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1 Introduction

Let� be a complex plane and � � { }≔ ∪ ∞ ; �⊂G be a bounded Jordan region with boundary ≔ ∂L G such
that ∈ G0 ; �≔ =G LΩ \ ext ; ( ) { ∣ ∣ }≔ ≔ >w wΔ Δ 0, 1 : 1 . Let ( )=w zΦ be the univalent conformal mapping

of Ω onto Δ such that ( )∞ = ∞Φ and ( )
>

→∞
lim 0z

z
z

Φ ; ≔
−Ψ Φ 1. For >R 1, we take { ∣ ( )∣ }≔ =L z z R: ΦR ,

≔G LintR R, and ≔ LΩ extR R. Let ℘n denote the class of all algebraic polynomials ( )P zn of degree at most
�∈n .

In this work, we consider the following weight function ( )h z . Let { }
=

zj j
l

1 be the fixed system of distinct

points on curve L. For some fixed R0, < < ∞R1 0 , and ∈z GR0, consider generalized Jacobi weight function
( )h z , which is defined as follows:

( ) ( ) ∣ ∣∏≔ −

=

h z h z z z ,
j

l

j
γ

0
1

j (1)

where > −γ 2j , for all = …j l1, 2, , , and h0 is uniformly separated from zero in LR0, i.e., there exists a
constant ( ) >c G 01 such that ( ) ( )≥ >h z c G 00 1 for all ∈z GR0.

Let < ≤ ∞p0 and σ be the two-dimensional Lebesgue measure. For the Jordan regionG, we introduce:
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∈

∞

P P h z P z dσ p

P P P z p

, 0 ,

max , ,

n p n A h G

G

n
p

z

p

n n A G
z G

n

,

1

1,

p (2)

and ( ) ( )≕A G A G1, .p p
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When L is rectifiable, for any >p 0, let
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�

∥ ∥
⎛
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( )

( )

∫≔ < ∞ < < ∞

≔ = ∞

/

∈

∞

P h z P z dz p

P P z p

, 0 ,

max , ,

n h G

L

n
p

p

n G
z L

n

,

1

1,

p (3)

and � �( ) ( )≕L L1,p p .
According to well-known Bernstein-Walsh lemma [1], we have:

∥ ∥ ∥ ∥( ) ( )≤P R P .n C G
n

n C GR (4)

Hence, setting = +R 1 n
1 , we see that the C norm of polynomials ( )P zn in GR and G have the same order

of growth, that is, the norm ∥ ∥ ( )Pn C G increases up to multiplication by a constant in GR.
In [1] also was given some similar estimates for various norms on the right-hand side of (3). Analogous

estimation with respect to the quasinorm (3) for >p 0 was obtained in [2] for ( ) ≡h z 1 (i.e., =γ 0j for all

= …j l1, 2, , ) as follows:

� �∥ ∥ ∥ ∥( ) ( )≤ >
+P R P p, 0.n L

n
n Lp R

p
p

1

Moreover, in [3, Lemma 2.4], this estimate has been generalized for ( ) ≠h z 1, defined as in (1) for the
> −γ 1j , for all = …j l1, 2, , , and the following was proved:

� �∥ ∥ ∥ ∥ { }( ) ( )≤ = ≤ ≤
+ ∗

+

∗

P R P γ γ j l, max 0; : 1 .n h L
n

n h L j, ,p R

γ
p

p

1 (5)

To give a similar estimation to (5) for the ( )A h G,p norm, first, we will give the following definition.
Let the function φ map G conformally and univalently onto ( ) { ∣ ∣ }≔ ≔ <B B w w0, 1 : 1 , which is nor-

malized by ( ) =φ 0 0 and ( )′ >φ 0 0; let ≔
−ψ φ 1.

Definition 1. A bounded Jordan region G is called a κ-quasidisk, ≤ <κ0 1, if any conformal mapping ψ
can be extended to a K-quasiconformal, =

+

−

K κ
κ

1
1 , homeomorphism of the plane � on the �. In that case,

the curve ≔ ∂L G is called a κ-quasicircle. The region G (curve L) is called a quasidisk (quasicircle), if it is
κ-quasidisk (κ-quasicircle) with some ≤ <κ0 1.

A simple example of a κ-quasidisk may be a region bounded by two arcs of circle, symmetric with
respect to the OX-axis and OY -axis, each of the arcs crosses the OX-axis at ±ε0, where >ε 00 and the angle
between the arcs is ( )−π κ1 , where ≤ <κ0 1.

A Jordan curve L is called a quasicircle or quasiconformal curve, if it is the image of the unit circle under
a quasiconformal mapping of � to � (see [4, p. 105], [5, p. 286]). On the other hand, it was given some
geometric criteria of quasiconformality of the curves (see also [6, p. 81], [7, p. 107]). It is well-known that
quasicircles can be nonrectifiable (see, e.g., [8], [4, p. 104]).

In [9] (see also [10]), the Bernstein-Walsh type estimates for the norm (2), the regions with quasicon-
formal boundary, weight function ( )h z , defined in (1) with > −γ 2j , and for all >p 0, are as follows:

∥ ∥ ∥ ∥( ) ( )≤
∗

+P c R P ,n A h G n A h G, 1 ,p R

n p
p

1

where ( )≔ + −
∗R c R1 12 , >c 02 and, ( )≔ >c c G p c, , 01 1 2 constants, independent from n and R.

In [11, Theorem 1.1], analogous estimate was studied for ( )A Gp norm, >p 0, for arbitrary Jordan region

and was obtained: for any ∈ ℘Pn n, = +R 1 n1
1 and arbitrary >R R R, 1, the following estimate

∥ ∥ ∥ ∥( )
( )

≤
+P cR Pn A G

n
n A Gp R

p
p R

2

1

is true, where ⎡
⎣

⎤
⎦( ) ( )= + → ∞

−

c O n1 ,e n
2

1
1

p
p
1

.
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Stylianopoulos in [12] replaced the norm ∥ ∥ ( )Pn C G with norm ∥ ∥ ( )Pn A G2 on the right-hand side of (4)
and found a new version of the Bernstein-Walsh lemma: Assume that L is quasiconformal and rectifiable.
Then, there exists a constant ( )= >c c L 0 depending only on L such that

∣ ( )∣
( )

∥ ∥ ∣ ( )∣( )≤ ∈
+P z c n

d z L
P z z

,
Φ , Ω,n n A G

n 1
2

where ( ) {∣ ∣ }≔ − ∈d z L ζ z ζ L, inf : holds for every ∈ ℘P .n n
In this work, we study for κ-quasidisks G, ≤ <κ0 1, pointwise estimation in unbounded region

�=
+ +

− −GΩ \ε n ε n1 10
1

0
1 for sufficiently small >ε 00 , for the derivative ∣ ( )∣( )

= …P z m, 0, 1, 2,n
m , in the following

type:

∣ ( )∣ ( ( ) ∣ ( )∣ )∥ ∥( )
≤ ∈

+

+

−P z η G h p m d z L z P z, , , , , , Φ , Ω ,n
m

n
n

n p ε n
1

1 0
1 (6)

where ( )⋅ → ∞ηn , as → ∞n , depending on the properties of the G and h.
Analogous results of (6)-type for =m 0, different weight function h, unbounded region Ω, and some

norms were obtained in [13, pp. 418–428] [14–22] and others.

