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1 Introduction

Let H = Q x (5, ) x (0, 00), in the present work, we consider the following wave equation:

t
mvwg+mw%+onvwm@mma+mnfmn@mmww
0

I Bl 2u + (18Ol - 9m2ude - sds = o, @)
u(x, 0) = up(x), ux,0)=u(x), 1in Q,

ux, -t) = fo(x, t), in Q x (0, n),

u(x,t) =0, in 0Q x (0, 00),

where Q € RY is a bounded domain with sufficiently smooth boundary 3Q. {,, ¢, 0, B, are positive con-
stants, m>1for N=1,2,and1 < m < x:’; for N > 3.

T < T, are non-negative constants such that 8, : [1, ] — R represents distributive time delay, h, a are
positive functions.

The importance of the viscoelastic properties of materials has been realized because of the accelerated

development of the rubber and plastics industry. Physically, the viscoelastic damping term is the relation-
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ship between the stress and strain history in the beam inspired by the Boltzmann theory, where the kernel
of the term of memory is the function h, see [1-7].

In [8], Balakrishnan and Taylor proposed a new model of damping and called it the Balakrishnan-
Taylor damping, as it relates to the span problem and the plate equation. For more details, the readers can
refer to some papers that focused on the study of this damping [9-13].

On the other hand, the stability issue of systems with delay is of theoretical and practical great
importance, whereas, the dynamic systems with delay terms have become a major research subject in
differential equation since the last five decades. Recently, the stability and the asymptotic behavior of
evolution systems with time delay especially the distributed delay effect have been studied by many
authors, see [14-18].

Very recently, in [19] the authors considered our problem (1.1) but in the presence of the delay, they
proved the general decay result of solutions by the energy method under suitable assumptions.

Based on all of the above, the combination of these terms of damping (memory term, Balakrishnan-
Taylor damping, and the distributed delay ) in one particular problem with the addition of a(t) to the term

of memory and the distributed delay term (ITZ IBo(S)Iue(t — $)IM=2u(t - s)ds) we believe that it constitutes
T

a new problem worthy of study and research, different from the above that we will try to shed light on.
Our paper is divided into several sections: in Section 2 we lay down the hypotheses, concepts, and
lemmas we need, and in Section 3 we prove our main result. Finally, we give a conclusion in Section 4.

2 Preliminaries

For studying our problem, in this section we need some materials.
First, introducing the following hypothesis for §,, h, and a:

(A1) h,a: R, — R, are non-increasing C! functions satisfying

o) t
hE) >0, alt)>0, Io= j h(o)do < co, (- 2a(t)Ih(Q)dQ > 1> 0 2.1)
0 0
(A2) 39:R, — R, is a non-increasing C! function satisfying
-a'(t)
9(t)h(t hW(it)<0, t>0 d —_—= 2.2
(OR(O) + H'(0) and lim — 22
(A3) B, :[n, »] — R is a bounded function satisfying
)
[ 1Boy1as < g, 23)
T

1

Let us introduce

t
(h o P)(E) = j jh(t — OI(®) - Y(@)Pdodx

Q0

and

M(t) = ({ + GlIVulz + o(Vu(t), Vudt)) 2q))-
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2n
n-2

Lemma 2.1. (Sobolev-Poincare inequality [20]). Let 2<g<oco(n=1,2) or 2<g < (n = 3). Then,

dc, = ¢(Q, q) > 0 such that
luly < clVulh,  Vu € Hy(Q).
As in [18], taking the following new variables:
y(x, p, s, t) = ur(x, t — sp),
which satisfy

