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Abstract: In this paper, we investigate the dynamics of stochastic plate equations with memory in un-
bounded domains. More specifically, we obtain the uniform time estimates for solutions of the problem.
Based on the estimates above, we prove the existence and uniqueness of random attractors in unbounded
domains.
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1 Introduction

Let Ω, ,( )� � be the standard probability space, where ω C ωΩ , : 0 0{ ( ) ( ) }= ∈ =� � , � is the Borel
σ-algebra induced by the compact open topology of Ω, and � is the Wiener measure on Ω,( )� . There is
a classical group θt t{ }

∈� acting on Ω, ,( )� � , which is defined by

θ ω ω t ω t ω t, for all Ω, ,t ( ) ( ) ( )⋅ = ⋅+ − ∈ ∈ �

then θΩ, , , t t( { } )
∈�� � is an ergodic parametric dynamical system.

Considering the following non-autonomous stochastic plate equation with memory and multiplicative
noise in unbounded domain n� :

u u h u μ s u t u t s s λu f x u g x t εu w
t

Δ Δ d , , d
dtt t

2

0

2( ) ( ) ( ( ) ( )) ( ) ( )∫+ + + − − + + = + ∘

∞

(1.1)

with the initial value conditions

u x τ u x u x τ u x, , , ,t0 1( ) ( ) ( ) ( )= = (1.2)

where x n
∈ � , t τ> with τ ∈ �, λ 0> and ε are constants, μ is the memory kernel, h ut( ) is a nonlinear

damping term, f is a given interaction term, g is a given function satisfying g L H, n
loc
2 1( ( ))∈ � � , and w is

a two-sided real-valued Wiener process on a probability space. The stochastic equation (1.1) is understood
in the sense of Stratonovich’s integration.

Many studies have been carried out regarding the dynamics of a variety of systems related to equation (1.1).
For example, if the random term is vanished, μ 0= and g x t g x,( ) ( )= , then (1.1) changes into a deterministic
autonomous plate equation. The existence and uniqueness of the global attractor of the corresponding
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dynamical system were investigated in [1–11]; besides, the uniform attractor of the dynamical system
generated by the non-autonomous plate equation was obtained in [12].

For the stochastic case, if μ 0= and the forcing term g x t g x,( ) ( )= , then the existence of a random
attractor of (1.1)–(1.2) in bounded domain has been established in [13–16]; if μ 0≠ , the existence of random
attractors for plate equations with memory and additive noise in bounded domain was considered in
[17,18]. Recently, in the unbounded domain, the authors investigated the asymptotic behavior for stochastic
plate equation driven by different noises (see [19–22] for details).

However, studies on the stochastic plate equation with memory still lack. Motivated by the literature
above, we investigate the asymptotic behaviors for stochastic plate equation driven by multiplicative noise
in unbounded domains in this paper. More precisely, compared to [19–22], we have the memory effects.
The main features of our work are summarized as follows.
(i) Note that Sobolev embeddings are no longer compact in unbounded domains. It leads to a major

difficulty for us to prove the asymptotic compactness of solutions by standard method. To overcome
this difficulty, we refer to [23,24] which provide uniform estimates on the far-field values of solutions.

(ii) There is no applicable compact embedding property in the “history” space. In this case, we solve it
with the help of a useful result in [25]. For our purpose, we introduce a new variable and an extended
Hilbert space. Moreover, we still need uniform estimates of solutions in higher regular space due to
the memory term.

(iii) The influence of multiplicative noise and additive noise on the solutions of plate equations is quite
different. When dealing with random attractors of a stochastic equation, we often transform the
stochastic equation into a deterministic one with random parameters. If the equation is driven by
additive noise, then the transformation does not change the structure of the original equation.
Therefore, one can obtain all necessary uniform estimates of solutions, and then get the existence
of random attractors for additive noise with any intensity (see, e.g., [20]). However, if the plate
equation is driven by multiplicative noise, then there are several additional terms appearing after
the equation is transformed (see 3.12 2( ) in Section 3). These additional terms involve the unknown
variable u and have great effect on the way to derive uniform estimates of solutions. This is the reason
why, in this paper, we only study the existence of random attractors for the stochastic equation (1.1)
when the intensity ε of the multiplicative noise is sufficiently small.

(iv) In this manuscript, φ E0 ∈ , so we cannot obtain the higher order estimate by using the classical energy
method. To this end, we split the system into a linear system and a zero initial data nonlinear system.
The energy of the linear system decays to 0, while the energy of nonlinear system is bounded in higher
regular space. Then we can use this property to deduce the compactness.

In the next section, we recall some notations and results regarding random attractors for non-auton-
omous stochastic equations. We then define a continuous cocycle for equation (1.1) and derive necessary
uniform estimates in Sections 3 and 4, respectively. Finally, we prove the existence of random attractors
in Section 5.

Throughout the paper, the letters c and ci (i 1, 2,= … ) are generic positive constants which do not
depend on ε.

2 Preliminaries

In this section, we present some definitions and known results regarding pullback attractors of non-auton-
omous random dynamical systems from [26,27].

Definition 2.1. Let θ : Ω Ω× →� be a ,( ( ) )×�� � � -measurable mapping. We say θΩ, , ,( )� � is a para-
metric dynamical system if θ 0,( )⋅ is the identity on Ω, θ s t θ t θ s, , ,( ) ( ) ( )+ ⋅ = ⋅ ∘ ⋅ for all t s, ∈ �, and
Pθ t P,( )⋅ = for all t ∈ � .
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Definition 2.2. Let K : Ω 2X
× →� be a set-valued mapping with closed nonempty images. We say K is

measurable with respect to � in Ω if the mapping ω x K τ ωΩ d , ,( ( ))∈ → is ,( ( ))�� � -measurable for every
fixed x X∈ and τ ∈ � .

Definition 2.3. A mapping X XΦ : Ω× × × →

+� � is called a continuous cocycle on X over � and
θΩ, , , t t( { } )

∈�� � if for all τ ∈ �, ω Ω∈ , and t s, ∈

+� , the following conditions (1)–(4) are satisfied:
(1) τ X XΦ , , , : Ω( )⋅ ⋅ ⋅ × × →

+� is X X,( ( ) ( ) ( ))× ×

+�� � � � -measurable;
(2) τ ωΦ 0, , ,( )⋅ is the identity on X;
(3) t s τ ω t τ s θ ω s τ ωΦ , , , Φ , , , Φ , , ,s( ) ( ) ( )+ ⋅ = + ⋅ ∘ ⋅ ;
(4) t τ ω X XΦ , , , :( )⋅ → is continuous.

Hereafter, we assume Φ is a continuous cocycle on X over � and θΩ, , , t t( { } )
∈�� � , and � is the

collection of some families of nonempty bounded subsets of X parameterized by τ ∈ � and ω Ω∈ :

D D τ ω X D τ ω τ ω, : , , , Ω .{ { ( ) ( ) }}= = ⊆ ≠ ∅ ∈ ∈��

Definition 2.4. Let B B τ ω τ ω, : , Ω{ ( ) }= ∈ ∈� be a family of nonempty subsets of X . For every τ ,∈ �

ω Ω∈ , let

B τ ω t τ t θ ω B τ t θ ωΩ , , Φ , , , , .
r t r

t t
0

( ) ( ( ))= ⋂ ⋃ − −

≥ ≥

− −

Then the family B τ ω τ ωΩ , , : , Ω{ ( ) }∈ ∈� is called the Ω-limit set of B and is denoted by BΩ( ).