To obtain estimates for ∣ ( )∣( )P zn
m on the whole complex plane, it is necessary to use Bernstein-Markov-

Nikolsky type estimate for ∣ ( )∣( )P zn
m , ∈z G , of the following type:

( )( )
‖ ‖ ≤ ‖ ‖ = …

∞
P λ G h p P m, , , 0, 1, 2, ,n

m
n n p (7)

where ( )≔ >λ λ G h p m, , , 0n n , → ∞λn , → ∞n , is a constant, depending on the geometrical properties
of the region G and the weight function h in general.

Many mathematicians have studied inequalities of type (7) since the beginning of the twentieth century
[23–25]. In recent years, such inequalities for various spaces have been studied (see, i.e., [10], [13, pp. 418–428],
[14], [15, Secttion 5.3], [16], [21, pp. 122–133], [26–29] (see also the references cited therein). In recent years,
analogous estimates to the (7)-type for =m 0 were continued to be studied in [9,10, 19,20,22–34] and others
for various regions in the complex plane.

Therefore, combining estimates (6) and (7), we obtain in whole complex plane estimate for ∣ ( )∣( )P zn
m

for any = …m 1, 2, , :

∣ ( )∣ ∥ ∥
⎧

⎨
⎩

( )

( ( )∣ ( )∣ )

( )
≤

∈

∈

+

+

+

−

−

P z c P
λ G h p z G
η G h p d z L z z

, , ,
, , , , Φ Ω ,n

m
n p

n ε n

n
n

ε n
4

1
1

1

0
1

0
1

(8)

where ( )= >c c G p, 04 4 is a constant independent ofn h, , Pn, and ( ) → ∞λ G h p, ,n , ( ( )) → ∞η G h p d z L, , , ,n ,
as → ∞n , depending on the properties of the G and h.

2 Definitions and main results

Throughout this paper, …c c c c, , , ,0 1 2 are positive and …ε ε ε, , ,0 1 2 are sufficiently small positive constants
(generally, different in different relations), which depends on G in general and, on parameters inessential
for the argument, otherwise, the dependence will be explicitly stated. For any ≥k 0 and >m k, notation

=i k m, means = + …i k k m, 1, , .

First, we give estimate for ∣ ( )∣( )P zn
m , ∈z G, for ≥m 0.

Theorem A. [35, Theorem 1] Let < ≤ ∞p0 ,G be a κ-quasidisk for some ≤ <κ0 1 and ( )h z be defined by (1).
Then, for any ∈ ℘ ∈P n N,n n , and every = …m 0, 1, 2, , we have:

∥ ∥ ∥ ∥( ) ( )
( )

≤
∞

+ +

∗

+

P cn P ,n
m m κ

n p
1γ

p
2 (9)

where here and throughout the text,

{ }≔ =
∗γ γ j lmax 0; , 1, .j (10)
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Recall, the estimate (9) is sharp and for =m 0 was given in [32, Theorem 2.1].
For {∣ ∣ }< < ≔ − = … ≠δ δ z z i j l i j0 min : , 1, 2, , ,j i j0

1
4 , let ( ) { ∣ ∣ }≔ ∩ − ≤ ≔

≤ ≤
z δ z z z δ δ δΩ , Ω : ; minj j j j j l j1 ;

( ) ( )≔ ⋃
∞ ∈

U L δ U ζ δ, ,ζ L -infinite open cover of the curve ( ) ( ) ( )≔ ⋃ ⊂
= ∞

L U L δ U L δ U L δ; , , ,N j
N

j1 -finite open

cover of the curve ( ) ( ) ( ) ( ) ( ) ( ) ( )≔ ≔ ∩ ≔ ≔ ≔ ∩L δ L δ U L δ δ δ L δ U L δ; Ω Ω , Ω , , Ω Ω\Ω ;Ω Ω , Ω ,N R R R N R ,


≔ΩR ( )δΩ \ΩR R .
Now, we start to formulate the new results.

2.1 The general estimate (recurrence formula)

First, we present a general estimate for the ∣ ( )∣( )P zn
m , for which it will be possible to obtain estimates for

the derivative for each order = …m 1, 2,

Theorem 2. Let ≥p 2,G be a κ-quasidisk for some ≤ <κ0 1, and ( )h z be defined by (1). Then, for any ∈ ℘Pn n,
�∈n , and every = …m 1, 2, , we have:
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1
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1 (11)

where ( )= >c c G γ m p, , , 01 1 constant independent from n and z ;
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, 1 2 1 , 1, 0,

, 2, 1, 2 0,

, 1, 2, , ,

n p

m κ

m κ

m κ

n j
j κ

,
1

1 1

1 1

1

1

1 1

,
1 1

γ
p

γ
p

p

p

p

2

2

1

1

2

if ( )∈z δΩ , and

( )

⎧

⎨

⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

( )

( ) ( )

( )

( )

( )( )

( )

≔

≤ <

+

+ +

+

+

≥

+

=

+

+ +

+

+

≥

+

>

+

+ +

+

+

≥

+

≥ ≤ <

+

≥ − < <

≔ = …

+ − +

−

−

−

− +

+

A z m

n p
κ

γ κ
κ

γ
κ

n n p
κ

γ κ
κ

γ
κ

n p
κ

γ κ
κ

γ
κ

n p γ
κ

n p γ

B z n j m

,

, 2 1
2

2 1
2

, 1
1

,

ln , 1
2

2 1
2

, 1
1

,

, 1
2

2 1
2

, 1
1

,

, 2, 0 1
1

,

, 2, 2 0,

, 1, 2, , ,

n p

m κ

κ

n j
κ

,
1

1 1

1

1

1

1

,
1

γ
p

p

p

p

p p

2

1

1

1

2 1

if ( )∈z δΩ .

Theorem 3. Let < <p1 2, G be a κ-quasidisk for some ≤ <κ0 1 and ( )h z be defined by (1). Then, for any
∈ ℘Pn n, �∈n , and every = …m 1, 2, , we have:

∣ ( )∣ ∣ ( )∣
⎧

⎨
⎩
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where ( )= >c c G γ m p, , , 02 2 constant independent from n and z ;

( )
( )

( )
≔

+ − +

∗

+

A z m n, ,n p
m κ

,
2 1 1γ

p
2
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if ( )∈z δΩ ,
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∗γ γmax 0; , and ( )B zn j,

1 defined as in Theorem 2.

2.2 Estimate for P zn∣ ( )∣

As can be seen from (12), we also need an estimate for ∣ ( )∣P zn as follows.