s, p, s, £) + y,(x, p, s, t) = 0, 2.4)
Y(X, O’ S, t) = Ut(X, t)' '
So, problem (1.1) can be written as
t
e = (G + GV + 0V, V) o)Bu(e) + a(®) [ he - ydute)de
0
o
+ Bilu (O 2u(t) + IIBZ(S)IIV(X, 1, s, )" ?y(x, 1, s, t)ds = 0,
J (2.5)
5
sy (x, p, s, O) + y,(x, p, 5, t) = 0,
u(x, 0) = uo(x), ulx,0) =w), inQ,
Y(X,P, S, 0) :fO(X’PS)’ in Q X (0’1) X (0’ TZ)a
u(x,t) =0, in 0Q x (0, co),
where
(X9p’ S, t) € Qx (O, 1) X (Th TZ) X (0’ 00)'
Now, we give the energy functional.
Lemma 2.2. The energy functional E, defined by
t ¢
1 1 a(t
E®) = 2l + 5| o - o) [ h@)de [IVu(®F + L1vucol + 221 - va(e)
0
- (2.6)
m-1 m
+ T 5|ﬂ2(3)|||Y(X, p’ S, t)”mdep,
05

satisfies

a(t)

E'6) < | B, - j|ﬁ2<s)|ds ol +

1

t
' a'(t) , ofd 2 ’
(h' o Vu)(t) - - !h(e)de Vu(Ol; - Z(Ellvu(l‘)llz) . @7

Proof. Taking the inner product of (2.5); with u;, then integrating over Q, we find

t
e (8), ue(t))12) — (M(OAU(E), ue(t)) ) + (a(t)jh(t - @Au(@de, u(t)) ) + By(lue™ *ue, ur) o)
0
5 (2.8)
+ I|ﬁz(5)|(|Y(X, 1’ S, t)|m_ZY(X, 1’ S, t)’ ut(t))Lz(Q)ds =0.

L
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By computation, integration by parts and the last condition in (2.5), we get

(e (1), u())2q) = ||ut(t)||z, (2.9)
by integration by parts, we find
—(M(ODUt), )2y =~ + GIIVUlE + a(Vu(t), Vue(t)) z)Au(t), u(t)) 2
= Gy + GIVUB + o(Vu(e), Vu(O)ra) [ Tty Vu()dx
(2.10)
= ({ + GlIvul3 + a(Vu(t), Vut(t))Lz(Q))%{J‘|Vu(t)|2dx}
Q
d (1 d
= E{E((O + (1 IIVullz)IIVu(t)llz} + %E{IIVu(t)II%}z,
and we have
t t
(Ih(t - QAu(p)do, ut(o] - jh(t ~ (U, u () e
0 HON t .11
- jh(t _ g)[ _[Vu(x, VU, t)dx}dg
0 Q
and
VUG, 0)Vutx, ) = - Lvuce, o) - vut, HOP - L vue, op 2.12)
’ ’ 2dt ’ ’ 2d B
then
jh(t ORI f ¢ - e)j [——{IVu(X 0) - Vu(x, t)Iz}]dde,
t
1d 1 d
- j n(t - Q)”EE{IVM(& t>|2}]dxde =2 jh(t - e)la“ww, £) - Vu(, Q)deHde
0 Q 0 Q
t
-2 Jne- g)[d%n\m(x, t>||§]dxde, (2.13)
0

by (2.1), we find

t
¢ —e)l {jwu(x £) - Vulx, Q)de”dg
0
h(t \Y) t \V; 2dx | Ld h(t v ¢ ~ 2dx ld (2.14)
-2 j(—e) j| u(x, £) - Vu(x, o) e——j t -0 j| u(x, t) - Vu(x, Q)Pdx |do

= Ea(h o VU)(t) - E(h’ o Vu)(t)

and
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t t
—% Ih(t - g)[%{uw(t)llﬁ}]dxde = —%[Ih(t - Q)de](%llw(t)lli)dx
0 0
t
1 d 2
- 2[£h(g)de]( o o 2.15)

t
--14 2 1 2
=Ty {[!h(Q)dQ]||VU(t)||2} + 2h(t)||Vu(t)||2,

by inserting (2.14) and (2.15) into (2.13), we find

t t
o0 [t~ oo "‘(t)] - %[?(h "o - @[Ih(@dg]nw(oné}
° (@) o
B @(hl > V() + %h(t)llw(t)llﬁ (2.16)
t
_ aT(t)(h o Vu)(t) + aT(O[Ih(Q)dQJ||v“(t)||§-
0

Now, multiplying the equation (2.5), by -y|B,(s)|, integrating over Q x (0, 1) x (%, ©), and using (2.4),,
we get

