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Abstract: We investigate the additivity and multiplicativity of centrally extended higher derivations and show
that every centrally extended higher derivation of a semiprime ring with no nonzero central ideals is a higher
derivation. Moreover, we study preservation of the center of the ring by a centrally extended higher derivation.
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1 Introduction

The purpose of the current article is to extend some results of Bell and Daif [1]. They defined the notion
of centrally extended derivation on a ring R with center Z to be a map d : R — R satisfies d(x + y) —
d(x) — d(y) € Z and d(xy) — d(x)y — xd(y) € Z for every x,y € R. Recall that an additive mapd: R —» R
is called a derivation if d(xy) = d(x)y + xd(y), so one can see that the centrally extended derivation extends
the concept of derivation. They showed that the notions of derivation and centrally extended derivation are
coincident in semiprime rings with no nonzero central ideals. Motivated by Bell and Daif results, many
algebraists studied centrally extended different kinds of maps (see [2-5]).

LetNg be the set of all nonnegative integers and D = (d;);«y, be a family of additive mappings of a ring R
such that dy = idg. Then D is said to be a higher derivation of R if for each n € Ny, d,(xy) = Zi+,-=ndi(x)dj(J’)
holds for all x,y € R. There have been a lot of recent articles studying this interested notion of higher
derivations based on different algebraic structures (see [6—10]). Also, extending results from derivations
to higher derivations is a popular line of investigation, as an example, Ferrero and Haetinger [8] extended
a very famous theorem by Herstein [11] on derivations to higher derivations.

In this article, we give the corresponding definition of a centrally extended higher derivation concept,
as a natural extension to the centrally extended derivation, and prove that every centrally extended higher
derivation of a semiprime ring with no nonzero central ideals is a higher derivation. Also, we study the
influence of a centrally extended higher derivation on the center of the ring. Finally, proper examples are
mentioned to show the existence of such families and to ensure that our conditions are not superfluous.
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2 Preliminaries
We begin by the definition

Definition 2.1. Let R be a ring. A family D = (dp)nen, of mappings d, : R — R, with dy = idg, is called
a centrally extended higher derivation, if for all x, y € R, n € N, the following two conditions hold

(1) dux +y) = dn(x) — dy(y) € Z,

(ii) dn(xy) - Zi+,~=,,di(x)dj()’) €Z.

Clearly, every higher derivation is a centrally extended higher derivation. The converse in general need
not be true. Of course, it happens that both are coincident in any commutative ring. In our main result it will
be shown that this is also true in the case of a semiprime ring with no nonzero central ideals. The following
example clarifies this point

Example 2.1. Let R be a ring with a nonzero central ideal ], let g : R — ] be a nonzero constant mapping,
and let D = (dn)nen, be a higher derivation of R. Define a family F = (f;)nen, of mappings f, : R — R, with
fo = idg by f(x) = dn(x) + g(x) for all x € R, n € Ny — {0}. Then F is a centrally extended higher derivation
which is not a higher derivation.

The following lemmas are of great importance in proving our main results.

Lemma 2.2. [12, Lemma 1.2] Let R be a semiprime ring and A, B : R x R — R be biadditive mappings.
If A(x, y)WwB(x,y) = O for all x, y, w € R, then A(x, y)wB(u,v) =0 for all x,y, w, u,v € R.

Lemma 2.3. [12, Lemma 1.3] Let R be a semiprime ring and a € R be some fixed element. If a[x, y] = O for
all x,y € R, then there exists an ideal U of R such that a € U c Z holds.

Lemma 2.4. [12, Lemma 1.1] Let R be a semiprime ring. If a, b € R are such that axb = O for all x € R,
then ab = ba = 0.

Lemma 2.5. [1, Theorem 2.4] Let R be any ring with no nonzero central ideals. Then every centrally extended
derivation D on R is additive.

Lemma 2.6. [1, Theorem 2.5] If R is a semiprime ring with no nonzero central ideals, then every centrally
extended derivation D is a derivation.

Lemma 2.7. [1, Theorem 3.3] Let N be the set of all nilpotent elements of a ring R. If N n Z = {0}, then every
centrally extended derivation D on R preserves Z.

3 Additivity of centrally extended higher derivations

The next theorem, dealing with the additivity condition, is our first step.

