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Abstract: By utilizing the Nevanlinna theory of meromorphic functions in several complex variables,
we mainly investigate the existence and the forms of entire solutions for the partial differential-difference
equation of Fermat type
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0z 02
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where m, n are positive integers and a, §, y;, y, are constants in C. We give some results about the forms of
solutions for these equations, which are great improvements of the previous theorems given by Xu and Cao
et al. Moreover, it is very satisfactory that we give the corresponding examples to explain the conclusions
of our theorems in each case.
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1 Introduction and main results

It is well known that Wiles and Taylor [1,2] in 1995 proved Fermat’s last theorem. They pointed out that
the Fermat equation x™ + y" = 1 does not admit nontrivial solutions in rational numbers for m = n > 3,
but there exists nontrivial rational solutions for this equation for m = n = 2. The study of the Fermat type
equation can go back to Montel [3] and Gross [4], who had discussed the existence of solutions for the
Fermat type functional equation f™ + g" = 1 and showed that the entire solutions are f = cosa(z), g = sina(z)
for m = n = 2, where a(z) is an entire function; there are no nonconstant entire solutions form = n > 2.
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Of late, due to the establishment of difference analogues of Nevanlinna theory for meromorphic func-
tions (see [5-7]), many scholars have paid an increasing interest in studying the properties of solutions for
complex difference equations, complex differential-difference equations, and obtained a number of results
about the existence and the form of solutions for some equations (including [7-17]).

Liu et al. [18] in 2012 studied the existence of solutions for some complex difference equations and
obtained the following:

Theorem A. (see [18, Theorem 1.3]). The transcendental entire solution with finite order of
fl@) +fz+c) =1

must satisfy f(z) = sin(z + Bi), where B is a constant and c = 2k or ¢ = 2k + 1)mt, and k is an integer.

Theorem B. (see [18, Theorem 1.5]). The transcendental entire solutions with finite order of
fl@?+[fz+o)-f@F =1

must satisfy f(z) = 12sin(2z + Bi), where ¢ = (2k + 1)rt, k is an integer, and B is a constant.

In recent years, with the development of difference analogues of Nevanlinna theory for meromorphic
functions with several complex variables, especially the difference analogue of the logarithmic derivative
lemma given by Cao and Korhonen [19]. Very recently, Xu and Cao [20-22] investigated the existence of
the entire and meromorphic solutions for some Fermat type partial differential-difference equations and
obtained the following theorems.

Theorem C. (see [20, Theorem 3.2]). Let ¢ = (¢, ;) € C\{0}. Suppose that f is a nontrivial meromorphic
solution of the Fermat type partial difference equations
1 1

fa+azn+a)m " f(z1, )" = Az, »)f (z1, 2)"

or
1 1 1
+ +
fa+razn+o)™ f@a+az)" fla,z+o)™

= A(z1, 2)f (z1, )",

wherem € N, n € N U {0}, and A(z, z) is a nonzero meromorphic function on C? with respect to the solution
f, thatis, T(r, A) = o(T(r, f)). If 6;(c0) > O, then

lim sup

r—oo

log T(r, f) 0.
r

Remark 1.1. Let n = 0 and A(z;, 20) = 1, then the above equations become
1 P S
fa+azn+a)"  flz,2)"

and
1 1 1
fazi+azn+0) flzi + a,z) fzi,20 + ©)

which can be called as the partial difference equations of Fermat type.

Theorem D. (see [21, Theorem 1.1]). Let ¢ = (g, ¢;) € C2. Then the Fermat type partial differential-difference
equation

(af (z1, 2)

n
) +fa+an+o)"=1
aZl

does not have any transcendental entire solution with finite order, where m and n are two distinct positive
integers.



1418 — Xian Min Gui et al. DE GRUYTER

Theorem E. (see [21, Theorem 1.2]). Let ¢ = (¢, &) € C2. Then any transcendental entire solution with finite
order of the partial differential-difference equation

(af (z1, 2)

2
+fa+an+e)i=1
aZl

has the form of f(zi, z,) = sin(Az; + B), where A is a constant on C satisfying AeA% = 1, and B is a constant
on C; in the special case whenever ¢; = 0, we have f(z, z,) = sin(z; + B).

Theorems D and E suggest a question naturally: What will happen about the existence and the forms

of transcendental entire solutions for the Fermat type partial differential-difference equation including both

o (z1,2) and f (z1,2) »
a7 o

In view of the above questions, this paper is concerned with the properties of the solutions for some
Fermat type equations including both difference operator and two partial differential by utilizing the
Nevanlinna theory and difference Nevanlinna theory of several complex variables [19,20,23]. We describe the
existence and the forms of the transcendental entire solutions with finite order for the Fermat type partial
differential-difference equations with more general forms, and some results are obtained to improve the pre-
vious theorems given by Xu and Cao [21] and Liu et al. [18]. Here and below, let z + w = (z; + wy, 2o + W,)
for any z = (z1, 25), w = (w1, ;). The main results of this paper are listed below.

Theorem 1.1. Let ¢ = (¢, &) € C?, m, n be two distinct positive integers, and a, B be constants in C that are
not equal to zero at the same time. If the Fermat type partial differential-difference equation

(a o (z1.2) | Baf(Zh z)

aZl aZZ

) +fa+azn+e)' =1 Y]

satisfies one of the conditions
(i) n>m;
@) m>nz>2;

then equation (1) does not have any transcendental entire solution with finite order.