T

15
d -1
d_m_ J' j Islﬁz(s)lly(x, p, s, Himdsdpdx
t m
Q0
175
- —m-1) j j j IB,()IlyI™ 1y, dsdpdx
Qo0 g

175
- mT_l ,[ JI'ﬁz(S)I%Iy(X, p, s, H)I"dsdpdx

Q0n

5 (2.17)
m-1
- j jwz(smy(x, 0,5, OI" - ly(x, 1, 5, )Mdsdx
Qg
m-1 ( m-1 h
- = jwz(snds j|uf(t)|mdx — ”wz(s)ny(x, 1, s, t)mdsdx
7 Q Qg
1 ¢ 1 ¢
- m-1 jwz(snds (o - ™1 jwz(s)my(x, 1,5, s,
m m
and by Young’s inequality, we have
1]
[ 1By 1,5, D238, 1,5, 0, wlE) s
5
(2.18)

m

< ;[Iwz(s)ds]m(t)um + T [ By 1,5, Olds.
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By inserting (2.9)-(2.10) and (2.16)—(2.18) into (2.8), we obtain (2.6) and (2.7).
Hence, by (2.2), we get the function E is a non-increasing Vt > . This completes the proof. O
Now we state the local existence of problem (2.5).

Theorem 2.3. Suppose that (2.1)-(2.3) are satisfied. Then, for any uo, u; € HY(Q) n L2(Q), and f, € [*(Q,
(0, 1), (1, »)), there exists a weak solution u of problem (2.5) such that

ue C(J0, T[, Ho(@) n €'(Jo, T, LA(Q)),
u € C(10, T[, Hy(Q)) n L]0, T, LX<, (0, 1), (5, »)))-

3 General decay

In this section, we state and prove the asymptotic behavior of system (2.5). For this goal, we set

2O = [uOu©d+ SO, 61
Q
and
t
(0) = - [uc [ At - Du(®) - u@)dedx, (3.2)
Q 0
and
115
0 = [ [se I8, llycr.p. s, Olfzdsdp. (5.3)
07

Lemma 3.1. The functional ¥(t) defined in (3.1) satisfies, for any € > 0

W0) < ludf - - o6 + DIV - GIvul + 2 o vaoe)

o (3.4)
+c@)| lullt + [ 18Ny 1,5, Olfds |
Lt
Proof. A differentiation of (3.1) and using (2.5), gives
V() = gl + j ugudx + a||Vu||§IVuNudx
Q Q
Il — GIvuls - IVl —p [ ue™ 2uudx
& (3.5)

h

t 15}
4 a(t)IVu(t)Ih(t - o)Vu(e)dodx — '[Ilﬁz(s)ny(x, 1,5, O"2y(x, 1, s, Hudsdx.

Q 0 Q5

L L
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We estimate the last three terms of the right-hand side (RHS) of (3.5). Applying Holder’s, Sobolev-Poin-

care’s, and Young’s inequalities, (2.1) and (2.6), we find

L<eB™ully + c@llucln < eB"cyIVully' + c()lluclin

E@)\"22 o o )
<e r«:;;*(T) VU + @)l < el Vul} + c(e)lu®

and

a(t)

t —_—
4 4

t
h< zaa)[ | h(g)ngnwn% + O 4 ovuxe) < ¢ - DIVl + 22k o vio).
0

Similar to I;, we have

5]
L < ecVul + c(s)jwz(snuy(x, 1, s, Olds.

T

Combining (3.6)—(3.8) and (3.5), we get

W) < ludf - (- e(6 + DIV - GIVull + 221 o V(o)

)
+ e ludm + jwz(s)my(x, 1,5, Olnds .

