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Abstract: In this study, we first obtain a new identity for generalized fractional integrals which contains
some parameters. Then by this equality, we establish some new parameterized inequalities for co-ordinated
convex functions involving generalized fractional integrals. Moreover, we show that the results proved in
the main section reduce to several Simpson-, trapezoid- and midpoint-type inequalities for various values
of parameters.

Keywords: Simpson’s 1/3 formula, integral inequalities, fractional calculus, co-ordinated convex functions

MSC 2020: 26D07, 26D10, 26D15, 26B15, 26B25

1 Introduction

The inequalities discovered by C. Hermite and J. Hadamard for convex functions are considered significant
in the literature. These inequalities state that if F : I —» R is a convex function on the interval I of real
numbers and Kk, ¥ € I with k; < %, then

19
F(m) L j F(n)dg < T+ FO0) @)
2 K- K 2

K

Both inequalities hold in the reversed direction if F is concave.

Over the last 20 years, numerous studies have focused on obtaining trapezoid- and midpoint-type
inequalities which give bounds for the right-hand side and left-hand side of the inequality (1.1), respec-
tively. For example, Dragomir and Agarwal first obtained trapezoid inequalities for convex functions in [1],
whereas Kirmaci first, established midpoint inequalities for convex functions in [2]. In [3], Sarikaya et al.
generalized the inequalities (1.1) for fractional integrals and the authors also proved some corresponding
trapezoid-type inequalities. Igbal et al. presented some fractional midpoint-type inequalities for convex
functions in [4]. On the other hand, Dragomir proved Hermite-Hadamard inequalities for co-ordinated
convex mappings in [5]. In [6] and [7], the authors proved midpoint- and trapezoid-type inequalities for
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co-ordinated convex functions, respectively. Moreover, Sarikaya obtained fractional Hermite-Hadamard
inequalities and fractional trapezoid for functions with two variables in [8]. Tung et al. presented some
fractional midpoint-type inequalities for co-ordinated convex functions in [9]. In [10], Sarikaya and Ertu-
gral first introduced new fractional integrals which are called generalized fractional integrals, and then,
they proved Hermite-Hadamard inequalities and several trapezoid- and midpoint-type inequalities for
generalized fractional integrals. In addition, Turkay et al. defined the generalized fractional integrals
for functions with two variables and they presented Hermite-Hadamard- and trapezoid-type inequalities
for this kind of fractional integrals in [11]. For the other similar inequalities, please refer to [12-19].
On the other hand, the following inequality is well known in the literature as Simpson’s inequality.

Theorem 1. Suppose that F : [K, 1] — R is a four times continuously differentiable mapping on (x, ), and
let |[F ™|l = SUPgeqr0)F “(1)]| < 00. Then, one has the inequality

K+ K
2

1[ F(q) + F(0)

+ 2[F(
3 2

1

1 1

)] - P < S IF Ol - 0
K

In recent years, many authors have focused on Simpson-type inequalities for various classes of func-
tions. For example, Dragomir et al. presented new Simpson-type results and their applications to quad-
rature formulas in numerical integration in [20]. In addition, some inequalities of Simpson-type for
n-convex functions are deduced by Alomari et al. in [21]. Afterward, Sarikaya et al. observed the variants
of Simpson-type inequalities based on convexity in [22]. Moreover, some papers are devoted to Simpson
inequalities for co-ordinated convex functions [23-26]. On the other hand, some authors proved several
Simpson-type inequalities for fractional integrals in [27-30]. In addition, in [31], Ertugral and Sarikaya
obtained some inequalities of Simpson-type for generalized fractional integrals. For more recent develop-
ments, one can refer to [32-38].

The aim of this paper is to obtain some parameterized inequalities for co-ordinated convex functions
via generalized fractional integrals. These inequalities reduce to Simpson, trapezoid and midpoint inequal-
ities in the case of special choice of parameters. The overall structure of the study takes the form of six
sections including an introduction. The remaining part of the paper proceeds as follows: In Section 2, the
generalized fractional integral operators is summarized, along with some related theorems. In Section 3,
an identity involving generalized fractional integrals is presented for partial differentiable functions. Then
we prove several parameterized inequalities for functions whose partial derivatives in absolute value are
co-ordinated convex in Section 4. Moreover, some special cases of the results in Section 4 are presented
in Section 5. Finally, some conclusions and further directions of research are discussed in Section 6.

A formal definition for co-ordinated convex function may be stated as follows:

Definition 1. A function F : A := [k, ] x [k, k4,] — R is called co-ordinated convex on A, for all (x, u),
(y,v) € Aand t, s € [0, 1], if it satisfies the following inequality:

Fltx+ (A -ty,su+1A-s)y) <tsF(x,uw) + t(1 - s)F(x,v) + s(1 - OF(y,u) + 1 - ) - s)F(y, v). 1.2)

The mapping F is a co-ordinated concave on A if the inequality (1.2) holds in the reversed direction for
allt,s € [0, 1] and (x, w), (y,v) € A.

2 Generalized fractional integrals

Fractional calculus and applications have application areas in many different fields such as physics,
chemistry and engineering as well as mathematics. The application of arithmetic carried out in classical
analysis in fractional analysis is very important in terms of obtaining more realistic results in the solution of
many problems. Many real dynamical systems are better characterized by using non-integer order dynamic
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models based on fractional computation. While integer orders are a model that is not suitable for nature in
classical analysis, fractional computation in which arbitrary orders are examined enables us to obtain more
realistic approaches.

In this section, we summarize the generalized fractional integrals defined by Sarikaya and Ertugral
n [10].

Definition 2. Let F : [k, %] — R be an integrable function. The left-sided and right-sided generalized
fractional integral operators are given by

IF(n) = (9@

K+ @ T — € [F({)d{ 1> K, (2.1)

and
(oG-
-7
- L F (@) = j%ﬂi ¢, T <o, (22)
T
respectively. Here, the function ¢ : [0, c0) — [0, co) satisfies the condition
1
o
—df < 0.
J%

The most important feature of generalized fractional integrals is that they generalize some types of
fractional integrals such as Riemann-Liouville fractional integral, k-Riemann-Liouville fractional integral,
Katugampola fractional integrals, conformable fractional integral, Hadamard fractional integrals, etc.
These important special cases of the integral operators (2.1) and (2.2) are mentioned below.

(i) If we take (&) = ¢, the operators (2.1) and (2.2) reduce to the Riemann integral as follows:

%Jmﬁjﬂﬁﬁ,ﬁ>&

K

L@ = [FOd, m<me

L

(ii) If we take @(¢) = %, the operators (2.1) and (2.2) reduce to the Riemann-Liouville fractional integral

as follows:

JEF(m) = ju—>awgme T > K

T(a)

mfmhﬁ%IG—m“Hﬂﬁ,ﬁ<&

(iii) If we take @(¢) = i (a){ k, the operators (2.1) and (2.2) reduce to the k-Riemann-Liouville fractional

integral as follows:

gmﬂm=ﬁi5jm—a%ﬂaﬁ,n>m

JE () = — ﬁfnﬁwma 5 < i,

IF()
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where

(o9]

T(a) = I{afle%dg, R(a) > 0

0

and
T(a) = k%-lr(%), R(@) > 0; k>0
are given by Mubeen and Habibullah in [39].
In the literature, there are several papers on inequalities for generalized fractional integrals. Some of
them please refer to [31,40-47].

Inspired by this definition, Turkay et al. [11] give the following definitions:

Definition 3. Let F € Li([x;, ] x [K3, k4]). The generalized Riemann-Liouville fractional integrals , , ,., I, 4,
I I, are defined by

K+, Ky— I¢,¢s K=, K3+ Q.0 Ko, Ky~
[ fo@-9pm-n
T — D —
K1+,K3+I‘P’l/)[F(T19 TZ) = J. (p L lp 2 n “[(6’ rl)drld‘f’ Tn>K, Th>Ks, (2.3)
K K- Tl B { T2 B rl
(o -9 po - o)
T — - T
it Loyl (T, ) = J Pin Yo - o F(&, mpdndé, 1>m1, T <Ky (2.4)
K T Tl B { rl - Tz
¢l -7 D —
Kz—,K3+I<Psl/)[F(T1’ TZ) = J‘J-(P(é’ 1) l)b( 2 rl)“"j(fi rl)drldé', 1<K TOh>K (2.5)
-1 m-7
T K
and
¢l -7 - T
xo-s- Loyl (T, ) = _[ P&~ 1) Pl Z)F(é“, ndndé, 7 <1, T <Ky (2.6)
[ 5 6 B Tl rl B T2

1 1
where @, P : [0, 00) — [0, co) are functions which satisfy fo %ﬁd{ < oo and _|'0¥d11 < 00, respectively.

