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Abstract: The (p, q)-th dual curvature measures and the L, dual Minkowski problem were recently intro-
duced by Lutwak, Yang, and Zhang. In this paper, we give a solution to the existence part of the L, dual
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results.
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1 Introduction

A compact convex subset of R” with nonempty interior is called a convex body. Let K" denote the set of
convex bodies in R", and K} denote the set of convex bodies in R" with the origin in their interiors. The unit
sphere in R" will be denoted by S"-1.

For all x € R", the support function of K € K™ is defined by

h(K, x) = hg(x) =max{x -y : y € K},

where x - y denotes the standard inner product of x and y.
For K € K" and v € S"1, the supporting hyperplane H(K, v) of K at v is defined by

HK,v)={x e R": x-v = hg(v)}.
The radial function, p; = p(K, -) : R"\{0} - R, of K € K" is defined by
p(K, x) = max{d : =x € K}, x € R"\{O}.
Let K € K and ¢ S*! be a Borel set. The reverse radial Gauss image of 1, ax(n) is given by
ag(m) ={u e S p(wu € H(K, v) for some v € n}.

Geometric measures and their associated Minkowski problems in the Brunn-Minkowski theory and its
generalization are central to the study of convex geometric analysis. In regard to the dual Brunn-Minkowski
theory, Huang et al. in [1] recently studied the g-th dual curvature measures: for K € K7 and q € R, the g-th

dual curvature measure, Eq(K , -), defined for every Borel ¢ S*! by

- 1
Gk = | ptodu 1)
ai(n)
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is the Borel measure on S"1. It is worth noting that the g-th dual curvature measure inconceivably connects
the well-known cone volume measure (g = n) and Aleksandrov’s integral curvature (g = 0). These measures
have never been linked before.

Huang et al. [1] asked for necessary and sufficient conditions so that a given measure on the unit sphere
is precisely the g-th dual curvature measure of a convex body in R". This problem is called the dual
Minkowski problem. The dual Minkowski problem contains critical problems such as the Aleksandrov
problem (g = 0), see, e.g., [2-4] and the logarithmic Minkowski problem (g = n), see, e.g., [5-9] as special
cases. The problem has been completely solved for g < O (see [10]), but critical case for g > 0 is still
unsolved, see, e.g., [11-15].

Very recently, Lutwak et al. in [16] introduced a more general version of the g-th dual curvature
measure called the (p, g)-th dual curvature measure. For K € K7 and p, g € R, the (p, g)-th dual curvature

measure C, 4(K, -) is defined by
dC, (K, -) = hPdC,(K, -). 1.2)

It should be noted that this definition is slightly weaker than the one defined in [16]. Lutwak et al. [16]
showed that special cases of the (p, q)-th dual curvature measure are the L, surface area measure (g = n),
the g-th dual curvature measure (p = 0), and the L, integral curvature (g = 0). Regarding the new (p, g)-th
dual curvature measure, the following L, dual Minkowski problem was posed in [16].

The L, dual Minkowski problem: Given a nonzero finite Borel measure y on the unit sphere $"~! and real
numbers p, g, what are the necessary and sufficient conditions so that there is a convex body K € K
satisfying

Cog(K, ) = p?

When p = 0, the L, dual Minkowski problem is just the dual Minkowski problem; when g = 0, it
becomes the L, Aleksandrov problem introduced and studied by Huang et al. [17]; when g = n, it reduces
to the L, Minkowski problem, proposed in [18], which has been extensively studied, see, e.g., [19-43].

When p > 0 and g < 0, a complete characterization to the existence part of the L, dual Minkowski
problem is given by Huang and Zhao [44].

Theorem 1.1. [44, Theorem 1.2] Let p > 0, q < 0, and p be a non-zero finite Borel measure on S"'. There is
a convex body K € K7, so that u = Ep,q(K , -) if and only if u is not contained on arbitrary closed hemisphere.

The Orlicz extension of Theorem 1.1 was partially settled in [45], and later completely solved in [46].
When p, g > 0 and p # g, and the given measure is even, Huang and Zhao [44] also presented a com-
plete solution to the existence part of the L, dual Minkowski problem.