L

Lemma 3.2. The functional ®(t) defined in (3.2) satisfies, for any 6 > 0
t
Q'(t) < —[Ih(g)dg - 5]||uzII§ + 6(¢, + 21 = D2a()[Vulz + ¢ 6Vl
0

+6

O‘E(O)(l d

2 1
R 2 —_— — o
5@ ||Vu||2) + (c(s) + (26 * 75 )((0 l)a(t))(h vu)(t)

L] 0)c?
+ C(O)| luelim + IIBZ(S)IIIy(x, Ls, O)lmds | - %(h'ow)(t)-

L

Proof. A differentiation of (3.2) and using (2.5); gives

t t t
o) = - j e jh(t ~ () - u(@)dodx - lu[ j Rt - 0)u(®) - u(@)dodx - [jh(e)de)ﬂutn%
(0] 0 0

Q

t
e (1|IVu||§)IVu jh(t ~ O(Vu(t) — Vu())dodx
Q 0

h

t
+0 !VuVuﬂx !w Ih(t ~ 0)(Vu(t) - Vu(@))dadx
0

b

(3.6)

(3.7)

(3.8)

(3.9

(3.10)
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t t
- a(t)j[jh(t - Q)Vu(e)de][ j h(t - Q)(Vu(t) - Vu(e»de]dx
Q\o 0

5

t
- B J|ut I’”‘zut(_"h(t - )u) - u(Q))dQ]dX
Q 0

A

Qg

sz(s)uy(x 1,5, O 2y 1, s, t)[ j n(t - )(ut) - u(e))d@]d@dx

J5

t t
- ju[ jh’(t ~ )t - u(@)dpdx - [jh(e)de)uutn%.
0 0

Q

Je

— 1127

We estimate the terms J, i = 1,..., 6 of the RHS of (3.10). Applying Holder’s, Sobolev-Poincare’s, and

Young’s inequalities, (2.1) and (2.6), we find
((o

(h Vu )(t))

(0((0 - ) + (1((() - I)E(O)
46 416

hl< (G + (1IIVMII§)(5|IVMII§

< 8¢, IVulB + 8¢ Ivull + ( )(h o Vu)(t)

and

2
]236U(J.V1Nutdx) IVul? + ((0 Dh o)

Q

2
_saEfO)(lin nz) ((" D o vu o),

t 2
s < 6a(t)j[ j h(t - @)(IVu(t) - Vu(o)| - \7|u(t)|)de] dx

¢ 2
+ %a(t)j[ [ e - owuo - Vu(e»de] dx
Q\o

< 26¢({, — 12a()|Vul2 + c(26 + )((0 Da(t)(h o Vu)(t),

t m
Uil < OVl + 68" j[ j h(t - )u(t) - u(Q))de] dx

Q\o

< c®IVu + 8B(E, — et jh(t — IVu(®) - Vu@Rde

(m-2)12
< OVl + 6( g, - l)m-lc;"(@) )(h - VU)(0)

< c®)IVuelly + bcsCh o V(o).

(3.11)

(3.12)

(3.13)

(3.14)
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Similarly, we have

Js < c(®)lyx, 1, s, Olln + 8ca(h o Vu)(t), (3.15)

()p

Jo < Slluell3 - (h' o Vu)(t). (3.16)

By substituting of (3.11)—(3.16) into (3.10), we get

t
O'(t) < —[Ih(Q)dQ - 5]||uzII§ + 8, + 2¢(¢y — D2a()IVul3 + §6lIvull

. 60E(0)(

2
R CYTie ||2) (6(5)+(25+ )((o l)a(t))(th)(t)

2dt

( h(0)c}
+ @) lulfy + [ 1B,y 1,5, Olfds | - =201 o Va0, O

4

Lemma 3.3. The functional O(t) defined in (3.3) satisfies

115
o'(t) < -1, j jswz(snny(x p.s, Oldsdp - nljwz(s)my(x Ls, Onds + BluOlr.  (317)
0q L

Proof. By differentiating ©(t), and using (2.5),, we have

11

0'©=-m [ [ [e#IB.llymy,0x p. 5, Odsdpdx

Q0
15

_ j I j se P |B,(S)Ily(x, p, s, £)["dsdpdx

Q0ng
- [ [iBolteyon 15, 0 - e, 0,5, Odsa.
Qg

Applying y(x, 0, s, t) = w(x, t),e* < e <1, forany O < p < 1, and n; = e2, we obtain

15

0'(0) < m” j sBS)lly(x, p, 5, Odsdpdx m”lﬁz(s)ny(x 1, s, mdsdx + j|ﬁ2<s)|dsj|ut|m(t)dx
Q0 g Qg
Using (2.3), we find (3.17). O

Now, we introduce the functional
G(t) = E(t) + a(t)¥(t) + sa(t)D(t) + sa(t)O(t), (3.18)

for some positive constants ¢;, i = 1, 2, 3 to be determined.