In this definition, known fractional integrals can be obtained by some special choices. For example,
(i) If we take @(¢) = ¢ and () = n, then the operators (2.3), (2.4), (2.5) and (2.6) transform into the
Riemann integrals on coordinates, respectively, as follows:
L]
Lo iiF (11, ) = I I[F(cf ymdndé, T>K, ©>K

I K3
T Ky

LoiiF (1, ) = f _[[F(€ ,dndé, 1>1, B < Ks

LSIG!
LOR5]

Ly F (T, r2>=”rF<f, Ddnde, T <o B> K

LRS!

and
1 Ky

Lo, - F (1, ) = II[F('E, ndndé, T<k, b< kK.

nn
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(i) If we take (&) = %, Yn) = FH_(Z)’ then for a, 8 > 0 the operators (2.3), (2.4), (2.5) and (2.6) transform
into the Riemann-Liouville fractional integrals on coordinates [8], respectively, as follows:
L)
1
JEEJF (1, 1) = TG _”(Tl - - P FE, pdndé, 1> 1, &> K,

K K3
L

; _ a- _ \B-
r(a)r(B) IJ(E é’) 1("1 Tz) I[F(é’, rl)drld{’ T > K, D < Kg

K D

J&E F(m, ) =

LoN]

T (6, ) = m j j & - 0N - FIFE, Ddnde, 1<K B> K

LERS]

and
WI j(s el - BFFE Ddnd, T < K B < K

nn

J&b . F(u, ) =

where I is the gamma function.
/3

(iii) If we take @(¢) = krga) and Y(n) = kF (/3) for a, B, k > 0, then the operators (2.3), (2.4), (2.5) and (2.6)

transform into the Riemann-Liouville k-fractional integrals on coordinates [48], respectively, as
follows:
L)
1 a B
R @)= e [J@-ot@-ntwremands, @5 x nowx,

Iq K3
T Ky

JEEK F(m, m) = (n- &) (- Tz)f‘I[F(é’ ,dndé, 1> K, B <Ky

é_”éJF(Tl, B) = m jj(s( )i (1 - ’I)TI[F(f ndndé, w<k, B>K
and
mjj(i - )0 - BCIFE pdndE, T < %, B < Ky

nn

JEBK F(n, ) =

where I} is the k-gamma function.

3 An Ildentity

Throughout this study, for brevity, we define

¢ n
AE) = IM@, AG = jMdu. (3.1)
0

Now we give an identity for generalized fractional integrals.
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Lemma 1. Let F : A — R be a twice partially differentiable mapping on A°. If afT € L(A), then we have the
following equality:

031, 105 X3, Ky4) = (16 — ¥q)(Ky — Ks)II ¢, rz) (fxz + (1 - g, i, + (1 - ig)dndé

oéon
forall A;, p; = 0,1 =1, 2, where the mapping w : [0, 1] x [0, 1] — R is defined by

(AC§) = ADAAM) - ADA), O

IN

o
IN

S EAS EAs
IN

IN
| = N

,0<n<

—_ N

(A) - AMA)AM) - AD)p,),
w(§, 1) = 5

=N

IN
IN

(AC§) — AU - ADA),

IN
'™
IN
=
IN
~
IN
—

N|— N|—

(A(§) = AMuAG) - Ay,

N | =

and
0k, 105 K3, Ky)

= ADH, - AAQG, - @[F("l L %) + ADAAD G, - Asz(xl, "3;—"‘*)

K3+ Ky

+ AD - u)AQH, - Az)[F(Kz, ) A, - A1>A<1>A2[F("1 o Ks)

+ A, — AAQ)L - uz)[F(
+ A - uADMF G, 1) + ADAADA - I, 1) + ADA - p)ADA — 1IF (o, K5)

K3 + K 6+ K
- MO, - )lz)[w_l(p[[:(iﬁ, = > 4) t otk I [F( > P 4):|
> 2

K+ K K+ K
- A(l)(}ll - A1)|:K3+K4I¢[F( 1 2 2: KB) + K3+K4+I¢[F( 1 2 2» K4):|
2 2

: m) + ADAADAF (g, 1)

- A(l)Al[wIIp[F(Kh ) + M+I¢F(K1, K4)] - A(I)A2|:K1+K2_I{p[F(KI’ ) + M+I¢":(K2a KB)]
2 2 2 2

- AMA - uz)[x1+le<,,fF(K1, Ka) + xemy 1o (2, m,)] - AMA - yl)[w yF Qe 1) + w1y O, Kz.)]
2 2 2 2

+ K1+K27K3+K471(/),[/J[|:(K1) K3) + K1+K27K3+K4+I(p,¢[F(K1’ K4) + K1+K2+K3+K471(p,1/}[F(K2! K3) + K1+K2+K3+K4+I(p,lp|]:(K2’ KA)'
2 2 2 2 2 2 2 2

Proof. From the definition of the mapping w(¢, i), we have

(xz—xl)m—xg)” @2 (e, + (1 O + (- mig)dnde

dagan

= (16 - KWK, — 1)

O Cm— 0=
=) l—_‘wb—-

(A(§) = AMANA) - A(l)/lz) 2E0T (§K2 + (1= &, nig, + (1 - mig)dédn

(A(§) = AMANA) - A(l)ﬂz) (é’Kz + (1= &, e, + (1 - mxg)dédn

a&an

+
O S m— N0 [
NI
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+

| N[ C— N —
o %N\i—l

(A§) = MDA - A(l)/lz) oz (s’Kz + (1= i, i, + (1 - Mig)dgdn

(A§) = AP - A(l)ﬂz) 2£0 (§Kz + (1= g, iy + (1 - ig)dgdn

+

= N1 C—

Dk — 1) + L + 5 + Jul.

/‘\

Integrating by parts, one can easily obtain

(A(§) = AMANAM) - A(l))lz) 2E0 (€K2 + (1=, i, + (1 - mirg)dgdn

=i | (M) - 2o )(a(5) - o e(#5 . 25

" A(I)Al( (2) A(l)/\z) (xl, K . "“) - (A(%) - A(l)/lz)

K+

x j [F(Tl, 5t "")"’(Tl %) 4 +( (;) A(l)Al)A(1)A2[F("1;"2,K3)

2 - K

II
O C—rO |
o '—N\H

K
K+ xz

+ AOMLADMF (6, 1) — A, j "’(“—K)[F(n, Kt - (A(%) - A(l)/h)

1

K3+K4 K3+K4
T2 T2
X '[ [F(Kl R Tz) V(o - 1) dn - ADA I F (1, ‘l'z)illj(r2 ~ %) dn
2 T — K3 T - K3
) 3

K1+K2 K3+K4

I I F(n, T <0(Tl %) Y@ - K) da .

- K Oh-K

Hence, we obtain

(A§) = AMANA) - A(l)/lz) 2E0T (sz + (1= O, i, + (1 - mig)dédn

ﬁ[(A( ) - a0 )(a(3) - non (B g2, 22

oo {a5) oo 255) - (5) - po (e 25

2

o%m\»—-
© t—_—rfm

(3.2

+ (A(%) - A(l)/ll)A(l)AZ[F(Kl ; ay K;) + ADAADAF (g, ) — ADA LF (1, )

1 K+ K
- (A(z) - A(l)}tl)x3+nz¢uf( it K3) = MDA 06 16) + xony e Lyl 05 K3)]-
2 2 2
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Similarly, we get

2
L= | (A©&) - AMA)AM) - A(Dp,) ai,a (e, + (1 = &, i, + (1 - mig)dédn

o t—’l\)\b—*
NI e

R

(Kz - 1)(Ky — K3)

+ ADMAQ) = ADF (5, Ka) = (A1) = A tyrr, T O, K2) (3.3)
2 .
1 1 K+ K+ Ky
- (o(5) - aan)a5) - (252 25
1 K5 + Ky 1 K3 + Ky
o) aom e ) (43 nom (e 5
1
B (A(z) A(DAl)Ks;KA Il,[)IF(Kl ; - 4) - A(l)Alx;;xz,JrIlp[F(K], K4) + K1;K27K3;K4+I¢,¢IF(K1, K4):|,
13
k= JI(A(f) = ADuy)(A(1) - A(l)/\z) oFon (EK2 + (1 -, i, + (1 - Nig)dédn
1o
2
= ; - l _ K3+ Ky
S s [(A(l) A(l)ﬂl)(l\(z) A(l)AZ)[F(KZ, oK)
1 1 Kt G+ K
- (A(E) - A(l)ul)(A(E) - A(1)/12)[F(—2 P )
(3.4)
- (A(Z) A(l)ﬂz)xﬁxz 1 [F( K4) + (AQ1) = AU )AMAF (16, K3)
- (A(%) - A(l)}il)A(l)Az[F(zq ; ko K3) - A(l)A2K1;K2+I(p[|3(KZ, )
1
80 80 )+ (8(3) - B0, (5]
t Kt | Kty I, yF (6, Ks)]
2 2
and
11
Jo="] | (A&) - ADu)AM) - A(l)u) e, + (- o, nKk, + (1 - nxs)dédn
J oo - sompn - im0
22
1
= o 10— [AM — AD)AD) — AL o, k)
- (A(%) - A(l)yl)(A(l) - A(l)}lz)[F(Kl -; K ’ K4)
= (AQ) = A2 T (6, x4) = (AQD) ~ A(l)ul)(/\(%) - A(1)uz)[F(Kz, : ; Ka) (3.5)
Kl + K K3+ Ky
( A(l)ul)( - ADu ) 2, T)
( A(l);uz)wZ JF sk m.) (A) = AMpp s TyF (25 K4)
2

