DE GRUYTER Open Mathematics 2021; 19: 1047-1055

Research Article

Zhihua Zhang*

Deterministic and random approximation by
the combination of algebraic polynomials
and trigonometric polynomials

https://doi.org/10.1515/math-2021-0089
received February 2, 2021; accepted July 21, 2021

Abstract: Fourier approximation plays a key role in qualitative theory of deterministic and random differ-
ential equations. In this paper, we will develop a new approximation tool. For an m-order differentiable
function f on [0, 1], we will construct an m-degree algebraic polynomial B,, depending on values of f and its
derivatives at ends of [0, 1] such that the Fourier coefficients of R,, = f — B, decay fast. Since the partial sum
of Fourier series R, is a trigonometric polynomial, we can reconstruct the function f well by the combina-
tion of a polynomial and a trigonometric polynomial. Moreover, we will extend these results to the case of
random processes.

Keywords: Fourier approximation, trigonometric polynomial, differential equations

MSC 2020: 41-xx, 42-xX, 65-XX

1 Introduction

Fourier approximation plays a key role in qualitative theory of deterministic and random differential
equations [1]. Given an m-order differentiable function f on [0, 1], when we extend f into a 1-periodic
function f* on the real axis R, due to discontinuity of f* at integral points, its Fourier coefficients
decay slowly, so we need a lot of Fourier coefficients to reconstruct f [2-5]. Chebyshev polynomial
and other orthogonal polynomials can not also overcome boundary discontinuity (i.e., f(0) # f(1)). In this
paper, we construct an m-degree algebraic polynomial B, uniquely determined by f®(0) and fM(1)
(v=0,1,...,m — 1) such that Fourier coefficients of f — B, decay fast. We expand f - B, into a Fourier
series and obtain a Fourier expansion of f with a polynomial term:

f(X) = Pm(X) + zcneznmx’

where Fourier coefficients ¢, = o(nim). Its partial sum:

SPX) = By(x) + ) cre?m™
|n|<N

is a sum of an m-degree algebraic polynomial B,(x) and an N-degree trigonometric polynomial. The partial
sum sl(\,p)(x) can well reconstruct f and can attain the best square approximation order.

Since data often originates from random background in application [6—-8], using theory of stochastic
calculus [9,10], we can extend the above results to deal with random processes. Suppose that f is a random
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process on [0, 1]. Then the corresponding P,,(x) is a random polynomial, and the corresponding Fourier
expansion with polynomial term is

f(x) = P(x) + ZC,,(R)eZ”i"", 1.1)

where Fourier coefficients ¢, are random variables whose expectations and variances satisfy, respectively,

[E[cn(R)]I < max ([E[f™0OI) (R = f - By,

(2In)™ o<x<1

Var(cu(R)) < ———— max_[Cov(£m(x), £m(y)),
(27m)2"’ 0<x,y<1

where the notation Cov is the covariance.
Denote by s,(vp ) the partial sum of (1.1). We get the mean square error:

L, 1
ENIE - s\PI3] < An s

where A, is a constant which is stated in (4.10).

Similarly, for a random process f € C™([0, 1]), if we directly expand f into Fourier series, we can obtain
that the mean square error is O(%) Therefore, random approximation by the combination of algebraic
polynomials and trigonometric polynomials is better than direct Fourier approximation.

The paper is organized as follows. In Section 2, for a real-valued function f € C™([0, 1]), we construct
the end-point polynomial P,(x) and give a decomposition formula of differentiable functions on [0, 1]. In
Section 3, we give a Fourier expansion with a polynomial term and give an estimate of Fourier coefficients
and the error estimate of the partial sum for the corresponding expansion. In Section 4, we extend the above
results to random processes.

2 End-point polynomials

Let f(x) be a real-valued function on [0, 1] and f € C™([0, 1]). We try to find a polynomial B,(x) such that
the Fourier coefficients of f(x) — By(x) decay fast.
Let By(x) = Z;": 1h,‘xj. We choose hy,..., hy, such that its v-order derivative satisfies

PV(1) - PY(0) = fVA) - fV(0) (v=0,1,....,m - 1). (2.1)

Definition 2.1. For f € C™([0, 1]), the m-degree polynomial B,(x) satisfying the condition (2.1) is said to be
the end-point polynomial of f.