Lemma 3.4. There exist y,, \, > 0, such that

WEW®) < G(6) < wE(). (3.19)
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Proof. From (3.1)-(3.3), by using Holder’s, Young’s, and Poincare’s inequalities, we get

60 - EO1 < 6 " uol + 6IvueB) + e ™ yvucons
'“(”' 12O 01 + &%y ¢, - D0k = vaxco 520)
11
+ ela@) [ [seP 1By o, s, Olfzdsdp.
05
Using the fact that 0 < a(t) < a(0) and e < 1, we find
60 - EO1 < X2 GIVuOR + O + 50" vucos
+ & Dol + & e, - Dt VO
15 (3.21)
+ a0 | jsefpswz(snuy(x, p, s, Olndsdp
05
< C(€1, &, S3)E(t)
Choosing &, &, and &; sufficiently small, then (3.19) follows from (3.21). O
Lemma 3.5. There exist ds, dg, to > O satisfying
G'(t) < —dsa()E(t) + dga(t)(h o Vu)(t), t> to. (3.22)
Proof. Since the function h is a positive and continuous, for all f, > 0, we have
Jh(Q)dQ > Ih(g)dg = hy, V3l
By differentiating (3.18), using (2.7) and Lemmas 3.1-3.3, we get
G'(t) = E'(t) + a'(t)¥(t) + s’ (1)D(t) + &a'(t)O(t) + ea(t)V'(t) + a(t)D'(t) + sa(t)O'(t)
< a(t)(g - &(ho — O)llugl; + a(t)(&6(G, + 2c(§, - D?a(t)) — &l - £(a + )|Vl
E(O
+ a(t)(E6 - ad)IVull + a(t)(€250 l( ) _ ﬁ)(muv uz)
+ a(t)(sl 2) + &(c(6) + (26 + )((0 I)a(t)))(h o Vu)(t)
1 h(0)c, -
+ a(t)(E —a 5 )(h’ o Vu)(t) + a(t)(slc(e) +&8c(6) + &f; - W)" tlm
+ a(t)(ec(e) + &c(6) - n183)jlﬁ2(5)llly(x, 1, s, H)lmds (3.23)
15 1 , t
- a®e, | [sBOIlyex p. s, Olfdsdp - aT(t)[_[h(Q)dQ]IIVu(t)II%
0 0

N gla’(t)J-uu[dx + 6'(t) f ” Ih(t ~ () - u(@)dodx

175

+ eaa'(t)j jsefpswz(snuy(x, p,s, Ondsdp.

05
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By using the fact that e < 1, Young’s and Sobolev-Poincare’s inequalities, we find

15

'(t>juutdx ra (t)jut j h(t - o)(u(t) - u(0)dodx + a/(t)j j se 75 |By(S)llyCx, ps 5, )| dsdp

05

15

'(r> 17l - @ Oluld - €O [jh(e)de]h Vu<t)—a'(r>j j SB()IlyCx, . 5, ) dsdp.

05

Hence,

G'(6) < a(t)(a e - 8) - & (“)) )uutn%

+ a(t)| &6((, + 2c(, - D?a®)) - ad - &(q +

t
'(t) a/(t)CIZ, 5
: (t)[jh@d@] ~ ey 178

2
+ a(Oe46 - eg)IVul + a(t)(€25 EO ﬁ)(m" u)
+ 0] & 4 ec®) + (2 + )G - Dato) - &5 (jh(e)dg] (h = vu)() .2

a(t)(— -5—— (4; ](h’ o Vu)(t) +a(t)(£1C(£) +&c(0) + &, - (0))Ilutllm

+ a(t)ec(e) + &) - nes) j By, 1, s, Olfds

T

17
+ a(t)fs(—ih - ‘;((f))) [ [sieyex. p. 5, Olfasdp.