K1+K2

+ ( A(l)yl),@m IF K4) + M+M+I(p,g,,[F(Kz, m)].
2 T2
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By the equalities (3.2)-(3.5), we have
(o —1)ks — )L+ h + 5+ Ju]
= (A, - ADAYAD, - A(mz)[F(

KK Kt K ) + AOAADY, - AUV@[F("I’ : ; KQ)

K3 + Ky

+ (M) — ADH)ADy, - A(l)Az)tF(xz, ) + (A, - A(l)Al)A(l)Az[F("l Lo, Ka)

+ (A - ADANAQD) - A(l)Hz)[F( , K4) + ADAADAF (1, 16) + (A1) = ADpIADAF (6, 15)
+ ADAAD) - A (15, k) + (A1) — ADp)AQD) — AD)F (1, Ka)

K5+ K B+ K
- (A, - A(I)AZ)[JQ-HQI@":(KD 3 > 4) + m+I(p[F(Kz, 3 : 4)]
5 2

K+ K KQ+ K
K3+x47[1p[F( 1 > 2, KB) + x3+x4+I¢[F( 1 2: K4)]
2 2

- (Ay, - A(DAI)[ 5

- A(l)/\1|:K3+K4_I¢[F(K1’ K3) + K3+K4+I¢IF(K], K4)] - A(l)A2|:K1+KZI(p|F(K1’ KB) + K1+K2+I(p[F(K21 K3):|
2 2 2 2

- (A - A(l)uz)[wzq)uf(xl, k) + oo T F (6 m] - (AW
2 2

- A(l)ul)[w pF 06, 16) + s TyF (6, Kz,)]
2 2

+ K1+K2_K3+K4_I(p,1/)|F(K1’ KB) + K1+Kz_k3+x4+1<p,¢[F(Kl: K4)
2 2 2 2

+ K1+KZ+K3+K47[(p,1,[)IF(K2, KB) + K1+K2+K3+K4+I(p,[p|]:(K27 K4)-
2 2 2 2

which completes the proof. O

Remark 1. If we assume @(¢) = ¢ and (7)) = 1 in Lemma 1, we obtain,

D1, 105 K3, Kg) = (10 — 1) — 1) | | (€ - )7 - /lz) (é“Kz + (1 - g, nx, + (1 - Mig)dédn

agon

o %N\H
O S = O S — O

o '—‘N\b—‘ N\»—l_‘ —

+ -1, —1) | | € - A0 - w) 3 Sa (€K2 + (1=, i, + A1 - Mig)dédn

2
+ (o - 00— 1) | [ €= 1) - )&, + (1 - O i, + (1 - r)dEdn

9
95an

+ 06— 1)y — 1) | | (€ - pud - 1) 3 ga (5 , + (1=, nx, + (1 - nxz)dédn,

NI i e
N\»—\'—‘ —_

where

K+ Kg+K K+ K
D(a, 105 13, Kg) = (U — A, — Az)[F( 1 ; 2 %) My, - AZ)[F(Kl, 3 ; 4)

00 = A B o G - AT )+ - M0 ()

+ MIF (i, 1) + (1 — pDAF (6, 1) + 41— w)F (g, k4) + (1 — ) — w)F (1, K4)
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K

A 2
le(Tl, K5)d7 — 2 j[F(ﬁ, BY K“)dﬁ - I[F(Tl, K4)dg — IF(Kly B)dn
- K Kz - K 2 16— K Ky — K3
K
A 1- i
A4 _[[F(Kl : KZ,Tz)de -k _[[F(Kz, ndn+ — J_[[F(Tl, )dndn,
Ky — 13 2 Ky — 13 (o — 1) (K4 — K3)
%5 1) LRS!
which is given by Budak and Ali in [49].
Corollary 1. In Lemma 1, if we set (&) = =— and Y(n) = =, then we obtain the following new Riemann-

I‘(a)
Liouville fractional integral identity:

Q(, 105 K3, K4) = (I — 1) (K4 — ¥3)

oﬂ——.‘N\»—l
o '_“N\H o %N\H

o %N\»—\ N[ S —

2
&~ AP~ &) a‘l; (@&, + (1 - Oy i, + (1 - s)dAEdy

+ (6 — k)(ks — 1) | | (€% - WP - 112) (sz + (1= &g, n, + (1 - Prz)dédn

3&an

+ (6 — k) — K3) | | (6% = u)(P - /12) (&, + (1 = g, nx, + (1 - iz)dédn

a.,fa

+ (6 — KKy — 1) | | (6% = u)(nP - Pz) (&K, + (1 = i, nx, + (1 - nxz)dédn,

a.fa

N\»-A'__. —_ N\._\;_. -
NI

where

K; K K- K
Qi K03 K50 Ke) = oy — Aty — Az)[F( . %) Ay A2>[F(x1, " "")

+ (1= p, - /\z)[F(Kz, 5 ; K“) + (- Al)Az[F(Kl ; 2 K3) + (g - A - HZ)[F(Kl ; Loy K4)
+ AaF (6, 16) + (1= AF (6, 16) + M1 = 1)F O, K6) + (1 = py)(1 = )F (6, Ks)

r 1
R R |

( - 1)0( 2
o T+ (m ) P (K1+K2 )
(Hl Al)( Ky — 3)ﬁ |:]K3+K4 F P , G| + ]@JF —2 » Ky
I 1
— /‘ (B + )ﬁ |:]K3+K4 [F(Kl, K3) + ])€3+K4 [F(Kl, K4):|
(K4 - K3) 2 '
- A r(a—-l—l)a[]KﬁKz F(a, 13) + ]K1+Kz [F(KZ, KB):|
(KZ - 1) 2
-(@1- HZ)M[]MHQ F(x, x4) + T 4x, [F(KZ, K4)]
(o — )" 2
T 1
-y D [] (o %) + I, Flo, m)]
(K4 — x3) 2

I'a+1) TP +1) :
+ (Kz _ K1)a (K4 _ Kg)ﬁ ]K1+K2 K3-;K4 IF(KI, KB) + ]gfxz_m;;n +[F(K1’ K4)

a, a,
+ ]K]sz LKt _IF(KZa 1) + ]xlfxz R +[F (1, K4):|,
2 2 2 2

where Q(xq, ; 13, K4) is defined as in Corollary 1.
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a

ﬁ
Corollary 2. In Lemma 1, if we set @(¢) = and Y(n) = kl“ (ﬁ)’ then we obtain the following new

k
kTi(@)
k-Riemann-Liouville fractional integral identity:

3G, k5 13, Ka) = (1o — K)(Ky4 — K3)

(.{% - Al)(nf - )a £on (G, + (1 = i, ni, + (1 - ig)dédn

O C—rO [
O —|= O S N0 |

O C—"0 [ N[ S

+ (16 — 1)Ky — K3)

(67 - 1) (1 - ), + 1= 0, + 0 = iy

+ (6 - 1)Ky — K3)

(gt - ) (nf - 2 %@<&ﬂ41£Mmm+a—mm&M

2F
({% - 111)(’1% -1 )Eifa (x, + (1 - &), nx, + (1 - Mxz)dgdn,

+ (6 — 1)Ky — K3)

NI L e
N1 S —

where

(Kl’ 125 16, K4) (V1 - Al)(yz - AZ)[F(KI ; R %) + A](Pz - AZ)[F(KI, 5 -'2- KQ)

KB+ Ky

(=), - bﬁ&, )+m1@md Q+mﬁ@m_wqmzmm)
+ }l1/12[F(K1, 1) + (1 - Hl)Az[F(Kz, 13) + Al(l - HZ)IF(KD ki) + (1 - Hl)(l _ yz)IF(KZ, )

Ii(a + 1) 3+ Ky G+ Ky
- (Hz -h)——= ]K1+K2 kIF K, T + ]@tkm K, 2

(1 - 1)k
- (Hl B Pa— he |:]K3+K4 Jk (uf K3) + ]€+K4 k[F(w’ K4):|
Ky — Kk 2 7 2
LB +1)
-A (;4 ~ K3)ﬁ |:]K3+K4 k[F(Kl, 1) + ]K;;Kz, F(xq, K4):|
-A Fk(ai-}-lz[]xﬁ-xz F(q, 1) + ]K1+K2 F (e, K3)]
(KZ - 1) ok 7k
I; 1
-(1-n )M[]K1+Kz le(Kls Ky) + ]K1+K2 k[F(KZa KA)]
(6 - K1) 2
I; 1
SCEPBEUCAS)] [] F0 1) + [, Fle, m.)]
Ky — Kg)k 2 "

k ,B,k
]glfxz K3+Ky 7[F(K1, KB) + ]g£1<27x3+x4 +|F(K1a K4)

, ha+1) L(B+1) [

(Kz — Kk (x4 — K3)k 2 2 2
k LBk
+ ]gfxz K3+Ky _[F(KZ’ K3) + ];zfxz+x3+}(4 +IF(K2, K4):|:
2 2 2

where J(k, 13 K3, K4) IS defined as in Corollary 2.