Definition 2.5. Let � be a collection of some families of nonempty subsets of X and K K τ ω τ, : ,{ ( )= ∈ �

ω Ω}∈ ∈ � . Then K is called a �-pullback absorbing set for Φ if for all τ ∈ � and ω Ω∈ and for every
B ∈ � , there exists T T B τ ω, , 0( )= > such that

t τ t θ ω B τ t θ ω K τ ω t TΦ , , , , , for all .t t( ( )) ( )− − ⊆ ≥
− −

If, in addition, K τ ω,( ) is closed in X and is measurable in ω with respect to � , then K is called a closed
measurable �-pullback absorbing set for Φ.

Definition 2.6. Let � be a collection of some families of nonempty subsets of X . Then Φ is said to be
�-pullback asymptotically compact in X if for all τ ∈ � and ω Ω∈ , the sequence

t τ t θ ω x XΦ , , , has a convergent subsequence inn n t n n 1n{ ( )}−
− =

∞

whenever tn → ∞, and x B τ t θ ω,n n tn( )∈ −
−

with B τ ω τ ω, : , Ω{ ( ) }∈ ∈ ∈� � .

Definition 2.7. Let � be a collection of some families of nonempty subsets of X and τ ω τ, : ,{ ( )= ∈ �� �

ω Ω}∈ ∈ � . Then � is called a �-pullback attractor for Φ if the following conditions (1)–(3) are fulfilled:
for all t ∈

+� , τ ∈ � and ω Ω∈ ,
(1) τ ω,( )� is compact in X and is measurable in ω with respect to � ;
(2) � is invariant, that is,

t τ ω τ ω τ t θ ωΦ , , , , , ;t( ( )) ( )= +� �

(3) For every B B τ ω τ ω, : , Ω{ ( ) }= ∈ ∈ ∈� � ,

d t τ t θ ω B τ t θ ω τ ωlim Φ , , , , , , 0.
t

t t( ( ( )) ( ))− − =

→∞

− −
�

Proposition 2.8. Let � be an inclusion-closed collection of some families of nonempty subsets of X , and Φ be
a continuous cocycle on X over � and θΩ, , , t t( { } )

∈�� � . If Φ is �-pullback asymptotically compact in X and
Φ has a closed measurable �-pullback absorbing set K in � , then Φ has a unique �-pullback attractor �

in � which is given by, for each τ ∈ � and ω Ω∈ ,

τ ω K τ ω B τ ω, Ω , , Ω , , .
D

( ) ( ) ( )= = ⋃

∈

�

�
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3 Cocycles for stochastic plate equation

In this section, we outline some basic settings about (1.1)–(1.2) and show that it generates a continuous
cocycle in E H L μ

2 2
,2= × × R .

Let Δ− denote the Laplace operator in n� , A Δ2
= and D A H n4( ) ( )= � . We can define the powers Ar of A

for r ∈ � . The space V D Ar
r
4

( )
= is a Hilbert space with the following inner product and norm:

u v A u A v A u u v V, , , , , .r r r
r r r
4 4 4( )

( )
= ‖⋅‖ = ‖ ‖ ∀ ∈

In particular, V L n
0

2( )= � , V H n
1

1( )= � , V H n
2

2( )= � .
For brevity, the notation ,( )⋅ ⋅ for L2-inner product will also be used for the notation of duality pairing

between dual spaces.
Following Dafermos [28], we introduce a Hilbert “history” space L V,μ μ,2

2
2( )=

+R � with the inner product

η η μ s η s η s s η η, Δ , Δ d , , ,μ μ1 2 ,2

0

1 2 1 2 ,2( ) ( )( ( ) ( ))∫= ∀ ∈

∞

R

and new variables

η x t s u x t u x t s x s t, , , , , , , 0.n( ) ( ) ( ) ( )= − − ∈ × ≥

+� �

By differentiation we have

η x t s η x t s u x t x s t, , , , , , , , 0.t s t
n( ) ( ) ( ) ( )= − + ∈ × ≥

+� �

Denote E H L μ
2 2

,2= × × R , with the Sobolev norm

y v u u η y u v η EΔ , for , , .H L μ
2 2 2

,2μ
2 2

,2

1
2( ) ( )‖ ‖ = ‖ ‖ + ‖ ‖ + ‖ ‖ + ‖ ‖ = ∈

× ×

⊤

R (3.1)

Let ξ u δut= + , where δ is a small positive constant whose value will be determined later. Substituting
u ξ δut = − into (1.1) we find

u
t

δu ξ

ξ
t

δξ λ δ A u h ξ δu μ s Aη s s f x u g x t εu w
t

η η u

d
d

,

d
d

d , , d
d

,

,t s t

2

0

⎧

⎨

⎪
⎪

⎩

⎪
⎪

( ) ( ) ( ) ( ) ( ) ( )∫

+ =

− + + + + − + + = + ∘

+ =

∞

(3.2)

with the initial value conditions

u x τ u x ξ x τ ξ x η x τ s η x s u x τ u x τ s, , , , , , , , , ,0 0 0( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )= = = = − − (3.3)

where ξ x u x δu x0 1 0( ) ( ) ( )= + , x n
∈ � , s ∈

+� .

Assumption I. Assume that the memory kernel function μ C L1 1( ) ( )∈ ∩

+ +� � , nonlinear functions h C1( )∈ �

and f C1( )∈ � satisfy the following conditions:
(1) s∀ ∈

+� and some ϖ 0> .

μ s μ s ϖμ0, 0,( ) ( )≥ ′ + ≤ (3.4)

note that (3.4) implies m μ μ s sd 0L0
def

0
1 ( )( ) ∫= ‖ ‖ = >

∞

+� .

(2) Let F x u f x s s, , d
u

0
( ) ( )∫= for x n

∈ � and u ∈ �, there exist positive constants ci (i 1, 2, 3, 4= ), such that

f x u c u ϕ x ϕ L, , ,p n
1 1 1

2∣ ( )∣ ∣ ∣ ( ) ( )≤ + ∈ � (3.5)

f x u u c F x u ϕ x ϕ L, , , ,n
2 2 2

1( ) ( ) ( ) ( )− ≥ ∈ � (3.6)
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F x u c u ϕ x ϕ L, , ,p n
3

1
3 3

1( ) ∣ ∣ ( ) ( )≥ − ∈

+ � (3.7)

f
u

x u β f
x

x u ϕ x ϕ L, , , , ,n
4 4

2( ) ( ) ( ) ( )
∂

∂

≤

∂

∂

≤ ∈ � (3.8)

where β 0> , p1 n
n

4
4≤ ≤

+

−

. Note that (3.5) and (3.6) imply

F x u c u u ϕ ϕ, .p2 1
1
2

2( ) (∣ ∣ ∣ ∣ )≤ + + +

+ (3.9)

(3) There exist two constants β β,1 2 such that

h β h v β0 0, 0 .1 2( ) ( )= < ≤ ′ ≤ < ∞ (3.10)

By (3.4), the space L V r,μ r μ r,
2( ) ( )= ∈

+R � � is a Hilbert space ofVr-valued functions on +� with the inner
product and norm:

η η μ s A η s A η s s

η μ s A η s A η s s

η η η V

, , d ,

, d ,

, , ,

μ r

μ r

r

1 2 ,

0

1 2

,
2

0

1 2

r r

r r

4 4

4 4

( ) ( ) ( ) ( )

( ) ( ) ( )

( )

( )

∫

∫

=

‖ ‖ =

∀ ∈

∞

∞

and on μ r,R , the linear operator s−∂ has domain

D η H V η H V η η s η L V, : 0 0 , where , : , , .s μ r μ r s μ r
1 1 2( ) { ( ) ( ) } ( ) { ( ) ( )}−∂ = ∈ = = ∂ ∈