Now we prove the end-point polynomial exists and is unique, and give its representation.

Noticing that

m ]

P&V)(1)=27(.]' )'h,-, PM©)=v!h, (v=0,1...,m-1).
~ (j—v)!
j=v

Equality (2.1) can be written into the system of linear equations:

m

y G ilv)' hi = fO) - f9(0) (v=0,1,..,m~ 1. 2.2)
j=v+1 :
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Denote the coefficient matrix C = (¢j)v,j-0,1,...,m» Where

j! .
. ’ S]’
Gj=90G-v)!
0, vV>j.
In detail,
11 1 1 - 1 1
| | j 1 |
0 2! 3t a4l _]' m:
2! 3! (G-1! (m-1!
! il !
0 0 3! 4t ']' m:
- 2! (j-2)! (m-2)!
a il !
00 0 ! ‘]‘ m:
(G -3)! (m - 3)!
I
o0 o0 o0 -- 0 m!

and the vectors
h=(h, s )T, F = (FQ) - £(0), f'(1) = f/(0),..., fmD(1) — fm=D(0)),
where T means transpose of a vector. The matrix form of (2.2) is
Ch =F.

The determinant of the matrix C is equal to [];-,k!. Therefore, based on Cramer’s rule, the system of linear
equations (2.2) has a unique solution:
4
b=
[Tieik!

where A; is the determinant obtained by replacing jth column of the determinant det C by the vector F.
Since the coefficient matrix C is a triangular matrix, it is easy to be solved out recurrently:

h = ——(Fm=D(1) — fim-D(0)),
m!

(G=1,...,m), (2.3)

Y emoaepy _ pme2(g)) _ L(fam-D(p) _ fm-1)
hm-1 - 1)!(f 1) - fim=2(0)) 2(f 1) - fimD(0)),

Moz = —(Fm-I(1) — Fm-(0)) - L(Fm-D(1) - Fm-2(0)) + L(FOm-D(1) - FEm-D(O))),
(m - 2)! 2 6

i.e., each h; is a linear combination of
fUDQ) - fUD(0), D) -fD0), ..., fDQA) - fm-D(0).

For example, in the case m = 3, f € C3([0, 1]) and P3(x) = hix + hyx? + h3x3, where
B = (F1) = F(0)) = S(FM) = F/O)) + <(£'(D) = (),

hy = %(f’(l) _f(0) - %(f”(l) ~ "0y,
1

hs =2 (f "M - f"(0))

satisfy
P5(1) - P5(0) = f(1) - f(0),
P(1) - P30) = f'(1) - f'(0),
P{(1) - P{(0)= f"(1) - f"(0).
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Denote R(x) = f(x) — B,(x). By (2.1), we have that
Theorem 2.1. Suppose that f € C™([0, 1]) and B,(x) is its end-point polynomial. Then

By(x) = ) hx, (2.4)

j=1

where coefficients h; are stated in (2.3), and the decomposition formula:

f0) = Ba(x) + Rx) 2.5)
holds, where the remainder term R(x) € C™([0, 1]) satisfy
RVM(1) = RMW(0) (v=0,1,...,m-1). (2.6)

3 Fourier expansion with end-point polynomial

We expand the remainder term of decomposition formula (2.5) into the Fourier series:

RO = Y (R,

1 .
where the Fourier coefficients ¢,(R) = JOR(x)e‘zm”xdx. By (2.6),

1

n(R) = (Zm%)m!lam(x)emmx - o(nim) (3.1)

By (2.5), the Fourier expansion with end-point polynomial is

fX) = By(x) + Y ca(R)e?mm™

whose Fourier coefficients decay fast. Since B,(x) is a polynomial of degree m, by the decomposition
formula: f(x) = By(x) + R(x) and (3.1), we deduce that

1

&R = Gy

1
J (f™x) ~ PEPO0)edx  (n # 0).
0

Since B, is an m-order polynomial, its m-order derivative is a constant. So

1

R =

c(f™)  (n #0).

1
(m) —27Tinx —
.([ fe dx (2min)™

This gives a relationship between the Fourier coefficients of the remainder and the Fourier coefficients of
the original function f. So we get a Fourier expansion with the end-point polynomial of f € C™([0, 1])
as follows.