Theorem 1.2. [44, Theorem 1.3] Let p, q > O, p # ¢, and u be a non-zero even Borel measure on S"\. There is
an origin-symmetric convex body K in R" so that y = Ep,q(K , ) if and only if u is not contained in arbitrary
great subsphere.

The Orlicz version of Theorem 1.2 was obtained in [46].
When p >1,g > 0, and p > g, a sufficient condition on the existence of solutions to the L, dual

Minkowski problem is given by Bérdczky and Fodor [47] and obtained the following result.

Theorem 1.3. [47, Theorem 1.2] Let p > 1, q > 0, and p > q, and let u be a finite Borel measure on S™! that is
not contained on arbitrary closed hemisphere. Then there is a convex body K € K7 so that y = Ep,q(K )

The Orlicz case of Theorem 1.3 is given in [46].
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As we can see those theorems above, when O < p < 1 and g > O there is no existence result concerning
the L, dual Minkowski problem in the general case (without the condition that the measure is even). The
aim of this paper is to supplement the situation, which is motivated by the works of Zhu [41], Jian and Lu
(48], Chen et al. [22], and Huang and Zhao [44]. Thus, the following result is obtained.

Theorem 1.4. Let 0 < p < 1,q > 0, and q # p. If u is a finite Borel measure on S™! and is not contained on
arbitrary closed hemisphere, then there is a convex body K in R" such that y = Ep,q(K y )

Theorem 1.4 contains as special cases the solution to the existence part of the L, Minkowski problem for
0 < p <1 (see [22]) and of the discrete L, Minkowski problem for 0 < p < 1 (see [41]).

We remark that when p, g < 0 and the given measure is even, the existence part of the L, dual
Minkowski problem was independently solved by Huang and Zhao [44] and Gardner et al. [46]. However,
this situation for p < 0 and g > 0 has not yet yielded any results, as far as we know.

In the next section, some preliminaries are given. In Section 3, we consider a minimizing problem and
give its corresponding solution. In Section 4, we first discuss the discrete case of Theorem 1.4. Then
the proof of Theorem 1.4 is completed by approximation.

2 Preliminaries

In this section, some basic facts about convex bodies are collected. The books of Schneider [49], Gardner
[50], and Gruber [51] are excellent references regarding convex bodies.

The work is carried out in R" equipped with the standard Euclidean norm. For any x € R", its Euclidean
norm is denoted by |x| = /x - x. The unit ball will be written by B = {x € R" : |x| < 1}. The set of continuous
functions on S™! is denoted by C(5"!) and the set of positive functions in C(S""1) is written by C*(S"1).

Let us define the Hausdorff distance of two convex bodies K, L in R" as follows:

6(K, L) = max |hg(u) — hy(u)].
ueS™1
Assume K; is a sequence of convex bodies in R™. We claim that K; converges to a convex body K, ¢ R"
if
S(Kiy KO) - 0’

wheni — oo.
For g € C*(S"™1) and a closed subset Q ¢ S"™! not concentrated on arbitrary closed hemisphere,
the Aleksandrov body relevant to (g, Q), written by [g], is the convex body that is defined as follows:

[gl= N{eR": & u< g} 2.1)

ueQ
Clearly, hig) < g and [h¢] = K if Q@ = "' and K € K7}. In fact, for any v € §",
gl c{§eR": §-v<g(V)} =E,
which implies
higi(v) < he(v) = g(v).

Thus by the arbitrariness of v € S"~1,

Moreover, on one hand,
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for K € K7. On the other hand, for any u € S"!
Kc{eR": & u<hi@}c ) {€eR: & u<g)

uest-1
This has

hrp = hg.
Namely,

hipg = hx.

It was demonstrated that the (p, g)-th dual curvature measure is weakly convergent in [16]. Namely,
if p,q € R, K; € K2, and K; — K, € K7, then for every f € C(S™Y),

i—oo

lim | f@)dC, oK, v) = j FO)AT, (Ko, V). 22)
gt gt
Moreover, it easily follows from (1.1) and (1.2) that for K € K and A > O,
Cp.qAK, ) = M17PC, (K, -). 2.3)
For K € K", the diameter of K is defined as follows:
D(K) = max{|x — y| : x,y € K}.
For g € R and K € K™, the g-th dual volume of K, denoted by 17;(1() and see [1], is
T(K) - %Sj Pl 24)

Let Q ¢ S™! represent a closed subset which is not concentrated on arbitrary closed hemisphere, and
let f: Q > R and hg : Q — (0, c0) be continuous. For t € (-6, §) with 6§ > 0, define continuous function
h; : Q — (0, c0) by

log hy(v) = log ho(v) + tf(v) + o(t, v)
for v € Q, where o(t, -) : Q — R is continuous and lim,_,qo0(t, -)/t = O.