+ + +� � �

To study the dynamical behavior of problem (3.2), we need to convert problem (3.2) into a deterministic
system with a random parameter. We now introduce an Ornstein-Uhlenbeck process given by the Brownian
motion. Put

z θ ω z t ω δ e θ ω s s, d ,t
δs

t

0

( ) ( ) ( )( )∫= = −

−∞

(3.11)

which is called the Ornstein-Uhlenbeck process and solves the Itô equation z δz t ω zd d d , 0( )+ = −∞ = .
From [30], it is known that the random variable z ω∣ ( )∣ is a stationary, ergodic, and tempered stochastic

process, and there is a θt-invariant set Ω Ω͠
⊂ of full � measure such that z θ ωt( ) is continuous in t for every

ω Ω͠∈ . For convenience, we shall simply write Ω͠ as Ω.
To show that problem (3.2) generates a cocycle, we let

v x t ξ x t εu x t z θ ω, , , ,t( ) ( ) ( ) ( )= −

then (3.2) can be rewritten as the equivalent system with random coefficients but without multiplicative
noise

u
t

δu v εuz θ ω

v
t

δv λ δ A u μ s Aη s s f x u

g x t h v εuz θ ω δu ε v δu εuz θ ω z θ ω
η η u

d
d

,

d
d

d ,

, 3 ,
,

t

t t t

t s t

2

0

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

( )

( ) ( ) ( ) ( )

( ) ( ( ) ) ( ( )) ( )

∫

+ − =

− + + + + +

= − + − − − +

+ =

∞

(3.12)

with the initial value conditions

u x τ u x v x τ v x η x τ s η x s u x τ u x τ s, , , , , , , , , ,0 0 0( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )= = = = − − (3.13)

where v x ξ x εu x z θ ωt0 0 0( ) ( ) ( ) ( )= − , x n
∈ � , s ∈

+� .

Random attractors for stochastic plate equations  1439



The well-posedness of the deterministic problems (3.12)–(3.13) in H L μ
2 2

,2× × R can be established by
standard methods as in [29–31], more precisely, under conditions (3.4)–(3.8) and (3.10), for every ω Ω,∈

τ ∈ � and u v η E, ,0 0 0( ) ∈ , we can obtain the following lemma:

Lemma 3.1. Putφ t τ τ θ ω φ u t τ τ θ ω u v t τ τ θ ω v η t τ τ θ ω η s, , , , , , , , , , , , , , ,τ τ τ τ0 0 0 0( ) ( ( ) ( ) ( ))+ = + + +
− − − −

⊤,where
φ u v η, ,0 0 0 0( )=

⊤, and let conditions (3.4)–(3.8) and (3.10) hold. Then for every ω Ω∈ , τ ∈ � and φ E n
0 ( )∈ � ,

problem (3.12)–(3.13) has a unique H L, n n
μ

2 2
,2( ( ( )) ( ( )) ( ))× × R� �� � � � -measurable solution φ τ ω φ, , , 0( )⋅

C τ E, , n([ ) ( ))∈ ∞ � with φ τ τ ω φ φ φ t τ ω φ E, , , , , , , n
0 0 0( ) ( ) ( )= ∈ � being continuous in φ0 with respect to the

usual norm of E n( )� for each t τ> .Moreover, for every t τ ω φ E, , , Ω n
0( ) ( )∈ × × ×

+� � � , the mapping

t τ ω φ φ t τ τ θ ω φΦ , , , , , ,τ0 0( ) ( )= +
−

(3.14)

generates a continuous cocycle from EΩ n( )× × ×

+� � � to E n( )� over � and θΩ, , , t t( { } )
∈�� � .

Introducing the homeomorphism P θ ω u v η u v z θ ω η, , , ,t t( )( ) ( ( ) )= +

⊤ ⊤, u v η E, , n( ) ( )∈

⊤ � with an inverse
homeomorphism P θ ω u v η u v z θ ω η, , , ,t t

1( )( ) ( ( ) )= −

− ⊤ ⊤. Then, the transformation

t τ ω u ξ η P θ ω t τ ω u v η P θ ωΦ , , , , , Φ , , , , ,t t0 0 0 0 0 0
1( ( )) ( ) ( ( )) ( )͠

=

− (3.15)

generates a continuous cocycle with (3.2)–(3.3) over � and θΩ, , , t t( { } )
∈�� � .

Note that these two continuous cocycles are equivalent. By (3.15), it is easy to check that Φ͠ has a ran-
dom attractor provided Φ possesses a random attractor. Then, we only need to consider the continuous
cocycle Φ.

Assumption II. We assume that σ δ ε, , , and g x t,( ) satisfy the following conditions:

σ δ δ m δ
ϖ

ϖ δc1
2

min , 1 2 ,
4

, ,0
2⎧

⎨⎩

⎛

⎝

⎞

⎠

⎫
⎬⎭

= − (3.16)

δ λ δ β δ β δ β
δ λ δ β δ

0 satisfies 0, 5 ,2
2 1

2

2
2( )

> + − > > +

+ −

(3.17)

ε
δ γ γ γ ϖ δ γ γ γ ϖ πδϖ σγ ϖ σγ m

ϖ m γ π

δ γ γ ϖ δ γ γ ϖ πδϖ σγ ϖ σγ m
ϖ m γ π

min
4 2 4 2 8

2 8
,

4 1 2 4 1 2 8
2 8

,

2 3 1 2 3 1
2 2

2 2 0

0 2

2 3 2 3
2 2

2 2 0

0 2

∣ ∣
⎧

⎨
⎩

( ) ( ) ( )

( )

( ) ( ) ( )

( )

⎫

⎬
⎭

<

− + + + + +

+

− + + + + +

+

(3.18)

where γ max 1, c c
1 2

1 3
1

{ }
=

−

, γ 1 λ δ β δ2
1
2

2
= +

+ −

, γ δ β β β δ 13
3
2

1
2 2 2 1( )= + + − + . Moreover,

e g τ s s τ, d , ,σs

0

1
2( )∫ ‖ ⋅ + ‖ < ∞ ∀ ∈

−∞

� (3.19)

and

e g x τ s x s τlim , d d 0, ,
k

σs

x k

0

2∣ ( )∣

∣ ∣

∫ ∫ + = ∀ ∈

→∞

−∞ ≥

� (3.20)

where ∣ ∣⋅ denotes the absolute value of real number in �.

Given a bounded nonempty subset B of E, we write B ϕsupϕ B E‖ ‖ = ‖ ‖
∈

. Let D D τ ω τ ω, : , Ω{ ( ) }= ∈ ∈�

be a family of bounded nonempty subsets of E such that for every τ ω, Ω∈ ∈� ,

e D τ s θ ωlim , 0.
s

σs
s E

2( )‖ + ‖ =

→−∞

(3.21)
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Let � be the collection of all such families, that is,

D D τ ω τ ω D, : , Ω : satisfies 3.21 .{ { ( ) } ( )}= = ∈ ∈�� (3.22)

4 Uniform estimates of solutions

In this section, we derive a series of uniform estimates for solutions of problems (3.12)–(3.13).
We define a new norm E‖⋅‖ by

Y v λ δ β δ u u η Y u v η EΔ , for , , .E μ
2 2

2
2 2

,2
1
2( ( ) ) ( )‖ ‖ = ‖ ‖ + + − ‖ ‖ + ‖ ‖ + ‖ ‖ = ∈ (4.1)

It is easy to check that E‖⋅‖ is equivalent to the usual norm H L μ
2 2

,2‖⋅‖
× ×R in (3.1).

First we show that the cocycle Φ has a pullback �-absorbing set in � .

