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1 Introduction

Let (Q, F, P) be the standard probability space, where Q = {w € C(R, R) : w(0) = 0}, ¥ is the Borel
o-algebra induced by the compact open topology of Q, and # is the Wiener measure on (Q, ¥). There is
a classical group {6:};r acting on (Q, ¥, P), which is defined by

Ow(-) = w(-+t) - w(t), forall weQ, teR,

then (Q, 7, P, {6:}¢cr) is an ergodic parametric dynamical system.
Considering the following non-autonomous stochastic plate equation with memory and multiplicative
noise in unbounded domain R":

Uy + Nu + h(uy) + Iy(s)Az(u(t) —u(t—s))ds + Au + f(x,u) = g(x, t) + €u o c(iivtv (1.1)
0

with the initial value conditions
u(x, ) = ug(x), ux, ) = wx), (1.2)

where x € R", t > 7 with T ¢ R, 1 > 0 and ¢ are constants, y is the memory kernel, h(u;) is a nonlinear
damping term, f is a given interaction term, g is a given function satisfying g € L2 (R, HY(R"), and w is
a two-sided real-valued Wiener process on a probability space. The stochastic equation (1.1) is understood
in the sense of Stratonovich’s integration.

Many studies have been carried out regarding the dynamics of a variety of systems related to equation (1.1).
For example, if the random term is vanished, p = 0 and g(x, t) = g(x), then (1.1) changes into a deterministic
autonomous plate equation. The existence and uniqueness of the global attractor of the corresponding
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dynamical system were investigated in [1-11]; besides, the uniform attractor of the dynamical system

generated by the non-autonomous plate equation was obtained in [12].

For the stochastic case, if y = 0 and the forcing term g(x, t) = g(x), then the existence of a random
attractor of (1.1)—(1.2) in bounded domain has been established in [13-16]; if 4 # O, the existence of random
attractors for plate equations with memory and additive noise in bounded domain was considered in
[17,18]. Recently, in the unbounded domain, the authors investigated the asymptotic behavior for stochastic
plate equation driven by different noises (see [19-22] for details).

However, studies on the stochastic plate equation with memory still lack. Motivated by the literature
above, we investigate the asymptotic behaviors for stochastic plate equation driven by multiplicative noise
in unbounded domains in this paper. More precisely, compared to [19-22], we have the memory effects.
The main features of our work are summarized as follows.

(i) Note that Sobolev embeddings are no longer compact in unbounded domains. It leads to a major
difficulty for us to prove the asymptotic compactness of solutions by standard method. To overcome
this difficulty, we refer to [23,24] which provide uniform estimates on the far-field values of solutions.

(ii) There is no applicable compact embedding property in the “history” space. In this case, we solve it
with the help of a useful result in [25]. For our purpose, we introduce a new variable and an extended
Hilbert space. Moreover, we still need uniform estimates of solutions in higher regular space due to
the memory term.

(iii) The influence of multiplicative noise and additive noise on the solutions of plate equations is quite
different. When dealing with random attractors of a stochastic equation, we often transform the
stochastic equation into a deterministic one with random parameters. If the equation is driven by
additive noise, then the transformation does not change the structure of the original equation.
Therefore, one can obtain all necessary uniform estimates of solutions, and then get the existence
of random attractors for additive noise with any intensity (see, e.g., [20]). However, if the plate
equation is driven by multiplicative noise, then there are several additional terms appearing after
the equation is transformed (see (3.12), in Section 3). These additional terms involve the unknown
variable u and have great effect on the way to derive uniform estimates of solutions. This is the reason
why, in this paper, we only study the existence of random attractors for the stochastic equation (1.1)
when the intensity € of the multiplicative noise is sufficiently small.

(iv) In this manuscript, ¢, € E, so we cannot obtain the higher order estimate by using the classical energy
method. To this end, we split the system into a linear system and a zero initial data nonlinear system.
The energy of the linear system decays to 0, while the energy of nonlinear system is bounded in higher
regular space. Then we can use this property to deduce the compactness.

In the next section, we recall some notations and results regarding random attractors for non-auton-
omous stochastic equations. We then define a continuous cocycle for equation (1.1) and derive necessary
uniform estimates in Sections 3 and 4, respectively. Finally, we prove the existence of random attractors
in Section 5.

Throughout the paper, the letters ¢ and ¢; (i =1, 2,...) are generic positive constants which do not
depend on ¢.

2 Preliminaries

In this section, we present some definitions and known results regarding pullback attractors of non-auton-
omous random dynamical systems from [26,27].

Definition 2.1. Let 0 : R x Q — Q be a (B(R) x F, ¥)-measurable mapping. We say (Q, ¥, P, 0) is a para-
metric dynamical system if 8(0, -) is the identity on Q, 6(s + ¢, -) = 6(t, -)o 6(s, -) for all t,s € R, and
PO(t,-) =P forallt e R.
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Definition 2.2. Let K : R x Q — 2% be a set-valued mapping with closed nonempty images. We say K is
measurable with respect to ¥ in Q if the mapping w € Q — d(x, K(1, w)) is (¥, B(R))-measurable for every
fixed x € X and 7 € R.

Definition 2.3. A mapping ® : R* x R x Q x X — X is called a continuous cocycle on X over R and
Q,F, P, {0}r) ifforallT e R, w € Q, and t, s € R*, the following conditions (1)—(4) are satisfied:
1) OC, 1, ):R*xQ x X > Xis (B(RY) x F x B(X), B(X))-measurable;
(2) (0, 1, w, -) is the identity on X;
3) o(t+s,1,w, ) =D, T+S,0w, -)o DS, T,w, -);
(4) o(t, 1, w, -) : X - X is continuous.
Hereafter, we assume @ is a continuous cocycle on X over R and (Q, F, P, {6:}tr), and D is the
collection of some families of nonempty bounded subsets of X parameterized by 7 ¢ R and w € Q:

D={D={D(t,w) cX:D(t,w) + T, 7T € R, w € Q}}.

Definition 2.4. Let B = {B(1, w) : T € R, w € Q} be a family of nonempty subsets of X. For every 7 € R,
w € Q, let

OB, 1, w) = JD(, T - t, 0w, B(T - t, 0_w)).

r>0t>r

Then the family {Q(B, 7, w) : T € R, w € Q} is called the Q-limit set of B and is denoted by Q(B).

Definition 2.5. Let D be a collection of some families of nonempty subsets of X and K = {K(1, w) : T € R,
w € Q} € D. Then K is called a D-pullback absorbing set for @ if for all T € R and w € Q and for every
B € D, there exists T = T(B, T, w) > 0 such that

o(t, T -t,0w,B(t - t,0,w)) < K(t,w) forall t>T.

If, in addition, K(t, w) is closed in X and is measurable in w with respect to ¥, then K is called a closed
measurable D -pullback absorbing set for ®.

Definition 2.6. Let D be a collection of some families of nonempty subsets of X. Then @ is said to be
D-pullback asymptotically compact in X if for all T ¢ R and w € Q, the sequence

{(D(t,,, T -ty O, x,,) },;“;1 has a convergent subsequence in X

whenever t, — oo, and x, € B(T — ty, 0, w) with{B(1,w) : Te R, w € O} € D.

