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Abstract: First, we give the concepts of G-sequence shadowing property, G-equicontinuity and G-regularly
recurrent point. Second, we study their dynamical properties in the inverse limit space under group action.
The following results are obtained. (1) The self-mapping f has the G-sequence shadowing property if and
only if the shift mapping ¢ has the G-sequence shadowing property; (2) The self-mapping f is G-equicon-
tinuous if and only if the shift mapping o is G-equicontinuous; (3) RRz(0) = lim(RRs(f), f). These conclu-

sions make up for the lack of theory in the inverse limit space under group action.
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1 Introduction

The inverse limit space is a kind of very important space, which has always been the focus of research.
However, the theory of inverse limit space has been very perfect. Scholar put forward the concept of the
inverse limit space under group action and proved that the shift mapping and the self-mapping are
equivariant to each other in G-shadowing property and G-strong shadowing property, see [1]. In addition,
the shadowing property and equicontinuity are very important properties in the dynamical systems. Many
scholars have studied their dynamical properties and obtained many meaningful results, see [2-15]. Zhong
and Wang [2] gave a sufficient and necessary condition for a point to be an equicontinuous point of
dynamical system. In [3] it is shown that every ergodic invariant measure of a mean equicontinuous system
has discrete spectrum; Ji, Chen and Zhang [4] proved that the shift map has the Lipschitz shadowing
property if and only if the self-map has the Lipschitz shadowing property in the inverse limit space.
In this paper, first, we give the concepts of G-sequence shadowing property, G-equicontinuity and G-reg-
ularly recurrent point. Second, we study their dynamical properties in the inverse limit space under group
action and will get the following theorem.
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Theorem A. Let (X;, G, d, 0) be the inverse limit space of (X, G, d, f) under group action. If the map
f: X — X is equivariant and surjective, we have that the self-mapping f has the G-sequence shadowing
property if and only if the shift mapping o has the G-sequence shadowing property.

Theorem B. Let (X, G, d, o) be the inverse limit space of (X, G, d,f) under group action. If the map
f: X — X is equivariant and surjective, we have that the self-mapping f is G-equicontinuous if and only
if the shift mapping o is G -equicontinuous.

Theorem C. Let (X, G, d, 0) be the inverse limit space of (X, G, d, f) under group action. If for any i > 0
the map m; : Xy — X is open, we have RR;(0) = lim(RR¢(f), f).

We will prove Theorems A, B, C in Sections 2, 3, 4, respectively.

2 G-sequence shadowing property

For the convenience of the reader, we will give the concepts used in this section. Now we start with the
following definitions.

Definition 2.1. [16] Let (X, d) be a metric space, G be a topological group and 6 : G x X — X be a contin-
uous map. The triple (X, G, 0) is called to be a metric G-space if the following conditions are satisfied:
(1) 6(e, x) = x, where for all x € X and e is the identity of G;

(2) 6(gy,0(8,, x)) =0(g,8,, x) forall x e X and g;, 8, € G.

If (X, d) is compact, then (X, G, 6) is also said to be compact metric G-space. For the convenience of
writing, (g, x) is usually abbreviated as gx.

Definition 2.2. [17] Let (X, d) be a metric G-space and f be a continuous map from X to X. The map f is said
to be a equivariant map if we have f(px) = pf(x) forall x ¢ X and p € G.

Definition 2.3. [1] Let (X, d) be a metric G-space and f be a continuous map from X to X. lim(X, f) is said
to be the inverse limit space if we write im(X, f) = {(xo, X, % ---) : f(Xi41) = X;, i = 0}, whére lim(X, f) is

denoted by X;.

The metric d in X; is defined by d(x,y) = Zl‘.’i’odoz;y"), where X = (xo, X, % +-) and ¥ = (Y, V3 Vo *++)-

The shift mapping 0 : X — X is defined by o(X) = (f(xo), X0, X ---). Thus, (X, d) is compact metric space
and the shift mapping ¢ is homeomorphism.

Definition 2.4. [1] Let (X, d) be a metric G-space and f be an equivariant map from X to X. Write G =
{(g,8,8-) : g € G} and G = [[;°,Gi where G; = G. The map 60 : G x X; — X; is defined by 6(8, X) =
gX = (8Xo0, 8%, 8% ), where § = (g,8,8 ) € G and X = (X0, X, % ---) € X. Then (X}, G, 0) is a metric G-
space.

Let (X, G, d, o) and (X, G, d, f) be shown as above. The space X, G, d, 0) is called to be the inverse
limit spaces of (X, G, d, f) under group action.

Definition 2.5. [18] Let (X, d) be a metric G-space and f be a continuous map from X to X. The sequence
{xi}is0 is called to be (G, 6)-pseudo orbit of f if for anyi > O there exists t; € G such that d(¢; f(x;), Xi;1) < 6.

