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Abstract: For any positive integer n and a set of positive integers m;, i = 1, 2,..., n + 1, we construct a class
of quadratic eigenparameter-dependent boundary Sturm-Liouville problems with n transmission condi-
tions, which have at most Z?:llm,- + n + 5 eigenvalues. The key to this analysis is still the division of
intervals and an iterative construction of the characteristic function. Further, some examples are given

for a simple explanation.
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1 Introduction

The Sturm-Liouville problems with transmission conditions occupy an important position for their widely
use in mathematical physics, engineering, etc. Such problems are related to heat and mass transfer and
vibrating string problems (see [1-4]). It is worth mentioning that the theory of fractional calculus is often
used to study these problems, and some results about fractional differential equations can be referred to
[5-9]. In recent years, the research of Sturm-Liouville problems includes not only in one interior point, but
also in two or infinite many interior points. The Sturm-Liouville problems with an eigenparameter con-
tained in the boundary conditions were early introduced in [10], and the author mainly studied an expan-
sion theorem of eigenfunctions, which was identical with the regular Sturm-Liouville problem in all
respects except for the appearance of the parameter A in the boundary condition. Further developments
of such problems can be found in [2,10-12].

It is well known that the classical Sturm-Liouville theory states that the spectrum of regular or singular,
self-adjoint Sturm-Liouville problems is unbounded and therefore infinite, but Atkinson [13] proposed that
if the coefficients of Sturm-Liouville problems satisfy some conditions, the problems may have finite
eigenvalues. For this reason, in 2001, Kong et al. constructed a class of Sturm-Liouville problems with
exactly n eigenvalues for any positive integer n in [14], and in 2009, they gave the matrix representations of
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these problems with self-adjoint boundary conditions in [15]. They further indicated the fact that Sturm-
Liouville problems have a finite spectrum. Since then, Ao et al. extended the problems to the case of Sturm-
Liouville problems with transmission conditions and eigenparameter-dependent boundary conditions;
moreover, they also gave the corresponding matrix representation (see, for example, [1,16-21]). In parti-
cular, Ao et al. obtained that the Sturm-Liouville problems with transmission conditions have at most
m + n + 2 eigenvalues in [16], and the Sturm-Liouville problems with transmission conditions and eigen-
parameter-dependent boundary conditions have at most m + n + 4 eigenvalues in [18]. In 2018, Xu et al. [22]
generalized these results to the case of the Sturm-Liouville problems with n transmission conditions, which
have at most Y,'m; + n + 1 eigenvalues.

However, the following questions remain: For the Sturm-Liouville problems with n transmission con-
ditions and quadratic eigenparameter-dependent boundary conditions, will the upper limit of the number
of eigenvalues change? What factors will affect the number of eigenvalues? In this article, we conclude
the Sturm-Liouville problems with n transmission conditions and quadratic eigenparameter-dependent
boundary conditions have at most Z;’:llmi + n + 5 eigenvalues, where m; are connected with the partition
of the considered interval. In other words, the division of intervals, the number of transmission conditions
and the boundary conditions of spectral parameters will all have an impact on the number of eigenvalues.

Following this introduction, in Section 2, we give some preliminaries, and main results on the finite
spectrum of Sturm-Liouville problems with n transmission conditions and quadratic eigenparameter-
dependent boundary conditions are given in Section 3; moreover, some examples are given to illustrate
the problems of this article more concisely.

2 Notation and preliminaries

We study the Sturm-Liouville problem consisting of the following equation:
-(py") + gy = Awy, on ] = (a, ) U (&, &) U+ U (¢, b), 2.1
where
—co<a<b<+o00, c¢e(ab),i=12..,n,

with the eigenparameter-dependent boundary conditions
AY(@ +BY(b) =0, Y= ( 4 ) 22)

and the transmission conditions
CY(c-) + DiY(¢+) =0, i=1,2,...,n, (2.3)
where
4 = (al/lz +BA+y A + BA+ yl']’ - (ay\z +BA+y; A+ ﬁ3’/1 + ys’],
WA + BA+y, A+ BA+y, WA + BA+y, A+ BA+y,

with ai, B;, ¥» @, ,Bi', Y/ € R,i=1,2 satisfying |a;| + |a/| # 0, det(4;) # 0, det(By) # 0,

o oo o o o a, a
rank| 3, ﬁl' B ﬁ3' >2, rank|f, ﬁz' B, ﬁg > 2, (2.4)
R A o Vs Vi Vs

and C; and D; are real valued 2 x 2 matrices satisfying det(C;) = p, > 0, det(D;) = 6; > 0. Here, A is the so-
called spectral parameter, and the coefficients satisfy the conditions:

1
r= ;’ q, w € L(]’ C)’ (2'5)
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where L(J, C) denotes the complex-valued functions, which are Lebesgue integrable on J. Condition (2.5)
ensures the uniqueness of the solutions on [a, b] for all initial value problem of equation (2.1) (see [10]).

Letr = %, u =y, v =py'. Then, equation (2.1) is equivalent to the system

u =rm,v' =(q - Aw)u, on J. (2.6)

Remark 1. As usual, the self-adjoint extension of Sturm-Liouville problems with n transmission conditions
needs additional restrictions on C;, D; and a new weighted Hilbert space defined as in [23-25]. With this
weighted Hilbert space, the operator associated with Sturm-Liouville problems with n transmission con-
ditions is self-adjoint if and only if the associated new operator is self-adjoint, and they consist of the same

(1) _01) For further details

of the self-adjointness of Sturm-Liouville problems with n transmission conditions, please see [23]. The
construction is based on the characteristic function whose zeros are eigenvalues, which applies to the
arbitrary boundary condition, so the results in this article are not restricted to self-adjoint problems, but
include non-self-adjoint problems. We defined the partition of the interval, the values of p, g, w, and
determined that A(A) is the polynomial about A, which shows that the number of eigenvalues is finite.
Moreover, we analyzed the number of eigenvalues.

eigenvalues and satisfy the condition 6, --- 6,AE'A* = p, --- p, BE"'B*, with E = (

Remark 2. Condition (2.5) does not restrict the sign of any of the coefficients r, g, w. Also, each of r, g, w is
allowed to be identically zero on subintervals of J. If r is identically zero on a subinterval Jj, then there
exists a solution y, which is identically zero on J;, but its quasi-derivative v = py’ is a nonzero constant on J;.
Such an interval of zero is counted as a single zero, which is given in [2].

Definition 1. A solution y is called a trivial solution of equation (2.1) on some interval, if y is identically zero
and its quasi-derivative v = py’' is also zero on this interval.

Lemma 1. Let (2.5) hold and let ®(x, A) = [¢,(x, A)] denote the fundamental matrix of system (2.6) determined
by the initial condition ®(a, A) = I, I is the identity matrix. Then, a complex number A is an eigenvalue of
the Sturm-Liouville problem with n transmission conditions (2.1)—(2.3) if and only if

A(A) = det[Ay + By®(b, A)] = 0. 2.7)
Moreover, it can be written as follows:

AA) = det(Ay) + det(By) + hu(D)@y(b, A) + hia(V)@yy(b, A) + ha(A)@y(b, A) + hn(D)@yy(b, A),  (2.8)

huy(A) hlz(A)) with

where H(A) = ( hn(A) hp(A)

hu) = (A2 + BA + yy) (A + BA + y3) = (A + BIA + y))(aah + BA + ),
hip(A) = (alAz + B]A + )ﬁ)(al/\z + ﬁz/l + Y4) - (aZAZ + Bz/l + Y2)(a3A2 + ﬁ3/1 + Y3),
hy(A) = (A2 + BoA + yy)(asA? + BAA +y5) — (A% + BA + y) (A% + BA +y,),
hpA) = (A? + BA + y)( A + BA +,) — (A% + BA + y,)(@A? + BoA + ).