05

Choosing 6, € so small that

1 1) 1
hg -6 >-hy, ——-—— 2(1 - D?) < —ho.
0 > 5 0 (I—e(cl+C2))((0+ ( )?) < 4 0

For any fixed § > 0, we select g, & so small satisfying
ho ho
—5 << —8&,
4 2 1 ) 2

and
&(hg - 6) — & > 0,
a(l - e(a + ) - &6((, + 2c({, - D?a(t)) > 0.
Then, we select &, &), and & so small that (3.19) and (3.24) remain valid, and further,

h(0)c?
46

E(O 1
(1(81 - 826) >0, % - 8250 I( ) >0, E

- >09

(O) - &c(€) — &c(6) — &, >0, n& - &cle) — &c(d) > 0,

wheren, =, - LTZ |B,(s)|ds > 0.
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Therefore, (3.24) becomes, for positive constants d,, d>, ds, d,

2

t

! ! I(t

a m)nw@ ~a@®)dsIvulf — a(t)| dy + £O [ j h(e)dQJ e 0% o
0

a(t)

gl(t) < —(X(t)(dl + za(t) 1T(t)

115

hoa! (t)c2 N
: . )I By (x, p, s, )l dsdp.
0 g

2a(t)

a'(t)
a(t)

+ a(t)(d6 -5 )(h o Vu)(t) - a(t)83(111 -

According to (2.2), limtﬁoo‘:/((tt)) = 0, we can choose t; > t, so that (3.25) can be written as
11

G'() <-a() diluel + dslIVuls + dallVully ~ de(h = Vu)() + d4IISIﬁ2(S)Illy(X,P, s, D)lndsdp
05

<-a(t)dsE(t) + a(t)de(h - Vu)(t), Vt=t.

— 1131

(3.25)

(3.26)

O

Theorem 3.6. Suppose that (2.1)—(2.3) are satisfied and E(0) > 0O for any (uo, ui, fo). Then, the energy E(t) of

(2.5) decays to zero exponentially. That is, A;, A, > O such that
% [ a@9@d
E@) < he " J st f.

Proof. Multiplying (3.22) by 9(t), using (2.1) and (2.7), we find

IOG'(t) < -dsI()a(t)E(t) + dea(t)I(t)(h o Vu)(t)
< —ds9()a(t)E(t) — dea(t)(h' o Vu)(t)

< =ds9(O)a(t)E(t) — dey 2E'(t) - a’(t)[jh(g)dQJlqu(t)I@ .
0
Since 9(t) is non-increasing function, we have
%(S(t)g(t) + 2d6E(t)) < —ds9(a(t)E(L) - dea’(t)[jh(e)dQ]IIVu(t)H%-
0
From (2.6) and (2.2) that I|Vu(t)|3 < E(t), we find
%(S(t)g(t) + 2d6E(t)) < —dsa(t)I(OE(t) - daa’(t)[jh(e)de]llw(t)lﬁ
0

< —dsa(H)I(DE() — ME(O

2 !
< —a(0)9(0) ds + 2969 D \ppy.
19(t)a(t)
. . a'(t) 2dgloa’ (£)
Since lim;_, 90D 0, we can choose t; > t; such that ds + O30 Ofort>t.

Finally, let
K@) = I()G(t) + 2dE(t) ~ E(t).
Hence, for some A, > 0, we obtain

K'(t) < -RIOat)K(t), Vt=t.

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)
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By integrating (3.32) over (t, t) yields

t
-A 9(0)d
K) < Kte J w09 ° st (3.33)
Hence, (3.27) is established by virtue of (3.31) and (3.33). The proof is complete. O

4 Conclusion

The objective of this work is the study of the general decay of solutions for a viscoelastic wave equation with
distributed delay and Balakrishnan-Taylor damping. This type of problem is frequently found in some
mathematical models in applied sciences. Particularly in the theory of viscoelasticity. What interests us
in this current work is the combination of these terms of damping (memory term, Balakrishnan-Taylor
damping, and the distributed delay terms), which dictates the emergence of these terms in the problem.

In the next work, we will try to use the same method with the same problem, but with the addition of
other damping (Dispersion, Source, and Logarithmic terms).
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