Definition 2.7. Let D be a collection of some families of nonempty subsets of X and A = {A(r, w) : T € R,
w € Q} € D. Then A is called a D-pullback attractor for @ if the following conditions (1)-(3) are fulfilled:
forallt e R", TeR andw € Q,

(1) A(r, w) is compact in X and is measurable in w with respect to 7 ;

(2) A is invariant, that is,

@(t, 7, w, A(T, W)) = A(T + t, Ow);
(3) Forevery B={B(t,w): TR, w € Q} € D,
lim d(®(t, T - t, 6w, B(t - t, 0.w)), A(T, w)) = 0.

t—oo

Proposition 2.8. Let D be an inclusion-closed collection of some families of nonempty subsets of X, and @ be
a continuous cocycle on X over R and (Q, F, P, {6:}ter). If © is D-pullback asymptotically compact in X and
@ has a closed measurable D-pullback absorbing set K in D, then @ has a unique D-pullback attractor A
in D which is given by, for eacht € R and w € Q,

AT, w) =QK, 7, w) = |J QB, 1, w).
DeD
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3 Cocycles for stochastic plate equation

In this section, we outline some basic settings about (1.1)-(1.2) and show that it generates a continuous
cocycle in E = H? x % x Ry,».
Let —A denote the Laplace operator in R", A = A2 and D(4) = H*(R"). We can define the powers 4" of A

forr € R. The space V, = D(A%) is a Hilbert space with the following inner product and norm:
(), = (A, Aiv), |y = IAful, Vv e V.

In particular, V, = L*(R"M), V; = HI(R"), V, = HX(R").

For brevity, the notation (-, -) for L?-inner product will also be used for the notation of duality pairing
between dual spaces.

Following Dafermos [28], we introduce a Hilbert “history” space R, , = Lﬁ([R*, V5) with the inner product

Ol M)z = IH(S)(Am(S), Any(s)ds, V. 1, € R
0

and new variables
nx, t,s) =ulx,t) —ukx,t-s), ((x,s)eR"xR* t=0.
By differentiation we have
nx, t,s) = -n,x, t,8) + us(x, t), (x,s) e R"xR*, t>0.
Denote E = H? x L? x R, ,, with the Sobolev norm
W lexrzaon,, = (VI2 + Nl + [Aul? + nll,2)2,  for y = (u, v, n)' € E. 3.1

Let & = u; + 6u, where § is a small positive constant whose value will be determined later. Substituting
u; = & — 6u into (1.1) we find

% Fou=¢,

% Z 68+ (A + 82 + A+ h(E - Bu) + f u(S)An(s)ds + F06, u) = g(x, £) + gu o ‘z”tv, (3.2
0

M + 1 = U,

with the initial value conditions

ux, 7) = uplx), &, 1) =¢&x), nkt,s)=nyx,s)=ukx1)-ulXxT-5), 3.3)
where &,(x) = u(x) + up(x), x € R", s € R™.
Assumption L. Assume that the memory kernel function p € C}(R*) n L'(R*), nonlinear functions h € C'(R)

and f € CY(R) satisfy the following conditions:
(1) Vs € R* and some @ > 0.

u(s) 20, p'(s)+wou<0, (3.4)

note that (3.4) implies mg def lullpgy = I;Oy(s)ds > 0.
(2) Let F(x,u) = _[:f (x, s)ds for x €e R"and u € R, there exist positive constants ¢; (i = 1, 2, 3, 4), such that
Ifo,wl < alu P + ¢(x), ¢, € 2R, (3.5)

fOowu - oF(x, u) > 9,(x), ¢, € LR, (3.6)
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FOx,u) 2 gfu [P - ¢5(x), ¢ € L'(RY), (3.7)
‘%(x, w| < B, ‘%(X, w| <), ¢, € XRY, (3.8)

n+4

where f>0,1<p <. —

. Note that (3.5) and (3.6) imply

FOx,u) < c(uf + ulPt + o2 + ¢,). (3.9)
(3) There exist two constants §;, B, such that
h(0)=0, 0<pB <h(v)<p,<oo. (3.10)

By (3.4), the space R, = Lj([R*, V;) (r € R) is a Hilbert space of V;-valued functions on R* with the inner
product and norm:

(s Tr = I u(s)(Ainy(s), Ainy(s))ds,

o Vil 1y, 1, € Vi,

Il = [ u)(4in). Ains))ds,
0

and on R, ,, the linear operator —d; has domain
D(-3s) = {n € Hy(R*, ;) : n(0) = 0}, where Hy(R*, V) = {n : n(s), os € Li(R*, V)}.

To study the dynamical behavior of problem (3.2), we need to convert problem (3.2) into a deterministic
system with a random parameter. We now introduce an Ornstein-Uhlenbeck process given by the Brownian
motion. Put

0
26w) = 2(t, ) = 6 J e55(Bw)(s)ds, (3.11)
which is called the Ornstein-Uhlenbeck process and solves the It equation dz + ézdt = dw, z(-co0) = 0.
From [30], it is known that the random variable |z(w)] is a stationary, ergodic, and tempered stochastic
process, and there is a §;-invariant set O ¢ Q of full # measure such that z(6,w) is continuous in ¢t for every
w € Q. For convenience, we shall simply write Q as Q.
To show that problem (3.2) generates a cocycle, we let

v(x, t) = &(x, t) — eu(x, t)z(Bw),

then (3.2) can be rewritten as the equivalent system with random coefficients but without multiplicative
noise

% + 6u — v = euz(bw),
) % v+ A+ 6%+ Au+ Iy(s)An(s)ds + f(x, u) (3.12)
0
=g, t) — h(v + euz(6w) — 6u) — e(v — 36u + euz(6w))z(Bw),
rlt + ns = ut!

with the initial value conditions
u(x, ) = up(x), v(x, 1) =wkx), nkx,t,s)=nyx,s)=ulx,1)-ukXT1-25), (3.13)

where vp(x) = &,(x) — eug(x)z(6w), x € R", s € R™.
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The well-posedness of the deterministic problems (3.12)-(3.13) in H? x L? x R, , can be established by
standard methods as in [29-31], more precisely, under conditions (3.4)—(3.8) and (3.10), for every w € Q,
T € R and (uo, vo, 1,) € E, we can obtain the following lemma:

Lemma 3.1. Putp(t + 7, 7, 0w, ¢y) = (u(t + 7,7, 0w, Up), v(t + 7, T, 0w, Vo), n(t + 7, 7, O, 1, 5))', where
@, = (uo, vo, N,)', and let conditions (3.4)—(3.8) and (3.10) hold. Then for every w € Q, T € R and ¢, € E(R"),
problem (3.12)—(3.13) has a unique (¥, B(H*([R™) x B(LAR")) x B(R,,2))-measurable solution ¢(-, T, w, @,)
€ C([1, 00), E(R™) with (1, T, w, @,) = @y, ¢(t, T, w, @,) € E(R™) being continuous in @, with respect to the
usual norm of E(R") for each t > t. Moreover, for every (t, T, w, ¢,) € R* x R x Q x E(R"), the mapping

D(t, 7, w, @y) = @t + 7, T, 6w, @) (3.14)
generates a continuous cocycle fromR* x R x Q x E(R™) to E(R™ overR and (Q, F, P, {6¢}tcr)-
Introducing the homeomorphism P(6.w)(u, v, n)' = (U, v + z(6w), n)", (u, v, n)’ € E(R™ with an inverse
homeomorphism P (6,w)(u, v, )" = (u, v - z(6;w), n)’. Then, the transformation
5(t’ T, W, (uO’ '{0’ rlo)) = P(G[(U)q)(t, T, W, (uO’ Vo, rlo))Pil(etw) (3-15)

generates a continuous cocycle with (3.2)-(3.3) over R and (Q, 7, P, {0}¢cr)-

Note that these two continuous cocycles are equivalent. By (3.15), it is easy to check that ® has a ran-
dom attractor provided @ possesses a random attractor. Then, we only need to consider the continuous
cocycle @.

