DE GRUYTER Open Mathematics 2021; 19: 1721-1735 a

Research Article

Chunhua Li*, Jieying Fang, Lingxiang Meng, and Baogen Xu

Almost factorizable weakly type B
semigroups

https://doi.org/10.1515/math-2021-0127
received September 27, 2021; accepted November 22, 2021
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1 Introduction

The relations £ and R are generalizations of Green’s *-relations £* and R*. The elements a and b of
a semigroup S are R -related if and only if a and b have the same set of idempotent left identities (see [1]).
The relation £ is defined dually. The relation £* (resp., R*) is defined by the rule that a.£*b (resp., aR*b) for
the elements a, b of a semigroup S if and only if a, b are related by Green’s relation £ (resp., R) in some
oversemigroup of S. A semigroup S is abundant if each L*-class and each R*-class of S contains an idem-
potent. Fountain and others studied some classes of abundant semigroups and obtained many interesting
results (see [2-15]). Following Gomes and Gould [1], a semigroup S is called a left (resp., right) semi-
abundant semigroup if each R-class (resp., each £L-class) of S contains an idempotent. A left (resp., right)
semi-abundant semigroup is said to be left (resp., right) semi-adequate semigroup if its idempotents com-
mute. A semigroup is semi-abundant (semi-adequate) if it is both left and right semi-abundant (semi-
adequate). As usual, we denote by a* (resp., a*) an idempotent R-(resp., £-) related to a; E(S) denotes
the set of idempotents of S. Generally, £* and R* are a right and a left congruences on a semigroup S,
respectively. However, £ is not a right congruence and R is not a left congruence. A left semi-adequate
semigroup is said to be weakly left type B [16] if the relation R is a left congruence, and it satisfies the
following conditions:

(1) (Ve,f e E(SY), a € S) (aef)" = (ae)*(af)';

(2) (Ve € E(S),acS)e<a" = (3f e ESY)) e = (af)".
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The definition of a factorizable semigroup is that the semigroup S can be written as the set product AB
of proper subsemigroups A and B of S. We call the pair (4, B) a factorization of S. In 1994, Lawson investi-
gated almost factorizable inverse semigroups (see [17]). Since then, many authors have been engaged in
extending the concepts and results of almost factorizable inverse semigroups to the broader framework of
semigroups. For example, the notions of factorizable and almost factorizable IC quasi-adequate semigroups
are introduced by Qiu et al. in [13]. It is proved that any factorizable IC quasi-adequate monoid is a good
homomorphic image of a semidirect product of a band by a cancellative monoid, and vice versa. A notion of
almost factorizable is introduced within the class of weakly ample semigroups by Gracinda and Maria in [18],
and it is shown that a weakly ample semigroup is almost factorizable if and only if it is an idempotent sepa-
rating (2, 1, 1)-homomorphic image of a semigroup W(T, Y), where Y is a semilattice and T is a unipotent
monoid. It is well known that weakly type B semigroups are generalizations of inverse semigroups in the
range of semi-abundant semigroups. Therefore, it is a natural thing to characterize an almost factorizable
weakly type B semigroup.

The aim of this article is to study a class of weakly type B semigroups, that is, so-called almost
factorizable weakly type B semigroups. In this paper, the concept of permissible sets in inverse semigroups
could be generalized to weakly type B semigroups, and the definition of almost left factorizable weakly type
B semigroups is introduced. It is shown that an arbitrary almost left factorizable weakly type B semigroup is
an idempotent separating (2, 1, 1)-homomorphism images of a weakly type B semigroup W(T, Y), where Y
is a semilattice and T is a unipotent monoid acting on Y. In particular, we give a characterization of a proper
almost factorizable type B semigroup.

We proceed as follows: Section 2 provides some basic notions and some known results. In Sections 3
and 4, we give a new characterization and the concept of permissible sets for weakly type B semigroup,
respectively. We denote by C(S) the set of all permissible subsets of a weakly type B semigroup. It is proved
that C(S) is a weakly type B monoid, which S is embeddable. In Section 5, we investigate the definitions
of a left factorizable weakly type B monoid and an almost left factorizable weakly type B semigroup.
Furthermore, we verify that a weakly type B semigroup S is almost left factorizable if and only if S is
an idempotent separating (2, 1, 1)-homomorphism image of a semigroup W(T, Y), where Y is a semilattice
and T is a unipotent monoid acting on Y such that conditions (B1)-(B6) (see Definitions 3.1 and 3.2)
hold. In Section 6, we consider the left-right symmetric versions of factorizability and almost factoriz-
ability.

2 Preliminaries

Throughout this paper, we shall use the notions and notations of (4, 17-21). In the first part of this section,
we recall an equivalent definition of a weakly type B semigroup.

Definition 2.1. Let S be a left semi-abundant semigroup. Then, (S; -,") is a weakly left type B semigroup as

an algebra of type (2, 1), if for alla, b € S and e, f € E(S), the following conditions (WBO)—-(WB5)" hold.

(WBO) ef = fe;

(WB1)* et = e;

(WB2)* a‘*a = a;

(WB3)" (ab)* = (ab*)*;

(WB4)* (Ve, f € E(SY), a € S) (aef)* = (ae)*(af)*;

(WB5)" (Ve € E(S),acS) e<a' = (3If € E(SY)) e = (af)*, where < is a natural partial-order on E(S),
ie, foralle,fe E(S),e<fo e=ef=fe.

Remark 2.1. In our Definition 2.1, by condition (WBO), E(S) is a semilattice and |R, n E(S)| = 1foralla ¢ S,
where R, denotes the R-class containing a. On the other hand, it is easy to see that R is a left congruence.
In fact, let aRb. Then, a*Rb*, and so a* = b*a* = a*b* = b*. Moreover, by condition (WB2)*, (ce)*ca =
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(ce)tcea = cea = ca and (ce)*cb = (ce)*ceb = ceb = cb.Let f € E(S) such that fca = ca. Then, (fca)* = (ca)*,
and so (fca*)" = (ca*)* from (WB3)". Note that a* = b*. We have (fcb*)* = (cb*)*, and so (fcb)* = (cb)*
from (WB3)". Hence,

feb = (feb)'fcb (by (WB2)")
= (feb)'fcteh (by (WB2)")
= (feb)'(fc*) ch (by (WB1)")
= (feb)'(fe)'eb = (feb*)'(fe - Deb  (by (WBD)Y)
= (feb* - 1)*ch (by (WB4)")

=(fcb*)*ch = (fcb)tch = (cb)*ch = cb.