Theorem 4. Let >p 1, G be a κ-quasidisk for some ≤ <κ0 1 and ( )h z be defined by (1). Then, for any
�∈ ℘ ∈P n,n n , and ∈z ΩR, we have:
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for < <p1 2.

We note that the estimate for ∣ ( )∣P zn was previously received by us in [32, Theorem 3] for >p 0. But this
result is better for ≥p 2 and coincides with that [32, Theorem 3] for < <p1 2.
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2.3 Estimate for P z′n∣ ( )∣

Now, using Theorems 2 and 3, we can give an estimate for the ∣ ( )∣′P zn for ∈z ΩR.

Theorem 5. Let ≥p 2, G be a κ-quasidisk for some ≤ <κ0 1 and ( )h z be defined by (1). Then, for any
�∈ ℘ ∈P n,n n , we have:

∣ ( )∣
∣ ( )∣

( )
∥ ∥ ( )

( )

′ ≤

+

P z c z
d z L

P A zΦ
,

,n
n

n p n p4
2 1

,
4 (14)

where ( )= >c c G γ p, , 04 4 constant independent from n and z ;

( )

⎧

⎨

⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

( )

( ) ( )

( )

( )

( )

≔

≤ <

+

+ +

+

+

≥

+

=

+

+ +

+

+

≥

+

>

+

+ +

+

+

≥

+

≥ ≤ <

+

≥ − < <

+

− + −

− +

− +

+ + −

+

A z

n p
κ

γ κ
κ

γ
κ

n n p
κ

γ κ
κ

γ
κ

n p
κ

γ κ
κ
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1

1 1

1

1

2

γ
p

p p

p

p

p p

2

1 1

1

1

2 1

if ( )∈z δΩ .

Theorem 6. Let < <p1 2, G be a κ-quasidisk for some ≤ <κ0 1 and ( )h z be defined by (1). Then, for any
�∈ ℘ ∈P n,n n , we have:

∣ ( )∣
∣ ( )∣

( )
∥ ∥ ( )

( )

′ ≤

+

P z c z
d z L

P A zΦ
,

,n
n

n p n p5
2 1

,
5 (15)

where ( )= >c c G γ p, , 05 5 constant independent from n and z;

( )

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

( )

( )

( )

( )

( )

( )

( )

( )

≔

< < ≥

+

< < + + < <

+

+ + ≤ < ≤ <

+

< < − < <

+

+

− + + +

− + + +

+

+

A z

n p γ
κ

n p γ κ γ
κ

n γ κ p γ
κ

n p γ

, 1 2, 1
1

,

, 1 1 1 , 0 1
1

,

, 1 1 2, 0 1
1

,

, 1 2, 2 0,

n p

κ

κ

κ κ

κ κ

,
5

1

1

1 1

1 1

γ
p

γ
p

p p

p p

2

2

2 1

2 1
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if ( )∈z δΩ , and

( )

⎧

⎨

⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

( )

( ) ( )

( )

( )

( )

( )

( )

( )

=

< < ≥

+

< < + + < <

+

= + + < <

+

+ + < < ≤ <

+

< < − < <

+ −

+ −

− + + −

− + +

− + +

+

+

A z

n p γ
κ

n p γ κ γ
κ

n n p γ κ γ
κ

n γ κ p γ
κ

n p γ

, 1 2, 1
1

,

, 1 1 1 , 0 1
1

,

ln , 1 1 , 0 1
1

,

, 1 1 2, 0 1
1

,

, 1 2, 2 0,

n p

κ

κ

κ κ

κ κ

κ κ

,
5

1 1

1 1

1 1

1

1

γ
p

γ
p

p p p

p p

p p

2

2

2 1 1

2 1

2 1

if ( )∈z δΩ .

2.4 Estimate for P z″n∣ ( )∣

Considering the estimates obtained in Theorems 5 and 6 for ∣∣ ( )∣′P zn and Theorem 4 for ∣ ( )∣P zn in Theorems 2
and 3, respectively, we can obtain the following.

Theorem 7. Let ≥p 2, G be a κ-quasidisk for some ≤ <κ0 1 and ( )h z be defined by (1). Then, for any
�∈ ℘ ∈P n,n n , we have:

∣ ( )∣
∣ ( )∣

( )
∥ ∥ ( )

( )

″ ≤

+

P z c z
d z L

P A zΦ
,

,n
n

n p n p6
3 1

,
6 (16)

where ( )= >c c G γ p, , 06 6 constant independent from n and z ;

( )

⎧

⎨

⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

( )

( ) ( )

( )

( )( )

( )

( )

( )

( )

( )

( )

≔

≤ <

+

+ +

+

+

≥

+

=

+

+ +

+

+

≥

+

>

+

+ +

+

+

≥

+

≤ < + + + ≤ <

+

≥ − < <

+ +

− + + −

− + +

− + +

+ + −

+

A z

n p
κ

γ κ
κ

γ
κ

n n p
κ

γ κ
κ

γ
κ

n p
κ

γ κ
κ

γ
κ

n p γ κ γ
κ

n p γ

, 2 1
2

2 1
2

, 1
1

,

ln , 1
2

2 1
2

, 1
1

,

, 1
2

2 1
2

, 1
1

,

, 2 1 2 1 , 0 1
1

,

, 2, 2 0,

n p

κ

κ

κ

κ

κ

,
6

1 1

1 2 1 1

1 2 1

1 2 1

2 3

γ
p

p p

p

p

p p

2

1 1

1

1

1 2

if ( )∈z δΩ , and

( )

⎧

⎨
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⎪
⎪
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⎩
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⎪
⎪
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≔
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≥
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=

+
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≥

+

>

+
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+
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+
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+
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κ
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κ
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κ
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κ
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,
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2 1
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, 1
1

,
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,
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n p

κ κ

κ

κ

κ

κ κ

,
6

1

1 2 1

1 2

1 2

2

γ
p

p p

p

p

p p

2

1 1

1

1

2 1

if ( )∈z δΩ .
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Theorem 8. Let < <p1 2, G be a κ-quasidisk for some ≤ <κ0 1 and ( )h z be defined by (1). Then, for any
�∈ ℘ ∈P n,n n , we have:

∣ ( )∣
∣ ( )∣

( )
∥ ∥ ( )

( )

″ ≤

+

P z c z
d z L

P A zΦ
,

,n
n

n p n p7
3 1

,
7 (17)

where ( )= >c c G γ p, , 07 7 constant independent from n and z ;

( )
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⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

( )

( ) ( )

( )

( )

( )

( )

( )
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≔
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+
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+
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+

+ + < < ≤ <

+

< < − < <
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+ +
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+ + +

+ + +

+

+

A z

n p γ
κ

n p γ κ γ
κ

n n p γ κ γ
κ

n γ κ p γ
κ

n p γ

, 1 2, 1
1

,

, 1 1 1 , 0 1
1

,

ln , 1 1 , 0 1
1

,

, 1 1 2, 0 1
1

,

, 1 2, 2 0,

n p

κ

κ

κ

κ

κ

,
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1 2 1
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γ
p

p p p
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2 1

if ( )∈z δΩ , and
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⎪
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+
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+
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+
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+
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− + + −

− + +

− + +

+

+

A z
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κ
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κ
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1

,

, 1 1 , 0 1
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n p

κ

κ
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,
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γ
p

γ
p

p p p

p p

p p

2

2

2 1 1

2 1

2 1

if ( )∈z δΩ .