Assumption II. We assume that o, 6, €, and g(x, t) satisfy the following conditions:

o= L min {5, 5(1 - 2'"0‘5), ® 5c2}, (3.16)
2 w 4

2
6 >0 satisfies A+62-8,6>0, B, >56+ m, (3.17)

>

] < min ~4J8 (5 + W@ + 2,/48(p5y; + 1)’ + n6w(20y, + 80y,mo)
(2o + 8mo)y,J1

(3.18)
~4:8(yyy; + Do + 2\/46(y2y3 + 1)’0? + néw 20y, + 80y,Mmo)
(2w + 8mo)y,1T ’
ac! 1 3 1
where y, = max{l, 173}, =1+ g 3 56 + 5B, + (B, — B)6 + 1. Moreover,
0
J- e®|g(-, T + s)[ids < co, VT €R, (3.19)
and
0
klim e’ I lg(x, T + s)Pdxds =0, V7 eR, (3.20)
—c0 |xlzk

where |-| denotes the absolute value of real number in R.
Given a bounded nonempty subset B of E, we write |B|| = supgepll¢le. Let D = {D(7, w) : T € R, w € Q}
be a family of bounded nonempty subsets of E such that for every 7 € R, w € Q,

lim e%|D(t + s, bw)IIf = 0. (3.21)

§——00
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Let D be the collection of all such families, that is,

D={D={D(1,w) : T € R, w € Q} : D satisfies (3.21)}.

4 Uniform estimates of solutions

In this section, we derive a series of uniform estimates for solutions of problems (3.12)-(3.13).
We define a new norm |-||g by
1Y = AVIP + A + 62 = B8)Iul? + [Aul? + Inl,2)2,  for Y= (u,v,n) € E.
It is easy to check that |- || is equivalent to the usual norm || |22, in (3.1).

First we show that the cocycle @ has a pullback D-absorbing set in D.

(3.22)

4.1)

Lemma 4.1. Under Assumptions I and II, for every T e R,w € Q, D ={D(1,w) : T € R, w € Q} € D, there

exists T = T(t1, w, D) > O such that for allt > T the solution of problem (3.12)—(3.13) satisfies
lp(t, T - t, 0w, @)l < R(T, w),

and R(t, w) is given by

0 s 2
2 ~ylellz(6rw)|- (l 24205 ) 2(6,0) P +y3 €1 2(6e >|)]d
R, w)=M [ e T e "8G, s + D + lellz@w)Dds,

-0

where M is a positive constant independent of T, w, D, and €.

Proof. Taking the inner product of (3.12), with v in L2(R"), we get

%%IIVII2 = (6 - ez(O)IVIP + (A + 65w, v) + (Au, v) + _[H(S)(AU(S), v)ds + (f(x,w), v)
0

= ez(6w)(36 — ez(Ow))(u, v) — (h(v + euz(Bw) — du), v) + (g(x, t), v).
By (3.12);, we have
v =u; — euz(6w) + bu.
It follows from (3.10) and Lagrange’s mean value theorem that

—(h(v + euz(6w) - 6u), v) = —-(h(v + euz(6;w) — éu) — h(0), v)
=—(h'9)(v + euz(Bw) — bu), v)
<=BilvI> - (W' (9)(euz(Ow) — 6u), v)
< =BilvI> + B,lellz@w)lulllivil + h'(9)6(u, v),

where 9 is between 0 and v + suz(6;w) — du.
By (3.10) and (4.4), we know

1d
W(9)6(u, v) = K'(9)6(u, ue - euz(w) + 6u) < B,6 - EEIIMII2 + 8%l - B,8lellz(Brw)llul?.

Substituting (4.4) into the third and fourth terms on the left-hand side of (4.3), we find that

1d
W, v) = (u, us — euz(Bw) + 6u) > Eallull2 + Ollul? - lel|lz(Bw)lul?

(4.2)

(4.3)

(4.4)

(4.5)

(4.6)

(4.7)
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and
(Au, v) = (Au, Av) = (Au, Au; — ez(Bw)Au + 6Au) > %%HAuHZ + Ol Aul? - |ellz(Bw)| | Aull?.

Using the Cauchy-Schwarz inequality and Young’s inequality, we have
ez(Ow)(36 — ez(Bw))(u, v) + Blellz(Gw)llulllvI
= (38ez(Bw) — £2*(Ow))(u, v) + B,lellz(@w)lulIvI
< (36lellz(Ow)| + e2z@w)P)lullvl + B, lellz(@w)l lulllv]
= (36 + Blellz(Bw)| + €2|z(Bw)P)llulllvI

< (%(36 + Blellz(6w)] + %sﬂz(etwnz)(nuuz + VP,

2 oy
@) < gVl < Zqﬂg" 5 & e
-

Let F(x, u) = I[R"F (x, u)dx. Then for the last term on the left-hand side of (4.3) we have

(fox,w),v) = (f(x,w), us — ez(Biw)u + bu) = %F(X, u) + 6(f(x, u), u) - ez(6w)(f(x, u), u).

From (3.5) and (3.7), we obtain

ez(Ow)(f (x, w), u) < cilel|z(Bw)| I up*tdx + lellz(@all@yl* + lellz(@w)lul?
[RII

< C1C§1I€I|Z(9tw)|I(F(X, w) + ¢3)dx + lellz(@a)lIPy I + lellz(@w)|lul?
[RII

< a5 |ellz(Bw)IF (x, w) + clellz(Ow)] + lellz(@w)llul?.

A direct calculation deduces that
IH(S)(AU(S), v)ds = IH(S)(AZH(S), v)ds
0 0
= [Mex@n(s), b - euz(@@) + w)ds
0
- [H@nes), dudds - ex(6w) [ us)an(s), dupds + 8 [ ucs)en(s), dwyds.
0 0 0
Using (3.12)3, then integrating by parts with respect to s, we get

T 1d (1]
[ rsxen, awids = 2k, + Lo
0

Using Young’s inequality, we have

—sz(@w)ju(s)mn(s), duyds > -l > - T 20 w)P I
0
and
T 2mo5?
6 [ usxon), tuds > ik, - 2 ol
0

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)
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Combining with (4.14)—(4.16) and (4.13), we get

2me? 2my62

T 1d
[ usants), s > S-S + Tk, - 2 zO@PIu - 2 faup. (4.17)
(0]

Substitute (4.5)-(4.17) into (4.3) and together with (3.6) to obtain

1d ~
EE(IIVII2 + A+ 82 = Bu®)lul? + lAul? + lInly,z + 2F (x, w)

+ 8(IVI2 + A + 82— B,S)ulP) + 6(1 - Z’fTO‘s)nAunz + %nnni,z + 86F (x, u)

2moe?
u_‘)’ |2(8,w) 1 Aul?

< (%(36 + B)lellz(0w)] + %ezlz(@w)lz)(lluuz VD) +

+ lellz@)|(IVI* + (A + 62 = B,S)ull® + Aull?) + |el|lz(Bw)|lul?

— 2
2 26, - 5

2
< (%(36 + Bylellz(Ow)] + (%ez N ”"Tog)z(etw)ﬁ)(nuuz VIR + 1Aul)

(4.18)
+ 65 ellz(Qw)IF (x, w) + clellz(Ow)|

+ Wellz@)I(IVI? + (A + 82 = B&Iul? + [Aul? + 2F (x, u))
+ lellz@w)lllul? + c(lgl? + lellz(Bw))),

—1
where y, = max{l, %}

Choosing § small enough such that 1 - 2mod

[

> 0, then let g = %min{& 6(1 - zmm"&), %, 662}, we get
%%(IIVII2 + A+ 8% = By®)llul? + lAul? + Il , + 2F (x, u))
< —[a - ylellz(0w)| - yz((ész + zmT"gz)w(etw)P + y3I£IIZ(91w)IH (419)
X (IVIZ + (A + 82 = B,&) Il + IAul? + Inli,» + 2F(x, ) + c(lgl? + lellz(6w))),

1 3 1
where y, =1 + Lo T 56+ B, + (B, - B6 + 1.
Denote

2mee?

o(t, w) = 0 - ylellz(Bw)| - Yz((%ez + )|2'(9t611)|2 + Y3|€||Z(9tw)|)- (4.20)

Using the Gronwall inequality to integrate (4.19) over (7 — t, 7) with t > 0, we get
"V(T’ T- ts w, VO)HZ + (A + 62 - B25)||u(‘r, T-— ta w, uO)”2

+ 1Au(t, T = t, w, u)l? + In(t, T = t, W, g, S5 2 + 2F (%, u(t, T - t, W, uo))

< (ol + A + 82 = B,6)luolP + IAuol? + gl , + 2F (x, upe’ . s (4.21)

e fezjf 2RO e I + ellz@w))ds.