Similarly, we can prove that fch = cb implies that fca = ca for all f € E(S). That is, caRch. Thus, R is
a left congruence on S. These together with conditions (WB4)" and (WB5)" imply that S is a weakly left type
B semigroup.

A weakly right type B semigroup S is defined dually and the conditions (WBO)-(WB5)* are as follows:
(WBO) (Ve, f € E(S)) ef = fe;
(WB1)* (Ve € E(S)) e* = ¢;
(WB2)* (Va € S) aa* = a;
(WB3)* (Va, b € S) (ab)* = (a*b)*;
(WB4)" (Ve, f € E(SY), a € S) (efa)* = (ea)'(fa)*;
(WB5)* (Ve € E(S),a € S)e < a* = (3f ¢ E(SY)) e = (fa).

A semigroup is said to be weakly type B if it is both a weakly left type B semigroup and a weakly right
type B semigroup. Equivalently, we define a weakly type B semigroup (S; -,*,*) as an algebra of type (2, 1, 1)
such that (S; -) is a semigroup, a* and a* are idempotents for all a € S and conditions (WB0)-(WB5) hold,

where (WB) is the conjunction of (WBi)* and (WBi)* (i = 1, 2, 3, 4, 5). We denote the relationship R n £
by H on a weakly type B semigroup.
Here, we give two examples of semi-abundant semigroups, which are weakly type B.

Example 2.1. Let S={2" | n=0, 1, 2, ...}. Then, S is a unipotent semigroup including identity element 1
with respect to the general multiplication. In fact, it is easy to check that R = £ = S x S, and for alla € S,
a* = a* = 1. Therefore, S is a semi-abundant semigroup. On the other hand, it is routine to check that
S satisfies conditions (WBO)—-(WB5). This means that S is a weakly type B semigroup.

Example 2.2. Let S = {[x]>x> | x e N} U {[l]z 2}, where N is the set of all non-negative integers and [x],,»

(2

denotes the following second-order matrix
forallx e N U {%} Then, it is easy to see that S is a semi-abundant semigroup with respect to the general

matrix multiplication, and that

11

ooy |2 2
£ =1 (8 o)1 1
2 2

In fact, it is easily seen that £-classes and R -classes of S are both S\ {[0],«»} and {[0],>}. Obviously, E(S) is
a semilattice and [al5,, = [al},, = [%]z , for alla € N and a # 0. Thus, it is routine to check that S satisfies
conditions (WB0)—-(WB5). Therefore, S is a weakly type B semigroup.

Definition 2.2. Let S be a weakly left type B semigroup. Define a partial-order relation “<,” on S as follows:

(Va,b e S)a <, b & (Je € E(S)) a = eb.
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Equal definition
(Va,beS)a<, boa=atb

Dually, we can define a partial-order “g;” on a weakly right type B semigroup.
In particular, we can define a partial-order “<” on a weakly type B semigroups by “<, n <.”

Lemma 2.1. [16] Let S be a weakly left type B semigroup. Define the relation “0” on S as follows:
(Va, b € S) ach & (3e € E(S)) ae = be.

Then, the following statements are true:

(1) o is a congruence on S;

(2) If S is proper (i.e., R n o =I5, where Is is the identity relation on S), then o is the least unipotent
congruence on S;

(3) E(S) c 1o.

Definition 2.3. [22] Let S be a weakly type B semigroup. Define the relation 0 on S as follows:
(a,b) € 0 © (FE € E(S)) eae = ebe.

We call S proper if 0 N R = 1 and 0 N £ = 5, where i is the identity relation on S.

Example 2.3. Let S={2" | n=0,1, 2, ...}. Then, S is a unipotent semigroup with respect to the general
multiplication. In fact, in our Example 2.1, we have proved that S is a weakly type B semigroup with
R =L =5xS and a* = a* = 1. On the other hand, it is easy to see that o = 1. Therefore, S is a proper
weakly type B semigroup.

Following Howie [23], a semigroup S is left E-unitary, if foralla € S, e € E(S), ae € E(S) implya € E(S).

Lemma 2.2. [16] Let S be a proper weakly type B semigroup. Then S is left E-unitary such that E(S) = 10.

3 Definitions and properties

In this section, we consider a new characterization of a weakly type B semigroup by using the notion of
a semidirect product.

Definition 3.1. Let T be a unipotent monoid and Y be a semilattice. Suppose that T acts on Y by endo-
morphisms, that is, the following statements are true:

(B1) (Va,b € Y,te T)(ab)t = a'bt;

(B2) VaeVY,t,ueT)(@)W=(a)¥

(B3) (VaeY)a =a;

(B4) Ifforalla,b € Y, b = ab. Then, for allt € T, there is ¢ € Y such that b = cla.

Then, the semidirect product of Y by T is a subset of the Cartesian productT x Y, and we denoteitbyT * Y,
where the multiplication on the set T = Y is defined by the rule:

Mt, a), (u,b) e T = Y) (t, a)(u, b) = (tu, a"b).

It is easy to check that T = Y is a semigroup, where the idempotent set E(T = Y) ={(1,a) | a € Y}
is isomorphic to Y.
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Lemma 3.1. Let T be a unipotent monoid, Y be a semilattice andT = Y be a semidirect product. Define a unary
operation “«” onT = Y as follows:

Mt,a) e T*Y)(t,a)=(Q,a).

Then, T = Y is a weakly right type B semigroup.

Proof. It is clear that conditions (WB1)* and (WB2)* hold. Let (¢, a), (u, b) € T x Y. Then, [(t, a)(u, b)]* =
[(tu, a*b)]* = (1, a“b) = (u, a*b)* = [(1, a)(u, b)* = [(t, a)*(u, b)]*. Therefore, (WB3)* holds. Next, we verify
that T = Y satisfies condition (WB4)*. To see it, suppose (t,a) ¢ T = Y, (1, ), (1, c) € E(T = Y). Then,
we have that,

1, b, c)(t, a) = (1, be)(t, a) = (¢, bicta)

and
[(1, b)Q, o)(t, a)] = (¢, bicta)* = (1, bicta),
[(1’ b)(t’ a)]* = (t’ bta)* = (1’ bta),
[, o)(&, )] = (¢, cta) = 1, cta).
Hence,

[, b)(t, D[, c)(t, a)]* = (1, bla)(, cta) = (1, btacta) = (1, bicta) = [(1, b){1, c)(t, a)]*,

which implies the condition (WB4)* holds. Now, we show that T * Y satisfies condition (WB5)*. To see it,
let (t,a) e T«Y,(1,b) € E(T «=Y) and (1, b) < (¢, @), that is, (1, b) < (1, a). Then, (1, b) = (1, b)(1, a) =
(1, a), b). Hence, (1, b) = (1, ba) = (1, ab), that is, b = ba = ab. By (B4), we have that for all t € T,
there exists ¢ € Y such that b = cla. Therefore, (1, b) = (1, ba) = (1, cla) = (t, cta)* = [(1, ¢c)(¢t, a)]*, where
(1, c) € E(T = Y). This means that condition (WB5)* is true. Therefore, T * Y is a weakly right type B
semigroup. O

Suppose that T acts on Y, and it satisfies the following conditions:
(B5) (WVa,beY,teT)al =bt = a=b;
(B6) Ifforalla,beY,teT,a < b, and then there is ¢ € Y such that a = ct.