The next variational formula, see [1, Theorem 4.5], is important in the proof of our main result.

Lemma 2.1. Let [h] be the Aleksandrov body associated with (h;, Q). Then for q # 0
lim Vy([he]) - Vy([ho)

t—0 t

- qu(v)d‘éq([ho], V. 25)
Q

3 The minimization problem

To resolve the Minkowski problem by variational method, the first crucial step is to find an optimization
problem whose optimizer is exactly the solution to the Minkowski problem. In this section, we consider
a minimization problem and show the existence of a minimizer.

Let g € C*(S™!) and u is a finite discrete measure on S*~! which is not contained on arbitrary closed
hemisphere of S"~!. For the Aleksandrov body relevant to (g, supp(i)), it is denoted by [g],. Therefore,
for 0 < p < 1, the function, @y , : [g], — R, is defined as follows:

Dg,1(§) = I(g(u) - & wPdu(u) = I (gw) - & - wPdu(u). 3.1)
Sn—l

supp(p)
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Now, take into account the next minimizing problem:
inf{ sup @, (&) : g € C*(S™Y) and V([g],) = 1}. (3.2)
elgl

The solution of problem (3.2) will be given after the following Lemmas 3.1 and 3.2.

Lemma 3.1. Let O < p < 1, if u is a finite discrete measure on S"! and is not contained on arbitrary closed
hemisphere of S*1, then ®g, is strictly concave on [g], for g € C*(S"™).

Proof. For 0 < p < 1, t? be strictly concave on [0, +00), and for & € [g], and u € supp(u), we have

g(u)—€~u2h[g])‘(u)—§-u20.

Therefore, for 0 < A < 1and &, & < [g]p,

Qg u(A5) + (1 = A)§) = _[ (W) - (A&, + (1 - 1)) wPdu(w)
S)’lfl

= I AW - §-w) + (1 - )W) - & - w)Pduw)

Sn—l

22 [ g0 - & wrdu + -0 [ @ - & wrdne
st g1
= Aq)g,y({1) + (1 - /\)(Dg,y(gz):

this is also equivalent to proving that
guw) - §-u=g -4 u
for arbitrary u € supp(u), namely,
(fl - 52)' u=0.

Since y is not contained in arbitrary closed hemisphere, and supp(u) spans the whole space R". Therefore,
we can conclude

51 = gz’

this yields that @, is strictly concave on [g],. O

Lemma 3.2. Let O < p < 1, if u is a finite discrete measure on S™! and is not contained on arbitrary closed
hemisphere of S"71, then for g € C*(S"™1), there is a unique {g € int([gly), which fg depends continuously on g
so that

q)g,u(‘fg) = sup q)g,u(‘f ).
Selgly

Proof. Let @, be strictly concave and continuous on [g],. Thus, there is a unique .fg € [g]y so that

Dq,,(&,) = fg[lgﬁ’“ Dg () (3.3)

We will show that fg € int([g],). If not, fg is on the boundary, d([g],.), fg € a([glw)-
Recalling the definition of [g],,

= N {eR":&u<gl

uesupp(y)
It is easy to see that there is u € supp(u) so that
&g u=g. (3.4)
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Otherwise, for any u € supp(u), there is ¢“g - U < g(u). Then, for some §; > 0 and any u € supp(u), we have
£ u+ 8 < g,
i.e.,
(g + 6w) - u < g(u).

This yields that &, € int([g],), which is a contradiction.
Let

supp(u) = A U B, (3.5)
where
A = {u € supp(y) : §, - u = g(w)}
and
B = {u € supp() : & - u < g}

Then, from (3.4), and u is not contained on arbitrary closed hemisphere of S*~, we can observe that A and B
are two disjoint nonempty sets. According to the definition of set A, and noting g € C*(S™1), there exists
a unit vector ug € S*! so that

Up-u<0, (3.6)

for all u € A. On the basis of these facts that B is a closed subset of S*! and fg cu—-gu), ueSlis
continuous, it follows from that there is a positive constant a > 0 so that

§u+2a<g, 3.7
for arbitrary u € B. Therefore, for arbitrary O < A < 2a and arbitrary u € supp(u), we obtain
(&g + Auo) - u < g(w).