-t
Replacing w by 0_.w in the above we obtain, for every t ¢ R*, 7 € R, and w € Q,
lv(t, T - t, O, )IF + A + 62 = B,O)lu(t, T - t, Ow, uo)|?

+ 18u(t, T = t, 0w, up)I? + In(T, T = t, 0w, g, S5, + 2F (%, u(t, T = t, 0., Uo))

Tt
= 2 (s-7,w)d
< (IvolP + (A + 8% = By®)lluol? + IAuol? + Nyl 2 + 2F (x, uo))e [ eeraes (4.22)

T s
te I 2], BT o OP + lellz(0w))ds,

Tt
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then

Iv(t, T - t, 0w, vo)I? + (A + 62 = B,8)lu(t, T — t, 6w, uo)IP?

+ lAu(T, T - t, 0w, up)l? + (T, T - t, 0w, Ny, S)I7, 5 + 2F (X, u(t, T — t, 0w, o))

< (Ivol? + (A + 8% = By8)luol? + Aol + lIngll,, + 2F (x, uo))e
0 S
te f & O g, s + DR + lellzGw)ds.

~t

Since |z(6,w)| is stationary and ergodic, from (3.11) and the ergodic theorem we can get

0
tim 2 [ @i = BGz0.0)) = —=,
t—oo t 7'[5
Zt
0
1 1
lim — Bw)lPdr = E(|lz(6w)P?) = —.
lim |z(B,w)[?dr = E(|z(B,w)[*) %

~t

By (4.24)—(4.25), there exists Ti(w) > O such that for all ¢t > Tj(w),

2
N

0
I|z(9,w)|dr <
~t

Next we show that for any s < -T;

S
e’ -[o erdr o gos,

By using the two inequalities in (4.26), we have

S

0

> 0s — |g| 2% s—y (lez + 2m052)l + y|£|i S
Js . \2 o )5 7 Jns
V(1 2mpe? 2
- 32(532 + wo )s - —E[Y% + yllels + os.

In order to have the inequality in (4.27) valid, we need

y 2
I[O‘ - ylellz(Gw)] - yz((%gZ + 2"170€)|z(6ra))|2 + y3|e||z(9rw)|)]dr < %s.
0

Since s < - T, then it requires that

o\2

Solving this quadratic inequality, € needs to satisfy (3.18) as we have assumed in Assumption II.
Since |z(6,w)| is tempered, by (3.19) and (4.27), we see that the following integral is convergent:

0

RXt, w) = ¢ f &1, N o s 4 D + lellz(0w))ds.

—00

—t
2 jo o(s,w)ds

0
t, I|z(6rw)|2dr < %t.
-t

2
I[U - ylellz(Gw)| - yz((%gZ + MTOS)|2(0rw)|2 + y3|g||z(9rw)|)]dr

%1, 2m032) 2 o
L) g2 T |+ — +yllel - = < 0.
( o m[)@)’z illel 5

DE GRUYTER

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)
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Note that (3.9) implies

| Pt w0y < et + Tuol? + Tuols.
RH

Since D € D and (uo, vo, o) € D(T - t, O w), for all t > T;, we get from (4.29) and (4.30) that

~ AR
(ol + (A + 82 = B®)luol? + Iduol? + ol » + 2F (x, uo))e J, e

- 1 2
ce (1 + Ivol* + lluollZ, + lluollP>™ + lInglly,2)

< ce (1 + |D(t - t, . w)|? + |D(T - t, Lw)|P*) - 0, ast— +oo.

IA

A

From (4.1), (4.23), (4.29), and (4.31), there exists T, = T(1, w, D) > T, such that for all t > T,
lp(T, T - t, 6w, PIE < cRI(T, w),

thus the proof is completed.

— 1445

(4.30)

(4.31)

O

The following lemma will be used to show the uniform estimates of solutions as well as to establish

pullback asymptotic compactness.

Lemma 4.2. Under Assumptions I and II, for every T e R, w € Q, D = {D(1,w) : T € R, w € Q} € D, there
exists T = T(t, w, D) > O such that for allt > T, s € [-t, 0], the solution of problem (3.12)-(3.13) satisfies

0
w)d
lo(t + s, 7 - t, 0w, PIE < R(, w)e’ L o, w)dr

where (U, vo, )" € D(t — t, O w), M is a positive constant independent of T, w, D, and €, and R(t, w) is

a specific random variable.

Proof. Similar to (4.23), integrating (4.19) over (t — t, T + s) witht > 0 and s € [-t, O], we get

V(T + 5,7 - t, 0, v)I* + A+ 62 - B,O)u(t + 5,7 - t, w, up) I’

+ 18u(t + 5,7 = t, w, u)I? + (T + 5,7 — t, w, Ny, Sl 2 + 2F (X, u(T + 5,7 - t, W, Up))

Tt
~ 2 o(r-t,w)dr
< (Ivol? + A + 8% = By&)lluolP + Aol + lInl,» + 2F (x, uo))e f

T+S

¢
—r,w)d
+c I e’ Ls or=r.w) g, O + lel|z(6;_w))d¢
-t
2 [ eraa
< (ol + A + 8% = B,8)lluol? + IAuol? + IImylly,» + 2F (x, uo))e L etnwxr

S ¢
,w)d
e f L O g, v o + lellz@nac.
-t
For the last integral term on the right-hand side of (4.32), we have

S ¢
c jezfs TG L g, ¢+ DI + lellz(Brw)])dS
—t
-1

¢ 5 ¢
c j ¢t ), e | j &L e, ¢4 DI + Iellz@@ag
-t

-h

-1

0 ¢
ce |, e jezfo O g, ¢+ DI + lellz@w)dl
-t

IN

(4.32)

(4.33)
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0 0 ¢
Y [ Jy €T e, ¢+ TR + Iellz@)DAC

-4
-4

e, e [estige, ¢+ OF + eliz@@Dg

-t

IN

0 0 ¢
+ el o j 2, O g, ¢+ I + lellz@w)dl

-4

0
2'[ (r,w)dr
e Js e

< Rz(gy T9 a))y
where
0 0] ¢
R(T,w) = ¢ j e%(lgC, ¢+ DI + lellz@w)dl + ¢ &L, O e o lellz(6,w))dS.
—00 -T

As in (4.31), we find that there exists T3 = Tz(1, w, D) > T such that for all t > T,

-t
= 2 (r,w)d
(Ivol® + (A + 82 = B,®)uol? + lAuol? + gl + 2F (x, uo))e [ wronr

0 ~t
< ek ] o L 8 SR + 18U + gl + 2FCrue)) (43

0
Lw)d
ezL otr. ) rRz(‘r, w).

IN

It follows from (4.32)—(4.34) and (4.30) that, for all t > T, s € [-t, O], and ¢ satisfying (3.18),

Iv(t + 5,7 - t, 0w, WIP + A + 8% - B,O)u(t + 5, T - t, 6w, up)II?
(4.35)

0
2 .[ o(r,w)dr
S

+ 18u(t + 5,7 = t, 0w, u)I? + (T + 5,7 = t, w, N, ), < 2e Ry(, w).

The proof is completed. O
Next, we will give higher order estimates for ¢®.

Lemma 4.3. Under Assumptions I and II, for every T e R, w € Q, D = {D(1,w) : T € R, w € Q} € D, there
exists T = T(t, w, D) > O such that for all t > T the solution of problem (3.12)—(3.13) satisfies

lAip(t, T - t, 0.0, I} < R(T, w),

and R(t, w) is given by

2 2

3
R(t,w) = R¥(e, T, w) + ce‘”( A%vo A%uo + ||A%ug

+ ’

2
), (4.36)

where (uo, vo, n,)" € D(t - t, 0_w), ¢ is a positive constant independent of T, w, D, and €, and Rs(t, w) is
a specific random variable.