Proof. The proof of the first part of this lemma is similar to the one in [8], and the second part comes from
a straightforward computation. O

Definition 2. The Sturm-Liouville problem with n transmission conditions and boundary conditions
depending quadratically on the eigenparameter (2.1)—(2.3), or equivalently (2.2), (2.3), and (2.6), is said
to be degenerate if in (2.8) either A(1) = 0 for all A € C or A(A) + O for any A € C.
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3 The main conclusion

In this section, we assume (2.4) holds and there exists a partition of interval J

1 1 1 1 1
a=ay<a <@ << oy < oy = G, ON [a, q),
2 2 2 2 2
=05 <af <aG << Ay, < Ay, = G, 0N (G, Q), (3.1)
_ n+l n+1 n+1 n+1 n+1 _ b b
Gh=ay <@ <@ << @y < G = b, on (b,

for n and some integers m;, i = 1, 2,..., n + 1, such that

i
Djes1

r=0 on (a, ay,,), j w#0, k=0,1,...,m;, i=1,2,..,n+1 (3.2)
ay,
and
3
qg=w=0 on (@1, Bys2)> r+0, k=0,1,....m;—-1, i=1,2,...,n+ 1. (3.3)
a2ik+1

Next, we let

a2ik+2
ri= Ir(x)dx, k=0,1,....,m-1,i=1,2,...,n+1;
a2ik+l
a21k+1
di= [ 4w, k=01, m, =12+ G4)
“zik
a21k+1

wi= Iw(x)dx, k=0,1,....,m;, i=1,2,...,n+ 1.

i
Dy

Lemma 2. Let (2.5) and (3.1)—(3.3) hold. Let ®(x, A) = [(pl.j(x, A)] be the fundamental matrix of the system (2.6)
determined by the initial condition ®(a, A) = I for each A € C. Then, we have that

1 0
19y _
cD(al’ A) - (qé _ AW& 1)q)(a5 A)) (35)
1+ (q¢ - awdrd rd
AT R | (3.6)
(pZI(a3’ A) 1+ (ql - Awl )rO
where
@y (a3, A) = (g5 — Awg) + (gqf — Aw)) + (g5 — Awg)(gi — AwDrg.
In general, for1 < k < my,
D@,y A) = Tt D@k, A) 3.7)
AR 7 1 S I € 173 7Y M

Proof. Observe from (2.6) that u is constant on each subinterval, wherer is identically zero and v is constant
on each subinterval, where both g and w are identically zero. The result follows from repeated applications
of (2.6). O
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Lemma 3. Let (2.5) and (3.1)-(3.3) hold. Let ®i(x, A) = [¢! t(x ] (x € (¢iy Ci+1)s Cra1 = b = az",,‘{:ﬂﬂ) be the fun-
damental matrix solution of system (2.6) determined by the initial condition ®;(c;+, A) = I (here ®(c;i+, A) =
Di(al, A) = O(ci+, A), i=1,2,..., n) denote the right limit at point c; for each A € C. Then, we have that

. 1
cDi(alHl»A) = (qu AWHI 1)(1) (aHl A), (3.8)
(D_(ai+l A) — 1+ (ql+1 .AW(S+1)r(§+1 r(i)+1 ) ) (3.9)
! ’ 2’1*1(a3’*1,}l) 1+ (ql+1 AWlHl)r(l)H ’

where
(pzirl(aiﬂy/\) (q1+1 1+1) + (qu /1W1H1) + (qu 1+1)(q1+1 AWlHl) 1+1.

In general, for1 < k < my,4,

n
D(ajits o D). (3.10)

1
) = ( i+1 AWHI 1+ (q1+1 AW;(H)Y;(J:%
Proof. The proof is similar to the one as in Lemma 2. O

Lemma 4. Let (2.5) and (3.1)-(3.3) hold. Let ®(x, A) = [¢,(x, A)] be the fundamental matrix solution of the
system (2.6) determined by the initial condition ®(a, A) = I for each A € C, and ®y(x, A) = [(psit(x, A)] be given
as in Lemma 3. Then, we have that

@(b, A) = Du(b, 1)GyP@pn_1(Cp» A)Gp1Pp_2(Cn_1, A)-+- GiD(1, A), (3.11)
where
Gi = (8)2x2 = D 'C;
and
D, A) = D(c—, A) = (@015 A),
Di(Civ1s A) = Oilcia—, A) = Dy alie 11, A) = DG ), (=1,2,...,n - 1),
Du(b, ) = Do a1, A)

denote the left limit at point¢; (i = 1, 2,...,n).