Lemma 4.1. Under Assumptions I and II, for every τ ω, Ω∈ ∈� , D D τ ω τ ω, : , Ω{ ( ) }= ∈ ∈ ∈� � , there
exists T T τ ω D, , 0( )= > such that for all t T≥ the solution of problem (3.12)–(3.13) satisfies

φ τ τ t θ ω φ R τ ω, , , , ,τ E0
2( ) ( )‖ − ‖ ≤

−

and R τ ω,( ) is given by

R τ ω M e g s τ ε z θ ω s, , d ,
σ γ ε z θ ω γ ε z θ ω γ ε z θ ω r

s

0
2 d

2
s

r
m ε

ϖ r t
0

1 2
1
2

2 2 0 2 2
3

( ) ( ( ) ∣ ∣∣ ( )∣)
⎜ ⎟

⎡

⎣
⎢

( ) ⎛

⎝

⎛

⎝

⎞

⎠
( ) ( ) ⎞

⎠

⎤

⎦
⎥

∫

∫

= ⋅ ‖ ⋅ + ‖ +

−∞

− ∣ ∣∣ ∣− + ∣ ∣ + ∣ ∣∣ ∣

(4.2)

where M is a positive constant independent of τ ω D, , , and ε.

Proof. Taking the inner product of 3.12 2( ) with v in L n2( )� , we get

t
v δ εz θ ω v λ δ u v Au v μ s Aη s v s f x u v

εz θ ω δ εz θ ω u v h v εuz θ ω δu v g x t v

1
2

d
d

, , , d , ,

3 , , , , .

t

t t t

2 2 2

0

( ( )) ( )( ) ( ) ( )( ( ) ) ( ( ) )

( )( ( ))( ) ( ( ( ) ) ) ( ( ) )

∫‖ ‖ − − ‖ ‖ + + + + +

= − − + − +

∞

(4.3)

By 3.12 1( ) , we have

v u εuz θ ω δu.t t( )= − + (4.4)

It follows from (3.10) and Lagrange’s mean value theorem that

h v εuz θ ω δu v h v εuz θ ω δu h v
h ϑ v εuz θ ω δu v

β v h ϑ εuz θ ω δu v
β v β ε z θ ω u v h ϑ δ u v

, 0 ,
,

,
, ,

t t

t

t

t

1
2

1
2

2

( ( ( ) ) ) ( ( ( ) ) ( ) )

( ( )( ( ) ) )

( ( )( ( ) ) )

∣ ∣∣ ( )∣ ( ) ( )

− + − = − + − −

= − ′ + −

≤ − ‖ ‖ − ′ −

≤ − ‖ ‖ + ‖ ‖‖ ‖ + ′

(4.5)

where ϑ is between 0 and v εuz θ ω δut( )+ − .
By (3.10) and (4.4), we know

h ϑ δ u v h ϑ δ u u εuz θ ω δu β δ
t

u β δ u β δ ε z θ ω u, , 1
2

d
d

.t t t2
2

2
2 2

1
2( ) ( ) ( ) ( ( ) ) ∣ ∣∣ ( )∣′ = ′ − + ≤ ⋅ ‖ ‖ + ‖ ‖ − ‖ ‖ (4.6)

Substituting (4.4) into the third and fourth terms on the left-hand side of (4.3), we find that

u v u u εuz θ ω δu
t

u δ u ε z θ ω u, , 1
2

d
dt t t

2 2 2( ) ( ( ) ) ∣ ∣∣ ( )∣= − + ≥ ‖ ‖ + ‖ ‖ − ‖ ‖ (4.7)
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and

Au v u v u u εz θ ω u δ u
t

u δ u ε z θ ω u, Δ , Δ Δ , Δ Δ Δ 1
2

d
d

Δ Δ Δ .t t t
2 2 2( ) ( ) ( ( ) ) ∣ ∣∣ ( )∣= = − + ≥ ‖ ‖ + ‖ ‖ − ‖ ‖ (4.8)

Using the Cauchy-Schwarz inequality and Young’s inequality, we have

εz θ ω δ εz θ ω u v β ε z θ ω u v
δεz θ ω ε z θ ω u v β ε z θ ω u v
δ ε z θ ω ε z θ ω u v β ε z θ ω u v
δ β ε z θ ω ε z θ ω u v

δ β ε z θ ω ε z θ ω u v

3 ,
3 ,
3
3
1
2

3 1
2

,

t t t

t t t

t t t

t t

t t

2
2 2

2
2 2

2

2
2 2

2
2 2 2 2

( )( ( ))( ) ∣ ∣∣ ( )∣

( ( ) ( ))( ) ∣ ∣∣ ( )∣

( ∣ ∣∣ ( )∣ ∣ ( )∣ ) ∣ ∣∣ ( )∣

(( )∣ ∣∣ ( )∣ ∣ ( )∣ )

⎛
⎝

( )∣ ∣∣ ( )∣ ∣ ( )∣ ⎞
⎠

( )

− + ‖ ‖‖ ‖

= − + ‖ ‖‖ ‖

≤ + ‖ ‖‖ ‖ + ‖ ‖‖ ‖

= + + ‖ ‖‖ ‖

≤ + + ‖ ‖ + ‖ ‖

(4.9)

g v g v g
β δ

β δ
v,

2 2
.

2

1

1 2( )
( )

≤ ‖ ‖‖ ‖ ≤

‖ ‖

−

+

−

‖ ‖ (4.10)

Let F x u F x u x, , dn( ) ( )͠
∫=

�
. Then for the last term on the left-hand side of (4.3) we have

f x u v f x u u εz θ ω u δu
t

F x u δ f x u u εz θ ω f x u u, , , , d
d

, , , , , .t t t( ( ) ) ( ( ) ( ) ) ( ) ( ( ) ) ( )( ( ) )͠
= − + = + − (4.11)

From (3.5) and (3.7), we obtain

εz θ ω f x u u c ε z θ ω u x ε z θ ω ϕ ε z θ ω u

c c ε z θ ω F x u ϕ x ε z θ ω ϕ ε z θ ω u

c c ε z θ ω F x u c ε z θ ω ε z θ ω u

, , d

, d

, .

t t
γ

t t

t t t

t t t

1
1

1
2 2

1 3
1

3 1
2 2

1 3
1 2

n

n

( )( ( ) ) ∣ ∣∣ ( )∣ ∣ ∣ ∣ ∣∣ ( )∣ ∣ ∣∣ ( )∣

∣ ∣∣ ( )∣ ( ( ) ) ∣ ∣∣ ( )∣ ∣ ∣∣ ( )∣

∣ ∣∣ ( )∣ ( ) ∣ ∣∣ ( )∣ ∣ ∣∣ ( )∣͠

∫

∫

≤ + ‖ ‖ + ‖ ‖

≤ + + ‖ ‖ + ‖ ‖

≤ + + ‖ ‖

+

−

−

�

�

(4.12)

A direct calculation deduces that

μ s Aη s v s μ s η s v s

μ s η s u εuz θ ω δu s

μ s η s u s εz θ ω μ s η s u s δ μ s η s u s

, d Δ , d

Δ , Δ d

Δ , Δ d Δ , Δ d Δ , Δ d .

t t

t t

0 0

2

0

0 0 0

( )( ( ) ) ( )( ( ) )

( )( ( ) ( ( ) ))

( )( ( ) ) ( ) ( )( ( ) ) ( )( ( ) )

∫ ∫

∫

∫ ∫ ∫

=

= − +

= − +

∞ ∞

∞

∞ ∞ ∞

(4.13)

Using 3.12 3( ) , then integrating by parts with respect to s, we get

μ s η s u s
t

η ϖ ηΔ , Δ d 1
2

d
d 2

.t μ μ

0

,2
2

,2
2( )( ( ) )∫ ≥ ‖ ‖ + ‖ ‖

∞

(4.14)

Using Young’s inequality, we have

εz θ ω μ s η s u s ϖ η m ε
ϖ

z θ ω uΔ , Δ d
8

2 Δt μ t

0

,2
2 0

2
2 2( ) ( )( ( ) ) ∣ ( )∣∫− ≥ − ‖ ‖ − ‖ ‖

∞

(4.15)

and

δ μ s η s u s ϖ η m δ
ϖ

uΔ , Δ d
8

2 Δ .μ

0

,2
2 0

2
2( )( ( ) )∫ ≥ − ‖ ‖ − ‖ ‖

∞

(4.16)
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Combining with (4.14)–(4.16) and (4.13), we get