Theorem 3.1. Let f € C™([0, 1]) and B, be the end-point polynomial. Then the expansion:

1
= Pm .
fOX) = Ba(0) + co + n% Py

cal( fe?m™ 3.2)

holds, where

1

1
Co = I(f(x) - B,0O))dx, ¢ (fim) = J‘f(m)(x)e—Zm'nde.
0

0
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Now we consider the partial sum approximation of Fourier expansion (3.2) with the end-point poly-
nomial. Denote by sy s )( f; x) its partial sum, i.e.,

®)(f: x) = B, L (fomye2min,
sy (f; x) (X)+CO+0<%SN (2ﬂin)’”c(f e (3.3)

Then

Cu(f )™,

fo0-sPfi0= Y —

|n|>N+1 (2 )m
By the Parseval identity,

1
If - i1 = flf(x) =8P 0Pde= Y e
0

[n|=N+1

|n|>N+1

From this and |c,(f™)| < maxo<y<1lf ™ (x)|,

1
(p) (m) 2 _—
If = s < o5 )zm max [fWeOP Y o
|n|>N+1
However,
<2 2ar=—2 pem,
|n|>N+1 nzm t2m 2m -1

So we get the following:

Theorem 3.2. Let f € C™([0, 1]) and the partial sum sl(\,p )(f) be stated as in (3.3). Then the square error:

1

IF = siP(PIE = "(W

), - PR < 52

where An(f) = 5. 7=(27) ™ maxocxailf ™ (OP.
The partial sum sl(\,p )(f; x) is a good approximation tool, which is a sum of an algebraic polynomial B,(x)

of degree m and a trigonometric polynomial of degree N, where B,(x) is determined by values of derivatives
of f at end points 0 and 1, and N is determined by predictive error €. For this purpose, we take N such that

NZml—S le

N> (A’“—(f))m
&
Especially, the case m = 2, f € C*([0, 1]), and
P(x) = (F(1) - £(0)) - %(f’(l) ~FO)x + %(f’(l) —FlOop,

the Fourier expansion with the end-point polynomial is
00 = Px) + j(f(x) ~POO)xs Y o ) L (frernim,
n#O

and the square error of its partial sum is

1"

4 0<x<1 N3

1
(p) 2

S <
”f 'N (f)”z 2 /
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4 Random processes on [0, 1]

Finally, we extend the above results to random processes.

For a random variable &, we denote its expectation and variance by E[¢] and Var(¢), respectively. For
two random variables ¢ and 1, we denote their covariance by Cov(¢, ). We always assume that a random
variable ¢ satisfies E[|€ ] < co, i.e., assume that ¢ is a second-order random variable. If f(x) is a random
variable for each x € [0, 1], we say f(x) is a random process on [0, 1].

Let {£,}1° be a sequence of random variables and ¢ be a random variable. If

lim E[|§, - §F] =0,

we say ¢ is the limit of this sequence {£,}7° [9,10]. Based on this limit concept, the concepts of continuity and
derivatives, and integrals for random processes are established (see the details in [9,10]).
Let f be a real-valued random process and f € C™([0, 1]) [9,10], and random variables hy, ..., h,, satisfy
the system of linear equations:
m

il
Y L ny = f91) - £9(0) (v=0,1,...,m - 1)
i:v+1(] - v)!

Then P, (x) = Z;’ilhjxf is called the end-point random polynomial and satisfies
PY(1) - PY(0) = fV(1) - fM(©0) (v=0,1,...,m - 1).
We get the decomposition formula:
f(x) = Ba(x) + R(x),
where R(x) is a real-valued random process on [0, 1] and R € C™([0, 1]), and
RY(1) = RM©0) (v=0,1,...,m - 1).
The corresponding Fourier expansion with the end-point random polynomial is

() = Py(x) + Y cu(R)eZ™ (R =f - By, (4.1)

where the Fourier coefficients:
1
(R) = IR(x)e‘zmmdx
0

are random variables. Consider their expectations and variances of c,(R). Since the expectation and the
integral can be exchanged,