Remark 1.2. Form > n = 1, the transcendental entire solution of equation (1) with finite order can be found.
Especially, let m = 2, n = 1. Then equation (1) becomes of the form

(a of (z1, 22) N ﬁaf (z1, 2)

621 aZz

2
) +fa+aznt+to)=1 )

Here, we will give the detail to get a solution of equation (2).

Set F(zy, 20) = aaf(az—;’lb) + p¥ (g;'zZZ), differentiating (2) for zi, 2, respectively, then it follows that

0F (z1, 2)) +B 0F (z1, 2))
21 02

F(z, zz)(a ) = —%F(zl +a,2 + 6). 3)

Assuming that

aaF(Zl,Zz) +ﬁaF(ZI;ZZ) __1

) 4
621 622 2 ( )

Fzi,2) =F(z1 + g,z + ©). (5)

For equation (4), one can find a finite order transcendental entire solution

1(z =z
F(z, ) = ePaoz _ —| 21 2|
(21, 22) 4(a 5
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By combining with (5), we can deduce that ¢ = Zi and ¢, = —%i .
In view of the assumption, it follows that

of (z1, 2) of (z1, ) _ Y P | )
oo th T =Fam)=e 4(a + B)' (6)

The characteristic equations for equation (6) are

dz; dz, df
- = &, ¥ =P - = F ’ .
@ @k gt f@n

Using the initial conditions: z; = 0,2, = s, and f = (0, s) := g(s) with a parameter s. Thus, we obtain the
following parametric representation for the solutions of the characteristic equations: z; = at, z, = t + s,

t t
fe IF(at, Bt + $)dt + g(s) = I[e-as - %(n N %s)]dt +g(s) = te® — %ﬁ - #st + g(s),
0 0

where g(s) is an entire function with finite order in s. Then, by combining with ¢ = % and s =z, — gzl,
the solution of equation (2) is of the form

f(zl’zz) = lzleﬁzl_azz — l@ + g(w)’ (7)
a 4 aff a

where g(s) satisfies the following equation:

2
o 2P ae-Ba) g A, 2 AtG e 1@EtaE@ ) ®)
a a 4\a B a 4 af
Let
a 206 a 206
Z1 = + N V) - s

a-J a+f a-B a+f

then
az
2~ Pz + 26 =S.

Substituting z;, 2, into (8), and combining with ¢ = %i and ¢ = —%i, we conclude

g(s)zl_(e-as_ 1 (a+ﬁ)28—2(a—ﬂ)262)2+( s (a—ﬁ)cz)e_as
b B@-pY) a-B  Ba+p

9
1| s (a - Bc as (a - P

) Z[a—ﬁ ) ﬁ(a+ﬁ)] [ﬁ(a—ﬁ)  a+p
Therefore, an entire solution of equation (2) is of the form

1zz g(_ﬂz - ﬁzl),
4 aff a

f(z1, 22) = —zePaea
«a
where g(s) is stated as in (9), g = Zi, and ¢, = —gi.

B

For m = n = 2, we obtain the following result.
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Theorem 1.2. Let ¢ = (¢, &) € C? and a, B be constants in C that are not equal to zero at the same time. Then
any transcendental entire solution with finite order for the Fermat type partial differential-difference equation

(a of (z1, 22) . ﬁaf (z1, )

aZl aZZ

2
) +f@+a,zn+0)P=1 (10)

has the following form:

A eva+azn+H(z) | A e~ (mz+az)-H(z)

flz, ) = 5 ,

where H(z) = H(s,) is a polynomial in s, satisfying (ac; — Ba)H' =0, s; = 6z1 — az, Ady =1, Ay, A, are
constants in C, and ¢, ay, ay, a, B satisfy one of the following cases:

(i) aa; + Pa, =i and L(c) = 2kmi, where L(c) = a1q; + axG, here and below k is an integer;

(ii) aa; + Ba; = —i and L(c) = (2k + D).

Remark 1.3. In view of Theorem 1.2, ifa = 1, 8 = 0, and ¢, # O, then we can conclude that any finite order
transcendental entire solution f of equation (10) has the form

el@+B | o~L(2)+B)
2

f2) =
satisfying a; = i and L(c) = 2kmi, or a; = —i and L(c) = 2k + ).
The following examples show the existence of solutions for equation (10).

Example 1.1. Let a = (a4, @p) = (i, i) and B = 0. Thus, the function

el@+z) 4 p-ilz1+2)

f(z1,22) = 5

satisfies equation (10) withc = (q, @) = (1, 1), a = 2, B = -1.

Example 1.2. Let a = (a;, a;) = (1, 1) and B = 0. Thus, the function
eatzn 4 o~(21+2)

f(z1,20) = >

satisfies equation (10) with ¢ = (g, &) = 2ni, -mi), a = i, f = -2i.

Example 1.3. Let a = (a1, ay) = (3i, -2i), H(z) = 4m1%(z; — 2,)?, and B = 0. Thus, the function

20iGa-22)+4m’(@-2) | 1 o-iGa-22)-4n’(a-2)
2

f(le Z2) = 5

satisfies equation (10) with ¢ = (¢, ) = 2w, 2m), a =1, B = 1.

Example 1.4. Let a = (a;, ay) = (2i, -3i), H(z) = m*(z — 2)*, and B = 0. Thus, the function
el@a-3)+m'@-2)" | o-i2n-32)-n'@-2)"

f(le ZZ) = 2

satisfies equation (10) with ¢ = (¢, @) = (-, -m),a =1, B = 1.