2.5 Estimates for P z′n∣ ( )∣ and P z″n∣ ( )∣ in whole plane

According to (4) (applied to the polynomial ( ) ( )≔ ′
−

Q z P zn n1 ), the estimation (9) is true also for the points
∈z GR, = +

−R ε n1 0
1, with a different constant. Therefore, combining estimation (9) (for the ∈z GR) with

(14), (15), (16), and (17), we will obtain estimation on the growth of ∣ ( )∣′P zn and ∣ ( )∣″P zn , respectively, in the
whole complex plane.

Theorem 9. Let ≥p 2, G be a κ-quasidisk for some ≤ <κ0 1 and ( )h z be defined by (1). Then, for any
�∈ ℘ ∈P n,n n , we have:

∣ ( )∣ ∥ ∥

⎧

⎨

⎪

⎩
⎪

∣ ( )∣

( )
( )

( )

( )

( )

′ ≤

∈

∈

+ +

+

+

P z c P
n z G

z
d z L

A z z

, ,
Φ

,
, Ω ,

n n p

κ
R

n
n p R

8

1 1

2 1
,

4

γ
p

2

where ( )= >c c G γ p, , 08 8 constant independent from n and z ; ( )A zn p,
4 defined as in Theorem 5 for all ∈z Ω .R
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Theorem 10. Let < <p1 2, G be a κ-quasidisk for some ≤ <κ0 1 and ( )h z be defined by (1). Then, for any
�∈ ℘ ∈P n,n n , we have:

∣ ( )∣ ∥ ∥

⎧

⎨

⎪

⎩
⎪

∣ ( )∣

( )
( )

( )

( )

( )

′ ≤

∈

∈

+ +

+

+

P z c P
n z G

z
d z L

A z z

, ,
Φ

,
, Ω ,

n n p

κ
R

n
n p R

9

1 1

2 1
,

5

γ
p

2

where ( )= >c c G γ p, , 09 9 constant independent from n and z; ( )A zn p,
5 defined as in Theorem 6 for all ∈z ΩR.

Theorem 11. Let ≥p 2, G be a κ-quasidisk for some ≤ <κ0 1 and ( )h z be defined by (1). Then, for any
�∈ ℘ ∈P n,n n , we have:

∣ ( )∣ ∥ ∥

⎧

⎨

⎪

⎩
⎪

∣ ( )∣

( )
( )

( )

( )

( )

″ ≤

∈

∈

+ +

+

+

P z c P
n z G

z
d z L

A z z

, ,
Φ

,
, Ω ,

n n p

κ
R

n
n p R

10

2 1

3 1
,

6

γ
p

2

where ( )= >c c G γ p, , 010 10 constant independent from n and z; ( )A zn p,
6 defined as in Theorem 7 for all ∈z ΩR.

Theorem 12. Let < <p1 2, G be a κ-quasidisk for some ≤ <κ0 1 and ( )h z be defined by (1). Then, for any
�∈ ℘ ∈P n,n n , we have:

∣ ( )∣ ∥ ∥

⎧

⎨

⎪

⎩
⎪

∣ ( )∣

( )
( )

( )

( )

( )

″ ≤

∈

∈

+ +

+

+

P z c P
n z G

z
d z L

A z z

, ,
Φ

,
, Ω ,

n n p

κ
R

n
n p R

11

2 1

3 1
,

7

γ
p

2

where ( )= >c c G γ p, , 011 11 constant independent from n and z ; ( )A zn p,
7 defined as in Theorem 8 for all ∈z ΩR.

Thus, using Theorems 2 and 3 and estimating the ∣ ( )∣( )P zn
m sequentially for each ≥m 3 and combining

the obtained estimates with Theorem A, we obtain estimates for the ∣ ( )∣( )P zn
m on the whole complex plane.

3 Some auxiliary results

Throughout this paper, we denote “ ≼a b” and “ ≍a b” are equivalent to ≤a b and ≤ ≤c a b c a1 2 for some
constants c c c, ,1 2, respectively.

Lemma 1. [36] LetG be a quasidisk, ∈z L1 , ∣ ∣{ ( )}∈ ∩ − ≼z z z z z d z L, Ω : , r2 3 1 1 0 , ( )=w zΦj j , =j 1, 2, 3. Then,
(a) The statements ∣ ∣ ∣ ∣− ≼ −z z z z1 2 1 3 and ∣ ∣ ∣ ∣− ≼ −w w w w1 2 1 3 are equivalent. So they are ∣ ∣ ∣ ∣− ≍ −z z z z1 2 1 3

and ∣ ∣ ∣ ∣− ≍ −w w w w1 2 1 3 .
(b) If ∣ ∣ ∣ ∣− ≼ −z z z z1 2 1 3 , then,

−

−

≼

−

−

≼

−

−

w w
w w

z z
z z

w w
w w

,
c c

1 3

1 2

1 3

1 2

1 3

1 2

1 2

where < <r0 10 is a constant, depending on G and κ.

Lemma 2. Let G be a κ-quasidisk for some ≤ <κ0 1. Then,

∣ ∣ ∣ ( ) ( )∣ ∣ ∣− ≽ − ≽ −
− +w w w w w wΨ Ψ ,κ κ

1 2
1

1 2 1 2
1

for all ∈
′w w, Ω .1 2
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This fact follows from an appropriate result for the mapping ( )∈ ∑f κ [5, p. 287] and estimation for the
′Ψ [37, Theorem 2.8]:

∣ ( )∣
( ( ) )

∣ ∣
′ ≍

−

τ d τ L
τ

Ψ Ψ ,
1

. (18)

Lemma 3. [38] Let L be a κ-quasidisk for some ≤ <κ0 1; = +R 1 c
n . Then, for any fixed ( )∈ε 0, 1 , there exist

a level curve ( )+ −
L ε R1 1 such that the following holds for any polynomial ( ) ∈ ℘P zn n, �∈n :

�
∥ ∥ ∥ ∥

( )( )

≼ >

∣ ′∣

+ −

P n P p, 0.n L n p,p
h

ε R
p

Φ 1 1

1

Let { }
=

zj j
l

1 be a fixed system of the points on L and the weight function ( )h z defined as in (1). The fol-
lowing result is the integral analog of the familiar lemma of Bernstein-Walsh [1, p. 101] for the ( )A h G,p
norm.

