(Q+kx), O0<y<

1<p<2,

IBllpAr p(2),

1+x

1+x

-2<y<O,

>

(15)
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if z € Q(6), and

Ar?,p(z) =

ifze Q(5).

y+2
- (1+x)-1
'y -1,

y+2
1+x)-1
n'y -1

2

n"(ﬁ‘l)*%“‘(lnn)l‘% ,

nx(%—1)+%+x,

nx(%—l)+%+x’

2.4 Estimate for |P, (2)|

Bernstein-Walsh type inequalities for derivatives

1<p<2,

1<p<1+yd+k), 0<y<11 ,

p=1+y(1+x),

1
0<y< s
Y 1

+ K

1+yQ+x)<p<2, 0<y< L s

1<p<2,

1+k

-2<y<O,

— 1853

Considering the estimates obtained in Theorems 5 and 6 for ||P,(z)| and Theorem 4 for |P,(z)| in Theorems 2
and 3, respectively, we can obtain the following.

Theorem 7. Let p > 2, G be a x-quasidisk for some 0 < k <1 and h(z) be defined by (1). Then, for any

B, € g, n €N, we have:

IP(2)| < ¢

6

@2 (2)]

iz 1) IBllyArnp(2),

where ¢ = c¢(G, ¥, p) > O constant independent from n and z;

App(@) = 1

if z € Q(6), and

Af ,(2) =1

if z € Q(6).

+2
n(VT”)““‘), 2<p«< 1 +(2+y)1+K,y2 1,
2+K 2+K 1+«k
nl—%+2(1+1<)(1nn)1_%, p= 1 +(2+y)1+K’ > 1 ,
2+K 2+K 1+«k
nl—%+2(1+x), p> 1 +(2+Y)1+K, y > 1
2+K 2+K 1+«k
nl=p 2040, 2<p<1+Q+y)A+x), 0<y< ,
1+k
2+1+(3—2)K
n—r pJe, p=2, -2<y<0,
MEACEOL 2<p< ! +(2+y)1+K > 1,
2+K 1+«k
n*2=p(lnn)-», p = +(2+y)1+K, > 1 ,
+ 1+k
n+2-p, p> +(2+y)l+K, y = ! ,
2+ 1+«k
ni+2-p, p=>2, 0<y L
1+«
n"(z’%)*%“‘, p =2, -2<y<0,

(16)
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Theorem 8. Let 1 < p < 2, G be a x-quasidisk for some O < x < 1 and h(z) be defined by (1)

B, € g, n €N, we have:

Fahreddin G. Abdullayev

1P/@)] < &

@2+ (z)]
dz, L)

IBllpAr p(2),

where ¢ = ¢(G, y, p) > O constant independent from n and z;

if z € Q(6), and

if z € Q(6).

Arf,p(z) = 9

AZ’p(Z) = {

n(&pzﬂ)(lﬂo,

n(y;z +1)(1+K)’

nx(%+1)+%+2(1nn)l—% ,

nx(§+1)+},+2,

nK(%+1)+%+2,

n(¥+1)(1+x)’

n( y;’,z +1)(1+K)’

1<p<2,

1<p<1l+yd+x),

p=1+y(d+x),

1+yd+x)<p<2, 0<y<

1<p<2,

1<p<2, y

p<l+y(l+x), O<y<

1
O<y<
Y 1+

O0<y<
¥ 1+x

1+x

-2<y<O,

1+x’

n"(é’l)*%*z"(lnn)“%, p=1+yQ+x), 0<y< ! ,

nK(%—l)+%+2K’

1+k

p>1+y(l+x), O<y< ! ,

1<p<2,

2.5 Estimates for |P,(z)| and |P,’(z)| in whole plane

1+x

-2<y<0,

’

>

DE GRUYTER

. Then, for any

17)

According to (4) (applied to the polynomial Q,_1(2) := P,(z)), the estimation (9) is true also for the points
z € Gg, R =1 + gon™!, with a different constant. Therefore, combining estimation (9) (for the z € Gg) with
(14), (15), (16), and (17), we will obtain estimation on the growth of |P,(z)| and |P, (z)|, respectively, in the
whole complex plane.

Theorem 9. Let p > 2, G be a k-quasidisk for some 0 < k <1 and h(z) be defined by (1). Then, for any
B, € g, n €N, we have:

nl
[Py(2)| < cs IRl |2 (z))|
d(z, L)

%H)(Hx)
’

ZE(_;R,

Anp(2), z € Qp,

where cg = cg(G, y, p) > O constant independent fromn and z; A,f,p(z) defined as in Theorem 5 for all z € Qg.
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Theorem 10. Let 1 < p < 2, G be a k-quasidisk for some 0 < x < 1 and h(z) be defined by (1). Then, for any
B, € g, n €N, we have:

n(%fﬂ)(lﬂ()’
IPa(@)] < €5 IRllpy [@2n+D(z),
d(z, L)

ZG(_;R,

Ay, (2), z € Qg,

where c9 = ¢o(G, y, p) > O constant independent fromn and z; A,ip(z) defined as in Theorem 6 for all z € Q.

Theorem 11. Let p > 2, G be a k-quasidisk for some 0 < k < 1 and h(z) be defined by (1). Then, for any
B, € p,, n €N, we have:

n(%}+2)(1+}()’
IPL@)] < co IBll] |3y
d(z, L)

Z € GR,
AR (2), z € Qg
where ¢ = qo(G, ¥, p) > 0 constant independent fromn and z; A,?,p(z) defined as in Theorem 7 for all z € Qg.

Theorem 12. Let 1 < p < 2, G be a k-quasidisk for some 0 < k < 1 and h(z) be defined by (1). Then, for any
B, € p,, n € N, we have:

n(¥+2)(1ﬂ<)’ 7€ GR’
IP/(2)] < au 1Bullpq |30+ (2
%A@(z), z € Qp,

where ¢;; = ¢1(G, y, p) > 0 constant independent fromn and z; A,Z,p(z) defined as in Theorem 8 for all z € Q.

Thus, using Theorems 2 and 3 and estimating the |P{™(z)| sequentially for each m > 3 and combining
the obtained estimates with Theorem A, we obtain estimates for the |P{™(z)| on the whole complex plane.

3 Some auxiliary results

Throughout this paper, we denote “a < b” and “a = b” are equivalent to a < b and ga < b < ca for some
constants ¢, g, ¢, respectively.

Lemma 1. [36] Let G be a quasidisk, z; € L, 25,23 € QN {z : |z - z1| < d(z, L)}, Wy = D(z5), j = 1, 2, 3. Then,

(a) The statements |z; — z| < |z1 — z3| and |wy — ws| < |[wy — ws| are equivalent. So they are |z — 2| =< |z1 — z]
and |wy — wy| = [wy — wsl.

(b) If|z1 - z| < |z1 — 23|, then,

C1 )

w1 — W3
W — Wz

Z1— Z3
Z1 -2

il

< W1 — W3
W) — W,

where 0 < 1y < 11is a constant, depending on G and k.

Lemma 2. Let G be a x-quasidisk for some O < k < 1. Then,
(Wi — W' = |W(wy) — Y(wy)| = [wy — wyl!*X,

for all wy, w, € Q.
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This fact follows from an appropriate result for the mapping f € Y (x) [5, p. 287] and estimation for the
Y’ [37, Theorem 2.8]:

W) = 4. L) 18)
- 1

Lemma 3. [38] Let L be a x-quasidisk for some0 <k <1;R=1+ % Then, for any fixed € € (0, 1), there exist
a level curve Ly, ¢r-1) such that the following holds for any polynomial B(z) € g,, n € N:

IR, ) = <ns ||Bll,, p>O0.

(hL1 &(R-1)

Let {zj}ﬂ-zl be a fixed system of the points on L and the weight function h(z) defined as in (1). The fol-
lowing result is the integral analog of the familiar lemma of Bernstein-Walsh [1, p. 101] for the A,(h, G)
norm.