This means that T acts on Y by injective endomorphisms such that the images of T are order ideas of Y.
(A non-empty subset Y of a partial-order set (X, <) is an order ideal of X if forall x e X, ye Y, x<y
implies x € Y.)

Definition 3.2. Put W(T,Y) = {(t,a’) e T« Y |a € Y, t € T}, whereY is a semilattice and T is a unipotent
monoid acting on Y and it satisfies conditions (B1)—(B6).

Obviously, W(T, Y) is a subsemigroup of T * Y and E(W(T, Y)) € E(T * Y), that is, W(T, Y) is a full
subsemigroup of T * Y. Therefore, it is easy to see that W(T, Y) is a (2, 1) subsemigroup. Thus, W(T, Y) is
a weakly right type B semigroup. From (B5), we can get that “*” is well defined. Next, we will show that
W(T,Y)=(W(T,Y); -,*,*)is a weakly type B semigroup, and we will introduce some properties of W(T, Y).

Definition 3.3. For all (¢, a') € W(T, Y), put (t, a)* = (1, a), where (1, a) is an idempotent of W(T, Y).

Proposition 3.2. Let Y be a semilattice and T be a unipotent monoid acting on Y, and it satisfies conditions

(B1)-(B6). Then, the following statements are true:

(1) W(T, Y) is a weakly type B semigroup, where E(W(T, Y)) = {(1, a) | a € Y} is isomorphic to Y ;

(2) The first projection m: W(T, Y) — T, (t, a’) — t is a surjective homomorphism, and kerm = ¢ such that
W(T, Y)/o is isomorphic to T;

(3) W(T,Y) is proper;

(4) W(T, Y) is a monoid if and only if Y has an identity.
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Proof.

(1) It is easily seen that conditions (WBO0), (WB1)" and (WB2)" hold. Next, we prove that condition
(WB3)* holds. To see it, let (¢, at), (u, b*) € W(T, Y). Then, a“b* < a™. By conditions (B5) and (B6), we have
that [(t, a)(u, bY)]* = (tu, a¥b*)* = (tu, c¥)* = (1, ¢), where c¢ is the only one element on Y such that
a“p* = ¢, On the other hand, [(¢, a)(u, b+ = [(t, a)(, b)[* = (t, a'b)* = (t, d))* = (1, d), where t is
the only one element on Y such that atb = d'. From conditions (B1) and (B2), we obtain that a®b* = d,
that is, ¢ = d™. Again, by condition (B5), we have that ¢ = d holds. Therefore, condition (WB3)* is true.
Now, we show that condition (WB4)* is satisfied. Let (¢, a’) € W(T,Y) and (1, b), (1, d) € E(W(T, Y)).
Then, there is ¢ € Y such that a'b = ¢! and a'b < at. Hence,

[(t, a)(@, )] = (¢, atb)" = (t, cH)* = (1, ©).
We also obtain that there exists e € Y such that ald = e! since a'd < a’. Thus,
[(t, aHQ, DI = (t, a'd)t = (t, )" = (1, e).
Similarly, since a’bd < a', we have a'bd = f! for some f € Y. Therefore,
[(t, a1, b)A, DI = [(¢, a)(A, bd)]" = (¢, a'bd)* = (¢, f)" = (1, f).

Note that Y is a semilattice and a'b = ¢!, a'd = e!, a'bd = ft. We have a'bd = f! = cle! = (ce)!. Again,
by condition (B5), we have that f = ce, that is, (1,f) = (1, ¢)(1, e). In other words, [(t, a)(1, b)(1, d)]*=
[(¢, &)1, b)]*[(t, @)1, A)]", which implies that condition (WB4)* is true.

Finally, we explain that condition (WB5)* is also true. To see it, let (¢, a’) € W(T, Y),(1, b) € E(W(T, Y))
and(1, b) < (t, at)*, thatis, (1, b) < (1, a). Then, (1, b) = (1, b)(1, a) = (1, a)(1, b). Thismeans thath = ba = ab.
Therefore, (1, b) = (1, ab) = (t, (ab)))* = [(t, a)(, b")]*. But (1, b*) € E(W(T, Y)). Therefore, W(T, Y) is
a weakly type B semigroup.

(2) By the homomorphism theorem of W(T, Y), we only show that o = kersr holds. From the definition
of m, it is clear that 7 is a surjective homomorphism. Hence, o < kers since o is the least unipotent monoid
congruence. Next, we prove the reverse inclusion relation. Let (¢, a’)7 = (u, b¥). Then, t = u. Hence, there
exists an idempotent element (1, ab) such that (1, ab)(t, a)(1, ab) = (1, ab)(t, b")(1, ab). Thus, (t, a)a(u, b¥),
that is, the diagram commutes.

(3) Let(t, a'), (u, b*) € W(T, Y)suchthat(t, a)[R n o](u, b*). Then, by (2), we have thatt = u. On the other
hand, (¢, a’)* = (u, b*)*, that is, (1, a) = (1, b). Therefore, (t, a*) = (u, b*). Similarly, let (¢, a")[£ n o](u, b*).
We obtain that ¢ = u and (¢, at)* = (u, b%)*. Therefore, (1, a) = (1, b¥), that is, (¢, a) = (u, b¥).

(4) Straightforward. O

Remark 3.1. Let Y be a semilattice, T be a unipotent monoid. If T acts on Y by automorphisms satisfying
conditions (B1)-(B6) and the following condition:

(B6) (VteY) Y=Y,
then it is easy to check that W(T,Y) =T = Y.

4 Permissible sets

In this section, we first introduce the concept of permissible sets for a weakly type B semigroup as
a compatible order ideal. The set of all permissible subsets of a weakly type B semigroup is denoted
by C(S). In particular, we prove that C(S) is a weakly type B monoid in which S is embeddable.
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Definition 4.1. Let S be a weakly type B semigroup. Then, a non-empty subset A of S is called permissible
if the following conditions hold:

(P1) A is an order ideal of S;

(P2) (Va,b € A)a*h = bta;

(P3) (va, b € A) ab* = ba*.