Proof. Taking the inner product of (3.12), with Awv in I2(R"), we find that

%% ||A%v = 6 - ez(@tw))‘ Asv ‘2 + A+ 62)(u,A%v) + (Au,A%v)
+ Ty(s)(Ar,(s),Aév)ds + (Fo, w), Abv) (4.37)
0

= e2(6w)(36 - ez(etw))(u, A%v) — (h(v + euz(Bw) — u), Av) + (g(x, 6, A%v).
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Similar to the proof of Lemma 4.1, we have the following estimates:
-(h(v + euz(Bw) - 6u), A%v) - —(h(v + euz(Bw) - 6u) — h(0), A%v)
- —(h’(B)(v + euz(Ow) — 8u), A%v)

1 P 1 (4.38)
<-B, ||Aav| - (h'(sxeuz(e,w) - 5u),Afv)
2
<, ||Aav | + Blellz@w)|[atul||[atv] + n(@)5(u, A1),
h’(8)5<u, Aiv) = h’(9)5(u Ay - ez(Gta))A;u) + 6A§u)
- L (@39)
<B6- 5 dt A4u + B,6% ||Asu|| - B,blellz(6w)||Auul| ,
(u, A%v) = (u, Ay — ez(Qw)Aru + 6A%u)
2 2 2 (4.40)
> 1d A%u +6 A%u - lellz(Bw)] A%u ,
2dt
(Au, Av) = (Au, Avuy — ez(Bw)Aru + 5A%u)
2 2 2 (4.41)
> 1d A%u +6 A%u - lellz(B:w)) A%u ,
2dt
ez(6w)(36 - sz(Gtw))(u, A%v> + B, lellz(Bw)) Anul||| Aty
= (36ez(0w) - ezzz(etw))(u,A%v) + Blellz@w) || Atul| || atv
< 38lel|z(Bw)| + €)z(Bw)?)||Anul|||Asv + B, lellz(Biw)| Aiul|||Asv (4.42)
= (36 + Blellz(Ow)| + e2z(Bw)P)|| Avu ||| Atv
1 1 1 2 1 2
< (5(36 + By)lellz(6w)| + 5£2|z(9ta))|2) Asul| + [|Aav]|| |,
1 1 gl Bi—6,1 IP
(g, AzV) < |lglh||Asv]| < 2B, - 8) + 5 Asv|| , (4.43)
2 2moe , 2 2my6? 2
y(s) An(s) sz ds > =— ’A r1|| + — Aaq —|z(6w)| Aiu|| - 2007 2| (4.44)
For the last term on the left-hand side of (4.37), by (3.8), we have
—(f(x, u), Aiv) = fif(x, u) - Aivdx - fif(x, u) - Avu - Asvdx
ox ou
R" R"
s_[ aif(x,u) - Ay dx+ﬁj Aiu| - |Aiv|dx
R" x R"
< Iln4l~ Aiv |dx + BI Aiu| - |Avv |dx (4.45)
R" R"
<l ll|[4av|| + B ||Asul|||Asv
2 2 2
<c+ 6+ﬁ— Aiv +16(/1+52—ﬁ26) Anul| .
26(A + 6% - B,6) 2
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Substitute (4.38)—(4.45) into (4.37) and together with (3.17) to obtain

1d ’ ’2
2dt u,2
+ 0(‘ A%’T
2m

1 1 082
< (—(36 + Blellz(Bw)] + (—e2 v —)|z(etw)|2)(\
2 2 w

2

112 1 3P .
Aav‘ +(/\+52—ﬁ26)HA4u + ||Asu +‘Aﬂ1

1 1| 3 |1 2
Asy Asu Asu +| ‘

u,z)

2
+ ‘

+

2
‘ +(A+62—/326)‘

(4.46)

1 2 3
Asu + ||Adu

)
)+ lgly
28, -8

2 2

1 1 3
Axy Axu Aisu

2
- |

+ |e||z(etw)|(\ +|

1d 2
- .

2
< - [U - lel|lz(Buw)| - yz((%gZ + m705)|z(9tw)|2 + y3|g||z(9ta))|)] (4.47)

g

2
0T, w) = 0 - |¢llz(6w)| - y{(%ez v 2”’708)|z(9tw)|2 + y3|e||z(9tw>|). (4.48)

2
’ +(A+62—/316)’

Then

2

1P 1 3P !
A4v‘ +(A+82—B25)‘A4u + ||Aau +‘Azn

2 2

1 1 3 1
Asv Asul|| + ||Asu Aun

2
‘ +(A+62—/326)‘ +|

i )+ lgi?
w2) " 2B, - 6)

Let us denote

Using the Gronwall inequality to integrate (4.47) over (t - t, ) with t > 0, we get

2

2
A%v(‘r, T-tww)| +A+86 - ﬁ26)‘ A%u(‘r, T —t,w, Up)

3 2

Asu(t, T - t, w, Up)|| + ’
1

< | ||[A%vy

T S
,w)d;
T I ol vy s)I3ds.

Tt

+

2
A%)'I(T, T - t; w, rloa S)H
u,2

2 Aln, Hiz )62 [ asons (4.49)

2 2

3
+ ||Asug

F (48— ﬁza)HA%uo

|

Replacing w by 6_.w in (4.49), for every t e R*, T ¢ R, and w € Q,

2

2
A%v(r, T-t 0w, )| +QA+6 - B25)‘ A%u(r, T-t, 0w, uy)

3
+ AZU(T, T — t, e_rwy uO)

{

T s
2 0,(r-t,w)dr
+c je I ! lgC, s)liids,

Tt

2
|

2
Ain(r, T - t, 0w, 1, s)H .
U

2 2

2
A%vo + A+ 6% - [326)‘ A%uo A%uo

+

|

Aln, Hiz )62 Jt 0i(s-T,w)ds (4.50)

then
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2

2
A%v(r, T-t0.w,v)| +QA+68 - B26)‘ A%u(r, T -t, 0w, uy)

3 2 2
+ ||Asu(t, T - t, 0w, up)|| + ‘ Ain(r, T - t, 0,0, 1, s)H
u,2
1R 1 2 3 2 2 - (4.51)
< (‘ Axvo|| + A+ 62 - ﬁz&‘ Avugl|| + ||Asugl|| + ‘ A%UOH )ezL o (sw)ds
u,2
O S
fc IezL Ql(r’w)drllg(-, s + 7)[3ds.
-t
Next we show that for any s < -T;
ezjo QW _ s (4.52)

In fact, using the two inequalities in (4.26), we have
y 2
| [o ~ |ellz(@w)] - y{(%sz + 2”‘T°€)|z(9rw)|2 " y3|£||2(9rw)l)]dr
0
> 0s — |£|Ls - yz[(lez + zmogz)l + y3|g|i:|s
Jn6 2 8 N

2
- _ﬁ(ng + 2mog )s - L[y3yz + 1]lels + os.
(0]

5\2 Jné

In order to have the inequality in (4.52) valid, we need

S

j[o ~ lellz(6,w)] - yz((éez N 2’"—"‘“’2)|z(9rw)|2 N y3I€IIZ(9rw)I)}dr < 9.
w 2

0

Since s < - T, then it requires that
1, 2moe?) 2
s\2 @ Jné
Solving this quadratic inequality, € needs to satisfy (3.18).

By (3.19) and (4.52), we see that the following integral is convergent:

o
[y, + 1llel - 5 < 0.