Lemma 4. [19] Let G be a quasidisk and ( )P zn , ≤ = …P n ndeg , 1, 2,n , is arbitrary polynomial and weight
function ( )h z satisfied the condition (1). Then, for any >R 1, >p 0 and = …n 1, 2, ,

∥ ∥ ( ( )) ∥ ∥( ) ( )≤ + −
+P c c R P1 1 ,n A h G

n
n A h G, 3 ,p R

p
p

1

where c, and c3 are independent of n and G.

This fact shows that the order of norms∥ ∥ ( )
+ /

Pn A h G,p c n1 and∥ ∥ ( )Pn A h G,p for arbitrary polynomials ( )P zn have
the same growth order.

4 Proof of theorems

Proof of Theorems 2 and 3. The proofs of Theorems 2 and 3 are as follows. Let ( )∈G Q κ for some ≤ <κ0 1
and let = +R 1 n

1 , ≔ +

−R 1 R
1

1
2 . For ∈z Ω, let us set:

( )
( )

( )
≔

+

H z P z
zΦ

.n
n

n 1

Let us represent the mth derivative of ( )H zn p, as follows:

⎜ ⎟

⎜ ⎟

⎜ ⎟

( ) ⎛

⎝

( )

( )
⎞

⎠

⎛

⎝ ( )
⎞

⎠
( )

( )

( )
⎛

⎝ ( )
⎞

⎠
( )

( )
( )

( )
( )

( ) ( )
( )

∑

∑

≔

=

= +

+

=

+

−

+

=

+

−

H z P z
z

C
z

P z

P z
z

C
z

P z

Φ

1
Φ

Φ
1

Φ
,

n
m n

n

m

j

m

m
j

n

j

n
m j

n
m

n
j

m

m
j

n

j

n
m j

1

0
1

1
1

1

where ⎛
⎝

⎞
⎠

=C
m
j .m

j Therefore,

⎜ ⎟ ⎜ ⎟( ) ( )
⎧

⎨
⎩

⎛

⎝

( )

( )
⎞

⎠

⎛

⎝ ( )
⎞

⎠
( )

⎫

⎬
⎭

( )
( ) ( )

( )
∑= − ∈

+

+

=

+

−P z z P z
z

C
z

P z zΦ
Φ

1
Φ

, Ω.n
m n n

n

m

j

m

m
j

n

j

n
m j1

1
1

1

Then,

⎜ ⎟ ⎜ ⎟∣ ( )∣ ∣ ( )∣
⎧

⎨
⎩

⎛

⎝

( )

( )
⎞

⎠

⎛

⎝ ( )
⎞

⎠
∣ ( )∣

⎫

⎬
⎭

( )
( ) ( )

( )
∑≤ +

+

+

=

+

−P z z P z
z

C
z

P zΦ
Φ

1
Φ

.n
m n n
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m

j

m

m
j

n

j

n
m j1

1
1

1 (19)
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As can be seen from (19), the following three statements on the right side need to be evaluated for ∈z Ω
to obtain the evaluation for ∣ ( )∣( )P zn

m :

⎜ ⎟ ⎜ ⎟
⎛

⎝

( )

( )
⎞

⎠

⎛

⎝ ( )
⎞

⎠
∣ ( )∣

( ) ( )
( )

( ) ( ) ( )

+ +

−
P z

z z
P zA

Φ
; B 1

Φ
; C .n

n

m

n

j

n
m j

1 1

Now let us start the evaluations in order.

(A) Since the function ( )
( )

( )
≔

+

H zn
P z

zΦ
n

n 1 , ( )∞ =H 0n , is analytic in Ω, continuous on Ω, then Cauchy

integral representation for the region ΩR1 gives

( ) ( )
( )

( )
∫= −

−

∈ ≥

+

H z
πi

H ζ dζ
ζ z

z m1
2

, Ω , 1.n
m

L

n m R1

R1

Then,

⎜ ⎟
⎛

⎝

( )

( )
⎞

⎠

( )

( )

∣ ∣

∣ ∣
∣ ( )∣

∣ ∣

∣ ∣

( )

∫ ∫

( )

≤

−

≤

−
+ + +

P z
z π

P ζ
ζ

dζ
ζ z πd z L

P ζ dζ
ζ zΦ

1
2 Φ

1
2 ,

.n
n

m

L

n
n m

R
L

n m1 1 1

R R1
1

1

(20)

We denote

( ) ∣ ( )∣
∣ ∣

∣ ∣
∫≔

−

A z P ζ dζ
ζ z

,n

L

n m

R1

(21)

and estimate these integrals separately.
For this, we give some notations.

Let ( )≔ ≔w z φ wΦ , argj j j j. Without loss of generality, we will assume that <φ π2l . For ( ( ))=
∈∂

η minj t z δΦ Ω ,j j

∣ ∣− >t w 0j and { }≔ =η η j lmin , 1,j , let us set:

 

( ) { ∣ ∣ } ( ( ))

( ) ( ) ( ) ( ) ( ) ( )

( )

( ) ( ) ⎧
⎨⎩

⎫
⎬⎭

{ }

≔ − ≤ ⊂

≔ ⋃ = ≔ ′ ≔ ′

′ ≔ = ⋅ ≥ >

+

≤ <

+

′ ≔ ′ ′ ≔ = ≥ >

+

≤ <

+

= …

=

−

η t t w η z δ

η η η η η

ρ t R e R ρ
φ φ

θ
φ φ

ρ t Re R ρ
φ φ

θ
φ φ

j l

Δ : Φ Ω , ,

Δ Δ , Δ Δ\Δ ; Δ Δ\Δ ; Δ Δ 1 ,

Δ : 1,
2 2

,

Δ Δ 1 , Δ : 1,
2 2

, 2, 3 , ,

j j j j j j

j

l
j j j

iθ

j j j
iθ j j j

1
1 1

1
0 1 1 2

1 0

where = −φ π φ2 l0 ; ( )≔ ′Ω Ψ Δj j , ≔ ∩L L ΩR
j

R j1 1 ; = ⋃
=

Ω Ωj
l

j1 .