This means that there is some 6§, > 0 so that

(&g + Auo + 6ou) - u < g(w),
for all u € supp(p), i.e.,

§A) = & + Aug € int([g],).

By definitions (3.1) and (3.5), it follows that

uu§ W) - Do) = | @) - £ wPdu) - [ (@) - & - wPdu

AUB AUB (38)

- [ - £ wrdu) + [ @) - £0)- WP - e - & - wPduGw.
A B

For all u € A and some constant §; > 0, inequality (3.6) is strengthened as follows:
Up-u<-63<0.
Thus, for all u € A,
gw) —&QA)-u=-Aug - u > Abs.
This has

[ - ¢ wrdua > [@8rauc) - a8)7mcA). (3.9)
A A
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From (3.7), we get that for arbitraryu e Band 0 < A < a.
g -EN) - u=gW) - & u-Aug-u>2a-21>a.

For O < p < 1, this has
I(g) - §A) - wP - (8(w) - & - wP| < pa™'| - Ao - u| < ApaP~'.

Thus,

[ - - wr - @ - & - wrduew <| [ - §X) WP - W - & - wrduw
B B

(3.10)
< [ 16 - £ wP - 6w - & - wlduw)
B

< ApaP~u(B).
Associated with (3.8), (3.9) and (3.10), we have
g, (§(V)) — Dg u(§,) > (A63)Pu(A) — ApaP~'u(B) = AP(6{u(A) — pA'PaP~'u(B)).
We can choose 0 < A < a small enough so that £(Ao) € Int([g],) and

D u(EA0)) > e (&),

which is a contradiction since the maximum of @, is achieved at the point fg from (3.3). Therefore,

£,  int([gl,).
Let g € C*(S™Y), {g,} c C*(S* ) be arbitrary sequence of functions and uniformly converging to g on

Sn-1, We next show that ¢, g, converges to e inR™.

Note that the fact, see [49, Lemma 7.5.2], that[g, ], — [g], as g — g uniformly on S"~!. Since .{gk € (8w
§,, is bounded. Thus, we let {fgki} C {§g} be arbitrary convergent subsequence and ‘fgki — &, asi— +oo.
We will prove §;, = &,.

Let & € [g]y. Thus, [g.], — [g], as i — +co, there is a sequence with & € [g], so that § — & as
i — +oo. Then,

Oy () = j (ew) - & wPdu()

Sn—l

tim [ (g - & u)Pduc
Sn—l

IN

tim [ (g - &, - u)Pdu)
Sn—l

j (@) - &, - u)Pdy(u)
Sn—l

= g,y(‘{o)-
This has

sup Dg (&) = Dy 1 (&)).
Selgly

By the uniqueness of &, it follows that §, = §,, which proves .fgk = & O
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We are now ready to show the solution of problem (3.2).

Theorem 3.3. Let O < p < 1, if u is a finite discrete measure on S"~! and is not contained on arbitrary closed
hemisphere of S™"1, then there is a function h € C*(S"!) with &, = 0 and f/;([h]y) =1 so that

Dy, (0) = inf{{SIElI]) D, (&) : g € C*(S™Y) and 17,}([g]‘,) = 1}. (3.11)
elglu

Proof. Let {g,} ¢ C*(S™™), V;([g],) = 1, and

khm Dy u(&, ) mf{ sup @, (&) : g € CH(S" 1) and V,([g],) = 1}. (3.12)

Define hy = hig,. We can observe that for u € supp(p),
h () < g (W),
where [hy ], = [hig,]u = 8]y Note that o € int([g;,). Thus, iy € C*(S""). Forany ¢ € [h], = [g ]y, we have
O = [ e - £ wrp < [ 0 - £ W) = Dy D).

supp(u) supp(u)

This obtains

sup @y, (&) < sup Dg ,(8).