Next, we will provide some properties about permissible sets.

Lemma 4.1. Let S be a weakly type B semigroup. Then, for every A € C(S), a, b € A, the following statements
are true:

(1) Ifa* = b*, then a = b;

(2) If a* = b*, thena = b;

(3) a*b* = (a*b)*;

(4) a*b* = (ab*)*.

Proof.
(1) By Definition 4.1 (P2), a*b = b*a, a* = b*. Then, a = a*a = b*a = a*b = b*bh = b. Dually, (2) holds.
(3) Obviously, we have that a*h = b*a and ab* = ba*, from Definition 4.1 (P2) and (P3). Note that E(S) is
a semilattice and £ is a right congruence with [£, n E(S)| = 1, where £, is the £-class containing a.
We have that a*b* = b*a* = (ba*)* = (b*ha)* = (b*ab*)* = (a*bb*)* = (a*bh)*. Dually, (4) holds. O

Proposition 4.2. Let S be a weakly type B semigroup. Then, C(S) is a monoid with identity E(S).

Proof. It is routine to check that C(S) is closed with respect to the set product. This means that C(S) is
a semigroup. By Definition 4.1, it is clear that E(S) € C(S). Let A € C(S). Then, by (P1), we have E(S)A < A.
By (WB2)*, we obtain A ¢ E(S). Hence, A = E(S)A, that is, E(S) is a left identity element of C(S). Dually,
E(S) is also a right identity of C(S). This completes the proof. O

Proposition 4.3. E(C(S)) = {E € E(S) | E is an order ideal of E(S)}.

Proof. By Proposition 4.2, we only show that if A € C(S) and A? = A, then A ¢ E(S). To see it, let A € C(S),
A? = Aand a < S. Then, there exist b, ¢ € A such thata = bc. By (P2), a*h = b*a. Hence, (bc)*b = b*bc = bc.
On the other hand, we obtain that (bc)*h = (bc*)*b = b*(bc*) = b*bc* = bc* from conditions (WB3)* and
(P2). Therefore, bc = bc*. Dually, we can prove that bc = b*c. Thus, a = bc = bb*c*c = bc*b*c = (bc)? = &2,
which implies a € E(S), that is, A < E(S). O

Definition 4.2. Let A € C(S). Define A" and A* as follows:
At ={a* |aec A}, A ={a"|acAl.

Obviously, A", A* € E(C(S)). In particular, it is routine to check that A" and A* are order ideals
of E(C(S)).

Theorem 4.4. The monoid C(S) = (C(S); -,*,*) is a weakly type B semigroup.

Proof. It suffices to show that conditions (WBO)—(WB5) in C(S) hold. Let A, B € C(S) and E, F € E(C(S)). It
is easily seen that EF = FE holds. Therefore, (WBO) is true. Obviously, E* = E and E* = E hold. This means
that (WB1) is also true. By (WB2)" in S, we have A ¢ A*A. Furthermore, we obtain A*A ¢ E(S)A = A from
Proposition 4.3. Thus, A*A = A. Similarly, AA* = A. Therefore, condition (WB2) in C(S) holds. By using
condition (WB3)" on S, it is easily seen that condition (WB3) in C(S) is true. On the other hand, we have
(AEF)* ¢ (AE)*(AF)* from condition (WB4)* on S. Next, we will show the reverse inclusion. To see it, let
(ae)*(bf)" € (AE)*(AF)*, where a, b € A, e € E, f € F and b*a € A. Then, we have (ae)*(bf)* = [(ae)'bf|*=
(b*aef)t € (AEF)" from condition (P2), that is, (AE)*(AF)* ¢ (AEF)*. Hence, (AEF)* = (AE)*(AF)*. Similarly,
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(AEF)* = (AE)*(AF)*. This means that C(S) satisfies condition (WB4). Finally, we explain condition (WB5) in C(S)
isalsotrue. Toseeit,let E < A*, thatis, foralle € E, a* € A",wehavee < a'.SinceS isaweakly type B semigroup,
there exists f e E(C(S)) ¢ E(S) such that e = (af)*. Hence, there exists F € E(C(S)) such that E = (AF)*.
Therefore, (WB5)* in C(S) holds. Dually, condition (WB5)* in C(S) is also true. Summarizing the aforemen-
tioned arguments, C(S) is a weakly type B semigroup. O

Proposition 4.5. Let A, B € C(S). Then, A<B & A C B.

Proof.

(Necessity) If A < B on C(S), then A = A'B. Since B is an order ideal of S, we have A'B ¢ B, and
so A ¢ B.

(Sufficiency) Let A € B. Then, A = A"A ¢ A*B. On the other hand, foralla € A, b € B, we havea, b € B
from A < B. Hence, a*h = b*a € A, that is, A'B ¢ A, and so A'B = A. Dually, A = BA*. By Definition 2.2,
A < B. This completes the proof. O

Let a € S. Put (a] = {b € S|b < a}. Then, (a] is the principal order ideal of S generated by a.

Theorem 4.6. Let S be a weakly type B semigroup. Then, for all a € S, there is (a] € C(S) such that the
mapping 15: S — C(S), a — (a] is a (2, 1, 1)-embedding.

Proof. It is easy to see that (a] is an order ideal of S. That is, condition (P1) holds. Let b, ¢ € (a]. Then,
there exist e, f € E(S) such that b = ea and ¢ = fa. Hence, b*c = (ea)'c = ea*fa = fatea = (fa)ea = c*b.
Thus, condition (P2) is true. Dually, condition (P3) is also true. Therefore, (a] € C(S) holds. Obviously,
the mapping 75 is injective. It is routine to check that 15 is a (2, 1, 1) homomorphism. This completes
the proof. O

Proposition 4.7. Let S and T be two weakly left type B semigroups and 6: S — T be a surjective (2, 1)-
homomorphism. Then,

(1) E(S)8 = E(T);

(2) Ifforalls € S,t e T, thereis t < sO, then there exists s' € S such that s' g, sandt= s'0.

Proof.

(1) We first prove E(S)8 ¢ E(T) for all e € E(S). By (WB1)*, we have that ef = e*0 = (ef)" € E(T) since 8
is a (2, 1) homomorphism with respect to the unary operation “+”. That is, E(S)8 < E(T). On the other hand,
let f € E(T). Then, there existse € E(S) such that f = ef € E(S)0 since 0 is surjective. Therefore, E(S)0 = E(T).