For simplicity, only one “critical” point z1 on the boundary is taken for ( )h z , i.e., =l 1. To estimate ( )A zn ,
first by replacing the variable ( )=τ ζΦ and multiplying the numerator and denominator of the integrant by

∣ ( ) ( )∣ ∣ ( )∣− ′τ w τΨ Ψ Ψ1
γ
p p

2
and applying the Hölder inequality, we obtain:

( ) ∣ ( )∣
∣ ∣

∣ ∣

∣ ( ) ( )∣ ( ( ))( ( )) ∣ ( )∣
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⎜
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−
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− ′ ′

− −

≤ − ′
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′
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≕

=

−

=

−

=
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ζ z

τ w P τ τ τ

τ w τ w
dτ

τ w P τ τ dτ

τ

τ w τ w
dτ A z

Ψ Ψ Ψ Ψ Ψ

Ψ Ψ Ψ Ψ
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By applying Lemma 3, we obtain:
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for =i 1, 2, we set:
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and estimate the last integrals.
Given the possible values q ( >q 2 and <q 2) and γ (− < <γ2 0 and ≥γ 0), we will consider the cases

separately.
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Case 1. Let ( )< ≤ ≥q p1 2 2 . Then,

∣ ( )∣ ∣ ∣

∣ ( ) ( )∣ ∣ ( ) ( )∣( )( ( )) ∫=

′

− −

−

−

I E τ dτ
τ w τ w

Ψ
Ψ Ψ Ψ Ψ

.R
k q

E

q

γ q qm,1
1

2

1
1

R
k

1

1,1
1

1.1. Let ≥γ 0. If ( )∈z δΩ , applying Lemma 2 to (18), we get:

⎜ ⎟

∣ ( )∣ ∣ ∣

∣ ( ) ( )∣
⎛

⎝

( ( ) )

∣ ∣
⎞

⎠

∣ ∣

∣ ( ) ( )∣

∣ ∣

∣ ∣

( ) ( )

( )
[ ( ) ( )]( )

( ) [ ( ) ( )]( )

( ) [ ( ) ( )]( )

( ( )) ∫ ∫

∫

≤

′

−

≍

− −

≼

−

≼

≼

−

− +

−

− +

−

− + − − +

− + − + − − +

− + − + − − + −

I E τ dτ
τ w

d τ L
τ

dτ
τ w

n dτ
τ w

n E

n

Ψ
Ψ Ψ

Ψ ,
1 Ψ Ψ

mes

,

R
q

E

q

γ q qm
E

q

γ q qm

q

E
γ q qm q κ

q γ q qm q κ
R

q γ q qm q κ

,1
11

2

1

2

1

2
1 2 1

2 1 2 1
,1

11

2 1 2 1 1

R R

R

1

1,1
11

1,1
11

1,1
11

1

(26)

( ) ⎡
⎣

⎤
⎦( )

( ) ( )
≼

+ + − + − −I E n ,R
m κ κ

,1
11 1 1 1γ

p p p
1

2 1

⎜ ⎟
⎛

⎝

( ( ) )

∣ ∣
⎞

⎠

∣ ∣

∣ ( ) ( )∣ ( )( ( )) ∫≼

− −

−

− +

I E d τ L
τ

dτ
τ w

Ψ ,
1 Ψ ΨR

q

E

q

γ q qm,2
11

2

1
1

R

1

1,2
11

∣ ∣

∣ ∣
( )

[ ( ) ( )]( )
( ) [ ( ) ( )]( )

( ) [ ( ) ( )]( )

( ) ⎡
⎣

⎤
⎦

∫

( )
( ) ( )

≼

−

≼

≼

≼

−

− + − − +

− + − + − − +

− + − + − − + −

+ + − + − −

n dτ
τ w

n E

n

I E n

mes

,

,

q

E
γ q qm q κ

q γ q qm q κ
R

q γ q qm q κ

R
m κ κ

2

1
1 2 1

2 1 2 1
,2

11

2 1 2 1 1

,2
11 1 1 1

R

γ
p p p

1,2
11

1

1

2 1

⎜ ⎟

∣ ( )∣ ∣ ∣

∣ ( ) ( )∣
⎛

⎝

( ( ) )

∣ ∣
⎞

⎠

∣ ∣

∣ ( ) ( )∣

∣ ∣

∣ ∣

⎧

⎨

⎩

[ ( ) ( )]( )

[ ( ) ( )]( )

[ ( ) ( )]( )

⎧

⎨

⎪
⎪

⎩

⎪
⎪

( )( )

( ) ( )( )

( )( )

( ) ( )

( )
[ ( ) ( )]( )

( )

[ ( ) ( )]( )

( ) ⎡
⎣

⎤
⎦

( ) ⎡
⎣

⎤
⎦

( )

( ( )) ∫ ∫

∫

( )

( ) ( )

( ) ( )

( )

( )

≼

′

−

≼

− −

≼

−

≼

− + − − + >

− + − − + =

− + − − + <

≼

> − ≥

< + + + =

= + + + =

> + + + =

−

− +

−

− +

−

− + − − +

−

− + − − + −

+ + − + − −

+ + − + − −

− −

−

I E τ dτ
τ w

d τ L
τ

dτ
τ w

n dτ
τ w

n
n γ q qm q κ

n γ q qm q κ
γ q qm q κ

I E

n γ m

n p γ κ m

n n p γ κ m

n p γ κ m

Ψ
Ψ Ψ

Ψ ,
1 Ψ Ψ

, 1 2 1 1,
ln , 1 2 1 1,
1, 1 2 1 1,

, 2, 2,

, 1 2 1 , 1,

ln , 1 2 1 , 1,

, 1 2 1 , 1,

R
q

E

q

γ q qm
E

q

γ q qm

q

E
γ q qm q κ

q

γ q qm q κ

R

m κ κ

m κ κ

,1
12

2

1

2

1

2
1 2 1

2

1 2 1 1

,1
12

1 1 1

1 1 1

1 1

1

R R

R

γ
p p p

γ
p p p

p p

p

1

1,1
12

1,1
12

1,1
11

1

2 1

2 1

2 1

2

(27)

∣ ( )∣ ∣ ∣

∣ ( ) ( )∣

∣ ∣

∣ ∣( )
( )

[ ( ) ( )]( )( ( )) ∫ ∫≤

′

−

≼

−

−

− +

−

− + − − +

I E τ dτ
τ w

n dτ
τ w

Ψ
Ψ ΨR

q

E

q

γ q qm
q

E
γ q qm q κ,2

12
2

1
1

2

1
1 2 1

R R

1

1,2
12

1,2
12

(28)

⎧

⎨

⎩

[ ( ) ( )]( )

[ ( ) ( )]( )

[ ( ) ( )]( )

( )

[ ( ) ( )]( )

≼

− + − − + >

− + − − + =

− + − − + <

−

− + − − + −

n
n γ q qm q κ

n γ q qm q κ
γ q qm q κ

, 1 2 1 1,
ln , 1 2 1 1,
1, 1 2 1 1,

q

γ q qm q κ

2

1 2 1 1

Bernstein-Walsh type inequalities for derivatives  1859



⎧

⎨

⎪
⎪

⎩

⎪
⎪

( )( )

( ) ( )( )

( )( )

( ) ⎡
⎣

⎤
⎦

( ) ⎡
⎣

⎤
⎦

( )

( ) ( )

( ) ( )

( )

( )

≼

> − ≥

< + + + =

= + + + =

> + + + =

+ + − + − −

+ + − + − −

− −

−

I E

n γ m

n p γ κ m

n n p γ κ m

n p γ κ m

, 2, 2,

, 1 2 1 , 1,

ln , 1 2 1 , 1,

, 1 2 1 , 1,

R

m κ κ

m κ κ

,2
12

1 1 1

1 1 1

1 1

1

γ
p p p

γ
p p p

p p

p

1

2 1

2 1

2 1

2

⎧

⎨

⎪
⎪

⎩

⎪
⎪

( )( )

( ) ( )( )

( )( )

( ) ⎡⎣ ⎤⎦

( ) ⎡
⎣

⎤
⎦

( ) ( )

( )

( ) ( )

( )

( )

+ ≼

> − ≥

< + + + =

= + + + =

> + + + =

+ + − + +

+ + − + − −

− −

−

+

I E I E

n γ m

n p γ κ m

n n p γ κ m

n p γ κ m

, 2, 2,

, 1 2 1 , 1,

ln , 1 2 1 , 1,

, 1 2 1 , 1.