0

R¥(t,w) = c f 2, WO o s+ 1)ds. (4.53)
—00
For all t > T;, we get from (4.52) that
1R 1 2 3 2 LR 2 jit Iy(s,w)ds
‘AZVO +(A+6%- ﬁ26)| Asug|| + ||Azug|| + ‘ AZ)]OH e Jo

2
g (4.54)

1 )2 1 2 3 2 LR

< ce‘”( Asvy|| + ||Azug|| + ||Asugl|| + ‘ AmOH )
w2

From (4.1), (4.51), (4.53), and (4.54), there exists T, = T,(1, w, D) > T, such that for all t > T,,
2
| |

Thus, the proof is completed. O

2 2

1 1 3
Asvy Asug|| + ||Asdug

2
A%q)(r, T-t 0w, <p0)HE < Ri(1, w) + ceﬂf(

|

aln[| ) @55)
u,2
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In what follows, we derive uniform estimates on the tails of solutions when x and t approach infinity.
These estimates will be used to overcome the difficulty caused by non-compactness in unbounded domains
and are crucial for proving the pullback asymptotic compactness of the cocycle.

Lemma 4.4. Under Assumptions I and 11, for everyn > 0, T € R,w € Q, D ={D(t,w) : Te R, w € Q} € D,
there exists T = T(t, w, D, n) > 0, K = K(1, w, ) > 1such that for allt > T, k > K, the solutions of problems
(3.12)-(3.13) satisfy

||‘P(T, T - t, 9—‘1’(‘)’ (p())"%([R”\[Bk) < )’l, (456)

where for k > 1, By = {x € R": |x| < k} and R"\By, is the complement of By.

Proof. Take a smooth function p, such that 0 < p <1 for s € R, and

_jo, ifo<|s|<1,
p(s) = {1, if 15| = 2, (4.57)

1

and there exist constants p,, i, ys, 4, such that |p’(s)| < py, 10" ()] < o, [p"' ()] < pig, 10" (s)| <, for s € R.

Taking the inner product of (3.12), with p( b )v in L2(R™), we obtain

1d (|x| )IVIZdX - gz(etw))I ( )|V|2dx+ IIH(S)AU(S)p(| s )vdsdx

2 dt
2
+ A+ SZ)Jp(|k—|2)uvdx + J‘(Au)p(%)vdx + Ip(%)[(x, u)vdx
n RYI [RYI

(4.58)
- e2(6w)(36 - ez(Gtw))I ( = )uvdx I ( )(h(v + euz(Bw) - Bu)vdx
2
+ jp(ll)i—lz)g(x, t)vdx
IRn
First, by (3.10), similar to (4.5), we have
- I (|X| )(h(v + euz(6w) — b6u))vdx
R"
_ J ('X' )(h(v + euz(Bw) — 6u) — h(0)vdx
R” (4.59)
< —ﬁlj ( xp )|v Px + h’(é))b‘J ( )uvdx
v BZISIIZ(Gtw)Ij ( )|u||v|dx
Taking (4.59) into (4.58), we have
2 2 2
%% ("" )| vPdx - (8 - e2(Bw) - ﬁl)f ('X' )|v|2dx + j ju(s)An(s)p(' | )vdsdx
(4.60)

+ A+ 62— h’(8)6)jp(|l(—L)uvdx + .[(Au)p(lk—lzz)vdx + Ip(llt—L)/(x, wvdx
R" R" R"
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|x|?
< ez(Bw)(36 - £z(9tw))J- ( )uvdx + p(?)g(x, t)vdx

+ Bylel|z(6w)] j ("" )|u||v|dx

For the fourth term on the left-hand side of (4.60), we have

A+ 82— h’(S)(S)I p('l’i—f)uvdx

C (48— h'(9)5)j ('X' ) (‘011” T ou - suz(@tw))

=(A+6%- h’(S)&)I (ﬁ)(%diuz + (6 - ez(Ouw))u? )

> (A +62- /325)[Ea I ("“ )|u|2dx + sf ( )|u|2de
N ﬁ26>|s||z<9tw>|j ('X' )|u Pdx.

For the fifth term on the left-hand side of (4.60), we have

I(Au)p(l xp )vdx I(A wp (|X| )(% + 6u - suz(@tw))
_ '[(Az ) |X| Su — 0
= w)p d + 6u - ez(Bw)u |dx
= I(Au)A( (ll)i—lz)(% + 6u — ez(@tw)u))
RII
Ix[>) | 4 Ix[> \)( d
= _[(Au)(( ( iz ) + kip ( iz ))(d—u + 6u - SZ(Gtw)u)
R"

2 2
2. Mp’(£)v(d + 6u - sz(@tw)u) + p( X )A(% + éu

k2 k2 dt k2 dt
- sz(etcu)u))dx
2 4
> - J (% e )|(Au)vldx - _[ B (v dx
k<x<~2k k<x<2k

+ %% (|X| )lAu|2dx+5I ( )IAuIZdX SZ(etw)I (| - )|Au|2dx

> _ I(M)KA wyv|dx - I \/_p1|(A WVV)|dx + = 1d (|X| )IA ultdx

Zdt

+5I ( )lAu|2dx ez(@tw)j (' uli )|Au|2dx

— 1451

(4.61)

(4.62)



1452 — Xiao Bin Yao DE GRUYTER

k2

+ é‘j (|X| )|Au|2dx £z(9tw)j (|X| )|Au|2dx

H] 4112 2 2 yl 2 2 1d J |X|2 2
S S YT _ 22 A \Y —— —- [|Aul*dx
(Ad* + Ivi*) X (Au® + IVviiF) + Sar )Pl e |Au|

[RH

+ 4 42 1d
- B A + vip) - TMIIAuIIIIVVII S j ( )IAuIZdX
R"

k2

—mm@w|&j(M)MmX

For the sixth term on the left-hand side of (4.60), we have

I (l |2)f(X wyvdx = j (|X|2 )f( u)(_ + 6u—SZ(6t(U)u)
R"

_ % np( i )F(x, wdx + 6 j (' xp )f(x, wyudx

~ e2(0w) j (' X )f(x, Wudx.

By (3.6), we see that

> 2
Ip(ll)i—L)f(x, Wudx > cz'[ (l l )F(x w)dx + '[ ('ilz )¢2(X)dx.

R" R" R"

On the other hand, by (3.5) and (3.7),

ez(@tw)f ( )f(x wudx < c|£||z(6tw)|j ( )F(X u)dx + c|£||z(0tw)|j ( )|u|2dx

+mW@wj( }mPH%Wx

Similar to (4.9) and (4.10) in Lemma 4.1, we get

£2(w)(36 — ez(@tw))j ( )uvdx + Blellz(6w) J ( )||u||v|dx

(<w+mmmwM+s%@wﬂj(”}whwmw
R"

| B,-6 |x?
[ s o 55

For the third term on the left-hand side of (4.60), we have

(4.63)

(4.64)

(4.65)

(4.66)

(4.67)
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Hu(s)An(s)p(' s )vdsdx

= _[ I U(S)An(s)p ﬁ)(% + 6u - suz(@tw))dsdx

) dt
_ I [ j u(s)An(s) A(p( |£|22 )(% + bu - suz(@ta))))dsdx
R™\ 0
o 2 2 2
- j[ju(s)An(s) (kzp (',f'z ) . %p(',’i—'z))(% b - euz(6w)
R"\ 0

2
+2- Mp’( o )V(E + 6u - suz(@ta))) + p( i )A(% + 6u - euz(6w)

k? dt dt
w4
> - I (%+ o )Iy(s)Mn(s)vldsdx
k<x<~2k
- [ ”u(s)An(s)p(' i )Autdsdx
k<x<~2k

v SHM(s)An(s)p(' i )Audsdx |e|”u<s)|An(s)|p(' i )|Au||z<9tw>|dsdx

2 8
AR 1:2 H IJH(S)IAn(s)vldsdx - \/;Hl IIH(S)IAU(S)VV|deX

+ J. I y(s)An(s)p( )Autdsdx +6 '[ I ;1(5)A11(s)p(| i )Audsdx

R™ 0

- |s|j ju(s>|An<s)|p( )munz(ezwndsdx

R" 0

Using Young’s inequality, we get

2;11 + 8;12 J‘ My + 4
k2

,[ p(s)|An(s)vidsdx > -
R" 0
and
42 2 242
_ fk_"l I j (s)|An(s)Vv|dsdx > —%(Ilnlli,z + mo|VVP).