{e[hk]y fe[gk]y
Thus,
lim sup @ ,(¢) < lim sup @D, ().
kﬁ+00§’€[hk kK ﬁ+00{€ el St (313)

Note that b € C*(S™!) and V;([h],) = V;([gc],) = 1. Then,

lim sup ®p (&) = 11m sup D, (). (3.14)

k—+eogeln], k=+ooge[g],
Combining (3.13) with (3.14), we have

lim sup @p (&) = lim sup Og ().

k—>+oo€e[hk —»+oo€€[gk "

This, together with (3.12), has

$elglu

hm cphk,,(ghk) = 1nf{ sup @ (&) : g € C(S™Y) and V([g],) = 1}

From Lemma 3.2, we see ¢, € int([h],) and

(th,ﬂ(fhk) = ;l[';lp] Cth,H({)-
klu

Recalling [hi], = [gi ]y, We get hi = hig,, = hyp,),, namely, hy is the support function of [hi], as well.
For x € R, we calculate

th([hk]uH()’y({hk + X) = (th’l‘(évhk)'

Therefore, we can find a sequence, again denoted by {h;} ¢ C*(S" 1), V;]([hk]y) =1, and §,, = o such that

hm Cth u«0) = 1nf{ sup @, ,(§) : g € C*(S™") and V([g],) = 1} (3.15)
¢elg
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That is to say that {h;} is uniformly bounded on S"-1. If not, there exists a subsequence of {h;}, also written
by {hi}, such that

lim max hi(u) = +oo.
k—+ooueSn1

Let Ry = max, gt he(u) = hy(uy) for u, € S™1. Since {uy} ¢ S™7, it can be seen from the compactness of S"~!
that there exists a convergent subsequence, say {u}, assuming

lim u, = ug € S™L
k—+0o

Since supp(y) is not contained in arbitrary closed hemisphere, thus, there is some u’ € supp() so that
u - ug > 0.
Let b = %(u’ - Up) > 0. Then there is ko € N so that as k > ko,
u - u > b.
Note that Riuy € [hil,. Thus, when k > ko,
h() = R’ - ug) > Rih.

It then follows from that u be a finite discrete measure, we obtain that for k > kg and 0 < p < 1,

im0 = 1 [ WP > i B0 > i REVHOD <20 g
Snfl

Let K’ € C*(S™") and V([H'],) = 1. Thus,
lim 1,000 < Dwy(8) = [ (WG - g u)dua) < +oo
Sn—l
this contradicts with (3.16). Consequently, {h;} is uniformly bounded.

According to the Blaschke selection theorem, {h;} has a convergent subsequence, also denoted by {h},
letting hy — h on S™!as k — +oo. Thus, there are h = hiny, and [hi], — [h],. Moreover, we have h > 0 and

V,([h],) = 1. From Lemma 3.2, we see

0= klir+n &n, = & € Int([h],).
Thus, h > 0, and associated with (3.15) we get

@y, (0) = inf{;lﬂgpj) @y (&) : g € CH(S™Y) and V([g],) = l}.

The proof of Theorem 3.3 is completed. O

4 Solving the L, dual Minkowski problem

In the following, we first prove that the solution h which is obtained in Theorem 3.3 is exactly the solution to
the discrete case of Theorem 1.4. Then using approximation, Theorem 1.4 is proved.

Theorem 4.1. Let 0 < p <1 and q # 0. If u is a finite discrete measure on S*! and is not contained on
arbitrary closed hemisphere of S"™1, then there is a function h € C*(S"') satisfying (3.11) and a positive
constant ¢ > 0 so that

U= Cog(lhly, ), where c = f hP(u)dp(u).

Sn—l
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Proof. By Theorem 3.3, we can see that there is a function h € C*(§"!) with &, = 0 and %([h]y) =1 so that

@y, (0) = inf{ sup Dg (&) : g € C*(S"!) and VQ([g]y) = 1}.

For arbitrary f € C(S"™1) and t € (-6, ) where § > 0 is small enough, we have

Then,

fe[g]u

o, = het.

log o, = log h + tf.