4 Some new inequalities for generalized fractional integrals

In this section, we establish some new Simpson-type inequalities for differentiable co-ordinated convex
functions via generalized fractional integrals.
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Theorem 2. We assume that the conditions of Lemma 1 hold. If the mapping|
[x, K], then the following inequality holds for generalized fractional integrals:

|0k, 105 13, Ks)| < (10 — K1) (K4 — K3)

DE GRUYTER

‘ is co-ordinated convex on

[| 52
X “;; (1, Ka) (H?(A1)V’ib(/(z) + Hip(/ll)vgl’(yz) + Hg(yl)vip(}(z) + H?(lﬁ)v?(ﬂz))
2
+ aa{(fn (6, 16) | (M ADVEC) + TEA)VEy) + TEGu)VE ) + TGV (1) »
2
+ %(Kb 1K) | (MEA)DVP) + TIEADVEG) + TV (A) + T () VY (1))
2
+ ai,; (5, 16) |(TEADVEA) + TIEA)VY () + T Gu)VE(A) + nf(,ul)v;f(,,z))],
where
1 1
z 2
P (&) = If IAGS) - ADA|dS,  TIE(A) = I(l — HIAE) - ADA|dE,
) °
() = _[f IAGS) - ADw,dg, (W) = I(l - OIAE) - Ay |dé,
% 1
: : (4.2)
z 2
VI (k) = jnIA(n) - ADAJdn, VI = J(l — pIAG) — A(DAy|dn,
! |
Vi) = IUIA(H) - ADpldn,  VIG) = I(l — DIAG) - A, |dn.
; %
Proof. By taking the modulus in Lemma 1 and using the properties of the modulus, we obtain that
181, 15 13, K4)| < (10 — 1) (K4 — K3)
11
[ oF
X _([_([M(f) = ADAIAG) - A w(é’xz + (1 - &g, i, + (1 - ) |dédn
1
21
O%F
" J‘_[lA(‘f) — ADA[IAGM) - A, ﬁ(f"z + (1 - Ema, i, + (1 - i) |dédn
’ % (4.3)
'3
+ IIlA(f) = A [|AM) — MDA oF (&, + (1 = g, i, + (1 - p)s) |[dédn
1% o§on
2
11
o [ 1) - acopiin - acnal| S (@ + (- O n, + (1 - m|aga
)] 1A 1 aan 2 1, NK, K3 n|.
22



DE GRUYTER

Since the mapping ‘

o _‘Nh—\
O C—rO |

N

1AC§) = AMAIAM) - A(l)/l2|

+u—£m‘
VY ()| 2

+ H‘”(/h)V‘b(/lz)

Some new parameterized inequalities

2o ‘ is co-ordinated convex on A, therefore, we have

(<fz<2 + (1 -8, nx, + 1 - ) |dédn

d&an d&an

+&01 - ’2)‘ (10, 16)

o ‘—}N‘H
o %N\b—\

1ACE) — AAIAM) - A(l)/\2|(-f’1 ’ (K2, K4)

+(1-86)(1- '1)‘ asa —— (g, 13)

(1, %4)

o )dé'dn

+ POV ) |2, x| + IEA)VH () |2

aga (Kz, Ky4)

d&an d&an

(Kl, K3)|.

€ n

Similarly, we obtain

dédn

1AGE) — ADAIAG) — A, (8, + (1 = &, gy, + (1 = 1is)

asa

O S m— 0=
NI

+ I DVY (1) |2, K5)

(K2, Ks4) 856

af

MY (A)VY ()

+ H“’(Al)Vl”(uz T k)| + TEAOVP ) |2, 16)]

az
0dn 3&dn

1AC§) — Ay |IAM) - A(l)/\zl (sz + (1= O, nig, + (1 - Mig)|dgdn

N\»—\% —_
O C—ro [

(Kz, K4) (Kz, K3)

+ H"’(Ill)V"’(/\z)

= H"’(ﬂl)V‘p(/\z)

aga aga

H¢<yl)v¢(Az> H"’(ul)v"’(/tz) T im0,

(Kl, K4)| + atan

da&an

1ACE) = Ay [IAM) — ADp,| (s(Kz + (1= O, nie, + (1 - i) | d§dn

aga

N S
N

(KZ’ K3)

T k)| + Hg"(yl)vf(uz S ga

H"’(ul)vd’(uz) S ga

TG )VEG) |-G, x00)| + TI2Gu) VP 1) |2 2o T )|

agan

By the inequalities (4.4)—(4.7), the proof is completed.

Remark 2. In Theorem 2, if we take ¢(¢) = & and (1) = n, we obtain the inequality

| D1, K5 K3, Kg)| < (b — K1) (Ky — K3)

az
0¢dn

(0, k4)| + —— (e, k)| + — O, x4) | +

O oF
¥
8 [ ! 2 \agan > [agan

? |9y

(Kl, Ky)

— 1165

(4.4)

(4.5)

(4.6)

(4.7)

(Kl, K3)

]
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where ®(x, ¥; K3, K;) is defined as in Remark 1 and

g | MW A S s A Sk 5
3 8 8 12 3 8 8 12
[ A3 + 13 5 Ao+l 7 3A
\Pzz 17111_&_& i _2 p2+/\22+u22_w+1’
3 8 8 12 3 8 3
S T +3h 1A+ A su 5
Y=o —L + A+ - ———+ = 2 _ 2 2,2
3 8 3 3 8 8 12
and
g | AR o s Tl Bt ., Tme3h 1
b N 3 3 3 2 t 1, ) 3l

which is given by Budak and Ali in [49].

Eid
g’
Simpson-type inequality for Riemann-Liouville fractional integrals:

Corollary 3. In Theorem 2, if we use (&) = % and Y(n) = then we obtain the following parameterized

|Q(k, 105 K3, K4)| < (10 — k) (K4 — K3)
X ‘

oF
aé,—an(xz, K4)
O%F
o§on
oF

ﬁ(Kla K4)

(MEADVEQ,) + TIEA)VE () + TIS(u)VEQL) + TG, )V (1))

(e, %) |(TEADVE(L) + TIEA)VE ) + T )VE(A) + TS VE(,)
(IEA)DVE) + TEA)VE(y) + IS )VEA) + TI(u)VE(wy))

7 (IEA)VER) + TEA)VEG,) + TIE(u)VA) + TEu)VEGL)) |,

oF
W(Kb K3)

where Q(k, ¥; K3, K4) is defined as in Corollary 1 and

a+2
may-—2 A% b, 1
a+?2 8 2%Ya+2)
2a atl /\1 1
%A = CoNL S S (D)
= 2 2%+ 1) i)
a a+2 2a+2 +1
Mo, = R VR S .
3(uy) P 2111 81‘1 27%q 1 2)
20 a1 3 20+ 4 1
a = — a _ + _ Ha
4(}11) o+ 1.”1 2#1 2““(& + 1) 3(}"1)
and
B+2
= A 1
v =Eat Ry L
B+2 8 25+ +2)
B+1
28 5 A 1
V) = b NI S— [ R
2(%) B+172 2 BB+ i)
B+2
B 5 5 28v2 1
Vﬁ = - + ’
() B+ 2" 82" g o)
B+1
2 g 3 211
VA - B _ 2y 4 - vBw,).
5(My) B+ 1}42 zl‘z (B + 1) 3()
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B

Corollary 4. In Theorem 2, if we use p(¢) = klf;: Ea) andy(n) = #fﬂ)’ then we obtain the following parameter-

ized Simpson-type inequality for k-Riemann-Liouville fractional integrals:

153G, 15 16, Ka)| < (6 — 1) (Ky4 — K3)

[ 32F a B a B a B a B
X ‘ﬁ()@’ Ks) [H{‘(Al)vf‘(/\z) + IFA)VE () + T (u)VEA) + TIE (u VA (1)
- O a B a B a B a B
+ ag—an('(z’ 1) | [TFADVEQL) + TIFA)VEQ,) + TEu)VER) + Tk (u)VEQ,)
32F a B a B a B a B
+ ﬁ(lﬁ, k)| [ TIEA)VEQA) + TIEA)VE(Q) + TEu)VEA) + T (u)VE(,)
32F a B a B a B a B
13 o (5, 1) | |TIEADVE) + TIEADVE () + TIE(u)VERL) + TTEQu)VEG,) ||,

where J(k, ¥; K3, K4) IS defined as in Corollary 2 and

a a+2k
TR R . S—
a + 2k 8 2“*,fk(“+2’<)
k
a a+k a
() = 2 AIT_E-'_%_HII(’
a+k 2 2X(a+k
a a+2k a2k
X o« e E 2% +1
H3 (yl)_ o+ zkyl “ 8}11 + 2a»;(zk(a+2k)’
k
a 2a  «tk 3 2%k + k a4
X () R T e il 1
a+k 2 2% (a + k)
and
B B+2k
VE(A)— B B _ & 1
VR 2 B2k (B4 2k’
B+ 2k 8 ( - )

B Bk B
Lt 2 L
7 10 DY A - S SRR )
2 2 B+k 1
B+k 2 % B+k

B B+2k B2k
% _ B B 2 2% +1
Vi) =gkt gkt 2¥(ﬁ+2k_)’
k
B Bk Bk B
- 2 3 2%+ k -
Vf(llz) = B B —W+ Bk - V§