Lemma 4. [19] Let G be a quasidisk and P(z), degB, < n, n = 1, 2,..., is arbitrary polynomial and weight
function h(z) satisfied the condition (1). Then, foranyR > 1, p >0andn=1,2,...,

IBlla,n,6e) < (1 + ¢R = DY 5| Billa,ch.6)»

where c, and c; are independent of n and G.

This fact shows that the order of norms ||B|4,,6,,.,,) and [|Billa,,c) for arbitrary polynomials B,(z) have
the same growth order.

4 Proof of theorems

Proof of Theorems 2 and 3. The proofs of Theorems 2 and 3 are as follows. Let G € Q(kx) for some 0 < x < 1
andletR =1+ %,Rl =1+ %. For z € Q, let us set:

B(2)

Hy(z) = QJ'HI(Z)'

Let us represent the mth derivative of H, ,(z) as follows:

R(2) )(’”’
CD"”(Z)

o
= Z ((I)n+1( )) Pr(lmil)(z)

)
= Pr(,m)(z) + ZC}' 1 }p(mfj)(z)’
(Dn+1(Z) prt m (Dn+1(Z) n

H{"(z) = (

where CJ, = (r;l) Therefore,

(m) m 0))
P{"(z) = <D"+1(z){(qf)%f()z)) Z (qym ( )) P,S’"‘f)(z)}, zeQ.

1 (6]
( (Dn+1( ) )

Then,

v Yol

(m)
()] < |c1>"+1(z)|{ (qﬁ’ff()z))
j=1

|P,S'"">(z)|}. 19)
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As can be seen from (19), the following three statements on the right side need to be evaluated for z € Q
to obtain the evaluation for |P{™(z)|:

(m) 6)]
k() 1 : ()
&) (q;ml( )) ; (B ((D"*l(z)) 5 (O PV (2)].
Now let us start the evaluations in order.
(A) Since the function H,(z) = q)'%f()z), Hy(00) = 0, is analytic in Q, continuous on Q, then Cauchy
integral representation for the region Qp, gives
HP@ = oo [ ROz mz 1,
LR1
Then,
R@ \"™|_ 1 (| B | 14 |d(|
n+1 = _I n+1, m+1 < j I n(()l ‘ (20)
D™i(z) 27TL Q™) |16 - 2 2ﬂd(2 Lg) 1§ -
Ry
We denote
d
@ = [IOEE on

Lg,

and estimate these integrals separately.
For this, we give some notations.

Letw; == O(z)), @; = argw;. Without loss of generality, we will assume that ¢; < 27. For n = mint€a¢(g(zj,5j))

|t — | > 0 and n := min{n;, j = 1, I}, let us set:
D(my) = {t = |t — wjl < i} € D(Q(z;, 6))),

l ~ ~
A = U, b = A\A(p; Aln) = A\AGY; Ay = Ay(D),
j=1

M) ={t=R et Raps, TP g BT
go 3 (P}§0<w},

= N(1), N(p) = {t =Re? :R>p>1, 5

where @, = 271 - @; Q; = W(&), L}, = Lg, 0 Q55 Q = J}1Q;.

For simplicity, only one “critical” point z; on the boundary is taken for h(z), i.e., = 1. To estimate A,(z),
first by replacing the variable T = ®({) and multiplying the numerator and denominator of the integrant by

|¥(1) - ‘I/(w1)|%|‘lf’(r)|g and applying the Holder inequality, we obtain:

[P(T) — Wwp)|# | B @))(P' ()7 [T

I -
Az)=| IR = ‘
n(z) = I | (()l —zm ;1;': |W(r) — \P(W1)|%|‘I/(T) - Yw)|m |dt|

Ry

2

<3| [ 1@ - wonwriBerR)P @ Id
i=1 i
FRl

1
q

- ’ 2
x j[ Fo) ]|dr| ~ YAi@),
Fy

[W(T) — Y(wy)[P[¥(T) - ¥(w)|" i=1
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where Fg = ®(Lg) = Ay n {7 : |1| = Ry}, F = ®(Lg,)\F} and
1
P q
- ¥'@P i
1 — p = 1 LT
An(2) j [fn,p(DIP|dT] ) - W)@ D[W(T) — W(w)[am |dt| w1 In,2(2),

i
FR1 FR1

fap(T) = (¥(0) = YW RFO)E (@), [7] = Ri.

By applying Lemma 3, we obtain:
Jii<nr|Bllp, i=1,2.

For the estimation of the integral

Ghate = | LGl ]
" (1) - W(w) @D (r) — W(w)[am 22)
F,;l
fori=1, 2, we set:
ER ={r:7T€Fg,|t-wl<a® -1} (23)

Eg=f{r:1eF, cR-D<|t-wl<n}, ER={r:7¢ (D(LRl), T — wy| = 1},

where 0 < ¢ < 7 is chosen so that {T: |7 —wi| <qR - 1)} N A+ @ and O(Lg) = UizlE}{. Considering
these notations, from (22), we have:

hno@) + J25(2) = h(2) = h(ER) + R(ER) + h(ER) = J(@) + B@) + @)
and, consequently,
An(@) = ANZ) + AX@) < 1 Bl (B(@) + B2(2) + J3(2)) = Ana(2) + Ana(2) + Ans3(2), (24)
where

Ank(2) =0 B, J¥ (@), k=1,2,3,

[¥'(0) | dr|

- I . k=1,2,3.
| (@) — WP OO (D) — Ww)[
Ey,

EN

For any k = 1, 2, we denote

EM = {T € BN 2 [9(0) - WOwy)| = [¥(0) - W)}, ER, = ER\ER,,
! 2—-q
[¥'(7)] I?T-|1)+ _ iy,
Pk [W(1) - P(w)|ra-D+a
(I E}lek,l )q — Ry,1 7
- I [¥(0) — YOI PO Adr]| e, (25)
Tk [W(T) - P(w)|om
Ry,1
U(EX,)) = [¥'(0)* )dr| 13
2 |\II(T) - \I/(Wl)l)’(II*l)Jrqm ’ y £y
Erya

and estimate the last integrals.
Given the possible values g (¢ > 2 and g < 2) and y (-2 < y < 0 and y > 0), we will consider the cases
separately.
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Case 1. Let 1 < g < 2(p > 2). Then,

. [¥'(T)|* | dr|
(1(E)) = I (D) — W) ) — Pl
ER],I

1.1. Lety > 0. If z € Q(6), applying Lemma 2 to (18), we get:

_ 2-
(I(E“ ))q < [W'(0)* 9| dr| _ I d(¥(r), )\ |dT]|
BlJ /= ) [¥(r) - Pw)p@aDram ) 7| -1 [W(T) — W(w)|@-D+am
ER1.1 R1,1
26)
-9 |dr| 2-q)+y(g-D+am-C-@l1+) megE 1L (
< I 7~ W@ Dram G aiam e e mesEy,
Rt
< N2 D+y@-D+gm-2-la+0)-1
I(Ellé 1) < n(%+m)(l+x)—[1+(1—%)K—%]’
2-q
(1(E},) ) < j d(¥(r), L) |dt| :
' ) Il -1 [W(T) — W(wy)pa-ram
R1.2
@0 |dr] (2-@)+[y(@-D+am-C-@l1+0) g1
sn j It — wy|lV@-D+am-2-9l+0) sn mesEg,»
Rz
< n(2—q)+[y(q—1)+qm—(2—q)](1+x)—1’
I(E}lg}2)< n(2+m)(l+x)—[1+(1—f,)x—},]’
_ 2-
(I(E11z21))‘1 < [¥'(0)* 9| dr| < J‘ ey, DY |d7]|
v ) [W(T) - P(w)pa-Dram L Il -1 [W(T) — W(w)|a-D+am
R1,1 R1,1
<n@o |dr|
h T — wlY@-D+am-2-g)l1+x)
Eppa
nly@-D+am-Q-@lA+0-1" [y(g - 1) + gm - 2 - @)](1 + ) > 1,
<n®9inn, [y@-D+gm-Q2-ld+x) =1, @7)
1’ [Y(q - 1) +qm — (2 - q)](l + K) < 1’
n(%+m)(1+x)f[1+(1—%)x—%], y> -2, ms2,
1(ER,) < nlrem)aso-[(=303] ) <1 @y s r, m=1,
21) <
(%) ann)a-», p=1+Q+y)A+1), m=1,
n(l‘i), p>1+QR+y)(1+x), m=1,
(1(E2,) ) < [¥'(0)]* | dr| < n@-0 |dt|
R2)) = [W(T) — W(w,)@Dram = It — wyfY@-Dram-@-@)l1+x) (28)
Epy. Epy.