Proof. From the transmission conditions (2.3), we know that C;®(c;—, A) + D;®(c;+, A) = 0; thus, ®(c;+, A) =
-D;'C;®(c;—, A). By using Lemma 4 in [16], when i = 1, in (a, ) U (g, &), we have that ®(c, A) = ®1(c, A)
G®(q, A), when i = 2, we have that in (a, ¢) U (¢, &) U (¢, 63), D(c3, A) = Py(c3, )G, D1(6, A)GD(q, A).
By repeated application of Lemmas 2-4 in [16], it can be concluded that (3.11) follows. O

Note that ¢; = aZm a=al,b= 2”,,*lnl+1+1 and (3.11). Then, the structure of the fundamental matrix solu-
tion ®(b, A) is given in Lemmas 2 and 3 and mathematical induction yields the following.

Corollary 1. If gl"2 +0,i=1,2,...,n, then for the fundamental matrix ®(b, A), we have that

n+1 Mp1—1 Mmp=1 m,_4 m, m

(p11(ba A) = GOn ng HR H . H . H HH(q& - Aw(%) + ¢11(A): (3-12)

i=1 i=0 i=0 i=0 i=0

n+1 Mpy1—1 mp—1 my_4 m, m

fPu(b’ /1) = GOn ng HR l—[ : 1_[ l_[ Hn(qll - Awll) + fi’u(/\), (313)

i=1 i=0 i=0 i=0 i=1
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n-1 n+1 My Mp—1 my_ m, m

(P21(b, /1) = Gon 'Hgliz HR H l_[ H Hn(qé - Awé) + (/321(/1), (3.14)
i=1 i=1 i=1 i=0 i=0 i=0 i=0
n-1 n+1 My Mp—1 my_ m, m

@b, ) = Gon [ [t - TIR-T1-T1 T TI-TItal - AwD) + ¢, (3.15)
i=1 i=1 i=1 i=0 i=0 i=0 i=1

where

Gon = [gu(qm" = Awp )5 - Awg™) + gli(ad ™ - Awg™) + g5 (am, - Awy) + 5]
Mpy1-1 Mp41-1

R;i= Hl’li, i=12,..,n+1, H = H (g™ - Aw™™),
k=0 1 L
my-1  my-1 my "
[1=11G"-2", [I=1IG"-2", k=2,...,n-1,

i=0 i=0 i=0 i=0

¢, = o([THR), s, t = 1,2 as min{r} — oo for fixed q, w, and A.
From Corollary 1, we can see that each of the entries in @ (i.e., ¢, s, t = 1, 2) is a polynomial of A.

In the next, we construct regular Sturm-Liouville problems with n transmission conditions (2.3) with
general self-adjoint and non-self-adjoint boundary conditions (2.2), which have exactly m eigenvalues
for eachm € N.

Theorem 1. Let m; e N (i=1,2, ...,n + 1), gli2 #0,i=1,2,...,n, and let (2.5) and (3.1)-(3.3) hold.
Let H = (hg),x2 be defined as in Lemma 1. Then:
1. If e — afa;, # O in hy(A), then the Sturm-Liouville problem with n transmission conditions (2.1)-(2.3) has

n+1

at most Y. 7 'm; + n + 5 eigenvalues.

2. Ifams — aqay, = 0 and oy + sy — auf;, — auB) # 0 inhxy(A), or ayas — ajay, # 0 inhy(A), or azon — aza # 0

in hy(A), then the Sturm-Liouville problem with n transmission conditions (2.1)—(2.3) has at most Z"” i+
n + 4 eigenvalues.
3. If o — ey, = 0, oy + asB, — auy, — azB) = 0 and agy; + BB, + asy, — - BB, — azy; # 0 in hy(A),

or ey — aja, = 0 and s + asB, — aif, — auP] # 0 in hy(A), or a,e — a3a2 =0 and &y, + a;B, — P, -
aiB, # 0 in hy(A), or aa, — ayas # 0 in hyx(A), then the Sturm-Liouville problem with n transmission con-

ditions (2.1)-(2.3) has at most Z"”m, + n + 3 eigenvalues.
4. If none of the aforementioned conditions holds, then the Sturm-Liouville problem with n transmission

conditions (2.1)—(2.3) either has | eigenvalues forl € {1, 2,.. Z"”m, +n+ 2} or is degenerate.