=y
B+i2 27 g ik

a
Theorem 3. We assume that the conditions of Lemma 1 hold. If the mapping ’%| is co-ordinated convex
on A, q > 1, then we have the following inequality:

1 1
1 =501 1-3

2

18k, K5 K3, Kg)| < (o — K)(Ky — K3) I|A(§) - AA|dE IV\(U) - A(A;|dn

0 0 (4.8)
vy | OF ! vy | OF ‘
x | I ADVY(A) ﬁ(Kz, k)| + IEA)VI() E(Kz, K3)
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q]é

q

+ H(p(/h)vl/}(/lz) + H(p(/ll)vlp(/\z) (Kl’ K3)

a&an

1
1-7

aFan (Kl Ka)

1
-3

1
2

+ jm(n) ~ A ldn j IA) - A(DAIdE
0 1

2
q

2
+ PV )| 2F

x H“’(/h)V"'(Hz) 2E0n

acan (Kz, K4)

q

H"’(on*b(uz) + H“’(Al)v‘p(uz) T k1)

(Kl, K4) an

da&an

—— (0, 13)

q)é
1
+ j|A<n) ~ AMAldn j IA) — Ay, |dE
3 0 (4.8)
q

1 1
1-q( 1 1-3

x H“’(yl)V"’(/\z) +H“’(u1)V"’(/b) T e 10)

aEan
q )};

(Kz, Ky)

d&an

+ H"’(,ul)V”’(}lz) (4, 1)

(Kl K4)

+ H‘”(Hl)V‘b(ﬁz) 3 .{a

0&an
-7 -7

1

s j|A<n> ~ A ldn j IA) - Ay, |dE
1
f 1

2
q

]

g

q

(Kz, K3)

+ H?(Hl)Vf(Hz) aFan

(sz Ky)

X Hw(%)vlp(ﬂz &

LI

(xl m + TGV () afa

where H;” and V?’, i=1,2,3,4 are defined as in Theorem 2.

Proof. By using power mean inequality in (4.3) and co-ordinated convexity of‘

1
j
0

dédn

1ACE) — AAIA®M) - A(1)/12|

‘{Kz + (1 -8, nKk, + 1 - ;)

o %N\i—l

1 1
1-5/(1 1-3

1

2

jm(e) ~ AAdE jm(n) ~ AMAldn
0 0

IN

1 (4.9)
q
dédn

I(AC§) — AMADII(AC) - A(1)}l2)| (sz + (1= &, i, + (1 - i)

1 1
1-2/(1 1-3

IAE) — AW _[IA(n) ~ AMAldn

IN

X
O N ——
o 1——..1\)\»—‘
O S m— 0=
|
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O C—ro |
o %N\i—l

1ACE) — AAIA(M) - A(l)/\zl(é'ﬂ ‘a £on

q

+(1-5n ‘ (xa, K4) +(1—€)(1—'1)‘

a&an

1
1 1-g

2
jm(f) ~ AAE
0

1
2
jm(n) ~ A(Aldn
0

q

+ H(p(/ll)vl’b()lz) (Kz KB3)| + H(p(/ll)vw(/\z)

aga

Similarly, we obtain

I(ACE) — AMAII(AGM) — A,

aga

O Cm— 0 [
N1 S —

1
-3

2 1
j IAG) - AQDpyldn jm(-f) ~ AAdE
0 1

2

1

(Kz Ks)

(1%, K4)

agan

1-

a&an

(fz+(1

Some new parameterized inequalities =— 1169

afa ( 15, K 3)

+&(1 —n)‘

—— (4, K3)

a\i
]dfd’l

1 (4.9)
(H*”(Al)vw(/«z)

q

acan —— (0, K4)

q q

q 1
+ n¢(/11)v¢(212) (K1 K3) ]

(Kl Ks) 6{6

i, nx, + (1 — nxg)|dédn

1-

Q=

1 (4.10)

a.’{a (KZ’ 4)

(H(P(AI)V3 (n,)

2
T + IE)VE )| 2

(1, K4) (Kl K3)

+ TPV ) |2 + M) V8 ()

da&an

I(ACE) — AuIIAM) - ADA)]

O C—ro [

é’

N S —

17% 1

1 2
j IAG) — Ay fm(f) ~ A, |dE [H“’(ul)v‘”(/tz)
1 0

2
q

H¢(y1)v¢(A2) 6, 1) H“’(Ml)V"’(/lz)

a.{a

I(ACE) = AMuIIAG) - ADw,)|

aga

N[ C—
NI

1-1
1

jm(s) ~ Aplde

2

< [A() — A, |dn

j

2

H“’(Hl)V"’(Hz) T e xg) + T (VY ()

da&an

By the inequalities (4.9)—(4.12), the proof is completed.

on (é’Kz + (1= g, nig, + (1 = i)

aga

(sz +(1-

Q)lll

dagan dagan

dédn

=
a (4.11)

azan (0, K4)

q
H(p(ﬂl)vw(/\z) (Kl K3)

(Kl Ks) acan

q]zlz

dédn

O, i, + (1 - nks)
15

(ng"(yl)vg”(uz) aa{a

? (4.12)

(10, K4)

O

1 ? Y
2E0 + I () VE ()

(q, K4) (Kl, K3)

aga

1
q]q
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Corollary 5. In Theorem 3, if we take (&) = & and Y(n) = n, we have

(Hl(/h)%(/lz) 2E0n

+ IL(ADVI(Ay)

aga

q
(K29 K4)

q
(Kl; K4)

+ Ihi(A)Va(Ay)

+ IL(ADVa(A)

+ (V3(wy) + V4(}42))17(H1(/11) + IL(A)) 2

X (Hl(Al)V3(}12

az
o60n

+ IL(A)Vs(iy)

F
3&an

q
——(0, K4)

q
—— (1, Ks)

+ IHADVA(1,)

+ ILAD V()

+ (Mi(h) + VoA ~a(Ths(py) + Ta(pay))'

(H3(H1)V1(Az) 2E0

+ I (u)Vi(h)

aga

—— (%, K4)

q
(Kh Ky)

q

+ I(u)Va(Ay)

+ () Va(Ay)

+ (V3(y) + Ve e (M) + Ta(up) e

[H3(}11)V3(}12)

agan

+ 4 V3(i,)

A&

where ©(k;, ¥; K3, K4) is defined as in Remark 1,

and

ILA) = —A1
A3

IL(A) = —?1
13

() = 5’11

1
4(py) = gﬂf

Vi(Ay) = —Az

A3
Vo) = —?2

1
V3(ly) = 51123

(KZ! K4)

q
(K1, Ky)

8
+ ylz

q

5
“ht oo

+ () Va(i,)

+ Hl:(]ll 4(’12)

B

24

AT
g™y

/lz 1

8 24

+/122—3—Al+i,
8 12

_E‘u+
82

9
24

>

1 7 1
V(i) = guf U =gt "

asa

asa

aga

aga

a.fa

a,;'a

a.fa

[P, 15 K3, Ka)| < (10 — ¥a)(Ky — Ks)[(nl(/h) + ILA)) - 2(Vi(Ay) + Va(A)a

q
(KZy K3)

(Kl’ K3)

(KZ’ K3)

q
(Kl, K3)

(KZ, K3)

(Kl’ K3)

(Kz, K3)

aga

(Kh K3)

q]c}

q

1
q]q

)é

q

q

|

DE GRUYTER
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Corollary 6. In Theorem 3, if we use p(§) = —— " and Yn) = " then we obtain the following parameterized

r(a) @)’
Simpson-type inequality for Riemann-Liouville fractional integrals:

|QQa, 105 K3, K4)| < (16 — 1) (K4 — K3)[(Ha()\1) + TISAD) - a(VE(A) + VEQL)) -4

q q

(H“(Al)vﬁmz)

oF
+ EADVAL) oz (10, K3)

q]é

q

(0, K4)
on

q

+ BV |2, x|+ TEADVED) |2, 1)

aga

+ (VBQw,) + vﬁ(uz))l-q(nml) + TS(A))
q

aga

+ TEM)VEG) |2 (i, 1)

q)é

q

(KZ’ K4)

x (H?(Al)vfwz

9&an o&on

q

(Kl’ K3)

+ (A4 () 3 {a

Ha(ﬂl)vﬁ(ﬂz) (Kl’ K4)

0&n
+ (VB + V() -a (11 (ul) + T4(u))

+ H“(yl)Vﬁ()lz) 2 (16, %)

1
q)q

(29 3)

where Q(iq, 13 K3, K4) is defined as in Corollary 1 and I1{, Vf ,1=1,2,3, 4 are defined in Corollary 3.