nly@-D+am-C-@l+0-1" [y(g - 1) + gm - 2 - @)J1 + k) > 1,
<n@D{1Inn, y@g-1D+gm-Q2-ql1+x)=1,
1, y@g-D+gm-Q2-lQ+x)<1,
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plbrm)aso-[1+(-3 )3 y> -2, mx2,
I(E ) n(%"”’)(“")‘[ +(1 ‘%)K"%], p<1+Q2+y)(A+x), m=1,
[ -~ pP=1+Q+y)A+K), m=1,
n(l‘%), p>1+Q2+y)1+x), m=1,

er2+m)(1+x)—[1+x+%] y> -2 ms2

1

(

Lam)(0)-| 1+(1-3 Jx—5 _
I(ER,) + I(EE,) < "(2)1 [H080b], pctir@epasn, m=1,

(1 17)(1nn)1 p=1+Q+y)A+x), m=1,

(1-3)

%, p>1+Q+y)1+x), m=1.

For 7 ¢ E , we see that ) < |t — wy| < 271R,, |T — w| > 1 — . Therefore, |¥(1) — ¥(w,)| > 1, from Lemma 1
and for|t - w1| > n,|¥(1) - ¥(w)| > |t — w|'**, from Lemma 2. Then, forw € A(wy, n7), applying (18), we obtain:

Byr< [ TY@F Tdrd f (d(\wr), L) )2“* dr]
| WD) - Wy f-1 ) %@ - ¥w)en
R’y R’y
<n@0 j |dt|
IT _ WI qm-Q2-q)](1+x)
R11
nlam-@-Ola+0-1" [gm - Q- )1+ 1) > 1, m > 2,
<n@-o n[q’” @01 fgm - 2- @1 +K)>1, m=1,
[gm -2 -l +x) =1, m=1,
[gm -2 -l +x) <1, m=1,
n(%er (1+K)— 1+K+% , p>2, ms2,
(1+m)(1+K)— 1+x+) _
B(2) < nff’2 [ P], p<1+20+kx), m=1, 2 € Q)
n(-3)anny-5, p=1+21+x), m=1, (29)
n(l’%), p>1+21+x), m=1,
Bz <73, 2 € 08).
Combining (26)—(29), for p > 2,y > 0 and z € Q(6), we obtain:
n(lyg+m)(l+x)—[1+(1—§)K—;]’ y > -2, ms 2,
2, n(%*m)(“")’[“(1’%)"’%], 2<p<1+Q+y)A+x), m=1,
Y (@) < 4 (30)
k=1 n(l’%)(lnn)(l‘ﬁ), p=1+Q2+y){1+x), m=1,
n'-s, p>1+Q+y){1+k), m=1.

If z € Q(6), then

(]21(2))‘1 < |\P’(T)|2*Q|dT| < J‘ (d(\.}/(_[.), L) )Zq |d-[-|

L (@) = YD~ It =1 ) It - wp@ b0

R E Ry

dr|

<n@-o | < n@-D+ly(@-D-2-9)(1+x) 11

= .[ IT — wylV@-D-C-l+0) ~ n mesEg, (1)
Ep

1
< N D+y@-D-E-I+1)-1

1) < mbo-[15(-3)e3]
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i< [ Y@ drd I d¥@, D\ ldi|
) @) - Wwpad tl-1 ) It - wp@da
ElZ

Ry

Ry
<no |dr|
B T - wy|Y@-D-C-9)l+1)
Ey,

A @ DGO, [y(g - 1) - 2 - I+ 1) > 1,

<n@ ! 1nn, V@a-D-Q-la+x) =1,
1, @-D-Q2-Jl+x)<1,
n(%)(“")’[“<1’%)“’%], 2<p< L (y + 2)1 Ly y> 1 ,
2+K 2+K 1+«k
n(-5)ann)a-», p = LS (y + 2)1 ML y> ! ,
J2(z) < ] 2+ K 2+K 1+x
’ ni-» p> +( +2)1+K y> !
’ 21k Y 2+’ 1+x
nl-7, p =2, -2<y< s
1+k
! 2- 2-q
Re< [ O [ (dDD) e,
YD) - W(wy)|a-v 7] -1
ER1 Ry
B(2) < n(1-5),
From (24)—(31), we obtain:
nl7 rm-1)aso y>-2,p=2, mz2,
al'sm)avo 5 oy gy Q+y)Q+x), m=1
An(2) < IRl » <=P Y » =5 (32)
(ninn)-»,  p=1+Q+y)1+x), m=1,
n-», p>1+Q+y)1+x), m=1,
if z € Q(6) and
n(y;2+m‘l)(l+x), 2<p< +(y+ 2)1 K 1
K 2+ K 1+k
(nlnn)-7, p:2 +( +2);+K, y>11 ,
A@) < IBllby I e " (33)
nl-», p > +(y+2) , >
2+K 1+«k
nl-s, p=2, -2<y< ,
1+x

if z € Q(6).

1.2. If y < 0, for w € A(wy, 1) N Qp(8), such that |¥(7) — Y(wy)| < |¥(1) — ¥(W)|, according to Lemma 1,
analogously we have:

2-q _ _ _ _ _
(I(E}el 1))q < d(¥(1), L) [W(1) — W(wy)|V@-D|dr| < p2a IT — wy|(V@-DA-%) drl
v 7] -1 [W(r) — ¥(w)|am It — wllam-C-9ld+0
1 1
R1,1 R1,1
< n2fq+[qu(qu)](HK)mesE}lé < n2-a+lam-2-gla+0-1

1(ER) < o[-,

(34)



1862 —— Fahreddin G. Abdullayev DE GRUYTER

2—
(1(E},) )7 = j d¥(@), L)Y’ |dt| < n@-a j |dt]
Ry,2 7] -1 (1) — ¥(wy)|P@-D+am [T — wy|Y@-D+am-Q-qI1+x)

1
R1.2 R1 2

< n(2*4)+[V(‘I*1)“1'"*(2*‘1)](1“‘)mesE}eiz < N D+y@-D+gm-2-la+x)-1

I(E 2)<n yem) (a0 1 (1= )3 |

(35

Fort e Elf, we see that [T — wy| < n and from Lemma 1, [¥(7) — ¥(wy)| < 1. Then, for w € A(wy, 1) N Qr(6),
such that |¥(7) - ¥Y(wy)| < |¥(1) - ¥(W)|, applying Lemma 2, we obtain:

(-y)g-1)
(1(E2,) )i - Hw)—\lf(w) - (d(wm L)) dr]

¥(r) - ¥(w) 7| -1 (1) — W(w)|em+via-D
<t T —wy [(V@Dg |dr|
h T—-w [¥(7) — W(w)|em+va-D-@-2
EIZ
o (36)
< nZ q |dT|
|T — wilam+y@-D-@-I1+x)
R11
n[qm+Y(Q*1)*(2*q)](l+x)*1’ qm + y(q _ 1) _ (2 _ q)(l + K) > 1’
<n@D{1nn, gm+y(@g-1)-Q2-g@+x)=1,