Remark 1.4. From the conclusions of Theorems A and E, there only exist finite order transcendental entire
solutions with growth order p(f) = 1. However, we can see that there exists transcendental entire solution
of (10) with growth order p(f) > 1, that is, p(f) = 2 in Example 1.3 and p(f) = 4 in Example 1.4, these
results are quite different from the previous one. Hence, our results are some improvements of the previous
theorems given by Xu and Cao [21], and Liu et al. [18].
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Theorem 1.3. Let ¢ = (g, ) € C? and ¢, &, B, B, be nonzero constants in C. Let f be a finite order trans-

cendental entire solution of the Fermat type partial differential-difference equation

(a of (z1, 2)
aZl

2
) +[Bfz+ a, 2z + &) - Bof(z, )P = 1.

@ If W is not constant, then the solution f(z) has the following form:
1

ealzl+azzz+B _ e—(alzl+azzz+B)
fz,z) = + e"™G(z,),
2a,a

(11)

where aj, ay, B, n are constants in C, G(z,) is a finite order entire period function with period c,. Moreover,
(i) if P, # +B,, then n = M and either aa = i(B, — B,), L(c) = 2krmi, or aa = —i(B, + B)), L(c) =

(2k + D)mi, where L(c) = aic; + @03
(i) if B, = B,, thenn = 0, iaa; = 2B, and L(c) = (2k + Dmi;
(i5) if B, = —B,, then ) = M iaay = -2, and L(c) = 2kri;

C

@) If % is a constant, then the solution f(z) has the following form:
1
f(Z) = [erlzZG(Zz) + T] + Dlzl + DzZz + Do,

where 1, Dy, Dy, D, are constants in C. Moreover,
(iiy) if B, = By, thenn = 0, T € C, and [B,(Dic; + D,0)I* = 1 — (aDy)?;
(ii,) if B, # B,» then n = M Dy =D, =0, and 7, B, B,, Do satisfy

[(ﬁ1 - Bz)(T - DO)]2 = B12~

Next, we give some examples to explain the conclusions of Theorem 1.3 in each case.

Example 1.5. Let a = (a;, a;) = (1, 1). Thus, the function

eatzn _ o-(z21+z) 2log 2

flz, ) = — +ena (ezz2 + 1)

satisfies equation (11) with ¢ = (g, ¢) = (mi, mi), a =i, f; =2, and B, = 1.
Example 1.6. Let a = (a;, @) = (-1, 1). Thus, the function

fla,z) = —————+e

z21-2 _ p(21-22) log(-1.5
e 2@ z2log( )(ez2 _ 1)
=21

satisfies equation (11) with ¢ = (g, ¢) = (i, 2mi), a = i, f; = 2, and B, = -3.

Example 1.7. Let a = (a;, a») = (1, 2) and B, D, € C. Thus, the function

ezl+Zzz+B _ e—(zl+222+B)
f(z1,22) = 2% +e* + Dy
1

satisfies equation (11) with ¢ = (g, @) = (-ni, mi), a =i, B, = B, = %

Example 1.8. Let a = (a;, a) = (%, rri), Dy = 0, and B € C. Thus, the function

lz+niza+B _ o-(izi+miz+B
flaz) = & f & ) + emizeie
1

1

satisfies equation (11) with ¢ = (g, ©) = 2mi, 1), a = 2i, B, = -B, = >



1422 —— Xian Min Gui et al. DE GRUYTER

Example 1.9. Let G(2,) = ezzze_zz, T=0,Dy=1,D;=0and D, = ﬁ Thus, the function

2z —Z 1
f(z,2) = eere + —2+1
2 2mi

satisfies equation (11) with ¢ = (g, ¢) = (¢, 2mi), a € C, B, =, = 1.

Example 1.10. Let G(z,) = ™2 + e™2 4 ¥ 7 =0, Dy =2, D; = g

3

) ; . 1
f(z1, ) = ™2 + e 4 22 4 5 a-sat 2

,and D, = —%. Thus, the function

satisfies equation (11) with ¢ = (¢, &) = (+/3,2), a = 2, Bi=B,=2.

2-¢2
e?-1"

Example 1.11. Let G(z) = ™ + e, ¢ = (a, ) = (¢, 2), a € C, B,=1, B, =¢€% Dy =1, and 7 =
Thus, the function

1
e?-1

f(Zl, Zz) = eZZ(eiﬂZz + efinzz) +

satisfies the following equation:

(cx of (z1, 2)

2
) +[fz+a,zn+2)-eflz,2)P =1
aZl

Remark 1.5. Examples 1.5-1.8 show that the forms of solutions are true for cases (i;)—(i3) in Theorem 1.3(i),
and Examples 1.9-1.11 show that the forms of solutions are true for cases (ii;)—(ii;) in Theorem 1.3(ii).

Naturally, we should proceed to discuss the existence and form of solutions for the following Fermat
type partial differential-difference equation:

(a of (z1, z) + B of (z1, z)

621 622

2
) +nfla+a,z+0) - yfla,2)F =1, (12)
where a, 8, y;, y, are constants in C.