Definition 2.6. [18] Let (X, d) be a metric G-space and f be a continuous map from X to X. The sequence
{xi}i»0 is said to be (G, 6)-shadowed by a point y € X if for any i > O there exists t; € G such that

d(fi(y), tx) < 8.
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Remark 2.1. By Definitions 2.5 and 2.6, we will give the concept of G-sequence shadowing property.

Definition 2.7. Let (X, d) be a metric G-space and f be a continuous map from X to X. The map f has
G-sequence shadowing property if each € > 0 there exists § > 0 such that for any (G, §)-pseudo orbit {x;};»0
of f, there exists a point y € X and nonnegative integer sequence {n;};»o such that the sequence {xy,}i=o
is (G, €)-shadowed by the point y.

Now, we start to prove Theorem A.

Theorem A. Let (X;, G, d, 0) be the inverse limit space of (X, G, d,f) under group action. If the map
f:X — X is equivalent and surjective, we have that the self-mapping f has the G-sequence shadowing
property if and only if the shift mapping o has the G-sequence shadowing property.

Proof. = Suppose that the map f has the G-sequence shadowing property. Since X is compact metric space,
it is bounded. Write M = diam(X). Then for any € > 0, there exists m > 0 such that
M

— <
2

N | ™

Since the map f is uniformly continuous, it follows that for any O < i < m, there exists 0 < §; < % such that
d(x,y) < 6; implies

; : £

d(f'e0, fi(y)) < % 6))

Note that the map f has the G-sequence shadowing property, it follows that there exists 0 < §, < §; such
that any (G, 8,)-pseudo orbit {x;};-o of f, there exists a point y € X and nonnegative integer sequence

{ni}io such that the sequence {xy,}i>0 is (G, 6;)-shadowed by the point y. Let {¥, }x=0 be (G , f—j)—pseudo orbit,
where ¥ = (¥, i, ¥ -+) € X;. Hence for any k > O there exists g = (g, 8. 8 *+) € G such that

. 6

d(G@ o) Vier) < 2—:[
That is, for any k > 0, we have

d(gkf(y]:n)s y]:r.:.l) < 62-

Thus, {y;"}s0 is (G, 6,)-pseudo orbit in X. Hence, there exists xo € X, f, € G and nonnegative integer

sequence {n}x-o such that

d(f*(xo), tyl) < b1,

By (1) and the map f is equivalent, for any k > 0 and 0 < i < m, we have

A(feiGro), tp ) < % @)

Since the map f is surjective, we can choose 5 = (f™(xo), f™ 1(xo0), f™2(X0):-- Xo =) € Xf and & =
(i, tis ti ) € G
By (2), for any k > 0, it follows that

£ <
2 + E.

m
d(o*(s), iy, ) < 25
i=0

om

Hence, the shift mapping ¢ has the G-sequence shadowing property.
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< Suppose the shift mapping ¢ has the G-sequence shadowing property. Let my > 0. For each n > 0

there exists §; > 0 such that for any (G, 85)-pseudo orbit {Zi}x=o of 0, there exists a point z € X and non-

negative integer sequence {n}i-o such that the sequence {Z;, }¢=0 is (G , %)-shadowed by the point z and
% < é_ (3)
2Mo 2

Since the map f is uniformly continuous, it follows that for any 0 < i < mg there exists 0 < 6, < % such that
d(x,y) < 6, implies

, ; 6
acfieo, fiiy) < 73 (4)
Suppose that {x;}x=0 is (G, 8,)-pseudo orbit in X. Thus, for any k > 0 there exists [, € G such that

Al f (Xi)s Xicr1) < G4
By (4) and the map f is equivalent, for any k > 0 and O < i < mg, we have
. . 6
d(l f1100), f1 () < f (5)
Since the map f is surjective, for each k >0 we can choose Zi = (f™o(xy), f™1(xx), -+ X -+ ) € Xf
and Iy = (I, I, I -+ ) € G. According to (3) and (5) for any k > 0, it follows that
Q6 M

H(l_ko(fk, Zk+1)) < Z 2i+2 + %
i=0

< 53.

Hence, {Zi}=o is (G, 85)-pseudo orbit in X;. Thus, there exists Z = (2o, z1, 2 ---) € Xf, Px = (P> Pk» Pk =) € G
and nonnegative integer sequence {n;};so such that

a(ak(f), ﬁkfnk < %.
So, for any k > 0, we have

d(f*(zm, )> Pexic) < 1.

Hence, the map f has the G-sequence shadowing property. Thus, we end the proof. O
Next, we give an example satisfying G-sequence shadowing property.