1, gm+y(@-D)-Q2-g@+x) <1,
n(;”")(“")‘[“(1‘5)"‘”, y> -2, m=2, y>-2,
n(%*’")(“")’[“(1’%)’(’%], 2<p<1+Q+yd+x), m=1, y>-2+ L

+K
I(E ) n(l’%)(lnn)“*%), p=1+Q+y)1+x), m=1, y>-2+ ! ,
1+k
n(l‘f’), p>1+Q+y)1+x), m=1, y>-2+ ! ,
1+x
n(l_%), p =2, m=1, -2<y<-2+ ,
1+k
2-q
(1(ER,)) = I d(¥(z), L) |dt|
Tl -1 [W(T) — W(w)|em+va-n
R12
<n24 I |dt|
|T — Wl [gm+y(g-1)-(2-g)](1+x) (37)
R12
n[qm+y(q—l)—(2—q)](1+K)—1, qm + y(q - 1) - (2 - q)(l + K) >1,
<n>Dilnn, gm+y(@-1)-Q2-@A+x) =1,

1 gm+y(@-1)-Q2-@+x) <1,
n(%+m)(1+x)—[l+(l—§)x—%]’ y> -2, m=2, y>-2,
n(%”")(l“‘)’[“(1’%)"’%], p<l+Q+y)A+k), m=1, y>-2+ L

+K
I(E ) (1’%)(lnn)1*% , p=1+Q+y)d+x), m=1, y>-2+ ! ,
1+x
nl-7, p>1+R2+y)1+x), m=1, y>-2+ 1 ,
1+kx
nl-7, p=>2, m=1, -2<y<-2+ .
1+x
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For 7 € Ej’ and each w € A(wy, 1) N Qg(8), we see that 7 < |t — wy| < 271R;. Therefore, from Lemma 1 and
applying (18), we obtain:

e [ @) = YWD Y dr| [ d¥(T), L)) |dt|
(I(ER))" "J [¥(T) - P(w)lam ”J 7] - 1 I¥(r) - P(w)lam

3
Ry

Ril
< n2-4 |dr| < pl-a+lam-@-1+x) (38)
|-,- — wllam-C-@la+0) ’

(et ]

Therefore, combining (34)—(38) in case of y < 0 for z € Q(§), we have:

n(%+m)(l+x)f[1+(1—%)x—%], P2, m=2, y> -2
n(%“")(l“‘)’[“(1’%)"’%], p<1+Q+y)1+x), m=1, y>-2+ N 1 ,
+ K
3
Y Jz) < n’"““‘)*[”(lf%)"*%] + n(l’%)(lnn)l’%, p=1+Q+y)A+x), m=1, y>-2+ 1 ! ,
+ K
k=1
n'-3, p>1+QR+y)1+x), m=1, y>-2+ ! ,
1+x
ni->, p>2, m=1, 2<y<-2+ L
1+x
m(1+x) - | 1+(1-2 )x-4
oo ()3 o
If z € Q(8), then |w — wy| > 1, from Lemma 2 and (18), we obtain:
I\ 2—q 2-q
(B(2)) = I ki (‘(F)_ll) || — < J‘(d(‘}’(r), L)) [W(T) — ¥(wy)|[(-VE-D|dr|
| ¥(r) — ¥y DE(T) — P(w)l LEE
ERI Ry
(=y)(g-D(1-x)
< nk@-9) f(l) e |dt| < n*@-PmesER < n*@-D-1<1, (40)
n 1
Ey
hz)<1,
d¥(0), L)) d¥(), L))"
(R(2))1 < j SEOZN W) - Wow)[Pa-Djdr| < j S22 ar) < o),
., |T] -1 ., ] -1
R Ry
B(z) < n{-3),
I\ 2—q 2-q
(]23(2))q < |\IJ (T)| |dT| < f d(\I"(T), L) |dT| < nK(z_q),
@ - wwpped T ) -1
R R’y
B(2) < n(-5),
Combining the last three estimates, in case of y < 0 for z € Q(8), we have:
3 2
Y () < n<(1-3). (41)

k=1

Then, for y < 0, from (39)-(41), we obtain:

3@ < [0, 2 e ags),
2 =
P n(1-3), 7 e Q(8),
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and, consequently, in this case from (24), we have:

An(z) < 17 ||Bilp

nm(ﬂk)*[“(*%)"’%], z € Q(6),

n(1-3), z € O(6).

Therefore, combining (30) and (42), for any y > -2, p > 2, we obtain:

n(¥+m—1)(l+)()’ p =2, m
n(y22+’"-1)<1+"), 2<p<1+Q+y)1+x), m
An(@) < IBlpy(nlnn)-5, p=1+Q+y)1+x), m
n'-», p>1+Q+y)1+x), m
n(%+m—1)(1+x), p>2, m
if z € Q(6), and
n(%f+m—1)(l+x)’ 2<p< 1 +(y+ 2)1 L
+ K 2
(nlnn)t-», p= +(y+2)1+K,
2+ K 2+
An(2) < |1Bllpd -, p>—1 ot (y+ K
2+k 2+ K
n17%’ p 2 2’
n"(l‘ﬁ)*;’, p=2,

if z € Q(6).

Case 2. Let ¢ > 2(p < 2). Then, 2 — g < 0, and so

j |dr|
|\PI(T)|q72|‘{’(T) - \I’(W)|Y(q—1)+qm ’

1k

1k ._ Ry,1
(1(E,))e = I (1) — W(wy)|Va-D]dr|
IW'(T)|7 ¥ (1) — Pw)|om’

1k
R1,1

dr|
I(EX )4 .= J- l s
( ( ha)) ) |‘P'(T)|q72|\I’(T) _ \y(wl)|)’(61—1)+q
R1.2

[¥'(0)*?|dr]

I 11 [\
N

v

ify>0,

ify <o,

3 —
By = j ) — Wow P D) — W
ER1

2.1.Ify > 0 and z € Q(8), applying Lemmas 1 and 2 to (45), we obtain:

. -1 )7 |dr| (g
(i(eR)y < | (d(‘l’(r), L)) )~ @ < J = wi

1
ER

1
R1,1

< n[y(q—l)wm](l+t<)+r<(q—2)mesElléy1 < nV@-D+gml1+0)+x(g-2)~1,

I(E}el 1) < n(§+m)(1+x)-[1_(§_1),<_%]
15 ’

—_

y >0,

y=0,

-2<y<0,

1’ 23

|d]|

1,1

y(g-D+gm](1+x)

DE GRUYTER

(42)

(43)

(44)

(45)

(46)
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()Y < [ (0= dr] a2 j _ ld
w2)2 ) aw, ny) - 1w — wowpavean = 7 = wy@Dram
R12

Ry,2

47
< n[Y(fJ—1)+qm](1+x)+x(q—2)mesEllz}2 < nlY@-D+aml(1+x)+xk(q-2)~ 1’ (47)
I(EIIQ},Z) < n(%+m)(1+x)—[1—(%71);(7%]’
(I(E ))q < n¥a-2 ldr| < n¥@-2+[y(g-D+gm](1+Kx)-1
! |T — W| [y(g-1)+gm](1+x) ’
I(ER )<n<y+m>(l+x) [-(G-1)e-3],
()= | o P p—
A |‘~I"'(T)|Q*2|‘~IJ(T) — \I»’(Wl)|)/(q—l)+qm ) IT - Wl|[y(q—1)+qm](1+x)
E
R1,2
< nx(q—Z)+[y(q—1)+qm](1+x)—1, (48)

H(ER,) < b -[-(-1e-3].