Theorem 1.4. Let ¢ = (¢, ;) € C2andc, &, a, B, ¥;, ¥, be nonzero constants in C such that ac, - fc; # 0. Let f
be a finite order transcendental entire solution of the Fermat type partial differential-difference equation (12)

@ If a%zzﬁ + B%;’ZZZ) is not constant, then the solution f(z) has the following form:

ea1z1+a2zz+B _ e—(a1z1+azzz+B)
fz, z) = + e PG(az, - Pzy),
2ma + axf)

where G(u) is a finite order entire period function with period ac, — fa, a, a>, B, n are constants in C.
Moreover,
Ly log y, - log y;
(i) if y, # £y, thenn = #ﬁql
L(c) = (2k + D)mi, where L(c) = aic; + @0;
(i) ify, =y, thenn = 0, i(ma + axf) = 2y, and L(c) = 2k + 1)mi;
(i3) if yy = =y, thenn = 98CD il + ayB) = -2y, and L(c) = 2k

ac - fa

(i) If a%;zﬂ + ﬂ%;’f) is a constant, then the solution f(z) has the following form:

, and either qya + axff = i(y, — v,), L(c) = 2kmi, or qya + azff = —i(y, + W),

f(z1, ) = Dyz1 + Dy(az; - Bz) + [ FG(az, - Bz) + 7],

where 1, Dy, D, are constants in C. Moreover,
(ii)) if y, = y,, thenn = 0, T € C and

y2Dic + Da(ac, — Be)? = 1 - (aDy)?;
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log y,-log y;
ac - fa

(iiz) if y, # v, thenn = ,Dy=D, =0, and 1, y,, , satisfy

= )T = 1.
Remark 1.6. Obviously, we can see that equation (12) is transformed into equation (10) when y, = 0,

and equation (11) for § = 0. Hence, we only consider the case that a, 3, y;, y, are nonzero constants in C
in Theorem 1.4.

Next, we give some examples to explain the conclusions of Theorem 1.4 in each case.

Example 1.12. Let a; = a; = 1 and B € C. Thus, the function

eatn+B _ o~(z1+2+B) 1og2
flz, ) = Y + emi @ pn—22
1

satisfies equation (12) withy; =2, y, =1, a = = %, and g = - = mi.

Example 1.13. Let a; = a; = i and B € C. Thus, the function

eizl+izz+B _ e—(izl+izz+B) .
f@,2) = - + 2037
-4

satisfies equation (12) withy, =y, =1, a=1,=-3,and g = 211, ¢ = .

Example 1.14. Let a; = a; =i and B € C. Thus, 1 = % and the function
ez1+z2+B _ e—(21+Zz+B)

4i

21;2262(21_22)

f(z1,22) =

satisfies equation (12) withy, = -y, =1, a=f=iand g = %’ﬁ, G = —%.

Example 1.15. If a¥ (;;’ZZ) + gL (az;’ZZZ) = 0, then from (12), it follows y,f(z1 + &, 2z + @) - Y, f(z1, 22) = *1.
1

Thus, the function f(z;, z) = ef1~% + Bz — az, satisfies the following equation:

(a of (z1, 2) . ﬁaf (21, )

aZl aZz

’ 1 1 2
+ | —f(z1+ 0,2+ 0) - —f(z1,Z =1,
) [Zm.fcl b2+ ) = 5 z)]

where @, 8, ¢, ¢ are constants in C satisfying ¢ — ac, = 2mi.

of (z1,2) of (z1,2)
0z + ﬁ 0z 1 1
Lety,=y,=2,D1=2,D,=-1,a= -3 B =-1,q = ni, and ¢, = —2rmi. Thus, the function f(z, z,) = 4722 +

Example 1.16. If a = 1, then from (12), it follows that y, f(z1 + &, 2z, + @) - y,f(z1, ) = 0.

2z — (—%zz + zl) satisfies the following equation:

10f(z1, z) + of (21, 22)
2 aZl 622

2
) + [2f(z + mi, 2o - 2mi) — 2f (z1, 2)]* = 1.

Example 1.17. Let y, =2, y, =1, T = 1, and a, f§, g, ¢ be nonzero constants in C such that ac, — g = 2.
Then the function

f(z, 2)) = e 3 (@arrenitzm—pa) 4 q
satisfies the following equation:

(a af(Zl, Zz) n ﬁ af(Zl’ ZZ)

aZl aZZ

2
) +[fz+a,zn+a)-2f(z,2) =1
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Remark 1.7. Examples 1.12-1.14 show that the forms of solutions are true for cases (i;)—(i3) in Theorem 1.4(i),
and examples 1.15-1.17 show that the forms of solutions are true for cases (ii;)—(ii;) in Theorem 1.4(ii).

2 Proof of Theorem 1.1

To prove Theorem 1.1, we require the following lemmas.

Lemma 2.1. [24,25] Let f be a nonconstant meromorphic function onC" and let I = (iy, ...,i,) be a multi-index
with length |1| = Z;l=lij. Assume that T(ro, f) = e for some ry. Then

m(r, %) =S(r,f)

ally
Azl ... 3zin”

holds for all r > ry outside a set E c (0, +00) of finite logarithmic measure jE% < 0o, where 3'f =

Lemma 2.2. [19,23] Let f be a nonconstant meromorphic function with finite order on C" such that
f(0) # 0, co, and let € > 0. Then for c € C",

m(r, f@ ) N m(r, fz+ C)) _ S f)
flz+0) f@)

holds for all r > 1y outside a set E c (0, +00) of finite logarithmic measure JE% < 00.

Proof of Theorem 1.1. Suppose that f is a finite order transcendental entire solution of equation (1).

of (z1,2)
0z

Since a, §§ are constants and not equal to zero at the same time, then a + ﬁ%}‘:’f) and f(z1 + c, 2o + ©)

are transcendental. Here, we will consider two cases below.