(2) Lets € S, t € T such thatt < s8. Then, there exists e € E(T) with t = e(s0). By (1), we have that for all
e € E(T), there exists f € E(S) such thate = f0. That s, t = f0(s) = (fs)0. Therefore, there exists s’ = fs € S.
This means s’ <,s with ¢ = s'0 from Definition 2.2. O

Theorem 4.8. Let S, T be two weakly type B semigroups. Suppose that 6: S — T is a (2, 1, 1)-homomor-
phism such that its image is an order ideal in S. Then, the mapping 6: C(S) — C(T), A — A6 = {afla € A}
is a (2,1, 1)-homomorphism satisfying Tsé = Otr. In particular, 6 is injective(bijective) if and only if 6 is
injective(bijective). Moreover, if 0 is surjective, then so is 6.

Proof. First, we show that (a]6 = (af) for alla € S. To see it, lett € (a]f. Then, there exists b € (a] such that
b <a and b =t. Actually, 0 is order preserving, that is, b0 < af. Thus, t < af. Therefore, we have
(a]@ < (af]. Next, we show that (af] < (a]f. To see it, let t € T and t < af. Since af is the image of 8 and
af is an order ideal in T, we have that t is the image of 8. Hence, there exists a’ € (a] such thatt = a'0 from
Proposition 4.7. Therefore, t € (a8, that is, (af] < (a]f, and so (af] = (a]6. On the other hand, we have that
Tsé = Ot from the definitions of 75 and 7. Moreover, for all A € C(S), A8 is an order ideal in T. It is clear that
A0 satisfies conditions (P2) and (P3), and so A8 € C(T). This means that @ is well defined. Now, we show that
fisa (2, 1)-homomorphism with respect to the unary operation “+”. In fact, since@isa (2, 1, 1)-homomorphism,
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for all A € S, we have that A" = (A0)". Hence, for all A € C(S), we obtain that A € S and AQ = A0 =
(A0) = (Aé)*. Dually, 6 is a (2, 1)-homomorphism with respect to the unary operation “*.” Therefore,
6 is a (2,1, 1)-homomorphism. Suppose that 6 is injective. Then, A6 = BO imply A =B, and so 6 is
injective. If 0 is surjective, then 61: T — S is a (2, 1, 1)-isomorphism since 6 is a (2, 1, 1)-isomorphism.
Clearly, 679 is the identity mapping of C(T). Hence, 6 is also surjective. Conversely, if 6 is injective,
we have that 6 is injective since 70 = 0. Suppose 6 is surjective and let t € T. Then, (t] € C(T). In fact,

0 is surjective, then there exists A € C(S) such that (t] = A8. This means that there is a € A € S such
that t = af. Therefore, 0 is surjective. This completes the proof. O

Proposition 4.9. Let S be a proper weakly type B semigroup. Then, the following statements are true:

(1) Foralla € S, aos € C(S);

(2) Forall A € C(S) and a € A, two elements A and aos of C(S) are o related on C(S), and the element ads
is the maximum in the oc(s) class of A.

Proof. (1) Leta € S, b € ao. Suppose that ¢ € S satisfying ¢ < b. Then, there exists e € E(S) with ¢ = eb, that
is, ece = ebe. Hence, by the definition of o, we have cob. Thus, ¢ € bo = ao. Therefore, ao is an order ideal
of S. Suppose b, ¢ € ac. Then, b*cocoboc*b, that is, (b*c)o(c*b). Furthermore, we have (b*c)" = b*c*=
c*b*(c*b)* from R is a left congruence. This means that (b*c)R(c*b). Therefore, (b*c) = (c*b) since S is
a proper weakly type B semigroup. Dually, bc* = cb* holds. Therefore, ac € C(S).

(2) Let A € C(S) and a € A. If b € A, then we have a*h = b*a, that is, atobo = b*oao. Actually, since
E(S) is an identity element on C(S), we have ach, and so A < ac. Now, we prove the elements A and ads are
ocs)-related. It is clear that (a*] € E(C(S)) and (a*]A < (a*]ao. On the other hand, letb € ao, e € (a*]. Then,
by Definition 2.2, eb = ea'h = ea*a*b = ea*b*a € (a*]A. Therefore, (a*]A = (a*]ao, and so (a*]A(a*] =
(a*lao(a*]. In other words, Aocs)(ao) holds. Put A, B € C(S) such that Aogs)B. Then, there exists
E € E(C(S)) such that EAE = EBE. We obtain that EAE = EBE C A, B since A, B are the order ideals in S.
Therefore, Boc(s)Aocs)(ao). This means that for all a € A, b € B, ao = bo. That is, aos is the maximum
element in Aogs). This completes the proof. O

Theorem 4.10. Let S be a weakly type B semigroup. Then, the weakly type B monoid C(S) is proper if and only
if S is proper. Suppose that it is true. Then, there is a maximum element for all o¢(s) class, and the unipotent
monoids S / gs and C(S)/ ocs) are isomorphic.

Proof.

(Necessity) Let C(S) be proper. Then, by Theorem 4.6, S — C(S) is a (2, 1, 1)-embedding. This means
that S is proper.

(Sufficiency) Let S be proper. Next, we show that C(S) is left proper. To see it, let A, B € C(S) with
A" = B* and AgsB. By Proposition 4.9(2), we have that for alla € A, b € B, ac = ba. Suppose a € A. Then,
a* € A" = B*. Hence, there exists b € B such that a* = b*. This together with ac = bo implies that a = b
since S is left proper. Therefore, a € B, that is, A € B. Symmetrically, the reverse inclusion B ¢ A holds,
and so A = B. In other words, C(S) is left proper. Dually, we show that C(S) is right proper.

Define a mapping as follows:

Y : Sjo — C(S)/ogisy, ao — (ao)ocs).
Next, we prove that i is an isomorphism. Let ao, bo € S/o with (ao)y = (bo)p. By Proposition 4.9(2), we
obtain that ao and bo are in the same o¢(s) class and that ao and bo are both the maximum elements in it.
Thus, ao = bo, that is, i is injective. Now, we verify that i is surjective. To see it, let A € C(S) and a € A.

Then, A and acs are ogs) related from Proposition 4.9. Hence, Aocs) = (ao). Puta, b € S. It is easy to see
that acbo < (ab)o from Proposition 4.9(2). Hence, acbo and (ab)o are o¢(s) related, and so

(aobo)y = ((ab)o)p = ((ab)o)ocs) = (aoho)ogs) = (Ao)ocs)(bo)ogs) = (ao)Pp(bo)y.

This means that i is an isomorphism. This completes the proof. O



1730 =— Chunhua Li et al. DE GRUYTER

Theorem 4.11. Let S be an arbitrary proper weakly type B semigroup. Then, S is a (2, 1, 1)-embedded in
a proper weakly type B monoid T such that T /ot is isomorphic to S/os, and that there is a maximum element
in each oy class.