8
andy(n) = #ﬁﬁ)’ then we obtain the following parameter-

—— (5, K4)

(n“(ul)vﬁw

aEan aga

+ Hz(ul)vﬁmz) P . m.) +nz(u1)vﬁ</tz) o T 1)

9&an
+ (V) + VA -a(T8(0,) + TTS(u, )

q
x (Hg(ul)vg(uz —— (1, k)| + H%‘(ul)Vfi(Mz

AEdn

az
3&dn
q

(1’ 3)

— (4, k4)|  + TIE(u,)VA(,) a{a

32
HZ(Pl)Vg(Vz) &

Corollary 7. In Theorem 3, if we use ¢(¢) = ké Ea)
ized Simpson-type inequality for k-Riemann-Liouville fractional integrals:

a a - B B -7
3G, 103 16, Ka)| < (0 — K)(Ky — K3) (Hf()ll) + Hf()ll)) (V{((/\z) + V%(Az)]

q B q

B 2 2
o“F o
Hk MVER) [0, k)| + H1k M)VEN) | ——(0, K3)
0&an a&on
e T TR |20 0|+ TR EE )| |
aon aan
B B Vi a a  \I-h
+ V500 + vEGy) (nm ; nmo)
a B 2 9 a B 2 q
x | (A)VE () 2gon ——(6, kg)| + IFADVE(,) 2z —— (0, K3)
a B F q a B 32 a\i
+ k() VA () azon ——(q, k)| + IEQ)VE(W,) oFon — (4, K3)
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B Bo\i e a  \-k
+ [V{‘ A) + Vé‘(/lz)] (Hgk (up) + Ik (Hl))

q a B

a B OF a B O q
x | T (uVE(A) 2E0 ——(0, k)| + IEu)IVER) SE0T —— (0, K3)
a B 2 q a B 2 q ‘li
a L oF a L 0%F
+ Tk (u)VE(A) 2Ean (a, k4)| + TEuPVE(R) 2Ean ——— (4, K3) )

B B\ a a b
. [v;w . vm] (nﬂyl) . m:(ul))

q q

2

a B
X [Hé‘ (M)VE(y) ii'g

2

« B
a B oF
+ Ik (u)VE(,)

can —— (0, k3)

1
q]q
B

a B
where J(k, ¥; K3, K4) is defined as in Corollary 2 and 1k, VK, i = 1, 2, 3, 4 are defined in Corollary 4.

(6, X4)

q a E 62":
+ I () VE Q) | o (i, K3)

——(a, x4) acan

a B 2
a P F
+ Ik (u)VE () 2Ean

is co-ordinated convex

Theorem 4. We assume that the conditions of Lemma 1 hold. If the mapping ‘ 260 ’

on A, then we have the following inequality:

Nl

O C—o |

1

2
10k, ko5 K3, Ka)| < (1o — K)(Ky — K3) I|A(§) - AN|dE [AG) - A(Adn

x ‘a'fa”(Kz’ K“)‘ +3’a§a (e, K3)’ 3 a;an(Kl’ K")‘ +9‘asan(Kl, K3)‘
64
1 5 i
2
+ IIA(n) - ADp,|dn IIA(.{)—A(l)Md{
3
x ’ aag’?(Kz’ K“)‘ +3‘3€3n(Kl’ K3>‘ ‘afan(Kz’ K3)‘ +9‘asan(K1,K4)‘
64
p( 1 i
1
+ IIA(n) - A(DA|dn IIA(-{) — A()p,|d&
1 0
2
q q a\:
o gl oo ] + [
X
64
1 1
1 Pl P
+ IIA(n) - A(Dp,|dn JIA({) - Ay, |d&
1 1
2 2
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9 ‘ (0, K3)‘ +3 ‘ (1, K4)‘ ‘ (1, Ka)’

64

(2, Kz.)‘ +3 ‘

9an 0§an odon 9§an

1
where -+ -=1.

Q=

, we have

Proof. By using the Holder inequality in (4.3) and co-ordinated convexity of ‘ 2o

11
2 2
j j B = ADAIAG) ~ AV | fa (@&, + (1 - ), nx, + (1 - i) |dédn
00
1 (1 »
2
< j IAE) — ADAPAE jm(n) ~ AMAJPdn
0
11 i
2.2 q
x j j S+ (L= o+ (L )| ddn
00
1 p( 1 b
2 2
< f IAE) — ADAJPdE jm(n) ~ APy
0 0 (4.13)
.
q q
X !!(fﬂ ‘6{6 (o, k)| +£Q —U)‘aé,a (1, 13)
q a\¢
+0-¥n ‘a{a (a, x4)| +(Q-8)Q - ”l)‘aga (1, 3) ] dédn
1 »( 1 »
2 2
- j IAE) — ADAJPAE I|A<n) ~ AAJPdn
0 0
aaggn(Kz, K4)| +3 ‘a{an(Kz’ Ks)‘ +3 ‘afa,l(Kl, Ka)‘ +9 ‘a{arl(xl’ K3)‘
64
Similarly, we obtain
1
71
_”IA(f) ~ ADAJIAGM) - ADp| asa T (&, + (1 - O, + (- i) |dedy
0]
. ) ;
jm(n) ~ A ldn jm(s) ~ ADA|dE (4.14)
2
‘6{511 (1%, K4)‘ +3 ’a{an(le K3)’ ‘a{an (1%, K3)‘ +9 ‘a{an (1q, K4)‘

64
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1
13
[ J1a@ - amiac - aonl| S sxz + (1= Oy i + (1= 1) |dédly
% 0
. P 1 5
< | [1a00 - avldn | | [18) - smldg (4.15)
1 0
2
’a{a (16, K4)‘ + 3‘3@ (1, K3)| + 9‘658,1(’(2, K3)‘ ‘Bfan (g, K4)‘
64
and
11
| J1a) - acomiina - acom|< ga OF (o, + (1 - O, i, + (1 - i) |agdn
i
1 1 P
J1na - amlan || 186 - smldg (4.16)
1 1
‘Man (1, K4)‘ a{a (Kz, K3)‘ + 3‘356,1(’(1, Ka)‘ ‘ag’ar[ (1, Ks)‘
64
If we substitute the inequalities (4.13)—(4.16) in (4.3), then we obtain the required result. O

Remark 3. In Theorem 4, if we take ¢(¢) = & and (1) = 1, we obtain

1 1
1 rf1 P

DG, 103 K, k)| < (Kr — KKy — ) jw ~ Afpde jm ~ MJpdn

AF q U q F q % q
. ‘W(Kz, K4)‘ +3‘ﬁ(Kz,K3)‘ +3’ﬁ('ﬁ, K4)’ +9‘w('ﬁ,lf3)‘
64
1 v »
2
e [ - apan || [ig - Apag
0 %
) 3|t k)| + 36, 10)|| o+ [0 00|+ 9t )|
64
1 ’ : %
2
o - dopan| | [1g- wirag
1 0
o%F q
[t ko[ + 300 0] + 9l e )|+ |06, )|
64
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1 1
+ Iln - w|Pdn I|€ - wlPdé
1 1

q %F q % q 32F q \q
a{a (0, K4) + 31550 (K 1)+ 3|55, (0 Ka) | + |55 (K1, K3)

64

where ®(x, 1; K3, K;) is defined as in Remark 1.

Corollary 8. In Theorem 4, if we use p(¢) = r(x) andy(n) = 7 then we obtain the following parameterized
Simpson-type inequality for Riemann-Liouville fractional integrals:

1 %1 »

2
100, 165 16, k)| < (6 — 1)k — K5) j £~ AJPdg jmﬁ ~ Afpdy

A2F q A2F q F q \q
+ 3‘@(1@, K3)‘ + 3‘@("1, Kg)| +9 ‘W(Kh K3)‘

O 4
‘W(sz Ks4)

x
64
. 1
2 1 !
o [ = wlpan] | [1ge - Agpa
0 1
. 3’65% 5 (0, K4) + 3’35% 5 (1, K3) + ‘agaa 5 (0, K3) + 9‘&){&6 5 (1, K4)
64
p(1 b

2
P — Apdn jw* - lPdE

+
S

%F q % q %F q \q
+ 3’@('@ Ks)‘ + 9‘w(Kz, K3)‘ + ‘W(le Ky4)

64

3 4
3’@('@ Kz)

1

1
p

1 1
+ fln” - wlPdn IIE“ - wlPdé
1 1

q
+

4 O 4 O 3 4
+ 3‘@(’@ K3)‘ + 3‘@(’% Ky) W(Kly K3)

64

o%F
9‘@('@ Ky)

where Q(1q, 1; K3, K4) 1S defined as in Corollary 1.
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Corollary 9. In Theorem 4, if we use p(¢) =

k
kTi(a)

B

ized Simpson-type inequality for k-Riemann-Liouville fractional integrals:

1

1
p

==

DE GRUYTER

and yp(n) = #fm, then we obtain the following parameter-

1
7 a P n B p
1906, K 1, k)l < O~ k)0 = )| | [ ek - 2" ag | | [ fox -2 an
0
§ ‘a‘fan(KZ’K!&)‘ +3‘a.{a (Kz,K3)‘ +3‘a§an(Kl, Ka)‘ +9‘a{an(K1’K3)‘
64
1 » »
b 1
T8
+ I)]k J /11
0 1
2
1
q
3|t k| + 36, 10)|| + [ 00 00|+ 9t )|
X
64
1 1
. ,
1 1
B 1 a P
o [ fox [let - e
1 0
2
1
q
) 3|t k)| + 3 06, x0)|| + 9l 06, + [ )|
64
1 1
1 Pl i
B a p
#| [ [l |2
1 1
2 2
1
q
O srni 0 k)| + 3G+ 3 )|+ e )|

where J(k, 1; K3, K4) iS defined as in Corollary 2.