Case 1. n > m. In view of Lemma 2.2, it yields that

m(r, ff&) =S, f) 13)

@Z+a,zn+0)

holds for all r > 0 outside of a possible exceptional set E ¢ [1, +00) of finite logarithmic measure J’E% < 0o.
Thus, it follows from (13) that

T@, f(z, 2)) = m(, f(z1, 22))

< m(r, M) +m(r,f(zi + q, 2 + ©)) + log 2
fa+a,zn+0)

=m@, f(aa+a,z+ ) +S0,f)

=T(r,fm+a,z+0)+S0,f),

(14)

for all r ¢ E. In view of (14), Lemma 2.1, and the Mokhon’ko theorem in several complex variables [26,
Theorem 3.4], it yields

nT(r, f(z1, ) <nT(r, f(z1 + a, 2 + &) + S(r, f)
=T(r, fz+ a, 2 + &)™) + S(r, f)

) T(n (aaﬂzl,zZ) , g2 )’" ~ 1) Y S ) 15)

0z 02,

=m4naW@Jﬁ+BM@“w)+ﬂnﬂ

621 aZz
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— mm(r, aaf(g;l’ ZZ) + Baf(gl’ ZZ)) + S(r,f)

Z1 Z>

of (z1,22) + ﬁaf(zblz)

24
<m|m|r, — %+ mr, f(z, 2) | + ST, f)

fizi, 22)
=mT(r, f(z, ) + S(r, f),

for all r ¢ E. That is,
(n - m)T(rs f(le Z2)) < S(r’ f)) r ¢ E’ (16)

which is a contradiction with the assumption that f is a transcendental entire function.

Case 2. m > n > 2. Then % + % < % <1and n> % In view of the Nevanlinna second fundamental

theorem, Lemma 2.2, and equation (1), it follows that

(m - O1(r, Y@ 2) | p¥ (@ 2)
aZl aZZ
N of (z1, 22) of (z1, 22) ) m__ 1
< N|r,a +ﬂ + Nl|r,
( 0z 02 qgl aaf(;;ZZ) i ﬁaf(;;;ZZ) —w,
.\ S(r, Jez) Baf(zl,zz))
aZl aZZ (17)
< N|r, - laf( 7 N S(r, aaf(gl,ZZ) +Baf(§1,zz))
2,2 21,2 Y ™
(0( PR ﬁTZ) -1 1 S
N 1
< N\n o s |+ 50 )
( fzi+a,z+ Cz))
< T(r,f(z + 6, 2 + @) + S(r, fi) + S(, f),

where w; is a root of w™ -1 =0.
On the other hand, in view of equation (1) and the Mokhon’ko theorem in several complex variables
[26, Theorem 3.4], it follows
nT(r,fz+a,z2+0)=T0, f(z1 + a, 2 + &) + S, f)
m
_ T(,, (aaﬂzl,Zz) N ﬂaf(zl,zg) ) 1) . S f)

0z 02

(18)

i, X2 | 2
aZl aZZ

) + S(r, f).
In view of (17)-(18) and n > %, it follows
(n - %)T(r,f(zl +a, 2+ 6)) <S8, f),

which is a contradiction with the assumption that f is a transcendental entire function.
Therefore, this completes the proof of Theorem 1.1. O
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3 Proof of Theorem 1.2

The following lemmas play the key role in proving Theorems 1.2-1.3.
Lemma 3.1. [27, Lemma 3.1] Let f;(#0), j =1, 2, 3, be meromorphic functions on C™ such that f; is not
constant, and f; + > + fz3 = 1, and such that

j

3
Z{Nz(r, %) + ZN(r,f;)} <AT(r, fi) + O(log* T(r, 1)),
j=1

for all r outside possibly a set with finite logarithmic measure, where A < 1 is a positive number. Then either
fh=1lorf;=1.

Remark 3.1. Here, Nz(r, %) is the counting function of the zeros of f in |z| < r, where the simple zero

is counted once, and the multiple zero is counted twice.

Lemma 3.2. [28,29] For an entire function F on C", F(0) # 0 and put p(ng) = p < co. Then there exist
a canonical function fr and a function gz € C" such that F(z) = fr(2)e%@. For the special case n = 1, f is
the canonical product of Weierstrass.

Remark 3.2. Here, denote p(ng) to be of the order of the counting function of zeros of F.

Lemma 3.3. [30] If g and h are entire functions on the complex plane C and g(h) is an entire function of finite

order, then there are only two possible cases: either

(a) the internal function h is a polynomial and the external function g is of finite order; or else

(b) the internal function h is not a polynomial but a function of finite order, and the external function g is of
zero order.

Now, we continue to prove Theorem 1.2.

Proof. Suppose that f is a finite order transcendental entire solution of equation (10). Since a,  are

af(Zl z) n ﬁaf(zl ,2) -

constants and not equal to zero at the same time, then it follows that a—"= is transcendental.

Otherwise, f(z; + ¢, 2, + ©) is not transcendental, a contradiction. We ﬁrst rewrite (10) as the following
form:

[(zxm + ﬁm) +if(z + c)] [(aM + Baf(z)) if(z + C)] 19)
621 aZQ azl a 22

Since «a

¥ (Zl ZZ) +pY (;’ZZZ) and f(z; + g, z + ¢) are transcendental, then by Lemmas 3.2 and 3.3, it follows

from (19) that

(aaf(z) N ﬁaf(z)) ¢ if(z 4 C) = er®,
aZZ

621

(20)
(a—af @ , p¥@ (Z)) ~ifz+c)=eP?,
aZl aZZ
where p(z) is a nonconstant polynomial in z. Thus, in view of (20), it yields
aaf(gl, 2) + ﬁaf(gl, z) _ ePev2) 4 e pPlan) ,
Z1 2, 2 1)

ep(zun) _ op(z21.2)

fa+a,zn+0)= 5
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In view of (21), we have