μ s Aη s v s
t

η ϖ η m ε
ϖ

z θ ω u m δ
ϖ

u, d 1
2

d
d 4

2 Δ 2 Δ .μ μ t

0

,2
2

,2
2 0

2
2 2 0

2
2( )( ( ) ) ∣ ( )∣∫ ≥ ‖ ‖ + ‖ ‖ − ‖ ‖ − ‖ ‖

∞

(4.17)

Substitute (4.5)–(4.17) into (4.3) and together with (3.6) to obtain

t
v λ δ β δ u u η F x u

δ v λ δ β δ u δ m δ
ϖ

u ϖ η δc F x u

δ β ε z θ ω ε z θ ω u v m ε
ϖ

z θ ω u

ε z θ ω v λ δ β δ u u ε z θ ω u
δ β

v g
β δ

c c ε z θ ω F x u c ε z θ ω

δ β ε z θ ω ε m ε
ϖ

z θ ω u v u

γ ε z θ ω v λ δ β δ u u F x u
ε z θ ω u c g ε z θ ω

1
2

d
d

Δ 2 ,

1 2 Δ
4

,

1
2

3 1
2

2 Δ

Δ
3

2 2
,

1
2

3 1
2

2 Δ

Δ 2 ,
,

μ

μ

t t t

t t

t t

t t

t

t t

2 2
2

2 2
,2

2

2 2
2

2 0 2
,2

2
2

2
2 2 2 2 0

2
2 2

2 2
1

2 2 2

1 2
2

1
1 3

1

2
2 0

2
2 2 2 2

1
2 2

1
2 2

2 2

⎜ ⎟⎜ ⎟

( ( ) ( ))

( ( ) ) ⎛

⎝

⎞

⎠
( )

⎛
⎝

( )∣ ∣∣ ( )∣ ∣ ( )∣ ⎞
⎠

( ) ∣ ( )∣

∣ ∣∣ ( )∣( ( ) ) ∣ ∣∣ ( )∣

( )
∣ ∣∣ ( )∣ ( ) ∣ ∣∣ ( )∣

⎛

⎝
( )∣ ∣∣ ( )∣ ⎛

⎝

⎞

⎠
∣ ( )∣ ⎞

⎠
( )

∣ ∣∣ ( )∣( ( ) ( ))

∣ ∣∣ ( )∣ ( ∣ ∣∣ ( )∣)

͠

͠

͠

͠

‖ ‖ + + − ‖ ‖ + ‖ ‖ + ‖ ‖ +

+ ‖ ‖ + + − ‖ ‖ + − ‖ ‖ + ‖ ‖ +

≤ + + ‖ ‖ + ‖ ‖ + ‖ ‖

+ ‖ ‖ + + − ‖ ‖ + ‖ ‖ + ‖ ‖

+

−

‖ ‖ +

‖ ‖

−

+ +

≤ + + + ‖ ‖ + ‖ ‖ + ‖ ‖

+ ‖ ‖ + + − ‖ ‖ + ‖ ‖ +

+ ‖ ‖ + ‖ ‖ +

−

(4.18)

where γ max 1, c c
1 2

1 3
1

{ }
=

−

.

Choosing δ small enough such that 1 0m δ
ϖ

2 0
− > , then let σ δ δ δcmin , 1 , ,m δ

ϖ
ϖ1

2
2

4 2
0

{ }( )
= − , we get

t
v λ δ β δ u u η F x u

σ γ ε z θ ω γ ε m ε
ϖ

z θ ω γ ε z θ ω

v λ δ β δ u u η F x u c g ε z θ ω

1
2

d
d

Δ 2 ,

1
2

2

Δ 2 , ,

μ

t t t

μ t

2 2
2

2 2
,2

2

1 2
2 0

2
2

3

2 2
2

2 2
,2

2 2

⎜ ⎟⎜ ⎟

( ( ) ( ))

⎡

⎣
⎢

∣ ∣∣ ( )∣ ⎛

⎝

⎛

⎝

⎞

⎠
∣ ( )∣ ∣ ∣∣ ( )∣⎞

⎠

⎤

⎦
⎥

( ( ) ( )) ( ∣ ∣∣ ( )∣)

͠

͠

‖ ‖ + + − ‖ ‖ + ‖ ‖ + ‖ ‖ +

≤ − − − + +

× ‖ ‖ + + − ‖ ‖ + ‖ ‖ + ‖ ‖ + + ‖ ‖ +

(4.19)

where γ 1 λ δ β δ2
1
2

2
= +

+ −

, γ δ β β β δ 13
3
2

1
2 2 2 1( )= + + − + .

Denote

τ ω σ γ ε z θ ω γ ε m ε
ϖ

z θ ω γ ε z θ ωϱ , 1
2

2 .t t t1 2
2 0

2
2

3⎜ ⎟⎜ ⎟( ) ∣ ∣∣ ( )∣ ⎛

⎝

⎛

⎝

⎞

⎠
∣ ( )∣ ∣ ∣∣ ( )∣⎞

⎠
= − − + + (4.20)

Using the Gronwall inequality to integrate (4.19) over τ t τ,( )− with t 0≥ , we get

v τ τ t ω v λ δ β δ u τ τ t ω u
u τ τ t ω u η τ τ t ω η s F x u τ τ t ω u

v λ δ β δ u u η F x u e

c e g s ε z θ ω s

, , , , , ,
Δ , , , , , , , 2 , , , ,

Δ 2 ,

, d .

μ

μ
s ω s

τ t

τ
r ω r

s

0
2 2

2 0
2

0
2

0 ,2
2

0

0
2 2

2 0
2

0
2

0 ,2
2

0
2 ϱ , d

2 ϱ , d 2

τ

τ t

τ

s

( ) ( ) ( )

( ) ( ) ( ( ))

( ( ) ( ))

( ( ) ∣ ∣∣ ( )∣)

͠

͠ ( )

( )
∫

∫

∫

‖ − ‖ + + − ‖ − ‖

+ ‖ − ‖ + ‖ − ‖ + −

≤ ‖ ‖ + + − ‖ ‖ + ‖ ‖ + ‖ ‖ +

+ ‖ ⋅ ‖ +

−

−

(4.21)

Replacing ω by θ ωτ−
in the above we obtain, for every t ∈

+� , τ ∈ �, and ω Ω∈ ,

v τ τ t θ ω v λ δ β δ u τ τ t θ ω u
u τ τ t θ ω u η τ τ t θ ω η s F x u τ τ t θ ω u

v λ δ β δ u u η F x u e

c e g s ε z θ ω s

, , , , , ,
Δ , , , , , , , 2 , , , ,

Δ 2 ,

, d ,

τ τ

τ τ μ τ

μ
s τ ω s

τ t

τ
r τ ω r

s τ

0
2 2

2 0
2

0
2

0 ,2
2

0

0
2 2

2 0
2

0
2

0 ,2
2

0
2 ϱ , d

2 ϱ , d 2

τ

τ t

τ

s

( ) ( ) ( )

( ) ( ) ( ( ))

( ( ) ( ))

( ( ) ∣ ∣∣ ( )∣)

͠

͠ ( )

( )
∫

∫

∫

‖ − ‖ + + − ‖ − ‖

+ ‖ − ‖ + ‖ − ‖ + −

≤ ‖ ‖ + + − ‖ ‖ + ‖ ‖ + ‖ ‖ +

+ ‖ ⋅ ‖ +

− −

− − −

−

−

−

−

−

(4.22)
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then

v τ τ t θ ω v λ δ β δ u τ τ t θ ω u
u τ τ t θ ω u η τ τ t θ ω η s F x u τ τ t θ ω u

v λ δ β δ u u η F x u e

c e g s τ ε z θ ω s

, , , , , ,
Δ , , , , , , , 2 , , , ,

Δ 2 ,

, d .