1
E[c,(R)] = I E[R(o)]e 2™ dx. 4.2)

0

Since the expectation and the derivative can be exchanged, from R € C™([0, 1]), we deduce that the deter-
ministic function E[R(x)] satisfies that

E[R(X)] € C™(J0,1]), (E[RG)D™ = E[RV(x)] (v=0,1,...,m - 1).
Again, by R¥(1) = R¥)(0),
(ERODY|=1 = E[RY(D] = E[RY(0)] = (E[RC)DV|y-0 (¥=0,1,...,m - 1). (4.3)
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Using integration by parts, it follows by (4.2) and (4.3) that

1
— 1 (m) p—2minx — (m), —27TinXx — 1
Hle®)] = !(E[R(x)]) e-2inxly = J E[R™(x)Je-2rimeclx = o( )

(Zmn)’"

Since RM(x) = £M(x) — P{™(x) = f™(x) — m!'h,,, we have

Elcy(R)] =

1 1

! f E[£m(x)Je-2mncdlx — m!hmJ‘ez’“’""dx -
(2min)™
0 0

1 (m), —27TinX
)m!E[f Ole 7 dx.  (4.4)

From this, we deduce the estimate:

|E[ca(R)]| < max (|E[ f mEOID.

(2n )’”
Consider the variance of the Fourier coefficients. Note that the variance of random variable c,(R):
Var(cx(R)) = El[|ca(R)P] ~ |E[ca(R)].
First, we compute E[|c,(R)[*]. From
2

Ellc®)P] = E f R(x)e-2imdx

>

6i®P = [Roe e [Ry)e 2y = [ [ROOR()e 2 Vdxay,
it follows that
11
Elle,(R)P] = [ [ EIRCOR()le2mevidxaly.
00

By R € C™([0, 1)),
RCOR(y) € C™([0,11%),  E[RCOR(Y)] € C™™([0, 1).

Using integration by parts, we get

IE[R(X)R(y)]e*Z""ﬂde =G ! 7 IE[R(’”)(X)R(y)]e*Z’Ti"de_
0

From

RM(x) = f™(x) - m!hy,  E[R™XR(Y)] = E[f™0OR(y)] - m!h,E[R(y)],
it follows that

1
—27TinXx — 1 (m), —27minx
[ EReoR@ I max = !E[f COR(y)Je-2Tmd,

and so

1(1
Efjca(RR] = —— J[JE[fW)(x)R(y)]ezmnydy)ezm-nxdx_
0

(2min)™
0
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Again, by R0(y) = f(m(y) — m'h,, and

1 1
'[ E[£f™)R(y)]e?ivdy = 5 1 = J‘ E[ £m(x)RM(y)]e2mivdy,
0 0

we get

Ellca(R)P] =

_”E [E0OEm(y)]e2ine-Ydxdy = o( ! ) (4.5)

00

(2 )Zm

By the Schwarz inequality in the probability theory, we get
|ELE™OOF™(y)]2 < E[If™(0)PIE[IE™(y)].
So

Ellen(R)P] < max IE[If(m)(X)IZ]E[If(’")(y)F]I max (E[If(”’)()f)lzl)2 (4.6)

1 1
(2rn)@m o< (2rIn)?™ o<x

Secondly, we compute E[|c,(R)[?]. By (4.4),

E[c,(R)]P =

11
'[ E[ £0m)(x)]e~2rinxdx I E[£0000)|E[ £M)(y)]eZmnx-)dxdy.
00

Qn )2'" B (Znn)'"

From this and (4.5), it follows that
Var(c,(R)) = E[|c,(R)F] — |E[c(R)]
11 (4 7)
= Gy | J ELEPCOR™0)] — ELEOOIEL e 2 Daxcy. '
"L
By the definition of the covariance,

Cov(£0™(x), £0(y)) = ELE™COF™()] ~ ELE™COIELE™(y)].