eP@+a,2+0) 4 o P(21+6,2+0) p(zy, z p(zy, 2) \eP@z) 4 ep@2)
:ap(l 2)+ﬂp(12) : ) 22)
2 9z 02 2i
If a@ + B@ = 0, then from (22), it follows ePata-2+@) 4 e-p@taz+e) = (, thatis, e?@+9) + 1 = 0,
1Z1 74}
which is impossible because p(z) is a nonconstant polynomial.
p(21,22) p(21,22)
If gt ﬁTZ # 0, then (22) becomes
i i
- pePE+opz) 4~ op@)-plzic) _ o20(z) =
(2D | gE € T ) € er =1 (23)
3z 3z, 0z 0z,
Thus, by Lemma 3.1, it yields
i
= ep@-p(zto) =
22D Bap(z)e =1 (24)
0z 0z
In view of (23) and (24), it follows
i
= epE+0)-p@) =
aPD Bap(Z) € =1 (25)
621 aZZ

Since p(z) is a nonconstant polynomial, in view of (24) and (25), we conclude that p(z) = L(z) + H(z) + B,
where L(z) is a linear function as the form L(z) = aiz; + a»z5, H(z) = H(s;) is a polynomial in s,
S1 = &Z1 — G2y, and B is a constant in C. Substituting p(z) into (24), (25), we have

[aa, + Ba; + (ac, — Pc)H']? = -1,

which implies that (ac, — Bc)H' = &,& € C.Ifac — B = 0, thené = 0. Ifac, — B¢ + O, then H' is a constant,
that iS, H(Z) = b151 + bo = b1C2Z1 - b1C122 + bo, where bl, bo e C. Thus, p(Z) = L(Z) + H(Z) +B= Lo(Z) + B
is still a linear form, this means H(z) = 0. Hence, it follows that (ac, — Bg)H’ = 0. Thus, it yields that

el =1, aa +Pay=i, or e)=-1, aa + pa,=-i. (26)

In view of (21), we get

(2 2) = eP@-a,2-0) _ o P(@1-0,2-C) B eL@)+H(Z)+B-L(c) _ o-L(z)-H(z)-B+L(c) B A el@+HQ@) | A, e L(2)-H(z) 7
b 2i 2i 2 ’
where Aj, 4, € C satisfy 414, = 1.
Therefore, this completes the proof of Theorem 1.2. O

4 Proof of Theorem 1.3

Proof. Suppose that f is a finite order transcendental entire solution of equation (11). Next, we consider
two cases as follows.

(i) Suppose that g—; is not constant. Since the entire solutions of the Fermat type functional equation
1
f2+g2>=1 are f=cosa(z),g=sina(z), where a(z) is an entire function, then % and
1
B.f(z1 + a, z + &) —B,f(z1, 2,) are transcendental. Thus, equation (11) can be rewritten as the form:

{a

of (z)

621

ag iZ> +ilBfz+ ) - ﬁzf(Z)]}{a ~ il f(z+ ) - Bzf(Z)]} =1
1
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Since f is a finite order transcendental entire function, then by Lemmas 3.2 and 3.3, it follows

af<Z1, ZZ) eP(ZbZz) + e*p(zl,zz)

>

621 2a (28)
ep(zuz) _ oP(21.22)
Bifz + a2+ 0) - Bf(z,22) = —
where p(z, z,) is a nonconstant polynomial in C2. In view of (28), it yields
er@ 4 1@ Jp(z) eP+c) 4 o p(z+c) eP@ 4 P
2i o P 2 "

that is,

B, .9p(z, z,) \eP@?) 4 eP@z) eP@a+a,n+q) 4 p-pla+a,z+0)

B, . _ B, . (29)

o 0z 2i 2a
Obviously, 2&:2) 4 —i%, otherwise, ePlataa+a) 4 eP@tant+e) = 9, which is a contradiction with p(z)

4]

is a nonconstant polynomial. Hence, in view of (29), it follows

By ePE+0)+p(@) 4 Lep(zrp(zw) — e =1, (30)

PO . 9p()
B, wz—az1 B, wz—az1

Thus, by Lemma 3.1, it yields

B,

M op@)-plz+c) =

B @ =1 (31)
2 621

In view of (30) and (31), it follows

B epE+0)-p@@) = 1,

: 0p(2)
ﬂ 2 la 3z

(32)

Since p(z) is a nonconstant polynomial, in view of (31) and (32), we conclude that p(z) = L(z) + H(z) + B,
where L(z) is a linear function as the form L(z) = ¢yz; + @z, H(z) :== H(s;) is a polynomial in s,
S1 = Gz — 02, and B is a constant in C. Substituting p(z) into (31) and (32), it follows that ac,H' = 0,
which implies that H(z) is a constant since a # 0, ¢ # 0. Similar to the argument as in Theorem 1.2, H(z)
can be considered equal to zero, this does not affect the linear form of p(z). Hence, we conclude that p(z) =

L(z) + B. In view of (29), let

elz+@zn+B _ p~(az1+a:2+B)

f(er ZZ) = + gz(ZZ)’ (33)
2a,a

where a,(#0), az, B, Dy are constants in C and g,(x) is a finite order entire function in x.
Substituting (33) into the second equation of (28), it follows that

eL(z)+B _ e—(L(z)JrB) _ eL(z)+B+L(c) _ e—(L(z)JrB)—L(c) eL(z)+B _ e—(L(z)JrB)

+ Z+ Q) - - 2),
% B, Y B&(z + ) - B, e B,8,(z2)

which implies
eL@+B _ o~(L(2)+B) _ (ﬁleL(C) _ Bz)eL(z)+B _ (ﬁle_L(C) — ﬁz)e—(L(z)+B)

2i 2a,a

(34)
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and
_A
5@+ @) = —g(2). (35
B,

(i) If B, # +f,, in view of (34), we conclude that
B.eX© - B, = —ima, P,eH© - B, = —iga,
this implies that
aa =i, - B,),e"9 =1, or aa=-iB, +p,), e =-1. (36)
In view of (35), it follows that
&) = e a6 (z,y), 37)

where G(2,) is a finite order entire period function with period ¢,. Hence, f(z1, 2) is of the form

etz+ Wz +B _ o—(azi+az+B) log f-log By

f(z1,20) = +e a 26(zm),
2a,x

where G(z,) is a finite order entire period function with period o, @, a3, @, B, B, ¢ satisfy (36) and (37).