Fort ¢ EP ., we see thatn < |1 — wy| < 27R,. Therefore, from Lemma 1, we have [¥(1) - ¥(wy)| > 1. For w ¢
A(wy, rl)|‘I’(T) - ¥(w)| = |t — w|'**. Then, applying Lemma 2, we obtain:

Gey<na [ 14
Ir -

Pl < np*@-2)+gm1+x)- 1
qum(l+x)
13

(49)
]23(2) < nm(lﬂ()—[l—(%—l)x—%].

If z € Q(8), then |[w = wy| > 1, from (18), we have:

q-2
gie< [ (=L dr] S .
\d(¥(1), L)) [¥(1) - P(wy)@ D T - wyp@ D
E £

Ry

< n"(q’2)+V(‘1’1)(1+")mesE}31 < n¥@-2+y(g-H+1)-1
1 b

ey < bt -]

-2
J3(2))7 < I 1 -1 Y |dr| n*@-2 j |dr|
\d(¥(0), L)) [¥(1) - ¥w)|@ b T — V@D
E

Ry

n@-Da+0-10 y(g — D)1 + k) > 1,

<n*@-2i1nn, y@@-DA+x) =1,
1, yi@-DA+x) <1,
n%(lﬂ()—[lf( ] y> p-
1+x’
J(z) < n"(%’l)(ln")l_% ) V= P 1’
1+«k
nk(f’_l), y < p—_l,
1+«
dr|
3(2))4 = I |
(5(2) WD) - Ww) @D (T) — P(w)lam

Ry

q-2
< I ,ldT| — < J( 7 ~ 1 ) |dt| < n*-2),
LY@l | \d(¥(1), L)
E E

Ry Ry

Bz) < nl51),
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From (46)—-(49) and (24), fory > 0,1 < p < 2, m > 1, we have:
An(2) < |Blpnl’7 rm-1)as, (50)
if z € Q(6) and
n(y+2+m—1)(1+x) y> p-1
1+k
Ax(2) < IRl R G Hanny-d, y = 222, (51)
1+«
nK(%—l)+%’ y < p-1
1+x
if z € Q(6).
2.2. Let y < 0. For z € Q(6), according to Lemma 1, we have:
-1
3 W) W) [¥'(0)7 2 W (r) - W(w)|am+a-D
(-¥)g-D¢;
ey [ (lrowl )T |dt|
A IT - w| |T — wllam+y(@-DId+x) (52)
Rl
< n"(z‘q)+[Y(‘I‘D*qm](“")mesE}gll < @ D+ly@-D+gm]1+1)-1
I(EIIQ} 1) < n(%+m)(l+x)—[1—(%—1)1(—%],
(1(ER,) )2 < a2 dr] < ¥ dr]
[W(1) - ¥(w)|r@-D+am |T — wylam+y(g-D]A+x)
11
R1Z 1
< nx(q—2)+[qm+y(qfl)](1+x)me5511el2 < n¥@-2+[gm+y(g-D]1+1)-1
15 b
I(E 2)<n +m)(1+K) [—(%—1)1(—%],
_ (-y)@-1
(1(ER,) )7 < I |‘P,(T) qj’(W1)| |dT”|1 < I S— |dt] _
L YO 7Y () - Y(w)|? ) YOI ¥ () - Y(w)le
Ry,1 R1,1
< n<@-2) |dt] < @D ram(ie-1 (53)
= IT - qum(1+x)
Rt
I(E )<nm(1+x) [ ( —1);(—%]’
(1(ER,))7 < I |dr] < <@ j _ ldr
I W@ - Y J v — i
Ry,2 ERLZ
< nx(q—2)+qm(1+x)—l’
1(ER,) < pna+0=[1- (313
J3(2))7 < [¥(r) — ¥wp[ O Didr| n<a-2) I o
| W 7T — e 17— w0
Rl R (54)

< n¥@-2+gmi+0-1,

R <m0 -3,
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For z € Q(8), analogously we obtain:
Ji) < nlb-0x, i=1,2,3. (55)

So, for y < 0, from (24), we have:

n(%*m)(“"), if z € Q(6),
MA@ < 1Bl n (56)
n(3-0% 5, if 2 € O(6).
Therefore, for any y > -2,1 < p < 2, m = 1, from (50), (51), and (56), we obtain:
n(¥+m—1)(1+;{)’ y= 0,
An@) < 1BlpA " (57)
n(5+m—1)(1+x)’ Y < 0’
if z € Q(6), and
n(y;2+m—1)(1+}(), y > p- 1’
1+x
(@) < IRl R G banny-h, y = 221, (58)
1+k
ne(3-1)+5, —2<y< p- 1,
1+x
if z € Q).
(6))
(B) Now, we begin to estimate the ((D%l(z)) ! .
Since ®(c0) = oo, then Cauchy integral representation for the region Qg gives:
)]
_ :_L'J‘ 1 d(, , z € Qp.
q)n+1(z) 27ti (DrHl(() ((_ Z)]+1
Lg,
If we go from both sides to the module, we obtain:
1 @<LJ 1 gl _ 1 1)
D"(z) T ) oL G- 2t T 2 g - 2t
LR1 LR1
Replacing the variable T = ®({) and according to (18), we obtain:
1\, [ deE@, L) |dt] o J |dt]
>Yz) ) | [l -1 [¥(r) - ¥w)i*t -~ [T — wjit®
|T|=R =R (59)
n+0 - if z e Q(6),
< - j=1m.
n, if z € Q(6),
Combining estimates (19)—(24), (43), (44), (57), (58), and (59), we obtain:
o . n+ - if z e Q(8),
P < [0 )] A1) cipmoi ) iz 00 (60)
d(Zy L) j=1 nK, if z € Q((S),
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where foranyy > -2,p>2,m=>1

( , D=2, m=2, y>-2,
n(%”")(“")’[“(1'%)"'%], 2<p<1+Q+y)1+x), m=1, y=0,
An(2) < [IBllps n(l‘i)(lnn)l‘%, p=1+Q+y)1+x), m=1, y>0,
n-», p>1+Q+y)1+kx), m=1, y>0,
nm(1+K)—[l+(1—f,)K—},]

p=2, m=1, y<O0,

if z € Q(6) and

n%(l+x)—[1+(1—%)x—%]’ 2<p< 1 e+ 2\ + K ys 1 ,
2+ K "2+ K’ 1+x

n(l‘%)(lnn)(l‘%), p= +(y+ 2) tX y> ! ,
2+ K +x’ 1+x
A4@) < 1Bl a2, p> + .y,
2+K 2+K T+x
ni-s, p=2 O<ys< —.
1+x
n"(l‘zzﬂ), p=2, y <0,
ifz e 5(6); foranyy>-2,1<p<2,mz=1,
n(YTj”")(“K)’[1’(%’1)"’%], Y>> -2, if z € Q(6),
ppe0-[1-(3-1)e-3] y>f‘R if z € Q(8),
+ K
An(2) = ||Bllp; _ ~
n<(-)ann)o-», y=£-1 if z € Q(6),
1+x
n"(%-l), —2<y< p- 1, if z € Q(6),
1+x

and y* := max{0; y}.
(C) [P\™(z)|. Estimate |P{™"(z)| for m = 2, j = 1, 2, and we carry out separately as follows. Therefore,
the proof of Theorems 2 and 3 is completed. O

Proof of Theorem 4. Now let us start the evaluations of |B(z)|. For this, we will make the necessary

evaluations by writing the above proof for m = 0. Since the function H,(z) = dﬁ”ff()z), H,(c0) = 0, is analytic
in Q, continuous on Q, then Cauchy integral representation for the region Qp, gives
B =~ [, 2o
2mi ¢
LR1
Then,
B(z 1 P d
| e[ 2L < (LGS )
O"(z) |~ 2m ) | @) | [{ -2 T 2nd(z, L)
Lg, Lp
and so,
2" 1(2)| j
B(z B d
[B(2)] < dz Le) |B(O11dS]
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We denote

Ay = j IB(O)IIC], 62)
LR1

and estimate this integral.