τ τ

τ τ μ τ

μ
s ω s

t

r ω r
s

0
2 2

2 0
2

0
2

0 ,2
2

0

0
2 2

2 0
2

0
2

0 ,2
2

0
2 ϱ , d

0
2 ϱ , d 2

t

s

0

0

( ) ( ) ( )

( ) ( ) ( ( ))

( ( ) ( ))

( ( ) ∣ ∣∣ ( )∣)

͠

͠ ( )

( )
∫

∫

∫

‖ − ‖ + + − ‖ − ‖

+ ‖ − ‖ + ‖ − ‖ + −

≤ ‖ ‖ + + − ‖ ‖ + ‖ ‖ + ‖ ‖ +

+ ‖ ⋅ + ‖ +

− −

− − −

−

−

(4.23)

Since z θ ωt∣ ( )∣ is stationary and ergodic, from (3.11) and the ergodic theorem we can get

t
z θ ω r z θ ω

πδ
Elim 1 d 1 ,

t
t

r r

0

∣ ( )∣ (∣ ( )∣)∫ = =

→∞

−

(4.24)

t
z θ ω r z θ ω

δ
Elim 1 d 1

2
.

t
t

r r

0

2 2∣ ( )∣ (∣ ( )∣ )∫ = =

→∞

−

(4.25)

By (4.24)–(4.25), there exists T ω 01( ) > such that for all t T ω1( )≥ ,

z θ ω r
πδ

t z θ ω r
δ

td 2 , d 1 .
t

r

t

r

0 0

2∣ ( )∣ ∣ ( )∣∫ ∫< <

− −

(4.26)

Next we show that for any s T1≤ −

e e .r ω r σs2 ϱ , d
s

0
( )∫

≤

(4.27)

By using the two inequalities in (4.26), we have

σ γ ε z θ ω γ ε m ε
ϖ

z θ ω γ ε z θ ω r

σs ε
γ
πδ

s γ ε m δ
ϖ δ

γ ε
πδ

s

γ
δ

ε m ε
ϖ

s
πδ

γ γ γ ε s σs

1
2

2 d

2 1
2

2 1 2

1
2

2 2 .

s

r r r

0

1 2
2 0

2
2

3

1
2

2 0
2

3

2 2 0
2

3 2 1

⎜ ⎟⎜ ⎟

⎜ ⎟

⎜ ⎟

⎡

⎣
⎢

∣ ∣∣ ( )∣ ⎛

⎝

⎛

⎝

⎞

⎠
∣ ( )∣ ∣ ∣∣ ( )∣⎞

⎠

⎤

⎦
⎥

∣ ∣ ⎡

⎣
⎢

⎛

⎝

⎞

⎠
∣ ∣ ⎤

⎦
⎥

⎛

⎝

⎞

⎠
[ ]∣ ∣

∫ − − + +

> − − + +

= − + − + +

(4.28)

In order to have the inequality in (4.27) valid, we need

σ γ ε z θ ω γ ε m ε
ϖ

z θ ω γ ε z θ ω r σ s1
2

2 d
2

.
s

r r r

0

1 2
2 0

2
2

3⎜ ⎟⎜ ⎟

⎡

⎣
⎢

∣ ∣∣ ( )∣ ⎛

⎝

⎛

⎝

⎞

⎠
∣ ( )∣ ∣ ∣∣ ( )∣⎞

⎠

⎤

⎦
⎥∫ − − + + ≤

Since s T1≤ − , then it requires that

γ
δ

ε m ε
ϖ πδ

γ γ γ ε σ1
2

2 2
2

0.2 2 0
2

3 2 1⎜ ⎟
⎛

⎝

⎞

⎠
[ ]∣ ∣+ + + − <

Solving this quadratic inequality, ε needs to satisfy (3.18) as we have assumed in Assumption II.
Since z θ ωt∣ ( )∣ is tempered, by (3.19) and (4.27), we see that the following integral is convergent:

R τ ω c e g s τ ε z θ ω s, , d .r ω r
s1

2
0

2 ϱ , d 2
s

0( ) ( ( ) ∣ ∣∣ ( )∣)
( )

∫

∫

= ‖ ⋅ + ‖ +

−∞

(4.29)
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Note that (3.9) implies

F x u x c u u, d 1 .H
p

0 0
2

0
1

n

2( ) ( )∫ ≤ + ‖ ‖ + ‖ ‖

+

�

(4.30)

Since D ∈ � and u v η D τ t θ ω, , , t0 0 0( ) ( )∈ −
−

, for all t T1≥ , we get from (4.29) and (4.30) that

v λ δ β δ u u η F x u e

ce v u u η

ce D τ t θ ω D τ t θ ω t

Δ 2 ,

1

1 , , 0, as .

μ
s ω s

σt
H H

p
μ

σt
t t

p

0
2 2

2 0
2

0
2

0 ,2
2

0
2 ϱ , d

0
2

0 2 0
1

0 ,2
2

2 1

t

0

2 2

( ( ) ( ))

( )

( ( ) ( ) )

͠ ( )∫

‖ ‖ + + − ‖ ‖ + ‖ ‖ + ‖ ‖ +

≤ + ‖ ‖ + ‖ ‖ + ‖ ‖ + ‖ ‖

≤ + ‖ − ‖ + ‖ − ‖ → → +∞

−
+

−

− −

+

−

(4.31)

From (4.1), (4.23), (4.29), and (4.31), there exists T T τ ω D T, ,2 2 1( )= ≥ such that for all t T2≥ ,

φ τ τ t θ ω φ cR τ ω, , , , ,τ E0
2

1
2( ) ( )‖ − ‖ ≤

−

thus the proof is completed. □

The following lemma will be used to show the uniform estimates of solutions as well as to establish
pullback asymptotic compactness.

Lemma 4.2. Under Assumptions I and II, for every τ ω, Ω∈ ∈� , D D τ ω τ ω, : , Ω{ ( ) }= ∈ ∈ ∈� � , there
exists T T τ ω D, , 0( )= > such that for all t T≥ , s t, 0[ ]∈ − , the solution of problem (3.12)–(3.13) satisfies

φ τ s τ t θ ω φ R τ ω e, , , , ,τ E
r ω r

0
2 2 ϱ , d

s

0

( ) ( )
( )∫

‖ + − ‖ ≤
−

where u v η D τ t θ ω, , , t0 0 0( ) ( )∈ −

⊤

−
, M is a positive constant independent of τ ω D, , , and ε, and R τ ω,( ) is

a specific random variable.

Proof. Similar to (4.23), integrating (4.19) over τ t τ s,( )− + with t 0≥ and s t, 0[ ]∈ − , we get

v τ s τ t ω v λ δ β δ u τ s τ t ω u
u τ s τ t ω u η τ s τ t ω η s F x u τ s τ t ω u

v λ δ β δ u u η F x u e

c e g ζ ε z θ ω ζ

v λ δ β δ u u η F x u e

c e g ζ τ ε z θ ω ζ

, , , , , ,
Δ , , , , , , , 2 , , , ,

Δ 2 ,

, d

Δ 2 ,

, d .