Theorem 3.1. Every centrally extended higher derivation on a ring R with no nonzero central ideals is additive.
Proof. Assume that D = (dp)nen, is a centrally extended higher derivation. By the definition, we have

do = idy is additive and by Lemma 2.5, d; is also additive. So we may suppose that d,, is additive, i.e.,
dn(x +y) = du(x) + dn(y), for all x, y € R and for each m < n. For arbitrary elements x, y € R, we have

dn(x + Y) - dn(X) - dn()’) €Z. (31)
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So we can find an element A € Z, which depends on x and y, such that

dn(x +y) = dn(x) + dn(y) + A. (3.2)
For arbitrary z € R, the substitution of z for x and (x + y) for y, in the second part of Definition (2.1), gives
d(z(x +y)) = ) d2)di(x +y) € Z. (3.3)

i+j=n

Again we can find an element u € Z, which depends on z and x + y, such that

doz(x +y) = ) d@dx +y) +u= Y d2)di(x +y) + zdy(x +y) + J. (3.4
i+j=n i+j=n .
i+0,j#n

Using (3.2), we can rewrite (3.4) as

duzX + ) = ) di@)di(x +y) + 2(dn(0) + da(y) + A) + . (3.5)
i+j=n .
i#0,j#n

Furthermore, using the inductive assumption, (3.5) can be expanded to

dzox+y) = Y d@d00+ Y d@d(y) + 2d() + 2d(y) + 2 + . 6
i;)],;'#n i;Oj,l_'#n

In the first part of Definition (2.1), the replacement of zx for x and zy for y yields
dn(zx + zy) — dy(zx) — dy(zy) € Z. 3.7)

From Z we pick an element, v, which depends on zx and zy to rewrite (3.7) as

dn(zx + zy) = dn(2x) + du(zy) + V. (3.8)
By the definition, we know that
dn(zx) = ) di(2)di(x) € Z (3.9)
i+j=n
and
du(zy) - ) di2)di(y) € Z. (3.10)
i+j=n

So for appropriate central elements, p depends on z, x and ¢ depends on z, y, we can expand equation
(3.8) to

du(zx +2y)= Y di(@)di(x) +p + Y. di@)d(y) + &+ v

i+j=n i+j=n

= Y d@d0) + 2d,0) +p+ Y d@)(Y) + 2dn(y) + £+ V. (3.11)
i+j=n i+j=n
i+0,j#n i+0,j#n

By comparing (3.6) and (3.11), we get p + é + v = u + zA. So, we can conclude that zA € Z for all z € R,
which implies that RA € Z. It can be verified that RA is a central ideal of R. Hence, by our hypothesis, it must
be zero ideal, i.e., RA = {0}.

Now, consider the two-sided annihilator A(R) of R, we have A € A(R). But A(R) is a central ideal of R,
so A = 0 and (3.2) yields the additivity of the centrally extended higher derivation. O
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4 Multiplicativity of centrally extended higher derivations

In the next theorem, in order to show the complete equivalence between higher derivation and centrally
extended higher derivation, we need also to prove the multiplicative property of the centrally extended
higher derivation. Towards that goal, beside not allowing existence of central ideals in our ring, we require
the ring to be semiprime.

Theorem 4.1. Let R be a semiprime ring with no nonzero central ideals. Then every centrally extended higher
derivation is a higher derivation.

Proof. Let D = (dy)nen, be a centrally extended higher derivation. We will proceed by induction on n.
For n = 0, dy = idg satisfies the required result. By Lemma 2.6, d, is a derivation. So we may assume that
dm(xy) = Zi+j:md,-(x)d,-(y), for all x, y € R and for each m < n.

For arbitrary elements x, y, z € R, we have

doxy) = Y d()di(y) + A, AeZ %.1)
i+j=n
and
du(yz) = ) di(y)di(z) + u, p € Z. (4.2)
i+j=n

By the inductive assumption and associativity of our ring, we may use (4.1) and (4.2) to expand d,(xyz)
in the following two different ways:

d(()2) = ). di(xy)di(z) + v
i+j=n
—di()z+ Y. A +v
i#njso

Y d0dz+ A2+ Y dOd(y)d) + v

i+j=n l+k+j=n
l+k#n,j+0

Y d(0)d((y)dz) + Az + v, veZ

r+s+t=n

(4.3)

and
d(x(yz)) = Y di(x)di(yz) + p
i+j=n

= xdn(yz) + Z di(x)di(yz) + p
i#()],]_'#n (44)
= Y xd(y)diz) + xu+ Y di()di(y)di(z) + p

i+j=n i+l+k=n
i#0,l+k#n

= Y 400 + X+ p, peZ.

r+s+t=n
Subtracting (4.3) from (4.4) gives Az + v = xu + p. Hence,
Az + xu e Z. (4.5)

Therefore, 0 = [-Az + xu, z] = [x, z]u. Replacing x by xr,r € R and recalling the value of p from (4.2),
we get for all x,y,z € R

[x, zIR dn(y2) - ) di(y)di(z) | = {0}. (4.6)

i+j=n
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Putting y = x in (4.6), we have

[x, Z]R[dn(xz) -y di(X)dj(Z)) = {0}. (4.7)
i+j=n
By Theorem 3.1, D is additive and then by Lemma 2.2, we get for all x, z, u, v € R, that
[x, z]R| d(uv) — Z di(w)d;(v) | = {0}. (4.8)
i+j=n
By Lemma 2.4, since R is semiprime we get for all x, z, u,v € R
[x, z](dn(uv) -y d,-(u)d,-(v)) =0. (4.9)
i+j=n

Using Lemma 2.3, there exists a central ideal I of R such that

douv) = Y diwdi(v) € I, forall u,v e R.