R R

m κ κ

m κ κ

,1
12

,2
12

1 1

1 1 1

1 1

1

γ
p p

γ
p p p

p p

p

1 1

2 1

2 1

2 1

2

For ∈τ ER
13

1
, we see that ∣ ∣< − <η τ w πR2 ˙1 1, ∣ ∣− ≥ −τ w η c .1 Therefore, ∣ ( ) ( )∣− ≽τ wΨ Ψ 11 , from Lemma 1

and for∣ ∣− ≥τ w η1 ,∣ ( ) ( )∣ ∣ ∣− ≽ −
+τ w τ wΨ Ψ κ1 , fromLemma2. Then, for ( )∈w w ηΔ ,1 , applying (18), we obtain:

⎜ ⎟( ( ))
∣ ( )∣ ∣ ∣

∣ ( ) ( )∣
⎛

⎝

( ( ) )

∣ ∣
⎞

⎠

∣ ∣

∣ ( ) ( )∣

∣ ∣

∣ ∣

⎧

⎨

⎪

⎩
⎪

[ ( )]( )

[ ( )]( )

[ ( )]( )

[ ( )]( )

( )
[ ( )]( )

( )

[ ( )]( )

[ ( )]( )

∫ ∫

∫

≼

′

−

≼

− −

≼

−

≼

− − + > ≥

− − + > =

− − + = =

− − + < =

−
−

−

− − +

−

− − + −

− − + −

J z τ dτ
τ w

d τ L
τ

dτ
τ w

n dτ
τ w

n

n qm q κ m
n qm q κ m

n qm q κ m
qm q κ m

Ψ
Ψ Ψ

Ψ ,
1 Ψ Ψ

, 2 1 1, 2,
, 2 1 1, 1,

ln , 2 1 1, 1,
1, 2 1 1, 1,

q

E

q

qm
E

q

qm

q

E
qm q κ

q

qm q κ

qm q κ

2
3

2 2

2
2 1

2

2 1 1

2 1 1

R R

R

1
13

1
13

1,1
11



( )

⎧

⎨

⎪
⎪

⎩

⎪
⎪

( )

( ) ( )

( )

( )

( ) ( )

( ) ⎡⎣ ⎤⎦

( ) ⎡⎣ ⎤⎦

( )

( )

( )

( )

( )

≼

≥ ≥

< + + =

= + + =

> + + =

∈

≼ ∈

+ + − + +

+ + − + +

− −

−

−

J z

n p m

n p κ m

n n p κ m

n p κ m

z δ

J z n z δ

, 2, 2,

, 1 2 1 , 1,

ln , 1 2 1 , 1,

, 1 2 1 , 1,

Ω ,

, Ω .

m κ κ

m κ κ

κ

2
3

1 1

1 1

1 1

1

2
3 1

p p

p p

p p

p

p

2 1

2 1

2 1

2

2

(29)

Combining (26)–(29), for ≥ ≥p γ2, 0 and ( )∈z δΩ , we obtain:
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From (24)–(31), we obtain:
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if ( )∈z δΩ and
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if ( )∈z δΩ .

1.2. If <γ 0, for ( ) ( )∈ ∩w w η δΔ , ΩR1 , such that ∣ ( ) ( )∣ ∣ ( ) ( )∣− ≼ −τ w τ wΨ Ψ Ψ Ψ1 , according to Lemma 1,
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For ∈τ ER
12

1
, we see that ∣ ∣− <τ w η1 and from Lemma 1, ∣ ( ) ( )∣− ≼τ wΨ Ψ 11 . Then, for ( ) ( )∈ ∩w w η δΔ , ΩR1 ,
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For ∈τ ER
13

1
and each ( ) ( )∈ ∩w w η δΔ , ΩR1 , we see that ∣ ∣< − <η τ w πR2 ˙1 1. Therefore, from Lemma 1 and

applying (18), we obtain:

⎜ ⎟

∣ ( ) ( )∣ ∣ ( )∣ ∣ ∣

∣ ( ) ( )∣
⎛

⎝

( ( ) )

∣ ∣
⎞

⎠

∣ ∣

∣ ( ) ( )∣

∣ ∣

∣ ∣

( )( )

[ ( )]( )
[ ( )]( )

( ) ⎡
⎣

⎤
⎦

( ( )) ∫ ∫

∫

( )
( )

≔

− ′

−

≍

− −

≼

−

≼

≼

− −
−

−

−

− − +

− + − − +

+ − + − −

I E τ w τ dτ
τ w

d τ L
τ

dτ
τ w

n dτ
τ w

n

I E n

Ψ Ψ Ψ
Ψ Ψ

Ψ ,
1 Ψ Ψ

,

.

R
q

E

γ q q

qm
E

q

qm

q

E
qm q κ

q qm q κ

R
m κ κ

13 1
1 2 2

2
2 1

1 2 1

13 1 1 1

R R

R

p p

1

1,1
13

1
13

1
13

1

2 1

(38)

Therefore, combining (34)–(38) in case of <γ 0 for ( )∈z δΩ , we have:
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If ( )∈z δΩ , then ∣ ∣− ≥w w η1 , from Lemma 2 and (18), we obtain:
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Combining the last three estimates, in case of <γ 0 for ( )∈z δΩ , we have:
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Then, for <γ 0, from (39)–(41), we obtain:
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and, consequently, in this case from (24), we have:
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Therefore, combining (30) and (42), for any > −γ 2, ≥p 2, we obtain:
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if ( )∈z δΩ , and
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if ( )∈z δΩ .