To estimate A,(z), first replacing the variable T = ®({) and multiplying the numerator and denominator
of the integrant by |¥(t) — ‘P(w1)|% 4 (‘r)|% and applying the Holder inequality, we obtain:

I BOI1dE] = Zj ¥() - w7 | ROP@)(W(D) W' "
n - y !
Ly, =1pi [¥(r) - Y(wy)lr

HMN

q
1=
jwm W) [BOFO)P ()P dr] f(L'y] dr]
i 2 \ 1) - woulp

A

HMN

where Fy = (D(L}el) = A n{r : 7| = R}, Fj = ®(Lg)\F, and

1
p

\P/ 2-q . .
f Unp (T ld] I (T )| (\Irlevvl)w(q-n'd“ =1 I

Fp R

fap(T) = (¥(1) - ‘P(Wl))ﬁ&(‘i’(f))(‘l"(ﬂ)%, It =R
Applying Lemma 3, we We denote:

: N .
Jna < By, i=1,2.

Therefore, we need to evaluate the following integrals:

RColins ;
Un2)? = I|\P(r) ‘I’(wl)ly(q’l)ldﬂ’ i=1,2

For the estimation of the integral ],’;’2, for i = 1, 2, we use notations (23) and (24) and, consequently,
we need to evaluate the following statement:

An =10 |Bll, 3 + 2 +J3), (63)
where

kg [¥'(0)*?|dr|
= W) - Wy’

R

k=1,2,3.

So, for any k = 1, 2, 3, we will estimate the integrals ]2" .

Given the possible values g (¢ > 2 and g < 2) and y (-2 < y < 0 and y > 0), we will consider the cases
separately.
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Casel. Letl<g<2(p=2).
1.1. Let y > 0. Applying Lemma 2, we We denote:
by = I¥'(0) 1 |dr] I (d(wm, L))” |dr|
W) - ¥ped © ) -1 ) W) - Wwpped
Epg, Ry,2
-0 |dt| -0)+Y(@-D-C-@I1+0meg Ll
sn I T~ wpa o " mesEg,» (64)
< N D+y@-D-C-IA+0)-1,
]21$ n;(1+;<)—[1+(1—§)x—},].
! 2-q
s [ WO oy f ar
A [W(1) — ¥(wy)|P@-D A [T — wy|(@-D-@-9)10+x6)
R ER1
nly@-D-Q-@la+0-1" [y(g - 1) - 2 - ¢)]A + x) > 1,
<n@9{1nn, @-D-Q-ld+x) =1,
1, v@-D-C2-9Ildl+x) <1,
n%(l“‘)’[“(l’%)"’%], 2<p< + Q2+ y)l ML y > 1 , (65)
2+k 2+ kK 1+kx
n(=3)nn)a-»), p= 1, 2+ y)1 L ! ,
2 < 2+ kK 2+ 1+k
2 =)
171) 1 1+x 1
n( p), p> +Q2+y) s > s
2+K 2+ K 1+x
n(l‘ﬁ), p=2, -2<y< .
1+k

Fort e E }zf, we see that n < |t — wy| < 2nR,. Therefore, |¥(7) - W(wy)| = 1, from Lemma 1 and applying

(18), we We denote:

d(¥(1), L)

J3)7 < I [W'(0)* 9 dr| < I ( It -1

13
Ry

2-q
) |dt| < n¥-D,

13

E R

2 <n-3).

Combining (64)—(66), for p > 2,y > 0 and z € Qg, we denote:

n%(l“‘)’[“(l’%)"’%], 2<p< ! +Q+ y)1 K y>
2+K 2+
3 n(l’%)(lnn)lﬁ, p= + Q2+ y)1 X >
Z]k < | 2+ K 2+
2 2 1 1+k
k=1 nl=», p > +2+y) s y >
2+K 2+
nt-», p=2, 0<
From (63)—(67), we obtain:
) L N p< LI Q+ y)1 LILIVN
2+K 2+
n-»(nn)'-», p= +(Q+ y)1 +K , y>
2+ 2+ K
An < IRy ;
1 + K
nl-», p> +2+y) s y >
2+
n'-», p=2, -2,

(66)

1+x

1+k (67)

1+x’

< .
Y 1+x

(68)
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1.2. If y < 0, analogously we have:

2-q
Uzl)q < I |W(r) - \y(wl)|(y)(q1)(W) |dt| < n@ D I [W(1) — W(wy)|Va-D+2-9)|dr|
T —
<n®9 I [T = wylV@-D+@-DIA-1) | gp| < n(z‘q)’f[Y(q‘1)‘(2‘4)](1"‘)mesE}3: (69)
Eg,
< N D+y@-D-E-I-1)-1
A <np0-[1-03) 3 < q,
For 7 ¢ Eg, we denote:
d(¥(r), L)Y ?
J2)9 < J W(r) - \y(wl)|(y>(q1)(M) |dT| < n*C-9),
A Tl -1 (70)
ER
1
B < n"(l‘zzi),
d(¥(r), L)\ ?
(]23)4 < J [W(1) — W(wy)|PE-D M |dt| < n*@-D,
12 |T| -1 (71)
ER
1
B <n-3).
Therefore, combining (69)-(71) in case of y < O for z € Qg, we have:
3
Z]zk < n"(l‘fﬂ),
k=1
and, consequently, in this case from (63), we have:
Ay < Bll, n075) 5, 2 € Q. (72)
Therefore, combining (67) and (72), for any y > -2, p > 2, z € Qg, we obtain:
n(y+2 D, 9 < p < 1 +(2+Y)1+K, y > 1 ’
K 2+ K 1+k
()i, p=——+ Q@+t y>
2+K 2+K 1+x
An < 1Bl i3 p>—— s epEX s L (73)
2+ K 2+ K 1+k
n'-s, p=2, O<y ! ,
1+x
n<(1-3)5,  ps2, -2<y<0
Case 2. Let g > 2(p < 2). Then, 2 — g < 0, and so
|dt|
(]k(Z )q = '[ s k = 1’ 2’ 3.
: W ¥(T) - Wy (74)

Ry

2.1. If y > 0, applying Lemmas 1 and 2 and (18), we obtain:

(JI)HI W1 ) ldr] G- 2>I ey
? 4 \awm, ) 1¥@ - W b= It - wyp@D

f2 (75)
< ny(q—l)(l+K)+K(q—2)mes]511€}’2 < nY(@-Da+0)+x(g-2)-1,

i <mbase -3

B
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|dT| < nK(q,z) I |dT|
|\P’(T)|q72|\P(T) _ \I](Wl)ly(q—l) ; T - wlly(flfl)(lw)
Eg

1

2 < j
12
Ry

ny(q—l)(1+K)+K(q—2)—l’ y(q _ 1)(1 + K) > 1,
<3 n*@-2lnn, yi@-DA+x)=1,
n¥@-2), y(@-1DA+x) <1,
n%(“")'[l'(%'l)"'%], 1<p<l+yd+x), 0<y< 1 , (76)
1+x
x(l—l) 1-1 _ 1
n\*»)(Inn)!-», p=1+yd+x), O<y< ,
]2 <4 1+x
2 3 1
n\»=%), 1+yQ+x)<p<2, 0<y< s
1+k
n%(l“‘)’[l’(%’l)"’%], 1<p<2, Y2 !
1+x

For 7 € Egn < |t - wi| < 27R; and from Lemma 1 |¥(7) - ¥(wy)| = 1. Then, we obtain:

(]23)q _ j . |dt| ( < n¥@-2 '[ |dt| < n¥@-2),
YD W — y(g-1)

From (74)-(77) and (63), for y > 0,1< p < 2,z € Qg, we have:

n(y£2-1)<1+"), 1<p<l+yQ+x), 0<y< ,

1+k
nx(%—1)+§(lnn)1—%, p=1+y(l+x), 0<y< ! ! ,

Av<IBly i (78)

n"(p‘l)+n, 1+yQ+x)<p<2, 0<y< )

1+x
n(y;2_1)(1+x), 1<p<2, y= !

