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Abstract: In this paper, we study the long time decay of global solution to the 3D incompressible Navier-
Stokes equations. We prove thatifu € C(R*, X~9(R3)) is a global solution to the considered equation, where
X19(R3) is the Fourier-Lei-Lin space with parametersi = —1and ¢ > -1, then |lu(t)| -+ decays to zero as time
goes to infinity. The used techniques are based on Fourier analysis.
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1 Introduction

The 3D incompressible Navier-Stokes equations (NSEs) are

U — VAU + u -Vu = -Vp in R* x R3,
divu=0 in R* x R3, (NSE)
u(0, x) = u°(x) in R3,

where v > 0 is the viscosity of the fluid, u = u(t, x) = (w(t, x), ux(t, x), us(t, x)), and p = p(t, x) denote,
respectively, the unknown velocity and the unknown pressure of the fluid at the point (¢, x) € R* x R3,
(U -Vu) = u01u + U ou + uzdsu, and u® = (ud(x), uP(x), ud(x)) is an initial given velocity. If u® is quite
regular, then the divergence-free condition determines the pressure p.

Several authors have studied the local existence of solutions to the (NSE), for example, Leray [1,2] and
Kato [3]. The global existence of weak solutions goes back to Leray [2] and Hopf [4]. The global well-

posedness of strong solutions for small initial data in the critical Sobolev space H : is due to Fujita and Kato [5].
In [6], Chemin considered initial data that belong to the space Hffors > % In [7], Kato has proved the case of

the Lebesgue space 3. In [8], Koch and Tataru considered the space BMO™ (see also [9-11]). In all these works,
the norms in the corresponding spaces of the initial data are assumed to be very small. More precisely, the norm
was supposed to be bounded by the viscosity v multiplied by some positive constants. More results and de-
tails in this direction can be found in the book by Cannone [12].

n [13], the authors consider a new critical space that is contained in BMO~!, where they show it is
sufficient to assume that the norms of initial data are less than exactly the viscosity coefficient v. Then, the
space used in [13] is the following

|

“1m3) 13y, €3]
XUR3) = fe@([R),[R[ §aE < oo,
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which is equipped with the norm

"f"/\”l([RS) = I 2) dé.

K
R

We will also use the notation, fori =0, 1,

XiRY) = if ¢ D'®RY); f e LLR?), j EFIa(E)|dE < ool

|R3

For the small initial data, the global existence is proved in [13]:

Theorem 1.1. (See [13]). Let u® € X7(R3), such that |[u®|x-1x3 < v. Then, there is a unique u € C(R*, X(R)
such that Au € L'(R*, X"{R3)). Moreover, ¥Vt > 0

0<t<oo

t
sup | u(®lcr + (v = ) [Vl | < 0l
0

On the other hand, in [14] the authors proved the local existence for the large initial data and blow-up
criteria if the maximal time is finite, precisely:

Theorem 1.2. (See [14]) Let u® ¢ X~(R3). There exists time T such that the system (NSE) has a unique solution
u € I4([0, T], X°(R3)) which also belongs to

C([0, T], X"\R3) n LY([0, T], X R3) n L>([0, T], X~Y(R3)).

Let T* denote the maximal time of existence of such solution. Hence,
iflullx < v, then

T* = 003

if T* is finite, then
;
[, = co.
0

In [15], to improve the result [13,14], we introduced the Fourier Lei-Lin space which is defined as
follows:

X[RY) = {f ¢ SRY; f ¢ LL(R?) and IIEI”If(€)|d£<oo, oeR,

R
which is equipped with the norm
Ul = 1817 @Ndg, f e X
[R3

In the same study, as X°(R3) is not a Banach space for o > 0, we introduced the following non-homoge-
neous spaces:

XPIR?) = 4f € S'RY; f € L (R} and j(lfli + €I @)1dé < 00p, 0 €R, i=-1,0,
[R3
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equipped with the norm

Iflxiows = J(Ifli + 1EIF ©IdE = Iflx + Iflxe

R

Precisely, we proved the following theorem:

Theorem 1.3. (See [15]) Let 0 > -1 and u® € X"29(R3) be such that |u®|y— < -—. Then there exists a unique

20+3'
global solution u € C(R*, X"29(R3)) such that

t
%
[u(®ll -0 + 3 J‘"Au"x*v”d‘f < [Wlllx-ro,  t=0.
0

Our problem is to show that the norm of the global solution to (NSE) in X~1-¢ tends to zero when the time
grows to infinity. The behavior of the norm of the solution to infinity, in the different Banach spaces, was
studied by several researchers. Wiegner proved in [16] that the L? norm of the solutions vanishes for any
square integrable initial data, as time goes to infinity and gives a decay rate that seems to be optimal for
a class of initial data.

In [17] for the critical Sobolev spaces H ;, I. Gallagher, D. Iftimie, and F. Planchon proved that |u(t) "Hé

goes to zero at infinity. Recently, Benameur [18] has proved the following result.

Theorem 1.4. (See [18]). Let u € C(R*, X"Y(R3)) be a global solution to (NSE). Then

limsup|lu(t)|lx— = O.

t—oo

Now we are ready to state the main result.

Theorem 1.5. For 0 > -1, let u € C(R*, X"29(R3)) be the global solution to (NSE). Then

limsup|lu(t)|x-+o = O.

t—oo

In the following, we give a natural application of Theorem 1.5, which is the stability of global solutions
of (NSE) system.