μ

μ
r t ω r

τ t

τ s
r τ ω r

ζ τ

μ
r ω r

t

s
r ω r

ζ

0
2 2

2 0
2

0
2

0 ,2
2

0

0
2 2

2 0
2

0
2

0 ,2
2

0
2 ϱ , d

2 ϱ , d 2

0
2 2

2 0
2

0
2

0 ,2
2

0
2 ϱ , d

2 ϱ , d 2

τ s

τ t

τ s

ζ

s

t

s

ζ

( ) ( ) ( )

( ) ( ) ( ( ))

( ( ) ( ))

( ( ) ∣ ∣∣ ( )∣)

( ( ) ( ))

( ( ) ∣ ∣∣ ( )∣)

͠

͠

͠

( )

( )

( )

( )

∫

∫

∫

∫

∫

∫

‖ + − ‖ + + − ‖ + − ‖

+ ‖ + − ‖ + ‖ + − ‖ + + −

≤ ‖ ‖ + + − ‖ ‖ + ‖ ‖ + ‖ ‖ +

+ ‖ ⋅ ‖ +

≤ ‖ ‖ + + − ‖ ‖ + ‖ ‖ + ‖ ‖ +

+ ‖ ⋅ + ‖ +

−

−

+

−

−

−

+

−

+

−

(4.32)

For the last integral term on the right-hand side of (4.32), we have

c e g ζ τ ε z θ ω ζ

c e e g ζ τ ε z θ ω ζ

ce e g ζ τ ε z θ ω ζ

1 , d

, d

, d

t

s
r t ω r

ζ

t

T
r ω r

T

s
r ω r

ζ

r ω r

t

T
r ω r

ζ

2 ϱ , d 2

2 ϱ , d 2 ϱ , d 2

2 ϱ , d 2 ϱ , d 2

s

ζ

s

ζ

s

ζ

s

ζ

1

1

0 1

0

( ( ) ∣ ∣∣ ( )∣)

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥

( ( ) ∣ ∣∣ ( )∣)

( ( ) ∣ ∣∣ ( )∣)

( )

( ) ( )

( ) ( )
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where
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As in (4.31), we find that there exists T T τ ω D T, ,3 3 1( )= ≥ such that for all t T3≥ ,
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(4.34)

It follows from (4.32)–(4.34) and (4.30) that, for all t T s t, , 03 [ ]≥ ∈ − , and ε satisfying (3.18),

v τ s τ t θ ω v λ δ β δ u τ s τ t θ ω u

u τ s τ t θ ω u η τ s τ t ω η s e R τ ω

, , , , , ,

Δ , , , , , , , 2 , .
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(4.35)

The proof is completed. □

Next, we will give higher order estimates for φ ε( ).

Lemma 4.3. Under Assumptions I and II, for every τ ω, Ω∈ ∈� , D D τ ω τ ω, : , Ω{ ( ) }= ∈ ∈ ∈� � , there
exists T T τ ω D, , 0( )= > such that for all t T≥ the solution of problem (3.12)–(3.13) satisfies

A φ τ τ t θ ω φ R τ ω, , , , ,τ E0
21

4 ( ) ( )‖ − ‖ ≤
−

and R τ ω,( ) is given by

R τ ω R ε τ ω ce A v A u A u, , , ,σt
3
2 1

4 0
2 1

4 0
2 3

4 0
2

⎜ ⎟( ) ( ) ⎛

⎝

⎞

⎠
= + + +

− (4.36)

where u v η D τ t θ ω, , , t0 0 0( ) ( )∈ −

⊤

−
, c is a positive constant independent of τ ω D, , , and ε, and R τ ω,3( ) is

a specific random variable.

Proof. Taking the inner product of 3.12 2( ) with A v1
2 in L n2( )� , we find that

t
A v δ εz θ ω A v λ δ u A v Au A v

μ s Aη s A v s f x u A v
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(4.37)
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Similar to the proof of Lemma 4.1, we have the following estimates:
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For the last term on the left-hand side of (4.37), by (3.8), we have
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Substitute (4.38)–(4.45) into (4.37) and together with (3.17) to obtain
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Then
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Let us denote

τ ω σ ε z θ ω γ ε m ε
ϖ
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Using the Gronwall inequality to integrate (4.47) over τ t τ,( )− with t 0≥ , we get
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Replacing ω by θ ωτ−
in (4.49), for every t ∈

+� , τ ∈ �, and ω Ω∈ ,
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then
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Next we show that for any s T1≤ −
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Solving this quadratic inequality, ε needs to satisfy (3.18).
By (3.19) and (4.52), we see that the following integral is convergent:
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For all t T1≥ , we get from (4.52) that
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From (4.1), (4.51), (4.53), and (4.54), there exists T T τ ω D T, ,4 4 1( )= ≥ such that for all t T4≥ ,
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Thus, the proof is completed. □
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In what follows, we derive uniform estimates on the tails of solutions when x and t approach infinity.
These estimates will be used to overcome the difficulty caused by non-compactness in unbounded domains
and are crucial for proving the pullback asymptotic compactness of the cocycle.

Lemma 4.4. Under Assumptions I and II, for every η τ ω0, , Ω> ∈ ∈� , D D τ ω τ ω, : , Ω{ ( ) }= ∈ ∈ ∈� � ,
there exists T T τ ω D η, , , 0( )= > , K K τ ω η, , 1( )= ≥ such that for all t T k K,≥ ≥ , the solutions of problems
(3.12)–(3.13) satisfy
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where for k 1≥ , x x k:k
n{ ∣ ∣ }= ∈ ≤� � and n

k⧹� � is the complement of k� .
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and there exist constants μ1, μ2, μ3, μ4 such that ρ s μ1∣ ( )∣′ ≤ , ρ s μ2∣ ( )∣″ ≤ , ρ s μ3∣ ( )∣‴ ≤ , ρ s μ4∣ ( )∣‴′ ≤ for s ∈ �.
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First, by (3.10), similar to (4.5), we have
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Taking (4.59) into (4.58), we have
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For the fourth term on the left-hand side of (4.60), we have
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For the fifth term on the left-hand side of (4.60), we have
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For the sixth term on the left-hand side of (4.60), we have
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By (3.6), we see that
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On the other hand, by (3.5) and (3.7),
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Similar to (4.9) and (4.10) in Lemma 4.1, we get
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For the third term on the left-hand side of (4.60), we have
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Using Young’s inequality, we get
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Integrating by parts with respect to s and using (3.4), we obtain
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Then it follows from (4.60)–(4.73) that
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Since that ϕ L n
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Using the expression (4.20), we conclude from (4.74) that
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Integrating (4.76) over τ t τ,( )− for t ∈

+� and τ ∈ �, we get
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Replacing ω by θ ωτ−
in (4.77), for every t ∈

+� , τ ∈ �, and ω Ω∈ ,
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It is similar to (4.31), for an arbitrarily given η 0> , there exists T T τ ω D η, , ,( )= such that for all t T≥ ,
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For the fourth and fifth terms on the right-hand side of (4.78), by Lemmas 4.1 and 4.3, for all t T Tmax ,2 4{ }≥ ,
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For the second term on the right-hand side of (4.78), there exists K K τ ω, 11 1( )= ≥ such that for all k K1≥ ,
by (4.27), we get
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where c 0>

∗ is a random variable independent of τ ∈ � and D ∈ � .
Therefore, by (3.20) there exists K τ ω K,2 1( ) ≥ such that for all k K2≥ , we obtain
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by (4.27), we know that the integral of (4.83) is convergent.
Together with (4.78)–(4.82), we have
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It follows from (4.30) and (4.84) that there exists K K τ ω K,3 3 2( )= ≥ , such that for all k K3≥ , t T Tmax ,2 4{ }≥ ,
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In order to obtain the precompactness of the solutions for (3.12)–(3.13) in bounded domain k2� later, we
decompose φ u v η, ,( )=
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and
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For the solutions of equations (4.85) and (4.86), by Lemmas 4.1 and 4.3, we can easily get the following
estimates and regularity results, respectively.

Lemma 4.5. Assume that (3.4) and (3.10) hold. Then for any u ξ η, ,L L L
T( ) of the solution of (4.85) satisfies

φ τ τ t θ ω φ when t, , , 0, .L τ L E,0
2∥ ( )∥− → → ∞

−
(4.87)

Lemma 4.6. Under Assumptions I and II, for every τ ω, Ω∈ ∈� , D D τ ω τ ω, : , Ω{ ( ) }= ∈ ∈ ∈� � , there
exists T T τ ω D, , 0( )= > such that for all t T≥ the solution of problem (4.86) satisfies

A φ τ τ t θ ω φ R τ ω, , , , ,N τ N E,0
2

3
1
4 ( ) ( )− ≤

−

where R τ ω,3( ) is a random variable.