R" 0

Integrating by parts with respect to s and using (3.4), we obtain

jjy(s)Aq(s)p(l X )Autdsdx

j j u(s)An(s)p(' i )A(nr + n)dsdx

%% ("" )m<s)| Ldx + —j ('X' )In(S)I

\%

(2 + molvP),

— 1453

(4.68)

(4.69)

(4.70)

(4.71)
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5 j jmsmn(s)p(' i )Audsdx> ""j ("" )Irz(s)l 2dx - 2’”06 j ('X'2)|Au|2dx @72

R"

2
|s|”u(s)|An(s)|p(' i )|Au||z<9tw)|dsdx> j ("" )|’1(5)|yzdx
R" (4.73)

2 2
- 2ot ("" )|Au|2|z(9fw)|2dx
[Rn

Then it follows from (4.60)—(4.73) that

1d

24t J (|X| )<Ivl2+<A+52 Bl + 18ul? + In(s)fz + 2F (x, w)dx

+5J (l i )|VI2+(/\+52 BZS)IHIZ)dX+6( 2206“ (M )'A e

]2
2
I ('X' )ln(s)lyzdx+ 6czj ('klz )F(x, wdx
IRn

c(Iau? + IR + VYR + In@)IR.,) + (%(36 + Bylellz@w)| + (% 2, 2Moe” )| Ow )|2)

< [ (' i )(|u|2 + VP + luP)dx + c [ p (' i )|g(x OPdx
R" R"

+ c|s||z(6tw>|j ('X' )F(x wdx + c|s||z<9tw>|j ('X' )|u|2dx

IN

(4.74)

+ c|e||z(9tw)|j ("" )(|¢1|2 + |¢3|>dx+cj (ﬁ)qbz(x)dx
v |e||z<9tw)|j ( )(|v|2 s+ 82— RSP + [AuP)dx.

Since that ¢, € LA(R"), ¢,, ¢, € L'(R"), for given n > 0, there exists K, = Ko(17) > 1 such that for all k > Ko,

cf (M )<|¢1|2 + 1l + Ipsdx = ¢ IP( e )(lqbllz * 161 + 1sDdx

|x|=k

(4.75)
<c [ (g.P +19ul + gD < n.
[x|>k
Using the expression (4.20), we conclude from (4.74) that
LO o B + v 62 - B0 + 10w + ISR, + 286 )i
EE (vi? + (A + B,O)ul + |Aul® + [n(s)l,, + 2F(x, u
-o(t, w)_[ ( )(IVI2 + A+ 82 = By®ul + [Aul + In(s)l, + 2F(x, w)dx (4.76)

+ P + P+ 1V + @) + ¢ [ o (' '2)|g(x OPdx + 11 + lellz@w)).

R"

Integrating (4.76) over (t — t, 7) fort € R* and 7 € R, we get
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_[p( Iilj )(Iv(r Tt w, )P + A+ 6% - BO)u(T, T - t, w, u))dx

2
v [ (' al )(mu(r Tt w, u)P + (T~ £ w, 1, OBy + 2P0 u(r, T~ £, @, uo)))dx

R"
< ezf,“("’"”d”f (|X| )<IVo<x>|2 + (A + 82— B,8)uoC0)P)dx
R"
. ezIH Q(u,w)duj |X| A 2 2 dx
: Pl J(18u0COP + ()l + 2F (x, uox) (4.77)
R"

T s ) T s
+cC J eZL QG w)dp Jp('lt—lz)lg(x, s)[Pdsdx + n I eZL Q(“’w)dy(l + lel|z(Bsw)|)ds
Tt

T-t R"

T s
+c f e, M Au(s, T~ t, w, U + IV(s, T t, w, )IP)ds
Tt
T s
+C J ez'[' Q(]"’w)dl"(nvv(s, T- t’ w, uO)”2 + "rl(s, T- ty w, rl(), s)||]2,1,2)ds'
T-t
Replacing w by 0_.w in (4.77), for every t e R*, T € R, and w € Q,
2
Ip( ] )(|v(r - 6,00, + (A + 8 - BT, T - t, 0.0, up)P)dx

]2
R"

2
v j (' A )(mu(r Tt 0., UP + 1T, T — t, 600, 7o, )L
R"
+ 2F(x, u(t, T — t, O_,w, ugp)))dx

el et [, ("" )(|V0(X)|2 + (A + 62— BO)uaCOR)dx

R"

IN

Y R j ('X' )(|AUO(X)|2 + ()2 + 2F(x, uo(x)))dx

R"

T s
+cC JeZL Qol_r’w)dyj‘ (|X| )|g(x s)PPdsdx + i _[ ZJ o= Tw)d”(l + lel|z(6s_rw)|)ds
- R"

T s
. 78
+c I ), cvrrom (Au(s, T - t, 0w, up)I? + IV(s, T - t, 6w, Vo)IP)ds (4.78)

Tt
T

2 SQ(y—f,w)d
+c '[ e f YUvv(s, T = t, 0w, u)P + InGs, T - t, 6., Ny, S)IZ ,)ds

Tt

e R R B.&)lIue()I? + ||Auo(X)||2 + ISR + 2F(x, up(x)))dx

0 s
+cC IeZL 00k w)dp '[ (|X| )lg(x S + 7)PPdsdx + n I ZI oG, m)dy(l + |el|z(Bsw)|)ds

-t R"

IN

T S
+c I o2, ew-ram (Idu(s, T - t, 0w, u)l? + lIv(s, T - t, 6w, vp)|2)ds

Tt
T

) —T,w)d,
+c _[ ¢, ewron (IVV(s, T = t, 6., o) + In(s, T - t, 0w, 1, S)I,)ds.

Tt
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It is similar to (4.31), for an arbitrarily given n > O, there exists T = T(t, w, D, ) such that forallt > T,

&Ly O O + 4+ 8~ BECOR + 18uolOR + ISR, + 2P 06, ugGNdx < . 479

For the fourth and fifth terms on the right-hand side of (4.78), by Lemmas 4.1 and 4.3, for allt > max{D, T },

T S
c j &), O 6 1 b 8w, ug)P + G, T - 60, vo)P)ds
Tt
T
s (4.80)
i c j &) TN o6 vt 8w, uo)P + s, T - t, L, Mo S)IZ,)ds

Tt

< NRX(e, T, w) + Ri(e, T, W)).

For the second term on the right-hand side of (4.78), there exists K; = Ki(1, w) > 1 such that for all k > K,
by (4.27), we get

0 s
2| oquwa x[?
je Io e wlH J_p(|k—|2)|g(x,s + 7)Pdsdx
—00 R"
-T s 0 s
< I e J.o 00 w)dp f lg(x, s + T)]2dsdx + IeZL oG ) J lg(x, s + T)Pdsdx (4.81)
-0 |x|=k -5 x|k
-T 0
< _[ e’ _[ lg(x, s + T)Pdsdx + e je"s _[ lg(x, s + T)]Pdsdx,
“co Ixlzk - |xfzk

where ¢* > 0 is a random variable independent of T € R and D € D.
Therefore, by (3.20) there exists K(7, w) > K; such that for all k > K, we obtain

0 0
s 2
c I e’ fo Qw’w)d”'[p(lli—lz)g(x, s + 7)]*dsdx < e€ I e%s I lg(x, s + T)Pdsdx < . (4.82)
-0 R" -0 |x|=k
Let
0 S
RX1, w) = J 2, WO 1 L lellz(0w)])ds, (4.83)

-

by (4.27), we know that the integral of (4.83) is convergent.
Together with (4.78)—(4.82), we have

2
I P(lzt—lz)ﬂvu, Tt 6.0, ) + A+ 8 - BO)u(T, T - t, 0w, uo))dx
|R"
2
" jp(',’i—'z)(mwr, T, 60w, u)P + (T~ £, 640, 10, ) (4.84)
|er

+ 2F(x, u(t, T - t, O_;w, up))dx
< 2n(1 + Ri(t, w) + R3(t, w) + R¥(1, w)).