64

Theorem 5. We assume that the conditions of Lemma 1 hold. If the mappmg‘

on A, then we have the following inequality:

11
10k, K3 K5, K| < (ks — ) (s — K5) ”'W("” nIPdnde
00

1 1
where; +-=1

Q

65 6t1

1
p

agan

is co-ordinated convex

OF u
" s 0|+ [ oe0)| + e )|

4
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Proof. Taking the modulus in Lemma 1 and using the Holder inequality,

|®(Klr K; K3, K4)|

(xz—xom—xa)”w(s D (e, + (1 - O i, + (- ry)dndé

aga

(§ic, + (1 = &, ey + (1 = M)

< (% — 1)K m)jﬁw(-{ n)l‘ dndé

dagan

1
p

11

< (1% — 1)K — x3>[ f j|w<£, n)l”dndc’]
00

11

il

00
11

< (i — 1)K — x3>[ j j Wz, n)l”dndf]
00

11 ) q
(I 1o e

1
o ‘|
ogan

(&, + (1 - &g, nk, + (1 - k)

1
p

2 q
+&(1 - 72)‘;{—;1('@, K3)

1
q q
1- , 1-8€71 - , dndé| .
+ ( f)’l‘aga (q K4) + (1 =&)X ’1)‘856 (4, K3) ] n 5]
Since ’ aa{;F , @ > 1, is a co-ordinated convex function on A, we obtain
11 q
IJ 280 (&, + (A - Eng, i, + (1 - )| dndé
00 (4.17)
2
aa{; (i, K3)‘ |a£6rz (1, K4)| ‘a.{an(Kz’ K3)‘ ‘a{an (16, K4)‘
4
O

Remark 4. In Theorem 5, if we take ¢(¢) = ¢ and () = n, we have

180k, 10 1, Ks)| < (1 — k) (ks — 16)(Ap(A, p))>

F q F q AU q \q
i, x0)| o+ [ a [ + e )] + [t x|

4 ]

where

1 il 1 p+1 l p+1 "
R e L +(3-2) +(u1—5) L (1= P

» 1 p+1 1 p+1
“|M +(E"‘2) +("2—5) + (1 - )P,

given by Budak and Ali in [49].
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Corollary 10. In Theorem 5, if we use @(¢) = F(a) and Y(n) = F(ﬁ)’ then we obtain

1

b

11
Immm@mmsm—mm—@JjMMmWMM
00

AF q A q
e 0|+ [t )+ [ oa )| + Mmﬂﬂ

4

where the mapping w; : [0, 1] x [0, 1] — R is defined by

W—MWJAOS&§OQS§
1 1
, &= WP - W), 0<f<-, Ssnsl,
Wl(ga’rl)=<
1 1
(&% - unf - ), S<és<1, 0<ns-,
a_ B _ l< <1 l< <1
({ "l])(rl HZ); 2 _6_ ) 2 _rl_ .

Corollary 11. In Theorem 5, if we use @(¢) = and Y(n) = #ﬁm, then we obtain

k
kTi(a)
1
p

11
|mmm@mmSm—mm—mJJMmema
00

o%F
odan

)+ [ mm\%m%m\%mmm]

9gan

where the mapping w, : [0, 1] x [0, 1] — R is defined by

(g% /11)( Az), 05€S%,OSUS%’
« 1 1
wz(f,ﬂ)—<(€k Al)( 2)’ ogfgz,isnﬁl,
) o
(#-m)(rt-w). =esn gansr

5 Special cases of main results

In this section, we present some special cases of the results proved in the previous section.

Corollary 12. Under assumptions of Theorem 2 with Ay = A, = % and p; =, = %, we have the following
inequality:

[F(xl, K3;K“) + [F( —'@;K“) + 4[F(—K1;KZ, —K3;K“) + [F(—Kl;’(2 ) + [F(K1 0 K4)

A()AQ1) 5
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N F(x, 1) + F (1, K3) + F (1, K4) + F (4, K4)
36

2 K3 + Ky K3+ Ky
- E[A(l)(,q;,(z_lq,[F(Kl, 5 ) + ¥+I¢[F(Kz, > ))

K+ K K+ K
+ A(l)(,@m I,,,[F( ntk K;) + K3+K,,+1¢[F( R z,xl,))]
2

1
- EA(1)|:K3+K4_I¢IF(K13 K3) + K3+K4+I¢IF(K15 K4) + K3+K4+I¢[F(K2: K3) + K3+K4_I¢[F(K2’ K4)]
2 2 2 2

1
- gA(l)I:KﬁKzI(p[F(Kl’ K3) + M+I(p[F(KZ’ K3) + o L F (K, Ka) + K1+K2+I¢|F(K2’ K4)]
2 2 2 2

+ x1+x27x3+x471(p,¢[F(K1, 1) + K1+K27K3+K4+I¢,¢|F(Kly Ks)
2 2 2 2

+ K1+K2+K3+K471(p’[p|F(K2’ 1) + K1+K2+K3+K4+I¢p,1/;IF(K27 Ks)
2 2 2 2
oF

o s (mn(2)  m2)o2)+ 12)
2|2 ) )

2 (1) ) e(2) - 2)
o0 oo (1)« me2))o1(2)  2)|

+ | ==K, x3)
where I1¥ and Vl‘-”, i=1,2,3,4 are defined as in (4.2).

< (6 - K)(Ky — K3) (Kz, K4)

O\|H
S—
+
<l

agon

Remark 5. In Corollary 12, if we take ¢(¢) = ¢ and (1) = n, then Corollary 12 reduces to [24, Theorem 3].

Remark 6. In Corollary 12, if we take ¢(¢) = r(a) and Y(n) = rT/i)’ then we obtain

(1 — k)™ (k4 — K3)P [F(Kl’ 5 Kl‘) * [F(Kz’ %) * 4[F<¥’ %) * [F(Klzkz ) * [F( BN K4)

[a+1) TB+1) 9

. F(x, 1) + F (1, K3) + F (1, K4) + F (4, K4)
36

I'a +1 K+ K KB+ K
e ) (s 255)

3| (o — )" 2

I'a +1 K+ K K+ K
+ ¥(]K3+K4 [F( 12 stB) +]Kw3+K4+IF( 12 2,K4)):|

(k4 — Ks)ﬁ 2

1 I'a+1
- _¥[1K3+K4 [F<K1, KB) + ]K3+K4 [F(Kla K4) + ]K3+K4 [F(KZ: KB) + ]K3+K4 [F(sz K4):|

6 (k4 — Ks)ﬁ 2 2 2
1 T(a+1

_1I( 1[],@“@ F(, 16) + J4x, [F(Kz, K3) + JEi, F(K, Ky) + TR, [F(xz, m)]
6 (1o — 19) 2 2 2
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Ta+1) TB+1) .
+ (6 — k) (kg — K3)ﬁ ]K1+K2 K3+2-K4 F(a, 13) + ])‘:lgkz_’Kﬁz-Kq +[F(Kl, Ks)

a, a,
+ ]xlfx2+ K3+Ks _IF(K2’ 1) + ]x1£x2+ K3+Ks +|F(K2’ K4)]
2 2 2 2

= -t - oo () ) eE) - ()
* Jagare ] ((2) - () - #(E)
+ ;;_;(Kb x| (mg( 1)+ n_,,(g))(vﬁ(%) + vg(g))
" Jaganoe | 7 (%)+“%(§))(Vf(%)+vf(%))]-
Remark 7. In Corollary 12, if we take @(¢) = kF (a) and Y(n) = #i), then we obtain
(0 = )t (ko — x| P 95%) + oo 25%) w4 (M52, 25%) + (4720 1) + F(5%,x0)
T(a + k) T(B + k) 9

N F (i, 16) + F(o, k3) + F (i, ks) + F(0, K4)

36
I'(a + k) K5+ Ky a K5+ Ky
[ﬁ e o 25 e (s 25

I'(a + k K\t K K\t K
Bl (2550 ()|
5

(k4 — Ks)k 2

1 I'(a + k
- ¥|:]K3+K4 k[F(KI, K3) + ]K3+K4 [F(KI, K4) + ]K3+K4 [F(KZ) KB) + ]K3+K4 [F(KZ) K4):|
6 (x4 - K3)k 2 2 2 ok
1 Ta+1
- _¥ ]K1+Kz [F(KI, KB) + ]K1+K2 [F(KZy K3) + ]K1+K2 [F(Kla K4) + ]K1+K2 [F<K2, K4)
6 (1o - Kl)k ok 5 ok 5 ok 3 bk

I[(a+ k) T(B + k) P Bk
+ (Kz — Kl)a (K4 — K3)ﬁ ]Jt(xlsz K3;K4 |F(Kl5 K3) + ]Jt(xl-sz_, K3;K4 +|F(Kl5 K4)

+ JEEE F(o, k) + JEBX ik, Fla, Ka)]
2 P2 2 Tt
| oo s\ 21y Es
< (6 - KKy — K3) azon —— (e, k4) 3 )[V{‘(6) + V%‘(g)