Proof. It follows from Theorems 4.6 and 4.10. O

5 Left factorizable and almost left factorizable weakly type B
semigroups

In this section, we first introduce the definitions of left factorizable weakly type B monoids and almost left
factorizable weakly type B semigroups. Furthermore, we investigate the relation between them. It is shown
that an arbitrary weakly type B semigroup S is almost left factorizable if and only if it is an idempotent
separating (2, 1, 1)-homomorphism image of a semigroup W(T, Y), where Y is a semilattice, T is a unipotent
monoid acting on Y such that conditions (B1)-(B6) hold. In particular, we prove that the semigroup
W(T, Y) is a proper almost left factorizable weakly type B semigroup with respect to isomorphism.

We begin by giving some elementary facts about weakly type B semigroups.

Remark 5.1. Let S be a weakly type B semigroup. Then, foralla, b € S, e, f € E(S), the following statements
are true:

(1) (ea)t =ea*;

(2) If S = S!, then Ry(S) is a unipotent submonoid of S.

According to the aforementioned conclusion, we have that if M is a weakly type B monoid, then R,(M)
is a unipotent submonoid in M.

Definition 5.1. A weakly type B semigroup M is said to be left factorizable if M = E(M)R,(M). A right
factorizable weakly type B monoid is defined dually.

Definition 5.2. A weakly type B semigroup S is said to be almost left factorizable if for all a € S, there exists
A€ ﬁE(s)(C(S)) such that a € S, where ﬁE(S)(C(S)) ={A € C(S) | A* = E(S)}. An almost right factorizable
weakly type B semigroup is defined dually.

Lemma 5.1. Let M be a weakly type B monoid. Then, @'E(M)(C M) ={@] | r € Ry(M)}.

Proof. Let r € Ry(M). Then, r* = 1 since R,(M) is a unipotent monoid. Hence, (r]* = (r*] = (1] = E(M). This
means that for every r € Ry(M), (r] € Rear(C(M)). Conversely, let A € Rgup(C(M)). Then, A* = E(M).
Thus, there exists r € A with r* = 1. Note that r*b = b*r for all b € A. By b = b*r, we obtain that br* =
(b*r)r* = b*r = b, that is, b = br* = rb*. Summarizing the aforementioned arguments, we conclude that
b <r, thatis, b € (r], and so A ¢ (r]. The reverse inclusion (r] € A is clear since r € A, and A is an order
ideal. Therefore, (r] = A. This completes the proof. O

Proposition 5.2. A weakly type B monoid is almost left factorizable if and only if it is left factorizable.

Proof.

(Sufficiency) Suppose M is a left factorizable weakly type B monoid. Then, M = E(M YR(M). Hence,
for every a € M, there is e € E(M), r € Ry(M) such that a = er. By multiplying it on the right by r*, we have
that ar* = err* = er = a, that is, a = ar* = ra*. Thus, a <r, and so a € (r]. By Lemma 5.1, we obtain
(r] € Rear(C(M)). Therefore, M is almost left factorizable.
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(Necessity) Suppose that M is an almost left factorizable weakly type B monoid and let a € M. Then,
there exists r € Ry(M) such that a ¢ (r] from Lemma 5.1. In other words, there exists e € E(M) such that
a = er. Thus, M ¢ E(M)R,(M). It is easily seen that the reverse inclusion holds. Therefore, M is left factor-
izable. =

Proposition 5.3. Let M be a left factorizable weakly type B monoid. Then, M\R,(M) is an almost left
factorizable weakly type B semigroup.

Proof. For convenience, we put S = M\ R;(M). Clearly, S is closed with respect to the multiplication. In fact,
suppose a, b € S satisfying ab € Ry(M). Then, 1 = (ab)* = (a*ab)* = a*(ab)* = a*1 = a*, and so a € Ry(M),
a contradiction. Thus, ab ¢ Ry(M). This means that S is closed with respect to production. Next, we verify
that S is closed with respect to the unary operations “+” and “*”. To see it, let a € S. Then, a ¢ R;(M), and
soa* ¢ R(M) since aRa*. Now, we show a* ¢ R,(M). To see it, suppose a* = 1. Since M is left factorizable,
we have thate € E(M), r € Ry(M) such that a = er, and hence, by multiplying it on the right by r*, we have
that ar* = err* = er = a. Again, since (P3), we obtaina = ar* = ra* = r - 1 = r € Ri(M), a contradiction. This
means that a* ¢ R;(M). Therefore, S is a (2, 1, 1) subsemigroup of M. That s, S is a weakly type B semigroup.

Finally, we explain that S is almost left factorizable. Let a € S. Then, there exist e € E(M), r € Ry (M)
such that a = er, where e # 1 since M is left factorizable. Hence, a € (r]\{r}. Since ((r]\{r})* = E(M)\{1} =
E(S), we have (r]\{r} € Rgs(C(S)). Therefore, S is an almost left factorizable weakly type B semigroup. [

Theorem 5.4. Let Y be a semilattice, T be a unipotent monoid acting on Y satisfying conditions (B1)—(B6).
Then, W(T, Y) is a proper almost left factorizable weakly type B semigroup.

Proof. Obviously, W(T,Y) is a proper weakly type B semigroup from Propositions 3.2(1) and (3).
Let (t,af) € W(T,Y). Then, A; ={(t,y") |y € Y} is a o class including (t,a’) from Proposition 3.2.
Since W(T, Y) is proper, we have that A; ¢ C(W(T, Y)) from Remark 5.1. Note that A" = {(t, y)|y € Y} =
{1,y) |y e Y} =E(W(T, Y)), we have A; € ﬁE(W(T,y))(C(W(T, Y))), and so W(T, Y) is almost left factoriz-
able. This completes the proof. O

Remark 5.2. From Theorem 5.4, {A; |t € T} < ﬁE(W(T,y))(C(W(T, Y))). In fact, the reverse inclusion is also
true. Let A € FﬁE(W(T,y))(C(W(T, Y))). Then, A* = E(W(T, Y)). By Theorem 4.6, there exists t € T such that
A ¢ A,. Hence, Reawer,y)(C(W(T, Y))) € {A; | t € T}, and so Reawr,y)(C(W(T, Y))) = {A; | t € T}

Theorem 5.5. Let S and T be two weakly type B semigroups such that the mapping 0: S — T is a surjective
(2, 1, 1)-homomorphism. If S is almost left factorizable, then so is T.