Proof. We prove case 1, and other cases can be proved in the same way. We note from (3.2) that the degrees
of @,(b, A), @(b, A), 9y (b, A), (b, A) in A are Y1 my+n, ¥ tm +n - 1, ¥ m + n+ 1, S my + n,
respectively. Thus, from Lemma 1 and Corollary 1, we get that maximum degree of A(A) can be
Z"“m, +n+5if gy — aja;, # 0 in hy(A). Here, from fundamental theorem of algebra, one gets that A(A)

n+1 n+1

has at most } ;" 'm; + n + 5 roots, i.e., the Sturm-Liouville problem (2.1)-(2.3) has at most },";m; + n + 5
eigenvalues. Then, case 1 of this theorem is proved, and other cases can be proved in the 51m11ar way. 0O

Remark 3. If the rank of the matrix in (2.2) is one, then it turns into the ordinary constants, and it is the
result of [22].

Theorem 2. Letm; €N (i=1,2, ...,n + 1), g5 = 0, but glwy™ + ghwp #0,8,#0,i=1,2,...,n- 1, and
let (2.4) and (3.1)—(3.3) hold. Let H = (hs),x> be defined as in Lemma 1. Then:

1. If g — afay, # O in hy(A), then the Sturm-Liouville problem with n transmission conditions (2.1)-(2.3) has

n+1

at most ). 'm; + n + 4 eigenvalues.
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2. If a3 — aja,, = 0 and ooff; + asP, — oy, — B # O in hu(A), or ayas — ey # 0 in hy(A), or azm — aza,
# 0 in hy(A), then the Sturm-Liouville problem with n transmission conditions (2.1)—(2.3) has at most

n+1 .
iy M; + n + 3 eigenvalues.

3. If ;o — aja, = 0, Py + a3f, — ayf, — auB; = O and ayy; + B,Bs + asy, — ayy, — BB, — asy, # O in hu(A),
or aya — aja, = 0 and e + asP, — ayf, — asP) # 0 in hyy(A), or aye — aza, = 0 and P, + ;B — Py -
a3’/32 # 0 in hp(A), or ma, — abaz # 0 in hp(A), then the Sturm-Liouville problem with n transmission con-

ditions (2.1)-(2.3) has at most Z:’:llm,- + n + 2 eigenvalues.

4, If none of the aforementioned conditions holds, then the Sturm-Liouville problem with n transmission

n+l1

conditions (2.1)—(2.3) either has | eigenvalues forl € {1, 2, mi+n+ 1} or is degenerate.

Proof. The proof is similar to Theorem 1 only by noting that g5 # 0, but glwj*! + 8»pwp, # 0,and the degree
of A will decrease by one and hence is omitted here. O

Remark 4. If a; = f;=a/ =B/ =0 (i=1,...,4), the Sturm-Liouville problems (2.1)-(2.3) will reduce to

1
the finite spectrum of Sturm-Liouville problems with n transmission conditions (see [22]).

Remark 5. If a; = a/ = 0 (i =1, ...,4) and B,B; — BB, # O, the Sturm-Liouville problems (2.1)—(2.3) will
reduce to the Sturm-Liouville problems with n transmission conditions and spectral parameter boundary
conditions of first-degree polynomials. Similar to the method of [18], we can prove that the problems have

n+1

at most )", m; + n + 3 eigenvalues.

Finally, we give examples to illustrate our main results.