1+x

2.2. Let y < 0. For z € Qg, according to Lemma 1, we have:

— q-2
e < j W(r) - \P(w1)|<-y><q-1>(%) \dr]

1
E R

< n<@-2) I (P(T) — P(wy)[PE@D|dr| < @D j IT = wV@-DA-9 |
11 11

(79)
ER1 ERI
< nK(‘I’Z)er(q*l)(l*’f)mesEllel < nK(q*Z)W‘y(q*l)(l*K)*l < nK(Q*Z)*l,
1
Jenliers,
(J2) < I [W(1) — W(wy)|V@D -1 q72|dT|
a 1 d(¥(r), L)
Ey
< n*@-2 I [W(1) — ¥(wy)|V@-D|dr| < n¥@-2), (80)

12
E R
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! q-2
i ¥'(0)| -

J3 < n(3-1x.

oy < f [¥(r) = W) Dldr]
13

So, for y < 0, from (63), we have:
Ay <GS B, z € Op. (82)
Therefore, for any y > -2,1 < p < 2, from (78) and (82), we obtain:

n(y,%z—l)(HK)’

1<p<l+y(dl+x), O0<y< 1 R
1+k

n"(%’l)*%(lnn)“%, p=1+yQd+x), 0<yc< ! ,

1+k
An < By n"(%‘l)+%, 1+yQ+x)<p<2 0<y< N ! , (83)
+K
n(¥’l)(l“‘), 1<p<2, y = ! ,
1+x
n"(%’l)*%, 1<p<2, -2<y<O.

Combining estimates (19)-(63), (73), and (83), we get:

|D"+1(z)]|
B(2)| x ———= ||IRllpAn,
[B:(2) dz, Le) (1 BxllpAn
where for p > 2
n(p DA+, 2<p«< 1 +(2+y)1+K, y= ! ,
2+ K 2+ 1+x
n-»(Inn)-», p = + Q2+ y)1 X y = ! ,
Ay < ||Bly3 2+K 2+K 1+x
n = nllp 1 1
n(-5), p>max{2; +Q2+y) +K}, y =20,
2+ K 2+ K
n(1-5)+5, p=2, —2<y<0,
and forl1 < p <2
(&271)(1“:) ;
n\r s 1<p<min{2;1+y(Q1+x)}, y>0,
1
A < 1Bl n"(%’l)*%(lnn)l‘ﬁ, p=1+y1+x), 0<y< e
n"(tz"l)ﬂlﬂ, max{l;1+y(l+x)}<p<2, -2<y< ! ,
1+x
and therefore, the proof of Theorem 4 is completed. O

Proof of Theorems 7 and 8. According to Theorems 2, 4, 5 and estimates (20), (21), (43), (44), (60),
form = 2 and p > 2 from (19), we have:

"oz o .
Pl < ((D]:nff()z)) + ZCZ’ (q)njl(z)) |P@(z)|
j=1
<|O™(2)| (q)P(f()Z)) ‘ + C3Ba1lPy(2)| + C3By | Bi(2)|

IRl
< |®"+1(z)|[ﬁA&(z, 2) + CBy1Pu(@)| + C3B,,|R(2)] |
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Substituting estimates for the B,{j, j=1,2, |B(z)| and |P,(z)| from Theorems 2, 4, and 5 correspondingly,
we obtain:

n(%}ﬂ)(lﬂo’ 1+x 1

1
2<p< +(2+ , Y2 s
P 2+ K ( y)2+x 4 1+x
n-p 29 (Inn)l-v, p = e +(2+ y); : };, y = i’
| D3+ (z)]| 1 1 1
P! < =2 B 1A b2 N et .
" d(z, Lg,) ' ’ P> ( y)2+1<’ Y21ix
nl=p+2040, 2<p<1+Q+y){d+x), 0<y< n !
+ K
n2+;’*(3‘§)", p>2, -2<y<0,
for z € Q(6), and
'y a0 2<p< +(2+y);+K, 27 1 ,
+ + K
R, p- s @,y
|3 ()| 1 1 1
[PY(@)] * ———"7 |IBillpq p+2c-3 > +(2+ tK >
d(z, Lg,) ’ P> x ( Y)2+ ’ Y1
nl+2xf%’ p =2, 0Sy<1-|1_K,
n"(z-%)’f%“‘, p>2, -2<y<0,
for z € Q(8),
Analogously, from Theorems 3, 4, and 6, for 1 < p < 2, we have:
n(%ﬂ)(nx), 1<p<2, y =z ! s
1+x
+2
n(%“)(“"), 1<p<1+yd+x), O<y<11 ,
+ K
|q)3(n+1)(z)| 1
1P (2)] < — === IBillpy p¥(+1)+ 5 +2(nnyt- =1+y(l+x 0<y<
" d(z, L) (Inn)*=>, p i ), Y 1+ x
nx(%“)*%*z, 1+yQ+x)<p<2, 0<y< )
1+k
nx(f,+1)+},+2’ 1<p<2, -2<y<0,
for z € Q(6), and
n(%+l)(l+l{)’ 1< p< 2’ y > 1 ,
1+kx
+2
n(yTH)(HK), p<l+y(l+x), 0<y< 1 ,
" |q)3(n+l)(z)| ( ) : -'1— :
IP7 (@) = ———= lIBllpy n*(3-1)*5+2(Inn)1-» =1+y(l+x), 0<y<
"< T (Inm' b, p=1+yd+1), 0<y<——,
n(3-1)+he2e p>1+yd+x), 0<y< L ,
1+«
n"(ﬁ‘l)*lv*z", 1<p<2, -2<y<0,

for z € Q(6). Therefore, the proof of Theorems 7 and 8 completed.
The proofs of Theorems 5 and 6 are similarly carried out to the proofs of Theorems 7 and 8, using
the corresponding estimates (11)—(13).
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In conclusion, note that in proofs, everywhere there is a quantity d(z, Lg,). Let us show that d(z, Lg) >
d(z, L) holds for all z € Qg. For the points z ¢ Q(Lg,, d(Lg,, Lr)), we have: d(z, Lg) > 6 > d(z, L). Now,
let z € Q(Lg, d(Lg,, Lr)). Denote by &, € Lg, the point such that d(z, Lg) = |z — £)|, and point &, € L, such
that d(z, L) = |z - &), and for w = ®(2), {; = D(&), & = D(&,), we have: [w — wy| = [|[w — wy|—|wy — wy|| >

’lw - wy| - %|w - wzl‘ > %lw — wy|. Then, according to Lemma 1, we obtain d(z, Lg) > d(z, L). O

Acknowledgements: I am grateful to all referees for their careful review of the manuscript and valuable
comments.

Conflict of interest: The author states no conflict of interest.

References

[1] ). L. Walsh, Interpolation and Approximation by Rational Functions in the Complex Domain, American Mathematical
Society, Rhode Island, 1960.

E. Hille, G. Szegb, and J. D. Tamarkin, On some generalization of a theorem of A. Markoff, Duke Math. ). 3 (1937), 729-739.
F. G. Abdullayev and P. Ozkartepe, On the growth of algebraic polynomials in the whole complex plane, . Kor. Math. Soc.
52 (2015), no. 4, 699-725.

SRS

[4] O. Lehto and K. I. Virtanen, Quasiconformal Mapping in the Plane, Springer Verlag, Berlin, 1973.

[5] Ch. Pommerenke, Univalent Functions, Gottingen, Vandenhoeck and Ruprecht, 1975.