From Lemma 2.1, we have for q # 0,

lim

Vo) — Va([hl,

t—0 t

Let g; = y(t)g;, where

supp(p)

y(t) = V([ Ju) -

Then g, € C*(S"!) and f/;,([gt]y) = 1. Since g, = h, it follows from (4.1) that

Let é(t) = ‘fgt and

@,(t) = sup

Selgdy g1

t—0

limg - _h I F)AT, (R w) + Rf.
Sn—l

This together with the fact that £(¢) € int([g],) has

fori=1,...,n, where u = (uy, ...,u,)". Note that £(0) = &, = 0. Then taking ¢ = 0 in (4.4), we have

fori=1,..., n. Hence,

Let

E(t, &, ..

fori=1,..., n. Then,
oF;
%

j (@) — £ WP ludp(w) = 0
Srl—l

I -1 Wudp(u) = 0
snfl

I hP~-Y(wudp(u) = 0.

sn—l

"‘fn) = j (gt(u) - (‘51711 +oeet {nun))p‘luidy(u)

sn—l

—=0-p) J (gw) — (G + -+ Eup))P2uudp(u).

§n-

) g j FaAC, (M u) = g If(u)dfq([h]y, ).
sn—l

(&) - & - wrduu) = '[ (8:(w) - §(O)- wPdu(w).
Sn—l

(4.1)

(4.2)

(4.3)

(4.4)

(4.5)

(4.6)
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Let F=(F, ...,F) and £ = (¢, ...,&). Thus,

aF

0§
and uu’ is an n x n matrix.

On account of y is not contained in arbitrary closed hemisphere, and supp(u) spans the whole space R".
Then, for arbitrary x € R™ with x # 0, there is a u;, € supp(u) so that u;, - x # 0. Consequently, for0 < p <1

we get
x| &
0¢

] - (- p) [ W du,
(,...,0) nxn st

]x =x'[(1-p) '[ hP=2(wyuu’ dp(u) |x
(0,...,0) gn-1

~(-p) j hP-2(u)(x - w)2dp(u)
Snfl
>(1 - p)hp’z(uio)(x . uio)zy(uio) > 0.

This suggests that (g—g‘ ) is positive definite, namely,
(,...,0)

det a—F + 0.
(,...,0)

4
From the implicit function theorem, the facts that F(O, ...,0) = 0 follows by equation (4.5) fori =1,..., n,
and %? is continuous on a neighborhood of (0,...,0) for all 1 < i, j < n, we conclude that

§'(0) = (£/(0),...,§,(0))

exists.
Since @,(0) = @y, ,(0) and Dy(t) = (Dgt,,,(.fg[) and note that g, € C*(S"!) and Z([gr]u) = 1, by Theorem 3.3
we have

Dy(t) = DY0),

i.e., @,(0) is an extremum of ®,(t). Therefore, by (4.2) and (4.6) we get
1 ! — ~ !
0= ;%(0) = I hP=Y(w)| ~h(u) ff(u)qu([h]u, u) + h)f (W) - §°(0)- u |[du(w)
sn—l sn—l

- f hP(u)dpu(ur) jf(u)dffq([h]w w) + f HPQu)f (u)dpu) — jf’(m- = wyudu(u)
Sn—l sn—l

Sn—l Sn—l

- j P ()f dp(u) - ¢ jf(u)d‘c“qqmy,u),
srl—l sn—l

where
c= I hP(u)dp() > 0.
Sn—l
That is, for all f € C(S™1),
j hPQu)f (W) du(u) = ¢ jf(u)dfq([h],,, ).
Snfl

Snfl
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Since h = h[h]y- ThEI’l,
duQw) = chyf WACo([hly, w.

Associated with (1.2), there is
dp(w) = cdCp,q([hy, w),
namely,
1 = Gy q(Thlys - O

Now, we have prepared enough to finish the proof of Theorem 1.4.

Proof of Theorem 1.4. The following proof is motivated by the work of [49, Theorem 8.2.2], for a given
finite Borel measure p on S, which is not contained on arbitrary closed hemisphere, then, we can find
a sequence with finite discrete measure {y;} on $"' so that p,(S"™") = u(S"') and p; — p when j — +oo.
Especially, y; is not contained on arbitrary closed hemisphere, on the grounds of Theorem 4.1, for every y;

there is a positive constant ¢; > 0 and a function h;j € C*(S"!) so that

K= CjEp,q([hi]u,-’ ')’ (4.7)
where

G- I BP0,

Snfl
Moreover, h; satisfies that &, = o, Vy([hil,) = 1, and
Dy (0) = inf{ sup @, ,(£) : g € CH(S") and Z([g]yj) = }
fe[g],u]'

where

[gly= N {§eR": 4§ u<gu}

uesupp(y;)
and
0 = [ 6w - §wran@ = | @@ - £ wrapw.
st supp(H;)