Proof. Let t € T. Then, there exists s € S such that t = s@ since 6 is surjective. Suppose that S is almost left
factorizable. Then, A € ﬁE(S)(C(S)) withs € A.ByTheorem 4.8, A8 € C(T),andso(A0)" = A*0 = (E(S))0 = E(T)
from 0 is a (2, 1, 1)-homomorphism. Hence, A ¢ ﬁE(T)(C(T)). Again, since t = s € A9, we have that T is
also almost left factorizable. This completes the proof. O

Theorem 5.6. Every almost left factorizable weakly type B semigroup is an idempotent separating (2, 1, 1)-
homomorphism image of W(T, Y), whereY is a semilattice and T is a unipotent monoid acting on'Y satisfying
conditions (B1)-(B6).

Proof. Suppose that S is an almost left factorizable weakly type B semigroup. Put T = Rgs)(C(S)) and put
P ={(a, A) € S x T|a € A} is the subset of the direct product S x T. Obviously, P is closed with respect to the
unary operation “+” and the componentwise multiplication. Therefore, P is a (2, 1) subsemigroup of S x T,
that is, P is a weakly type B semigroup. Consider the following first projection 7: P — S, (a, A) — a.
We have that 7 is surjective since S is almost left factorizable. Clearly, for all (a, A) € P, there is (a, A)'m =
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((a, A)m)*, and so m is a (2, 1)-homomorphism. It is easily seen that E(P) = {(e, E(S))|e € E(S)}, and so
(e, E(S))m = (f, E(S))mr implies e = f for all (e, E(S)), (f, E(S)) € E(P). That is, (e, E(S)) = (f, E(S)). Thus,
7 is idempotent separating.

Next, we verify P is (2, 1) isomorphic to a semigroup W(T, Y), where Y = E(S). To see it, define T acts on
E(S) by the rule: ife € E(S), A € T, then put e = a*, where a is the only one element on A such thata* = e
holds. Since A* = E(S), by Lemma 4.1, a is the unique. Let e, f € E(S), A, B € T. We show that T satisfies
conditions (B1)—(B6).

(B1): Let aj, a, € A, e4 = af, f4 = a; with a;' = e and @ = f. By Lemma 4.1(2), we obtain e4f4 = a/a; =
(af @y)*, where aja, € A and (af a,)* = af a5 = ef . Therefore, (ef)4 = (a7 ay)* = eAfA.

(B2): Leta € A, e = a*, e = a*. Put (e?) = b*, where b € B, e = b*. It is clear that a* = b*, and so e = a*=
(aa*)* = (ab*)* = (ab)*, ab € AB. Thus, e4B = (ab)*. Therefore, e = (ab)* = (a*)* = (b*b)* = b* = (e4)E.

(B3): Since there exists the only e in E(S) such that e* = e, we have e£®) = e* = e from the aforementioned
definition.

(B4): Suppose that f = ef, f4 = a and e4 = a;. Then, there are a;, a; € A, 4 = f, a5 = e. Hence, f=ef =
& = af = (a7a;)" = a;a; = afe from Lemma 4.1. Therefore, there exists ¢ = f such that f = c“e.

(B5): Suppose that e4 = f4. Let e4 = a;, f4 = a;. Then, there are a;, a; € A such that af = e, af = f. By
Lemma 4.1, a; = a,. Therefore, e = f.

(B6): Suppose that f < e4, where e4 = a*, a € A, a* = e. Then, f = fe4 = fa* = a*f = (af)*. Cleatly, af € A,
we have f = ((af)H)A.

Define a mapping ¢ as follows:
p:P— W(T,Y), (5,4 (4,s".

Now, we show that ¢ is a (2, 1)-isomorphism. Obviously, if (s, A) € P, then A € T, s € A and (s")4 = s*,
and so (A4,s*) € W(T,Y). This means that ¢ is well defined. By Lemma 4.1(2), ¢ is injective. Let
(A, e*) € W(T, Y). Then, there exists s € A satisfying e = s* and e4 = s*. Hence, (s, A)p = (4, e4), that is,
@ is surjective. Suppose that (s, A) € P. Then,

(s, A))g = (s*, A = (A%, (s*)) = (E(S), s*) = (4, (D" = (4, 5" = ((5, A)g)*.

Therefore, ¢ is a (2, 1)-homomorphism with respect to the unary operation “+”. Let (s, A), (¢, B) € P. Then,
((s, A)(t, B))op = (s, A)p(t, B)p holds if and only if (st)* = (s*)Bt*. By definition, (s*)? = u*, where u ¢ B and
u* = s*. By Lemma 4.1(3), (s*)Bt* = u*t* = (u"t)* = (s*t)* = (st)*. Therefore, ¢ is a homomorphism with
respect to the multiplication.

Put ¥ = ¢7'm: W(T, Y) — S. Then, ¥ is a (2, 1)-homomorphism with respect to the unary operation
“*” In fact, for all (4, s*) € W(T, Y), where s € S, A € T, we have (4, s)i = s. Again, since ((4, sy =
(E(S), s = s* = (4, s")Y)*, we have that i is an idempotent separating (2, 1, 1)-homomorphism. This
completes the proof. O

Theorem 5.7. Let S be an arbitrary weakly type B semigroup S. Then, the following statements are equivalent:

(1) S is almost left factorizable;

(2) S is an idempotent separating (2, 1, 1)-homomorphism image of a weakly type B semigroup W(T, Y),
where Y is a semilattice and T is a unipotent monoid acting on Y satisfying conditions (B1)—(B6);

(3) Sis a (2,1, 1)-homomorphism image of weakly type B semigroup W(T, Y), where Y is a semilattice and
T is a unipotent monoid acting on Y satisfying conditions (B1)-(B6).

Proof. It follows from Proposition 5.3 and Theorems 5.5 and 5.6. O
Theorem 5.8. A weakly type B semigroup S is (2, 1)-isomorphic to a semigroup W(T, Y), where Y is a semi-

lattice and T is a unipotent monoid acting on Y satisfying conditions (B1)—(B6) if and only if S is a proper
almost left factorizable weakly type B semigroup.
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Proof.

(Necessity) By hypothesis, the weakly type B semigroup W(T, Y) is proper almost left factorizable from
Theorem 5.4. W(T, Y) is (2, 1)-isomorphic to S. Therefore, S is a proper almost left factorizable weakly type B
semigroup.