(i) If B, = B,, the equality (34) implies that iaa; = 2B, and eX(© = -1. And (35) implies that g,(z,) is
a finite order entire period function with period c,.

(i3) If B, = —B,, the equality (34) implies that iaa; = —2B, and e!©) = 1. And (35) implies that g,(2,) =
zlog(-1)

e < G(z), where G(2,) is a finite order entire period function with period ¢,.

Thus, this completes the proof of Theorem 1.3 (i).

(ii) Suppose that % is constant, let
1

i = Dls D1 e C. (38)
aZl
Then in view of (11), it follows
Bfz+a,n+0)-Bf(z,2) =k, (aD)*+x’=1, keC. (39)

Since f is a transcendental entire function of finite order, and in view of (39), we can assume that f(z;, )
is of the form:

f(z1, 22) = Y(z2) + @(z1, 22) + Do, (40)

where Y)(2,) is a finite order entire function in z,, ¢(z1, 22) = Diz1 + ¢,(2), ¢,() is a polynomial in z,, Dy
are constants in C.
Substituting (40) into (39), we have

k=PB.fz1+a,z+a) - B,hi(z,z)
=B(z + @) + Bz + a, z + &) + B;Do - B(z) - Bro(z1, 2) — B,Do.

(iiy) If B, = B,, then in view of (41), it yields that ¢(z, 2,) is a linear function as the form ¢(z, ) =
Diz; + Dyz, and Y(x) is a solution of equation

P + &) = Y(x) + 6y,

(41)

ﬁi — (D1q + D,6y). Thus, P(2,) is a finite order entire periodic function with period ¢, and 6, = 0.
1

Moreover, by combining with (39), we have

where 0; =

[B,(Dic + Dyo)P? =1 - (aDy)?, Do € C. (42)
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(iiy) If B, + B,, then in view of (41), it yields that ¢(z;, z,) = 0 and (2,) is a solution of the difference
equation

gx+0)= &g(X) + 6,
B,

where 6, = W. Thus, (z) has the form
1

log Bz log A

Y(z)=e o 26(z)+T,

where G(z,) is a finite order entire periodic function with period ¢ and 7 satisfies T =

(39) and 6, = %, we have
1

>
2R
K

[(B] - Bz)(T + Do) =

Therefore, this completes the proof of Theorem 1.3. O

5 Proof of Theorem 1.4

Proof. Suppose that f is a finite order transcendental entire solution of equation (12). Here, two cases will
be considered below.

o (21 Zz) " ﬁaf (z1,2)

% is not constant. In view of the properties of the entire solutions of

(i) Suppose that a

o (Z1 Zz) n ﬁaf (21 2)

the Fermat type functlonal equation f? + g? = 1, then a2=2* andy, f(z1 + a, z + @) — v, f(z1, )

are transcendental. Thus, equation (12) can be rewntten as the form.

{ 2; ﬁafz +ilyfz +¢) -y, f(2)] }{ 3 ﬁ —ilyfz+c) - yzf(z)]} -1

Since f is a finite order transcendental entire function, then we have that a B— + iy f(z +c) -y, f(2)]

and a + B— +i[y,f(z + ¢) - y,f(z)] have no any zeros and poles. Thus, by Lemmas 3.2 and 3.3, it yields

that
aaf(gl, 2) + Baf(gl, 2) _ eP(@.2) _;e—p(zl.zz) ’
4 & 43)
eP@.2) _ o-p(21,22)
W@a+a,zn+0)-yflz,z) = 5
where p(z, z,) is a nonconstant polynomial in C2. In view of (43), it yields
p(z) -p(z) p(z+c) -p(z+c) p(z) -p(z)
e +'e aap(z) N ﬁap(z) _ Y1e +e B yze +e ’
2i 0z; 02 2 2
that is,
. op(z op(z eP(Z) + e—p(z) eP(ZH-') + e*P(ZJrC)
yz_lap()+ﬁp() - . (44)
0z 02 2 2

Obviously, y, # i(a% + ﬁ%), otherwise, eP@+aa+a) 4 gPa+an+a) = 0, which is a contradiction with
1 2

p(z) is a nonconstant polynomial. Hence, equation (44) leads to

h ePE+0)+p(@) h eP(@)-pz+c) _ p(z) = 1, 45
v, - ( 2@ Bap(z>) v, - ( 2@ ﬁap(Z)) (45)

622 azZ
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Thus, by Lemma 3.1, it yields
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h eP@)-p(+0) = 1, (46)
. p(z) p(2)
v, - i(a%2 + g2
In view of (45) and (46), it follows
h ePE+O-p@) = 1, (47)
e 9
v i(a%) + %2

Since p(z) is a nonconstant polynomial, in view of (46) and (47), we conclude that p(z) = L(z) + H(z) + B,

where L(z) is a linear function as the form L(z) = a1z
a constant in C. In view of ac, - B¢ # 0, similar to the
H(z) = 0. Thus, in view of (46) and (47), we have