Case 2. Let ( )> <q p2 2 . Then, − <q2 0, and so
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2.1. If ≥γ 0 and ( )∈z δΩ , applying Lemmas 1 and 2 to (45), we obtain:
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For ∈τ ER
13

1
, we see that ∣ ∣< − <η τ w πR2 ˙1 1. Therefore, from Lemma 1, we have ∣ ( ) ( )∣− ≽τ wΨ Ψ 11 . For ∈w

( )∣ ( ) ( )∣ ∣ ∣− ≽ −
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From (46)–(49) and (24), for ≥ < < ≥γ p m0, 1 2, 1, we have:
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if ( )∈z δΩ .
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For ( )∈z δΩ , analogously we obtain:
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Therefore, for any ≥ − <γ 2, 1 <p 2, ≥m 1, from (50), (51), and (56), we obtain:

( ) ∥ ∥
⎧

⎨
⎩

( )( )

( )( )
≼

≥

<

+ − +

+ − +

+

A z P n γ
n γ

, 0,
, 0,

n n p
m κ

m κ

1 1

1 1

γ
p

p

2

2
(57)

if ( )∈z δΩ , and

( ) ∥ ∥

⎧

⎨

⎪
⎪

⎩

⎪
⎪

( )

( )( )

( )

( )

≼

>

−

+

=

−

+

− < <

−

+

+ − +

− + −

− +

+

A z P

n γ p
κ

n n γ p
κ

n γ p
κ

, 1
1

,

ln , 1
1

,

, 2 1
1

,

n n p

m κ

κ

κ

1 1

1 1

1

γ
p

p p p

p p

2

2 1 1

2 1

(58)

if ( )∈z δΩ .
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Replacing the variable ( )=τ ζΦ and according to (18), we obtain:
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Combining estimates (19)–(24), (43), (44), (57), (58), and (59), we obtain:
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where for any > − ≥ ≥γ p m2, 2, 1
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(C) ∣ ( )∣( )−P zn
m j . Estimate ∣ ( )∣( )−P zn

m j for =m 2, =j 1, 2, and we carry out separately as follows. Therefore,
the proof of Theorems 2 and 3 is completed. □

Proof of Theorem 4. Now let us start the evaluations of ∣ ( )∣P zn . For this, we will make the necessary
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and so,
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We denote
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and estimate this integral.
To estimate ( )A zn , first replacing the variable ( )=τ ζΦ andmultiplying the numerator and denominator
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Applying Lemma 3, we We denote:
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Therefore, we need to evaluate the following integrals:
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For the estimation of the integral Jn
i
,2, for =i 1, 2, we use notations (23) and (24) and, consequently,

we need to evaluate the following statement:
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2
2

2
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where
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R
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1

So, for any =k 1, 2, 3, we will estimate the integrals Jk
2 .

Given the possible values q ( >q 2 and <q 2) and γ (− < <γ2 0 and ≥γ 0), we will consider the cases
separately.
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Case 1. Let ( )< ≤ ≥q p1 2 2 .
1.1. Let ≥γ 0. Applying Lemma 2, we We denote:

⎜ ⎟( )
∣ ( )∣ ∣ ∣

∣ ( ) ( )∣
⎛

⎝

( ( ) )

∣ ∣
⎞

⎠

∣ ∣

∣ ( ) ( )∣

∣ ∣

∣ ∣

( ) ( )

( )
[ ( ) ( )]( )

( ) [ ( ) ( )]( )

( ) [ ( ) ( )]( )

( ) ⎡
⎣

⎤
⎦

∫ ∫

∫

( )

=

′

−

≼

− −

≼

−

≼

≼

≼

−

−

−

−

−

− − − +

− + − − − +

− + − − − + −

+ − + − −

J τ dτ
τ w

d τ L
τ

dτ
τ w

n dτ
τ w

n E

n

J n

Ψ
Ψ Ψ

Ψ ,
1 Ψ Ψ

mes

,

.

q

E

q

γ q
E

q

γ q

q

E
γ q q κ

q γ q q κ
R

q γ q q κ

κ κ

2
1

2

1
1

2

1
1

2

1
1 2 1

2 1 2 1
,2

11

2 1 2 1 1

2
1 1 1 1

R R

R

γ
p p p

1
11

1,2
11

1
11

1

2 1

(64)
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(65)

For ∈τ ER
13

1
, we see that ∣ ∣< − <η τ w πR21 1. Therefore, ∣ ( ) ( )∣− ≽τ wΨ Ψ 11 , from Lemma 1 and applying
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Combining (64)–(66), for ≥ ≥p γ2, 0 and ∈z ΩR, we denote:
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From (63)–(67), we obtain:
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1.2. If <γ 0, analogously we have:
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For ∈τ ER
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1
, we denote:
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Therefore, combining (69)–(71) in case of <γ 0 for ∈z ΩR, we have:
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Therefore, combining (67) and (72), for any > − ≥ ∈γ p z2, 2, ΩR, we obtain:
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Case 2. Let ( )> <q p2 2 . Then, − <q2 0, and so
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2.1. If ≥γ 0, applying Lemmas 1 and 2 and (18), we obtain:
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For ∈τ ER
13
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From (74)–(77) and (63), for ≥ < < ∈γ p z0, 1 2, ΩR, we have:
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2.2. Let <γ 0. For ∈z ΩR, according to Lemma 1, we have:
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So, for <γ 0, from (63), we have:

∥ ∥( )
≼ ∈

− +A n P z, Ω .n
κ

n p R
1p p

2 1 (82)

Therefore, for any ≥ − < <γ p2, 1 2, from (78) and (82), we obtain:
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Combining estimates (19)–(63), (73), and (83), we get:
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and therefore, the proof of Theorem 4 is completed. □

Proof of Theorems 7 and 8. According to Theorems 2, 4, 5 and estimates (20), (21), (43), (44), (60),
for =m 2 and ≥p 2 from (19), we have:
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Substituting estimates for the Bn j,
1 , =j 1, 2, ∣ ( )∣P zn and ∣ ( )∣′P zn from Theorems 2, 4, and 5 correspondingly,

we obtain:
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for ( )∈z δΩ ,
Analogously, from Theorems 3, 4, and 6, for < <p1 2, we have:
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for ( )∈z δΩ . Therefore, the proof of Theorems 7 and 8 completed.
The proofs of Theorems 5 and 6 are similarly carried out to the proofs of Theorems 7 and 8, using

the corresponding estimates (11)–(13).
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In conclusion, note that in proofs, everywhere there is a quantity ( )d z L, .R1 Let us show that ( ) ≽d z L, R1

( )d z L, holds for all ∈z ΩR. For the points ( ( ))∉z L d L LΩ , ,R R R1 1 , we have: ( )( ) ≽ ≽d z L δ d z L, , .R1 Now,
let ( ( ))∈z L d L LΩ , , .R R R1 1 Denote by ∈ξ LR1 1 the point such that ∣ ∣( ) = −d z L z ξ, R 11 , and point ∈ξ L,2 such
that ( ) ∣ ∣= −d z L z ξ, 2 , and for ( ) ( ) ( )= = =w z t ξ t ξΦ , Φ , Φ1 1 2 2 , we have: ∣ ∣ ∣∣ ∣ ∣ ∣∣− ≥ − − − ≥w w w w w w1 2 2 1

∣ ∣ ∣ ∣ ∣ ∣− − − ≥ −w w w w w w2
1
2 2

1
2 2 . Then, according to Lemma 1, we obtain ( )( ) ≽d z L d z L, ,R1 . □
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