(Sufficiency) Suppose that S is a proper almost left factorizable weakly type B semigroup. Put Y = E(S)
andT = ?Q'E(s)(c (S)). Consider the weakly type B semigroup W(T, Y). Define : W(T, Y) — S as in Theorem
5.6. By the proof of Theorem 5.6, i is a surjective (2, 1, 1)-homomorphism. Let (4, s*), (B, t*) € W(T, Y) such
that s = t. Then, we have that Aog)B from Proposition 4.9(2) since s € A, t € B. On the other hand, let
A, B e T. Then, A* = E(S) = B*. By Theorem 4.10, C(S) is proper, and so A = B. Therefore, 1 is injective.
This completes the proof. O

6 Factorizable and almost factorizable weakly type B semigroups

In this section, we investigate the left-right symmetric versions of factorizability and almost factorizability
of weakly type B semigroups. Obviously, for an arbitrary weakly type B semigroup M, the H -class H;(M) is
a unipotent monoid. In particular, a weakly type B semigroup M is called factorizable, if M = E(M)H,(M).

Proposition 6.1. A weakly type B monoid M is factorizable if and only if M is both left factorizable and right
factorizable.

Proof.

(Necessity) Straightforward.

(Sufficiency) Let M be both left and right factorizable weakly type B monoid. Then, we have that
M = E(M)R(M) = E(M)Ly(M). Suppose that a € £;(M). Then, there exist e € E(M), s € Ri(M) such that
a = es. Hence, 1 = a* = (es)* = (es*s)* = (es)*(s*s)* = 1s* = s*, and so s € H;(M). This means that Z;(M) €
E(M)YH(M). Thus, M = E(M)Z(M) < E(M)H,(M). 1t is clear that the reverse inclusion is also true.
Therefore, M = E(M)H,(M). In other words, M is factorizable. This completes the proof. O

Definition 6.1. A weakly type B semigroup is almost factorizable if for all a € S, there exists A € ﬁg(s)(c S))
satisfying a € A.

Theorem 6.2. Let S be a proper weakly type B semigroup. Then, S is almost factorizable if and only if it is both
almost left factorizable and almost right factorizable.

Proof.

(Necessity) Straightforward.

(Sufficiency) Suppose S is both almost left factorizable and almost right factorizable. Let a € S. Then,
there are A, B € C(S) such thata € A, A* = E(S) and a € B, B* = E(S). Note that S is proper anda € A n B.
We have that A, B ¢ ao € C(S) from Proposition 4.9. Hence, A N B € ao € C(s) and A n B is an order ideal
of S. Thus, An B e C(S). On the other hand, (A n B)" = E(S) = (A n B)*. Therefore, a € A n B and

A N B € Hgs(C(S)). This completes the proof. O

Proposition 6.3. Let M be a weakly type B monoid. Then,
Hean(C(S)) = {(r] | r € F(M)}.
Proof. Suppose that A € H, Ean(C(M)). Then, by Lemma 5.1, there existsr € R,(M) such that A = (r]. Dually,

there is s € Z;(M) such that A = (s]. Therefore, r = s and r U H;(M), that is, A < (r]. The converse is clear.
This completes the proof. O
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Proposition 6.4. A weakly type B monoid is almost factorizable if and only if it is factorizable.
Proof. It follows from Proposition 5.2 and its dual. O

Lemma 6.5. Let M be a factorizable weakly type B monoid M. Then,
Ra(M) = FH(M) = L(M).

Proof. Let a € Ry(M). Then, there exists e € E(M), u € H;(M) such that a = eu since M is factorizable.
Hence, 1 = a* = (eu)* = eu* = el = e, and so a = u € Hy(M). That is, Ry (M) < Hy(M). Note that H < R.
We have Ry(M) = H,(M). Dually, £;(M) = H,(M). m]

Theorem 6.6. If M is a factorizable weakly type B monoid, then M\ H,(M) is an almost factorizable weakly
type B semigroup.

Proof. Let M be a factorizable weakly type B monoid. Then, R(M) = 771(M ) = £(M) from Lemma 6.5.
Since M is left factorizable, then M \Wl(M ) = M\Ry(M) is a weakly type B semigroup from Proposition 5.3.
By the proof of Proposition 5.3, we have that for all a € S = M\ Hy(M), there exists r € R;(M) such that
a € (r]\r € Rees)(C(S)). Since M is factorizable, there existsr € £y(M) such that (r]\r € Lgs(C(S)). Summariz-

ing the aforementioned arguments, we have that a € (r]\r and (r]\r € H, Es)(C(S)). Therefore, M \H,(M) is
almost factorizable. O

Theorem 6.7. Let Y be a semilattice, T be a unipotent monoid, which acts onY satisfying conditions (B1)-(B5)
and (B6)'. Then, T * Y is a proper almost factorizable weakly type B semigroup.

Proof. By the proof of Theorem 5.4, we only prove that (B6) implies A; = E(T = Y) forall ¢ ¢ T. Itis easy to
check that A/ = {(t,a’) |ae Y} ={(1,a) | a € Y} = E(T * Y). This completes the proof. O

Theorem 6.8. Let S and T be two weakly type B semigroups and let 0: S — T be a surjective (2, 1, 1)-homo-
morphism. If S is almost factorizable, then so is T.

Proof. It is similar to the proof of Theorem 5.5. O

Theorem 6.9. Every almost factorizable weakly type B semigroup S is an idempotent separating (2, 1, 1)-
homomorphism image of semigroup T = Y, where, Y is a semilattice and T is a unipotent monoid acting on
Y and satisfying conditions (B1)—(B5) and (B6)'.

Proof. Put T = WE(S)(C(S)) and P = {(a, A) € S x T | a € A}. It is clear that P is a weakly type B semigroup
and the projection n: P — S, (a, A) — a is a surjective idempotent separating (2, 1, 1)-homomorphism
from Theorem 5.6.

LetY = E(S). Then, conditions (B1)-(B6) hold from Theorem 5.6. Next, we verify condition (B6)' is also
true. To see it, let A € T. Then, for all e € E(S), there exists a € A such that a* = e since A = E(S). Hence,
e=a"=(a")d e Y4, and so Y c Y4, that is, Y4 ¢ Y. Therefore, condition (B6)' holds.

Consider the mapping p: P — T = Y, (s, A) — (4, s*). Obviously, ¢ is closed with respect to the unary
operation “*.” Hence, ¢ is a (2, 1, 1)-isomorphism from Theorem 5.6. Furthermore, the mapping y = ¢ 'm:
TxY — S, (4, s*) — s is a surjective idempotent separating (2, 1, 1)-homomorphism, where 7 is defined
by the rule P — S, (a, A) — a. This completes the proof. O

Corollary 6.10. A weakly type B semigroup S is (2,1, 1)-isomorphic to the semigroup T = Y, where Y is
a semilattice and T is a unipotent monoid acting on Y satisfying conditions (B1)—(B5) and (B6)' if and only if

it is proper almost factorizable.

Proof. It follows from Theorems 5.6 and 6.9. (|
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