—i(ma + ayf),

yeh@ -y,

In view of (43), we get the following equation:

aaf(zl» 2) N ﬁaf(ZI: 2) _

et —y,

+ @z, H(z) = H(sy) is a polynomial in s;, B is

argument as in Theorem 1.2, we can obtain that

—i(aa + ap). (48)

L(z)+B —L(z)-B
e + e
. (49)

621 aZz
The characteristic equations for equation (49) are

&
dt

_, Uz _
BT =

df _
dt

2

eL(z)+B + e—L(z)—B

2

Using the initial conditions: z; = 0,2, = s, and f = f(0, s) := g(s) with a parameter s. Thus, we obtain the
following parametric representation for the solutions of the characteristic equations: z = at, z, = pt + s,

e(a1a+a2ﬁ)t+azs+B + e—[(a1a+azﬁ)t+azs+B]

t
f= j - dt + g(s)
0
a,s+B (as+B) p
+ —(as+
=¢ 22 Je(“1“+“2ﬁ)fdt L& J-e*(“l‘”“zm‘dt + 8(s)
0 0
- L‘Me(alﬂvrazﬁ)t — ﬂe*(alaJrazﬁ)t + gl(s)’
2(ma + axff) 2Ama + axf)

where g(s) is an entire function with finite order in s, and

e—(azs+B)

eazs+B

gi(s) = g(s) +

Bz

a

Substituting t = %, S=2 - into f, it follows that

Aama + af)  2Aama+ ap)

etnt@mn+B _ o~(aizy+az+B)

Z1,2)) = + g(az, — Bzy), 50
f(z1, 2) At + &) g(az, — Bz1) (50)
where g,(s) = g;(as). Substituting f(z, z;) into the second equation of (43), it yields
ealzz+azzz+B _ e—(alzz+azzz+B) ealzz+azzz+B+L(c) _ e—(alzz+azzz+B)—L(c)
- =N + yg(az - Bz + ac, - fa)
2i 2Ama + axf3) .
ealzz+azzz+B _ e—(alzz+azzz+B) (5 )
) - 8 (az, — Bzy).

2Aaa + axff)
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This means that

el@+B _ o-(L(z)+B) ) (heH© — y,)el@*B — (yel©) — y,)e=LE)+B)

2i 2Ama + axff) 52
and
K&z — Bz1 + ac; - fa) = y,8,(az - Bz). (53)
(1) If y, # ty,, in view of (48) and (52), it yields that
aa+ P =iy -y, e =1, or aa+ apf=-i(y+y,), e ) =-1. (54)
In view of (53), it follows that
g = e %G, (55)

where G(u) is a finite order entire period function with period ac, - f¢ and u = az, — Bz. Hence, f(z, ) is
of the form
ea1z1+a2z2+B _ e—(a1z1+azzz+B) log y,-log y1

f(Zl’ ZZ) = 2((1 a+a B) + e(az27ﬁ21) acz-pey G(aZZ - le)’
1! 2

where G(u) is a finite order entire period function with period ac, - Ba, a1, az, a, B, ¥, ¥5, € satisfy (54)
and (55).

(i) If y, = y,, the equality (54) implies that i(@ma + af) = 2y, and el© = 1. And (55) implies that g,(u)
is a finite order entire period function with period ac, — Bq.

(3) If y, = —y,, the equality (54) implies that i(aja + a,f) = -2y, and e = 1. And (55) implies that
) = e‘;l‘fﬁ?f G(u), where G(u) is a finite order entire period function with period ac - q.

Thus, this completes the proof of Theorem 1.4(i).

af(zl Zz) + ﬁaf(z1 ) s

(ii) Suppose that a=—>=% is constant. Let

aaf(zl,zz) + ﬁaf(zl,lz) _ le, Dll cC. (56)
aZl 822
Then in view of (12), it follows
VW@ +a,zn+0)-yflz,z) =k, D>+x2=1, xeC. (57)

By using the same argument as in the proof of Theorem 1.4(i), f(z;, 2,) is of the form:
z
f(z1,2) = D] El + g(az - Bz), (58)

where g,(u) is a finite order entire function in u, and u = az, - fz;.
Substituting (58) into (57), we have

kK=yfa+az+0)-yhHz,z)

=yDAT A ¢ ye(az - B + ac - fa) - Y2D1/% - va8,(az; - Bz). 9
(i) If y, = y,, then (59) leads to
gz - Bz + ac - Ba) - glaz - fzi) = % - %,
that is,
g+ ac - fo) - gy = X - DI (60)

N a
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foru = az, — Bz. Thus, g,(u) can be represented as the form g,(u) = Gy(u) + Du + 7, where G,(u) is a finite

order entire period function with period ac — Bq, and D,, T are constants in C. Combining with (60),
K

T D%“. In view of (57), it yields

we obtain Dy(ac — Bq) =

y2Dic + Dy(ac, - Bep)? = 1 - (aDy)?,

where D, = %{. Thus, this completes the proof of Theorem 1.4(ii)).

(i) If y;, # y,, then equation (59) implies that D = 0 and

K
U+ ac - pa) = &gz(u) + W (61)
1 1

ulo; —lo
foru = az, — Bz. In view of (61), it follows that g,(u) = e acs per mG(u) + 7, where G(u) is a finite order entire

period function with period ac, - S¢ and 7 satisfies
- )T = £1.

This shows that the conclusion of Theorem 1.4(ii;) holds.
Therefore, this completes the proof of Theorem 1.4. O
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