2] a a
+ ai(Kz, K3) Hlk(l) + Hé((é)) \Y
&M 6 6

2 a a B B
+ oF (1, K4) Hf(l) + H}f(é) V{‘(l) + V§(E)
d&an 6 6 6 6
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Corollary 13. Under assumptions of Theorem 2 with Ay = A = p; =y, = %, we have the following inequality:

(16 — Kk)* (K4 — K3)P ‘[F(Kb K3) + F(0, 1) + F(i, x4) + F (i, Ky)
I'(a+1) T(B+1) 4
)
KytKy Izp[F(Kls 15) + KytKy I¢[|:(K1a Ky) + K+Ky I[/;[F(KZ’ 1) + KytKy I;p[F(KZ, Ks)
2 2 2 2

A
2

+ K1+K27K3+K47[¢,1,[)|F(K1, 1) + K1+K27K3+K4+I(p,1p[|:(Kl’ Ks)
2 2 2 2

o 1F (K, K3) + K | 1,F (1, 15) +x02_ I (i, Ky) + Ko | I1F (e, Ka)]
7 7 )

+ K1+K2+K3+K47I(IJ,1,[)IF(K29 K3) + K1+K2 K3+K4 (p lp[F(KZ’ K4)
2 2

2
< (g — 1)Ky — K3) aa.g(;F (1, K4) ( ) ))(V'{’(%) + v?(%))

1 1 1

g (me(3) + mo(3 )(V 3" z))

2
+ %(Kl, Ky) H(p + H )(V % + V %))
l 1
+ a‘{an( 1, K3) ( )( E + V E))],

where H?’ and V}", i=1,2,3, 4 are defined as in (4.2).
Remark 8. In Corollary 13, if we take ¢(¢) = & and () = n, then Corollary 13 reduces to [7, Theorem 2].

Remark 9. In Corollary 13, if we take (&) = F(a) and Y(n) = F(ﬁ)’ then we obtain

‘ [[F(Kh K3) + F(o, ) + F(i, k) + F(io, Ka)]
4

INa +1
(7)13[]K3+K4 [F(KI, KB) + ]K3+K4 [F(K1, K4) + ]K3+K4 [F(Kz, KB) + ]K3+K4 [F(KZ’ K4):|
2Ky — 13)

2 2 2
Ia +1
ﬁ[]}qw{z [F(Kl, KB) + ]K1+K2 [F(KZa KB) + ]K1+K2 [F(Kla K4) + ]K1+Kz [F(KZ’ K4)]
2 — M

2 T2 2
L T+ F(ﬁ+1)[

(6 — 1)* (k4 - K3)ﬁ

a,
K1+Kz Ktk _[F(Kly 1) + ];qfxz_ K3+Ks +[F(K1’ Ky4)
2 2 ’2

Q,
+ ]K1+K2 K5+Ky F(o, k3) + ]Klsz K5+Ky F (e, k4)
Tyon T Tyon Ty

() m(HC) ()
(

(21 4)

< (6 - 1)Ky — K3) ‘

oo 1
’ Ha =
+ aga (1, K3) ( + 2)

|
) )
() ) )

+ (1, K3)
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Remark 10. In Corollary 13, if we take ¢(¢) = kF (a) and (1) = ——, then we obtain
[[F(Kl, K3) + F(o, 5) + F(iq, x4) + F (i, Ka)]
4
I'la + k
- g[];@m‘ F (i, k3) + ];f;fxq F(xq, ks) + ]K@-’:—Kq F(o, 13) + ];é’fxq F (e, Ka)]
2(ky — K3)k 2 ° 2 ° 2
I'(a + k
¥ K1+K2 [F(Kly KB) + ]K1+Kz [F(KZ, KB) + ]K1+Kz [F(Kls K4) + ]K1+Kz [F(KZa K4)
201 — Kk

+ F(a + k) F(B + k)5|: g,k

(16 - 1)k (k4 — K3)K T2 2 2

a, a,
+ ]Klfil((z K3+Ky [F(sz K3) + ]Klfll((z K3+Ky [F(sz K4):|
5 b Ty byt

3% arq a1\ 21 B
< (K2 - K1)(K4 - K3) afarl (Kz, K4) (Hlk(g) + H%‘(E))[V{((E) + Vé(
OF arpy e \) By B
“ aag e (1(3) + 18 (E)) vi(3)+ v4(3)
2 a a B B
el ) )1
a&an 2 2 2 2

a.p,
Kitho_ KtKs F(x, x3) + ];qf)’({z_ K3+Ks +IF(K1, Ks)

Corollary 14. Under assumptions of Theorem 2 with Ay = A, =0 and y, = u, = 1, we have the following

inequality:

K+1K K3+ K K3 + K K3 + K
‘AG)A(DF( . #i——i)-A(n[m+@I¢r(m, - 4)-+m+@+I¢F(m,—37;—i)]
2 2

2

K+ K K+ K

- A(l)[w _I,l,[F( ,x3) + K3+K4+I¢[F(
2 2

+ K1+K27K3+K4+I(p,[p[F(Kl’ Ky )+ K1+K2+K3+K471(p,1/)[F(K2s 1) + Kitky | KitKy
2 2 2 2 2 2

S(m—me—Kﬁ‘ia(@KU(HW®+IWODWW®)+VWD)
+E5wmm%HWmMM+Wm
aé’an 2y K3 1 3 2 4
o 12 e, w0 | (9(0) + TIE)(WHO) + VH(D)
a{an 1 R4 2 4 1 3
o |2 e, 1) |(1200) + IE)(VY(0) + VE(D)
agan 15 A3 2 4 2 4 ’

where I1¥ and Vl/’, i=1,2,3, 4 are defined as in (4.2).

I(p,lp[F (KZ’ K4)

s K4):| + K1+K2_K3+K4_I(p,1p|F(Kl’ KB)
2 2
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Remark 11. In Corollary 14, if we take ¢(¢) = & and () = n, then Corollary 13 reduces to [6, Theorem 2].

Remark 12. In Corollary 14, if we take ¢(¢) = @ and Y(n) = rTﬁ) then we obtain

K+ K+ Ky I'(a +1) G+ Ky 5+ Ky
[F( 7 ) ) - K1+K2 F|, > +J@+[F K, T

(16 — 1)~ 2

I'(a +1) qt+ K K+ %
- m(]mm [F(Tﬂ@ +]K¢3-;K4+|F > Ky

s T(a + 1) F(B+1)[

]K+K i, (0, K3) +]:Z’+'Bx xis (K, Ky)
(6 — k)% (ks — k)P 5 =77 - ST

a, a,
+ ]Klsz K3+Ky 7[F(K2, KB) + ]}qsz K3+Ky [F(KZy K4):|
) 7 772 ¢

< (6 - KKy — 1)

(T2(0) + MA)(VA(0) + VA1)

[|
’ (0, K4)

| |0¢on

%F
agon

(1%, K5) | (ITF(0) + TIE())(V5(0) + V4(1)

2
+ a%foq, K4) |(T13(0) + TIA)(VE(0) + VE(D))

F
dagan

(4, K3)

(I15(0) + TH(D)(V5(0) + V4 (1))]

-
Remark 13. In Corollary 13, if we take ¢(¢) = kF (a) and Y(n) = kF (/3)’ then we obtain

K+ K+ Ky I'(a + k) K+ Ky a 5+ Ky
‘ [F( 2 ) 2 ) ]K1+K2 k[F Ky, P +]¥+,k[F K, P

(6 - K1)k

I'(a + k) K\t 6 K+ 6
7(1){3444 k[F( 7 K|+ ]}(wg;K4+’k|F 7 Ky

(x4 - K3)ﬁ

, Ta+k T +1) []aﬁk

[F (1, x3) + JoP IF (1, K4)
G+K  K3+K, 15 A3 K+K 1G+K, 15 R4
(6 — 1) (k4 — k)P =575 = STyt

+ ]K1+Kz+ K3+K4 [F(K29 K3) + ]K1+K2+ K3+K4 +[F(K2, K4):| ’
2 2 2

2
< (6 - 1)Ky — K3) ai,—an(Kz, K4)

a B
( k(0) + nk(l))[vlk(m + vk<1>]

aZ[F B
+ SE0T (1, ) Hk(o) + H%‘(l ][ HOR: Vi‘(l)]
2 B
+ oFon (1, k4) Hk(O) + Hk(l ][ k) + Vk(l)]
O%F a a B
+ w(m, K3) (Hﬁ‘(O) + Hi‘(l)](Vé‘(O) + Vk(l)]]

Remark 14. By special choices of A, A, y; and p, in Theorems 3, 4 and 5, one can obtain several new

Simpson-, trapezoid- and midpoint-type inequalities. Writing these situations is left to the reader as it will
make the article too long.
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6 Conclusion

In this paper, we present several generalized inequalities for co-ordinated convex functions via generalized
fractional integrals. It is also shown that the results given here are the strong generalization of some already
published ones. It is an interesting and new problem that the forthcoming researchers can use the tech-
niques of this study and obtain similar inequalities for different kinds of co-ordinated convexity in their
next works.
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