By (4.7),
11
= 1 (m) (m) —27tin(x-y)
Var(c(R) (m)m”mv(f (), Em(y))e 2 dxdy.
So

Var(c,(R)) <

m m _of L
G OI;n.';;Xl(:OV(f( (x), £M(y)), Var(c,(R)) = o( e )

Theorem 4.1. Let f be a random process on [0, 1] and f € C™(]0, 1]), and B,(x) be its end-point polynomial.
Then

() = Py(x) + ) cy(R)e?m, (4.8)

where R(x) = f(x) — P,(x) and the random Fourier coefficients c,(R) = I;R(x)e*Z”""xdx satisfy the following:
i) [/ < G g max ([ £001), Elea(®)] = of 57 ):
(ii) E[lca(R)P] < o )z,n max (E[If(’"’(X)IZ])
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(iii) Var(c,(R)) < max X [COV(E00), £(y)), Var (e,(R)) —o(nm)

(2 )Zm

where Cov(&, 1) is the covariance of random variables ¢ and 1.

Take the partial sum of the expansion (4.1):

SPUEX) = Py(x) + ) cp(R)e?™™,

|n|<N
By the Parseval identity of random Fourier series and Theorem 4.1(ii), we get
_An_
(znn)Zm - N2m-1 ’

E[If - s3] = Y Ellca®R)P] < max(Enf(m)(x)P D>

|n|>N |n|>N
where

* — 2 (m), 2
An(f) = am - D@ s x<Xl(E[|f COFD. (4.9)

Theorem 4.2. Let f € C™([0, 1]) and the partial sum s,(vp )(f; x) of its Fourier expansion with the end-point
polynomial be stated in (4.8). Then the mean square error:

An

ENIE - iPIE] < s

where A, (f) is stated in (4.9).

Remark. Using the similar argument of Theorem 4.2, for a random process f € C™([0, 1]), if we directly
expand f into Fourier series, we can obtain that the mean square error is O(%) Therefore, random approx-

imation by the combination of algebraic polynomials and trigonometric polynomials is better than direct
Fourier approximation.

Funding information: This research was supported by European Commission Horizon 2020’s Flagship
Project “ePIcenter” and National Key Science Programme No. 2019QZKK0906 and No. 2015CB953602.

Conflict of interest: Author states no conflict of interest.

References

[1] B. Boashash, Time-frequency Signal Analysis and Processing, 2nd edition, Academic Press, San Diego, 2016.

[2] A. DeVore and G. G. Lorentz, Constructive Approximation, vol. 303 of Grundlehren, Springer, Heidelberg, 1993.

[3] E.M. Stein and G. Weiss, Introduction to Fourier Analysis on Euclidean Spaces, Princeton University Press, Princeton, 1971.

[4] A.F.Timan, Theory at Approximation of Functions of a Real Variable, Reprint Edition, Dover Publications, Mineola, 1994.

[5] Z. Zhang, Approximation of bivariate functions via smooth extensions, Sci. World J. 2014 (2014), 102062,
DOI: https://doi.org/10.1155/2014/102062.

[6] Z.Zhang and ). Moore, Mathematical and Physical Fundamentals of Climate Change, Elsevier, Boston, 2015.

[71 Z.Zhang, Environmental Data Analysis, De Gruyter, Berlin, Boston, 2016, DOI: https://doi.org/10.1515/9783110424904.

[8] Z.Zhang and P. Jorgensen, Modulated Haar wavelet analysis of climatic background noise, Acta Appl. Math. 140
(2015), 71-93.

[9] B. Hajek, An Exploration of Random Processes for Engineers, 2014, http://www.ifp.illinois.edu/~hajek/Papers/
randomprocDec11.pdf.

[10] ).-P. Kahane, Some Random Series of Functions, 2nd edition, Cambridge University Press, Cambridge, 1994.


https://doi.org/10.1155/2014/102062
https://doi.org/10.1515/9783110424904
http://www.ifp.illinois.edu/~hajek/Papers/randomprocDec11.pdf
http://www.ifp.illinois.edu/~hajek/Papers/randomprocDec11.pdf

	1 Introduction
	2 End-point polynomials
	3 Fourier expansion with end-point polynomial
	4 Random processes on [0,1]
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /CreateJDFFile false
  /SyntheticBoldness 1.000000
  /Description <<
    /POL (Versita Adobe Distiller Settings for Adobe Acrobat v6)
    /ENU <FEFF0056006500720073006900740061002000410064006f00620065002000440069007300740069006c006c00650072002000530065007400740069006e0067007300200066006f0072002000410064006f006200650020004100630072006f006200610074002000760036>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