Example 2.1. Let X = {O, -1, —%, -1+ %} The metric d in X is defined by d(x, y) = |x — y| where x, y € X.
Let G = Z, = {0, 1}. Defined by 0 - x = x, 1 - x = -1 — x for every x € X. The map f: X — X is defined by

=0, f(-3)=-3. fen--1

f(— 1 ):—l, f(—1+L)=—1+l,n>2.
n+1 n n+1 n

Now, we start to prove that the map f has the G-sequence shadowing property.

Proof. It is very easy to know that (X, d) is a compact metric G-space and the map f is equivalent. For any

n > 0, there exists m > 0 such that% < n. Write § = Let {x;};>0 be (G, 8)-pseudo orbit of the map f.

_r
4m(m+1)°
Hence for any i > O there exists g; € G such that

d(g; f (%), Xi+1) < 6.

Obviously, the distance between any two different points is greater than § in [—1 + m1+ I —ﬁ] N X.
Hence, we have two cases.




1294 —— Zhanjiang)i DE GRUYTER

Case 1: There exists k € N such that

Xy € (—1 + i,—i) N X.

m m
According to the inequality d(g; f(xx), Xk+1) < 6, we have that

Xier1 = 8 f ()
and

Xps1 € (—1 + i, —i) N X.

m m

Keep going, we can get x;,1 = g;f(x;) and x; € (—1 + %, —%) (1 X when i > k. If k = 0, according to that
the map f is equivalent, we have that

Xi = 881 - 8o f'(X0)-
If k > 1, according to the inequality d(g_, f(xx-1), Xx) < 6, we have that
Xic = 81 f (1)
and

Xp_1 € (—1 + i, —i) N X.
m m
Keep going, we can get x; = g;_, f(x;_1) and x; € (%, 1- %) () X wheni < k. Hence, wheni > 1, we have that

X = g1 f(Xi-1).
According to that the map f is equivalent, we have that
Xi = 881 8of (x0)-

Hence, we have d(g;g;_; --- 8, f(x0), X;) = 0 < n. Thus, the map f has the G-sequence shadowing property.
Case 2: For any i € N, we have that

il s

When x; € [—1, -1+ %] ( X, we write g; = 1. When x; € [—%, O] ( X, we write g; = 0. Thus, we can get
that

d(gfi(0). x) < — <.
m

Thus, the map f has the G-sequence shadowing property. O

3 G-equicontinuous
Let N, be the set of positive integers in this paper.

Definition 3.1. Let (X, d) be a metric space and f be a continuous map from X toX. The map f is said to be
equicontinuous if forany e > O andn € N, there exists § > 0 such thatd(x, y) < 6 impliesd(f"(x), f"(y)) < €.

Remark 3.1. According to the definition of equicontinuity, we will give the concept of G-equicontinuity.
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Definition 3.2. Let (X, d) be a metric G-space and f be a continuous map from X to X. The map f is said
to be G-equicontinuous if each € > 0 there exists § > 0 such that for any n € N, there exists g, pn € G
such that d(x, y) < 6 implies d(f"(gx), f"(pny)) < €.

Remark 3.2. Let Z, be the set of nonnegative positive integers. If G = Z,, then (X, Z,, ¢) is a semi discrete
dynamical system. According to [19], there exists a continuous map f from X to X such that for any x € X
and m € Z,, we have ¢(m, x) = f™(x). In this case, the map f has G-equicontinuous means that each € > 0
there exists 6 > O such that for any n € N, there exists m, k € Z, such that d(x, y) < § implies d(f™"™(x),
f™*k(y)) < e. Hence, Definition 3.2 is broader than Definition 3.1 even for G = Z,.

Now, we start to prove Theorem B.

Theorem B. Let (X, G, d, 0) be the inverse limit space of (X, G, d, f) under group action. If the map
f: X — X is equivariant and surjective, we have that the self-mapping f is G-equicontinuous if and only
if the shift mapping o is G-equicontinuous.

Proof. = Suppose the map f is G-equicontinuous. Hence, for any € > 0 there exists 0 < § < % such that for
any n > 0 there exists g,, pn» € G such that d(x, y) < § implies

€
d(fr(gx), f'(pny)) < e (6)
Let 8y < 6 and d(X, ) < 8o, where X = (Xg, X, X -+ ) € Xrand y = (3p, V1o ¥ -+ ) € Xr. Thus, we have
d(Xo, yO) < 60 < 6.

By (6), for any n > 0O there exists g,, p, € G such that
£
d(f™(8.x0), fH(Pno)) < 7

Let g, = (8 8y 1 81s 8o € € €---) € G and ky = (kn, kn-1 - ki, ko, €, €, € ---) € G. According to the map ¢
is an equivalent map, it follows that
d(o"(g, - ), 0"(ky - ¥)) = d(8,0"(X), kn0"(¥))
e d(g i (X0)s ki fI(3)) N i’: d(f"x;, fy;)

i=0 21‘ i=n+1 21‘
e AU g X0) [ K)o A, V)
- Z i +t o Z i

i=0 2 25 2

E i d(xl’ yl

2 :

g -

—+d

<3 (x,y) <e.