It follows from (4.30) and (4.84) that there exists K3 = K3(1, w) > K, such that for all k > K3, t > max{D, T,},
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2
| » ',’i—'z)uv(r,r 0w P+ A+ 87— BT, T~ t, 00w, uo)P)dx
[x|=~2k
2
+ jp('l’i—'z)aAu(r, Tt 0w, U + [T T — t, 6400, g, Sl
IR”
< 3n(1 + RX(t, w) + R¥(1, w) + RX(1, w)),

which implies (4.56). O
In order to obtain the precompactness of the solutions for (3.12)-(3.13) in bounded domain B, later, we

decompose ¢ = (u, v, )" of (3.12)—(3.13) into @ = ¢; + @y, where @, = (uz, &, ;)" and @y = (uy, vy, Ny’
solve, respectively,

d
ditL + 6uy, = ¢,
d (ee]
i - 6& + h(uy) — h(uy,r) + A + 62 + A + J.y(s)AnL(s)ds =0,
{ dt 4 (4.85)
Me + Mps = ULt
ur(x, 7) = uo(x), & (x, ) = §,(x),
(X, 7, 8) = Ny(x, 8) = ug(x, 7) — ur(x, T - )
and
duN
— 4+ buy = bw),
it + buy = vy + euz(Bw)
% - 8vy + h(uy,) + (A + & + Auy + Jy(s)AnN(s)ds + f(x, u)
J 0 (4.86)

= glx, t) + e(v - 36u + euz(bw)),
Mt + Tn,s = UNts
uy(x, ) =0, wx,17)=0,
ny(x, 1,s) = 0.

For the solutions of equations (4.85) and (4.86), by Lemmas 4.1 and 4.3, we can easily get the following
estimates and regularity results, respectively.

Lemma 4.5. Assume that (3.4) and (3.10) hold. Then for any (ur, &, n;)" of the solution of (4.85) satisfies

o (T, T = t, 0w, @ I —> 0, when t — oco. (4.87)

Lemma 4.6. Under Assumptions I and II, for every T e R,w € Q, D ={D(1,w) : T € R, w € Q} € D, there
exists T = T(t, w, D) > O such that for allt > T the solution of problem (4.86) satisfies

where R;(1, w) is a random variable.

2
Aipy(t, T - t, 0.0, <pN,0)HE < Ry(1, w),

5 Random attractors

In this section, we prove existence and uniqueness of D-pullback attractors for the stochastic system
(3.12)—(3.13). First we also need the following results to prove the asymptotic compactness about memory
term as well as the existence of random attractors.
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Lemma 5.1. [25] Let Xy, X, X be three Banach spaces such that Xo — X — X, the first injection being
compact. LetY L,f([R*, X) satisfy the following hypotheses:

(i) Y is bounded in L;(R", Xo) N Hy(R*, X,);
(i) supyeyln(s)Ik < Ko, Vs € R* for some Ko > 0.

Then'Y is relatively compact in Lﬁ([R*, X).

Note that forany 1 € R, w € Q, t,, > O,

My(Ts T = tns 000, 1y (6-4,) 9)

) (T, T = by 040, un,0(84,@)) = un(T = $, T = tm, Oy, un0(Bes) )y s <1, (5.1)
B uN(T, T — ty, 0w, uN,o(G_,mw)), s>t
and
)]N,S(T, T -ty 0w, ’TN,o(e—tmw)) _ {ZN,t(T -85, T — ty, 01150, uN,o(G_t,,,+sw)), s < Z, 5.2)
, s>t

Then from Lemma 4.6 and (5.2), it follows that

max{llrlN’s(T, T — ty, 0w, nN’O(G,tma)), s)ll,zl,l, ||I]N(T, T — ty, 01, nN’O(G,tmw), s)llfm}
< 2Ry(1, w), Vs=0,

(5.3)

which implies that {ny(7, T — tm, 6w, 1y o(6-,w), s)}n-1 is bounded in Lﬁ([R*, %) N H;([R*, 1). For brevity,
we denote B(t, w) = {ny(t, T - ty, O, rlN’O(G_tmw), s)¥o_;. Again, by Lemmas 4.1, Lemma 4.6, and (5.1),
we have

sup  [[An(s)I? = sup sup 180 (T, T = b, 610, Ty 0 (6-4,0), )P < 2R(T, ). (5.4
neB(t,w),s>0 tn=0 qo(e,tmw)eD(r—tm,G,tmw)

Thus, by (3.4) and (5.4), it follows that for any 1 € E(T, w),

IR, = IM(S)IIAU(S)Ilzds < 2R(7, ) j eSsds < w (5.5)
0 0

which shows that{n (7, T — tm, 60w, 1y o(6-,w), s)lwer € Li(R*, H¥(B2,))is abounded subset. By Lemma 4.5
and 5.1, we know that the sequence {1(, T — tn, 6w, 1o(6.,,@), 5) -1 is compact in L;(R*, H*(B ,)).

Then we apply the lemmas shown in Section 4 to prove the asymptotic compactness of solutions
of (3.12)-(3.13) in E.

Lemma 5.2. Under Assumptions I and II, for every T € R, w € Q, the sequence of solutions of (3.12)—(3.13),
{o(t, T — tm, 01w, @, ,)}n_1 has a convergent subsequence in E whenever t,, — oo and ¢, ,, € D(t - ty, 0.4,0)
with D € D.

tm

Proof. By Lemma 4.4, for every { > 0, there exist ko = ko(T, w, {) > 1and m, = my(1, w, D, {) > m; such that
for allm > my,

lp(r, 7 = £, 000, 9 I () < 6 (5.6)

By Lemma 4.6, there exist k = (1, w) > ko, such that

2
+

< Ry(1, w),
(o) J(T, )

Aluy(T, T = by, 0w, uy,0( 6, Ay (T, T = b, 0w, vy 06, )

2
L?(Bay )
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which along with the compact embedding H*(B »,) x HY(By,) — H*(Bx,) x L*(B ), we know the sequences
{(un(T, T = tm, 010, Uy, 0(6-¢,w)), VN(T, T = tm, 01w, VN,0(0-¢,w)))}ee-; are precompact in H?(By,) x L*(B,)-
By Lemma 4.5, we deduce that the sequences {(u(T, T — t, 01w, Uo(0.¢,w)), V(T, T — tm, 6w, Vo(6-¢,w)))} ooy
are precompact in H(B ) x L*(B ). In addition, the sequences {(t, T — tn, 0,0, Ny(0-,w), S)}m-; are pre-
compactin Lﬁ([R*, H?(B 3,))- Thus, {o(, T - tp, 6w, ®o,n)}m-11s precompact in E(B ), this together with (5.6)
implies {¢(7, T — tm, 6-cw, @, ,)}n-1 has a convergent subsequence in E(R"). O

Since Lemma 4.1 implies a pullback D-absorbing set for @, and @, is pullback D-asymptotically
compact in E from Lemma 5.2, we immediately get the following existence theorem by Proposition 2.1.

Theorem 5.3. Under Assumptions I and II, the cocycle @ generated by the stochastic plate equation
(3.12)—(3.13) has a unique pullback D-attractor A = {A(T,w) : T € R, w € Q} € D in the space E.
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planning in Qinghai Nationalities University grant (2021XJGHO1), and Scientific Research Innovation Team
in Qinghai Nationalities University.
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