Let m; = (Dh].,,,i(o). Let us prove that m; is uniformly bounded. The Aleksandrov body is related to
@, supp(yj)), denoted by [l]y].. Let

1

~ [ 1 Y
& [V;(my,.)] '

Then we see [’g‘}-]y]. = §j[1]yj. Thus, there is 17;1([§}-]y]_) = 1. Note that yi(S”‘l) = u(S™1). Hence,

m; = Oy, (0) < sup I (W) - § - wrdp;(w)
$elgly g1

< | p(igh)ranw
sn—l

= D(Ig], )P us™

= 87D ([, )P p(sm).

(4.8)
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We further show that D([l]yj) is uniformly bounded. Otherwise, then there is a sequence of {§;} so that
{j € [1]111' and
lim [§] = +oo.
]—+00

Let fj = lz:—‘l € S*-1, By the compactness of S"~1, we can assume
j

)Einooé_'] — e Sl
On the other hand, supp(y) is not contained on arbitrary closed hemisphere, there is w € supp(u) so that
&-w>0. (4.9)
Let U(w) be arbitrary neighborhood of w. Then there is

lim infpj(U(W)) > u(U(w)) > 0.
j—o+00

Now, choose j sufficiently large that satisfy
U(w)(supp(y;) # &,
which means that we can find a sequence {w;} so that

wj, € supp(y}.i) and lim wj = w.

i—+0o

Note that "{1} € [1]Vii' Therefore,

gji "W < h[”“ii(wji) <1,

i.e.,
= 1
& wj< —.
g
Taking the limit, it follows that
&-ws<0.

This contradicts (4.9). Hence, there is a positive constant M > 0 so that

D([1],) < M, (4.10)
forall j e N,
By virtue of B ¢ [1],1], for each j € N, we have for g > 0
1)
g<|= . (4.11)
Va(B)

Together with (4.8), (4.10), and (4.11), thus it can be seen that forg > O and all j € N,
m; < MPV,(B)-au(S"Y), (4.12)

namely, m; is uniformly bounded.
Now, let us prove that {h;} is uniformly bounded on S"~!. If this assertion is not true, there is a sub-
sequence {h;} c {h;} so that

lim maxh;(u) = +oo.
. n-1 1
i—+ooues
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Let Rj, = max, g=-h;(u) = hj(u;), and {u;} c S*1. Then, by the compactness of S"~!, we can assume

lim uj = up € S™1.
i—+00

Since supp(p) is not contained on arbitrary closed hemisphere, there is vy € supp(y) so that
Vo - Ug > 0.

Let U(v) is a small neighborhood of v, so that for every u € U(v,), there is
u-ug > 0.

Let 6(u) = %(u “Up) > 0 foru € U(w), and Rju;, € [h ,»i],,],_. Then, we can choose sufficiently large i such that
for allu € U(wy),

u - uj > 6w,
hji(u) > Rji(u . Ll]'i) > Rii6(u),
and

1;(Uvo)) = u(U(vo)) > 0.
Therefore, for i sufficiently large we have
I hP(du; (w> RY I 8Py, (> R} I 8u)Pdu(u),
U(vo) U(vo)

which implies that mj, — +oo when i — +oco. This contradicts (4.12). Hence, {h;} is uniformly bounded
on S™°1,

According to the Blaschke selection theorem, the sequence {h;} exits a convergent subsequence, again
denoted by {h;}, supposing that h; — h on S""!as j — +co. This implies h > 0, [k, ; [h], as j — +oo, and

lim ¢ = hm I hp(u)dyj(u) = J. hP(W)du(u) = co = 0.
j—+00
s

From this and (2.2), and taking the limit in (4.7), we see

u= COEp,q([h]ya ).
On the basis of this, we get ¢y # 0. Let ¢ = A9°P with g # p and A > 0. Then from (2.3) we have

p = Gy gALhl, ).
This completes the proof of Theorem 1.4. O
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