So the shift mapping o is G-equicontinuous.
< Suppose the shift mapping ¢ is G-equicontinuous. For any € > 0, there exists 0 < §; < % such that

for any n > 0, there exists g, k, € G such that d(X, y) < &; implies
d(o"(g,x), o"(k)) < €, 7

where g, = (g7, 8, 87 -+-) € G and k, = (k, k;, k7 --+) € G. Since X is compact metric space, it is bounded.
Write M = diam(X). Let m > O such that

- M 6
Zy<—1-
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Since the map f is uniformly continuous, it follows that for any 0 < i < m there exists 0 < §, < % such that
d(x,y) < 6, implies

; , 6
d(fi0o, fiy)) < Zl' (8)
Let xo, ¥, € X such that d(xo, y,) < 62. By (8), we have
d(fi(x0), f(¥%)) < €.
Since the map f is surjective, we can choose that
X = (f™(xo), f™"(x0), -+ f(X0), X0, X4, Xp, -++) € Xf,

)7 = (fm(yo)’fmil(yo)s f(yo)a yo’ )/1» yz’ ) € Xf'

Hence, we have that

a(y) 7 < id(fm—i(x();;fm—l(yo)) + OZO: % < % + % <6,

i=0 i=m+1
By (7), for any n > 0, we have that
d(0"(g%), 0"(k)) < &,
where g, = (g0, 8}, 87 ) € G and k, = (k?, ky, k7 --) € G. Thus, it follows that
d(f(gaf ™ (xo))s f(knf (Vo)) < €.
By the map f is equivalent, we get

d(frm(gyxo), f M (kpyp)) < €

So the map f is G-equicontinuous. This completes the proof. O
Now, we give an example satisfying G-equicontinuous.

Example 3.1. Let X = [0, 1]. The metric d in X is defined by d(x, y) = |x — y| where x, y € X. The map
f: X — X is defined by f(x) =x. Let G={0,1} act on X by 0-x=x,1-x=1- x for every x € X. It is
very easy to know that (X, d) is a metric G-space. Forany e >0 andn € N,,let0 < § <€ and g, = p, = 0.
If d(x, y) < 8, then we have that

d(f"(gx), fM(pny)) =d(x,y) < 6 < &.

So the map f is G-equicontinuous.

4 G-regularly recurrent point

Definition 4.1. Let (X, d) be a metric space and f be a continuous map from X to X. A point x € X is called
to be regularly recurrent point if for each open set U containing the point x, there exists m > 0 such that for
any k > 0, we have fX"(x) € U. Denoted by RR(f) the regularly recurrent point set of the map f.

Remark 4.1. According to the definition of regularly recurrent point, we will give the concept of G-regularly
recurrent point.



DE GRUYTER The G-sequence shadowing property and G-equicontinuity = 1297

Definition 4.2. Let (X, d) be a metric G-space and f be a continuous map from X to X. A point x € X
is called to be G-regularly recurrent point if for each open set U containing the point x, there exists m > 0
such that for any k > O there exists g, € G such that g, f*(x) € U. Denoted by RRs(f) the G-regularly
recurrent point set of the map f.

Now, we start to prove Theorem C.

Theorem C. Let (X, G, d, 0) be the inverse limit space of (X, G, d, f) under group action. If for any i > 0
the map m; : Xy — X is open, we have RR;(0) = lim(RR¢(f), f).

Proof. = Suppose X € RRz(0) where X = (xo, X;, X -+-). For any i > 0, let U; be an any open set containing
the point x;. Thus, m;'(U;) is an open set containing the point X. Hence, there exists m > 0 such that for
any k > O there exists g = (g, 8, & ) € G such that g.6"(x) € n7'(U). Thus, m(g,0*™(x)) € U;. That is
8. f™(x;) € Us. So x; € RRs(f). Hence, RR;(0) < lim(RRs(f), f).

< Suppose ¥ € lim(RR¢(f), f) wherey = (¥, 1, ¥, ---). Then for anyi > 0 we have y; € RRs(f). LetV be

an open set containing the point y. Then (V') is an open set containing the point y;. There exists n > 0
such that for any p > 0, there exists t, € G such that t, f7"(y;) € m(V). Let &, = (tp, tp, t, ---) € G. Then we
have £,0P"(y) € V. Thus, ¥ € RRg(0). Hence, lim(RRs(f), f) ¢ RRz(0). This completes the proof. O
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