5 Random attractors

In this section, we prove existence and uniqueness of �-pullback attractors for the stochastic system
(3.12)–(3.13). First we also need the following results to prove the asymptotic compactness about memory
term as well as the existence of random attractors.
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Lemma 5.1. [25] Let X0, X , X1 be three Banach spaces such that X X X0 1↪ ↪ , the first injection being
compact. Let Y L X,μ

2( )⊂

+� satisfy the following hypotheses:

(i) Y is bounded in L X H X, ,μ μ
2

0
1

1( ) ( )∩

+ +� � ;

(ii) η s K ssup ,η Y X
2

0( )‖ ‖ ≤ ∀ ∈
∈

+� for some K 00 > .

Then Y is relatively compact in L X,μ
2( )+� .

Note that for any τ ∈ �, ω Ω∈ , t 0m ≥ ,

η τ τ t θ ω η θ ω s

u τ τ t θ ω u θ ω u τ s τ t θ ω u θ ω s t

u τ τ t θ ω u θ ω s t

, , , ,

, , , , , , , ,

, , , ,

N m τ N t

N m τ N t N m τ s N t s

N m τ N t

,0

,0 ,0

,0

m

m m

m

( )

⎧

⎨
⎩

⎜ ⎟ ⎜ ⎟

⎜ ⎟

⎛

⎝

⎞

⎠

⎛

⎝

⎞

⎠

⎛

⎝

⎞

⎠

( )

( ) ( )

( )

−

=

− − − − ≤

− ≥

− −

− − − + − +

− −

(5.1)

and

η τ τ t θ ω η θ ω u τ s τ t θ ω u θ ω s t
s t

, , , , , , , ,
0, .

N s m τ N t
N t m τ s N t s

, ,0
, ,0

m
m⎧

⎨
⎩

⎜ ⎟

⎜ ⎟

⎛

⎝

⎞

⎠

⎛

⎝

⎞

⎠
( )

( )
− =

− − ≤

≥

− −

− + − + (5.2)

Then from Lemma 4.6 and (5.2), it follows that

η τ τ t θ ω η θ ω s η τ τ t θ ω η θ ω s

R τ ω s

max , , , , , , , , ,

2 , , 0,
N s m τ N t μ N m τ N t μ, ,0 ,1

2
,0 ,3

2

3

m m

( )

{ ( ( ) ) ( ( ) ) }‖ − ‖ ‖ − ‖

≤ ∀ ≥

− − − − (5.3)

which implies that η τ τ t θ ω η θ ω s, , , ,N m τ N t m,0 1m{ ( ( ) )}−
− − =

∞ is bounded in L V H V, ,μ μ
2

3
1

1( ) ( )∩

+ +� � . For brevity,
we denote B τ ω η τ τ t θ ω η θ ω sˆ , , , , ,N m τ N t m,0 1m( ) { ( ( ) )}= −

− − =

∞ . Again, by Lemmas 4.1, Lemma 4.6, and (5.1),
we have

η s η τ τ t θ ω η θ ω s R τ ωsup Δ sup sup Δ , , , , 2 , .
η B τ ω s t η θ ω D τ t θ ω

N m τ N t
ˆ , , 0

2

0 ,
,0

2
1

m tm m tm
m

0

( ) ( )
( )

( ( ) )

( ) ( )

‖ ‖ = ‖ − ‖ ≤

∈ ≥ ≥ ∈ −

− −

− −

(5.4)

Thus, by (3.4) and (5.4), it follows that for any η B τ ωˆ ,( )∈ ,

η s μ s η s s R τ ω e s R τ ω
δ

Δ d 2 , d 2 , ,μ
δs

,2
2

0

2
1

0

1
( ) ( ) ( ) ( )

( )
∫ ∫‖ ‖ = ‖ ‖ ≤ ≤

+∞ +∞

− (5.5)

which shows that η τ τ t θ ω η θ ω s L H, , , , ,N m τ N t m μ k,0 1
2 2

2m 1{ ( ( ) )} ( ( ))− ⊂
− − =

∞ +� � is a bounded subset. ByLemma4.5
and 5.1, we know that the sequence η τ τ t θ ω η θ ω s, , , ,m τ t m0 1m{ ( ( ) )}−

− − =

∞ is compact in L H,μ k
2 2

2 1( ( ))

+� � .
Then we apply the lemmas shown in Section 4 to prove the asymptotic compactness of solutions

of (3.12)–(3.13) in E.

Lemma 5.2. Under Assumptions I and II, for every τ ∈ � , ω Ω∈ , the sequence of solutions of (3.12)–(3.13),
φ τ τ t θ ω φ, , ,m τ n m0, 1{ ( )}−

− =

∞ has a convergent subsequence in E whenever tm → ∞ and φ D τ t θ ω,n m t0, m( )∈ −
−

with D ∈ � .

Proof. By Lemma 4.4, for every ζ 0> , there exist k k τ ω ζ, , 10 0( )= ≥ andm m τ ω D ζ m, , ,2 2 1( )= ≥ such that
for all m m1≥ ,

φ τ τ t θ ω φ ζ, , , ,τ n E0,
2

n
k0

( )
( )

‖ − ‖ ≤
−

⧹� � (5.6)

By Lemma 4.6, there exist k k τ ω k,1 1 0( )= ≥ , such that

A u τ τ t θ ω u θ ω A v τ τ t θ ω v θ ω R τ ω, , , , , , , ,N m τ N t
H

N m τ N t
L

,0
2

,0
2

3m
k

m
k

1
4

2
2 1

1
4

2
2 1

( ( ( )( ) ( )

( ) ( )

− + − ≤
− − − −

� �
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which alongwith the compact embedding H H H Lk k k k
3

2
1

2
2

2
2

21 1 1 1( ) ( ) ( ) ( )× ↪ ×� � � � , we know the sequences
u τ τ t θ ω u θ ω v τ τ t θ ω v θ ω, , , , , , ,N m τ N t N m τ N t m,0 ,0 1m m{ ( ( }( ( )) ( )))− −

− − − − =

∞ are precompact in H Lk k
2

2
2

21 1( ) ( )×� � .
By Lemma 4.5, we deduce that the sequences u τ τ t θ ω u θ ω v τ τ t θ ω v θ ω, , , , , , ,m τ t m τ t m0 0 1m m{ ( ) ( ) }( ( ) ( ) )− −

− − − − =

∞

are precompact in H Lk k
2

2
2

21 1( ) ( )×� � . In addition, the sequences η τ τ t θ ω η θ ω s, , , ,m τ t m0 1m{ ( )}( )−
− − =

∞ are pre-
compact inL H,μ k

2 2
2 1( )( )

+� � . Thus, φ τ τ t θ ω φ, , ,m τ n m0, 1{ ( )}−
− =

∞ isprecompact inE k2 1( )� , this togetherwith (5.6)
implies φ τ τ t θ ω φ, , ,m τ n m0, 1{ ( )}−

− =

∞ has a convergent subsequence in E n( )� . □

Since Lemma 4.1 implies a pullback �-absorbing set for Φ, and Φε is pullback �-asymptotically
compact in E from Lemma 5.2, we immediately get the following existence theorem by Proposition 2.1.

Theorem 5.3. Under Assumptions I and II, the cocycle Φ generated by the stochastic plate equation
(3.12)–(3.13) has a unique pullback �-attractor τ ω τ ω, : , Ω{ ( ) }= ∈ ∈ ∈�� � � in the space E.
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