2 (4.10)
i+j=n
But by our hypothesis, our ring has no nonzero central ideals, so
d,(uv) = Z di(w)di(v), forall u,veR. (4.11)
i+j=n )
This completes the proof of our theorem. O

We conclude this section by the following example which shows the prominent role played by the
absence of nonzero central ideals in Theorems (3.1) and (4.1) even if our ring is semiprime.

Example 4.1. Let S; be a noncommutative prime ring with higher derivation D = (dp)nen,, S2 an integral
domain and S = S; @ S,. Define a family F = (fi)nen, of mappings f, : S — S, with fy = ids by fu((x, ) =
(du(x), g(y)), for all x € S; and y € S,, where g: S, — S, is any map which is not a derivation. Then
straightforward calculation shows that S is a semiprime ring and F a centrally extended higher derivation
which is not a higher derivation. Moreover, {0} ® S, is a central ideal of S.

5 On preservation of the center

Let S be any subset of a ring R. Recall that if map f: R — R satisfies the property that f(S) < S, then we say
that S is preserved by f. The following theorem studies the condition under which centrally extended
higher derivations preserve Z.

Theorem 5.1. Let N be the set of all nilpotent elements of a ring R. If N n Z = {0}, then every centrally
extended higher derivation D = (dy)nen, On R preserves Z.

Proof. By Lemma 2.7, we know that d; preserves Z. So we will suppose for m < n that d,, preserves Z and
show by induction on n that d, also preserves Z. For z € Z and r € R, we have

di(12) = ) di(Ndi(2) € Z,  dy(12) — du(N)z — 1du(2) = Y. di(Nd(2) € Z, 5.1)
i+j=n i+j=n :
i#n,j#n

and we also can expand d,(zr) in the following way:

do(zr) = Y di2)di(r) € Z, dn(zr) - do(2)r — 2dy(r) = ). di(2)di(r) € Z. 52
i+j=n i+j=n '
i#n,j#n
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Subtracting (5.1) and (5.2) and using our induction hypothesis give

[r, du(2)] € Z forall r € R. (5.3)
Putting r = rd,(z) in (5.3) gives [r, d,(2)]du(2) € Z, so

[[r, dn(2)]dn(2), 7] =0,

5.4
[r, du(2))?=0 forall r € R. (5.4)

Since N n Z = {0}, (5.3) and (5.4) give [r, dn,(z)] = O for all r € R. This completes the proof of our theorem.
O

The following example shows that there exist centrally extended higher derivations of rings which do
not preserve the center of these rings.

Example 5.1. Let R, be a noncommutative ring with the property that the product of any two elements of R
lies on the center of R;. Let R, be any ring with the property that the product of any two elements of R, is zero
and suppose that (R, +) = (R, +). Definearing Rtobe R, @ R,. Let f : (R,, +) — (R;, +) be an isomorphism
and let D = (dp)nen, be a family of mappings d, : R — R, with dy = idg and dn((x, ¥)) = (f(¥), 0), for all
Xx € Riand y € R,. A straightforward calculation shows that D is a centrally extended higher derivation on R.
Moreover, {0} ® R, € Z(R) and d,({0} ® R,) ¢ Z for each nonnegative integer n. So D does not preserve Z.

The following corollary is immediate from the fact that zero element is the only nilpotent element in
the center of any semiprime ring.

Corollary 5.2. Every centrally extended higher derivation of a semiprime ring R preserves Z(R).

6 Conclusion

We construct Definition 2.1 of centrally extended higher derivation to be a family of additive mappings of
our ring in which the zero member is the identity map and the first member is the centrally extended
derivation defined recently by Bell and Daif [1]. This family of mappings is clearly an extension to both
higher derivations and centrally extended derivations. We discuss the existence of such families by giving
the proper Example 2.1 to a centrally extended higher derivation which is not a higher derivation. We state
a series of extremely useful preliminary lemmas which play an important role in deducing our results.

In semiprime rings with no nonzero central ideals, we establish the coincidence between centrally
extended higher derivations and higher derivations. Example 4.1 strengthens our results by emphasizing
on the prominent role of the fact that our ring has no nonzero central ideals even if the ground ring still
semiprime.

We study the problem of preserving the center of the ring by the centrally extended higher derivation
and establish Theorem 5.1 which asserts that the center of the ring must not contain any nilpotent elements
in order to prove that every centrally extended higher derivation of the ring preserves its center. We give
Example 5.1 to show that there exists a centrally extended higher derivation of a ring which does not
preserve its center. Finally, we use the fact that semiprime rings have no nilpotent elements in the center
to give a corollary stating that every centrally extended higher derivation of a semiprime ring preserves its
center.

The results obtained so far in this paper can be extended in various directions. It can be extended to
generalized higher derivations, (@, §)-higher derivations and other types of higher derivations. Furthermore,
one can ask a question of what happens if we replace semiprime rings with other classes of rings and algebras
such as triangular algebras, near rings, and so on? We leave these discussions to future studies.
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