[6] L. Ahlfors, Lectures on Quasiconformal Mappings, Van Nostrand, Princeton, NJ, 1966.

[71 Ch. Pommerenke, Boundary Behaviour of Conformal Maps, Springer-Verlag, Berlin, 1992.

[8] P. P. Belinskii, General Properties of Quasiconformal Mappings, Nauka, Sib. otd., Novosibirsk, 1974. (in Russian).

[9] F. G. Abdullayev and D. Aral, On the Bernstein-Walsh type Lemmas in regions of the complex plane, Ukrainian Math. J.

63 (2011), no. 3, 337-350.

[10] F. G. Abdullayev, On the interference of the weight and boundary contour for orthogonal polynomials over the region,
J. Comp. Anal. Appl. 6 (2004), 31-42.

[11] F. G. Abdullayev and P. Ozkartepe, An analogue of the Bernstein-Walsh lemma in Jordan regions of the complex plane,
J. Inequal. Appl. 2013 (2013), 570.

[12] N. Stylianopoulos, Strong asymptotics for Bergman polynomials over domains with corners and applications, Constr.
Approx. 38 (2013), no. 1, 59-100.

[13] V. K. Dzjadyk, Introduction to the Theory of Uniform Approximation of Function by Polynomials, Nauka, Moskow, 1977.

[14] D.I. Mamedhanov, Inequalities of S. M. Nikol’skii type for polynomials in the complex variable on curves, Soviet Math.
Dokl. 15 (1974), 34-37.

[15] G. V. Milovanovic, D. S. Mitrinovic, and Th. M. Rassias, Topics in Polynomials: Extremal Problems, Inequalities, Zeros,
World Scientific, Singapore, 1994.

[16] P. Nevai and V. Totik, Sharp Nikolskii inequalities with exponential weights, Anal. Math. 13 (1987), 261-267.

[17] F. G. Abdullayev, On the some properties of the orthogonal polynomials over the region of the complex plane (Part I),
Ukrainian Math. J. 52 (2000), 1807-1821, DOI: https://doi.org/10.1023/A:1010491406926.

[18] F. G. Abdullayev, On the some properties of the orthogonal polynomials over the region of the complex plane (Part II),
Ukrainian Math. ). 53 (2001), 1-14, DOI: https://doi.org/10.1023/A:1010472331033.

[19] F. G. Abdullayev, On the some properties of the orthogonal polynomials over the region of the complex plane (Part Ill),
Ukrainian Math. ). 53 (2001), 1934-1948, DOI: https://doi.org/10.1023/A:1015419521005.

[20] F. G. Abdullayev, The properties of the orthogonal polynomials with weight having singularity on the boundary contour,
J. Comp. Anal. Appl. 6 (2004), 43-59.

[21] S. M. Nikol’skii, Approximation of Function of Several singularity Theorems, Springer-Verlag, New-York, 1975.

[22] P. Ozkartepe, Pointwise Bernstein-Walsh-type inequalities in regions with piecewise Dini-smooth boundary, MJEN. 5
(2017), no. 3, 35-47.

[23] S. N. Bernstein, Sur la limitation des derivees des polnomes, C. R. Acad. Sci. Paris. 190 (1930), 338-341.

[24] S. N. Bernstein, On the best approximation of continuos functions by polynomials of given degree, 1zd. Akad. Nauk SSSR
1 (1952); 1l (1954) (O nailuchshem problizhenii nepreryvnykh funktsii posredstrvom mnogochlenov dannoi stepeni),
Sobraniye sochinenii | (1912), 11-10.

[25] G. Szegd and A. Zygmund, On certain mean values of polynomials, ). d’Anal. Math. 3 (1953), 225-244.

[26] . E. Pritsker, Comparing norms of polynomials in one and several variables, ). Math. Anal. Appl. 216 (1997), no. 2,
685-695, DOI: https://doi.org/10.1006/jmaa.1997.5699.



1876 —— Fahreddin G. Abdullayev DE GRUYTER

[27]

(28]

[29]

(30]

31]

(32]

(33]

[34]

[35]

[36]

[37]

(38]

V. V. Andrievskii, Weighted polynomial inequalities in the complex plan, |. Approx. Theory 164 (2012), no. 9, 1165-1183,
DOI: https://doi.org/10.1016/j.jat.2012.05.012.

Z. Ditzian and S. Tikhonov, Ul’yanov and Nikol’skii-type inequalities, ). Approx. Theory 133 (2005), no. 1, 100-133,

DOI: https://doi.org/10.1016/j.jat.2004.12.008.

Z. Ditzian and A. Prymak, Nikol’skii inequalities for Lorentz spaces, Rocky Mountain ). Math. 40 (2010), 209-223,

DOI: https://doi.org/10.1216/RM)-2010-40-1-209.

F. G. Abdullayev and C. D. Giin, On the behavior of the algebraic polynomials in regions with piecewise smooth boundary
without cusps, Ann. Polon. Math. 111 (2014), 39-58, DOI: https://doi.org/10.4064/ap111-1-4.

F. G. Abdullayev and T. Tunc, Uniform and pointwise polynomial inequalities in regions with asymptotically conformal
curve on weighted Bergman space, Lobach. |. Math. 38 (2017), no. 2, 193-205, DOI: https://doi.org/10.1134/
51995080217020020.

F. G. Abdullayev, T. Tunc, and G. A. Abdullayev, Polynomial inequalities in quasidisks on weighted Bergman space,
Ukrainian Math. ). 69 (2017), 675-695, DOI: https://doi.org/10.1007/s11253-017-1388-5

S. Balci, M. Imashkyzy, and F. G. Abdullayev, Polynomial inequalities in regions with interior zero angles in the Bergman
space, Ukrainian Math. J. 70 (2018), 362-384, DOI: https://doi.org/10.1007/s11253-018-1505-0.

D. Benko, P. Dragnev, and V. Totik, Convexity of harmonic densities, Rev. Mat. Iberoam. 28 (2012), no. 4, 947-960,
DOI: https://doi.org/10.4171/rmi/698.

F. G. Abdullayev and C. D. Giin, Bernstein-Nikol’skii-type inequalities for algebraic polynomials in Bergman space in
regions of complex plane, Ukrainian Math. ). 69 (2021), 439-454.

F. G. Abdullayev and V. V. Andrievskii, On the orthogonal polynomials in the domains with K-quasiconformal boundary,
lzv. Akad. Nauk Azerb. SSR, Ser. FTM. 1 (1983), 3-7.

V. V. Andrievskii, V. I. Belyi, and V. K. Dzyadyk, Conformal Invariants in Constructive Theory of Functions of Complex Plane,
World Federation Publ. Com., Atlanta, 1995.

F. G. Abdullayev and P. Ozkartepe, On the behavior of the algebraic polynomial in unbounded regions with piecewise dini-
smooth boundary, Ukrainian Math. ). 66 (2014), 645-665.


https://doi.org/10.1134/S1995080217020020
https://doi.org/10.1134/S1995080217020020

	1 Introduction
	2 Definitions and main results
	2.1 The general estimate (recurrence formula)
	2.2 Estimate for &#x2223;Pn(z)&#x2223;
	2.3 Estimate for &#x2223;Pn&#x2032;(z)&#x2223;
	2.4 Estimate for &#x2223;Pn&#x2033;(z)&#x2223;
	2.5 Estimates for &#x2223;Pn&#x2032;(z)&#x2223; and &#x2223;Pn&#x2033;(z)&#x2223; in whole plane

	3 Some auxiliary results
	4 Proof of theorems
	Acknowledgements
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /CreateJDFFile false
  /SyntheticBoldness 1.000000
  /Description <<
    /POL (Versita Adobe Distiller Settings for Adobe Acrobat v6)
    /ENU (Versita Adobe Distiller Settings for Adobe Acrobat v6)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