Example 1. Let n = 2 and consider the Sturm-Liouville problem with two transmission conditions

-(py') +qy =Awy, on J e (-5-2) U (-2,1) U (L, 6),
AAY(—S) + B/\Y(6) = 0,

=2(py")(=2-) + y(=2+) = 0, y(=2-) + (py')(-2+) = O,
2y(1-) - (pyH(1+) =0, (py)(1-) +y(1+) =0,

1 2A2 1 A2+A
A = , Bi= .
A (o /\2+2)l) g (o 2 )

Choosem; =1, m, =1, mz = 2, and p, g, W are piecewise constant functions, which are defined as follows:

(3.16)

where

o0, (-5, -4),

1, (—4, —3), 0, (“51 _4)’ 1, (_5’ _4)a

00, (=3, -2), 0, (-4,-3), 0, (-4, -3),

o0, (-2,-1), 1, (-3,-2), 1, (-3,-2),

1 29 (_29 _1)9 1: (_2: _1):

2’ (-1,0), 0, (-1,0), 0, (-1,0),
p(x) =400, (0,1), qix) =1-1, (0,1), wx) =41, (0,1), (3.17)

00, (1,2), 1, (1,2), 1, (1,2),

1, (2,3), 0, (2,3), 0, (2,3),

00, (3,4), 3, (3,4), 1, (3,4),

1, “.5), 0, (4,5), 0, (4,5),

2 1, (5,6), 1, (5,6)

oo, (5,6),
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From (3.16), we have

(0 -2 (10 (20 (0 -1
Cl‘(l 0)’ Dl‘(O 1)’ Cz‘(o 1)’ DZ‘(l 0)

det(C;)) =2 >0, det(D;)) =1>0, det(;;) =2>0, det(D,)=1>0,

and

0 2
-10

01

Glz—Dflclz ( ), g112:29f:0, 62:—D£1C2: (_2 0), glzz=1¢0.

By deduction, it can be obtained that the characteristic function
AQ) =A% + 24 + A2 + (A2 + 20)¢,,(b, A) + (=A% + 30 + 2A%)¢,,(b, A) + A%@,,(b, A)
= 8A1 — 128A10 + 780A° — 213448 + 1792A7 + 3107A° — 6303A° + 636A* + 317143 + 10942 — 446A.
Hence, the Sturm-Liouville problem (3.16), (3.17) has exactly m; + m, + m3 + n + 5 = 11 eigenvalues:

Ado=0, A =4.9561, A, =1.8806, A; = 0.3886, A, = 2.072, As = —-1.2265, A¢ = 2.4901,
A =-0.461 — 0.1783i, Ag = 3.2205 — 0.1718i, A9 = —0.461 + 0.1783i, A;p = 3.2205 + 0.1718i.

Example 2. Let n = 2 and consider the Sturm-Liouville problem with two transmission conditions:
—(p)”)’ + qy = AW)’, on ] € (_51 _2) U (_2) 1) U (1y 6),
AAY(—S) + BAY(6) =0,
=2(py")(-2-) + y(=2+) = 0, y(=2-) + (py')(-2+) = O,
2y(1-) - (py)(1+) = 0, (py")(1-) +y(1+) = 0,

1 2A4? A 2A2
Ay = , By = .
! (o AZ) g (0 AZ)

Choose m; =1, my =1, my =2, and p, q, w are defined as in Example 1. Then, we get the characteristic
function:

AQ) = 2 + 2 + B, (b, A) + A,5(b, 1) = 817 — 84A% + 25207 — 2A° — 947A° + 713A* + 878A% — 720A%.

(3.18)

where

Hence, the Sturm-Liouville problem (3.17), (3.18) has exactly m; + m, + mz + n + 3 = 9 eigenvalues:

Ao=0, & =0, A = 4.907, &3 = 0.7737, Ay = -1.227, As = 2.2893, Ag = 1.9257, A, = 3.2005, Ag = —1.3692.

x 10°

2 . - . - . " 600
0 500
400
2t
300
4t
200
-6t |
100 \
-8 | 0
-10 -100
-2 -1 0 1 2 3 4 5 -0.5 0 0.5 1 1.5 2 25

Figure 1: Characteristic function in Example 1.
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300 : : : : : : X 10°
200 | al
100 | :
2 L
o LA
-100 | . 0
-200 | . ol
-300 |
4t
-400
-500 adi
-600 : . : . . . -8 . : . . .
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Figure 2: Characteristic function in Example 2.

Figures 1 and 2 show the graph of the A(A) in Examples 1 and 2, respectively (the graph of complex
eigenvalues is not shown here).
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