Theorem 1.6. For 0 > -1, let u € C(R*, X >9(R3)) be the global solution to (NSE). Then, for all v° ¢ X 19(R3)
such that

20+8

Ve—v

00
jo 1) 0,415
20+7 *

VO = u(O)lx1e <

Then, Navier-Stokes system starting by v® has a global solution. Moreover, if v is the corresponding global
solution, then

[e9]
20+8

Ve e [CT s
lv(t) — u(®llx-ro + E.[”V(T) — u(m)||ypondr < VO — u(0)llx-1oe o .

0

The paper is organized in the following way: in Section 2, we give some notations and important
preliminary results. Section 3 is devoted to prove the principal result. In Section 4, we prove the stability
result for the global solutions.
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2 Notations and preliminary results

2.1 Notations

In this section, we collect some notations and definitions that will be used later.
First, the Fourier transformation is normalized as

FHE) =F @) = jexp(—ix Of00dy,  E= (6, &8 € RS,
|R3
the inverse Fourier formula is
FI(g) () = (1) jexp(is- XE)AE,  x = (x4, %, %) € R,
[R3

and the convolution product of a suitable pair of functions f and g on R3 is given by

(f+g)x) = Jf(y)g(x - y)dy.
[RB

If f=(fi,fr,f3) and g = (g}, &, &) are two vector fields, then we set
fog=(8f, &f &,
and
div(f ® g) = (div(g,f), div(g,f), div(g;f)).
We denote by P the Leray projection operator defined by the formula:

J&)-4)

FPH(E) =F &) - P

I3

— 901

Finally, let (B, ||-|) be a Banach space, 1 <p < oo and T > 0. We define L¥(B) to be the space of all

measurable functions

[0, T] >t~ f(t) € B suchthat t — |f(t)| € LP([0, T]).

2.2 Preliminary results
In this section, we recall some classical results and we give a few technical lemmas.

Lemma 2.1. Let 0 € R, we have
1/2 1/2
Il < W 1A g

For o > -1, we have

og+2 1
3 3
Iflowsy < A1 0 IF1552% 0

and

1 g+2
Fllxoriay < WIS g A2y

(2.1)

(2.2)

(2.3)
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Proof. First, let 0 € R. By Cauchy-Schwarz inequality, we have
I flea, = j|§|"+l|f ©)ld¢
[R3
- j<|£|“|f<§)|)1/2(|£|0+2|f<$>|)”2d£
3

1/2 1/2

jlfl“lf(&)ldf Ilfl‘”zlf({)ldf
[R3

<If II” ZIfING,

which proves (2.1).

g+3
g+2’

Second, for 0 > -1 choosing (p, q) = ( o+ 3) and applying Holder inequality, we obtain

Il = Ilf(f)ldi
[R3

jusrl FEN53 (£1+21F (€)l)etsde
[R3

o+2 1
o+3 o+3

jlsl-wf(f»df j|f|°+2|f($>|df

IN

0+2
<A If II;’ﬁz

Finally, for ¢ > -1 choosing (p, q) = ( U:;) and applying Hoélder inequality, we obtain

fllxoriaes, = j 1171 F (©de
[R3

fufrl F N (E0+21F @)DF3de
[R3

1 a+2
o+3 o+3

Il'fl*lf({)ldé’ Il«fla*zlf(f)ldf

IN

1 g+2

< IAIGE2IAIGS2 - a

Lemma 2.2. Let 0 > -1, we have

1 1/2
”f”XO OIR3) S 2||f|| /1"([R 3 ”f”/\/;l 2R3

Proof. Let 0 > -1, we have
Ifllxoor = Nfllxe + Ifllxor.
Using the inequality (2.1), we obtain

Iflxoon < WFILAFIG + A1 11 < 20020 NFI o O

Lemma 2.3. Let 0 > -1, we have

||fg||x°'”*1([R3) < 2U+2||f||)<°’”+1(uz3) |Ig||x0-0+1<R3> (2.4)
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and

e L A O = - I M 25)

Proof. Let 0 > 1. First, we have

fglxoomias = j(l + EP R ©)ldE
[R3

< j(l + I-fl‘”l)'[lf(f— DIIg(m)Idnde
R3 R?

sj(1+|f|0+l) j £ &~ mllgopidn + j £ — mligepidn |dé.

R’ Inl<I&-nl Inl>1&-nl

I{sing the inequality (1 + |£°+) < 2°+1(1 + (max(|€ - 7|, [7))°*!) and taking F(¢) = (1 + [&[%9)\f (&), Fx(&) =
If ()N, Gi(&) = (1 + [EM*N)EE)], Go(&) = |8(8)], we get

Ifgllxoows) < 27F * Gyl + 274Gy + Ryl
< 27NE N 1Gallp + 27 NE I G,
< 27 flixootliglyo + 27 fllxo lIgllxoon
< 2772 fllyoo gl o1,

which proves (2.4).
Second, combining inequality (2.4) and Lemma (2.2), we obtain (2.5). O
Lemma 2.4. Let 0 > -1, we have

||f2 ||X‘”1([R3) < 20+2||f||/\”1([R3) ||f||x‘”2([R3)-
Proof. Let 0 > -1, we have

T j|£|0+1|ﬁ<£>|d£
[R3
< f|§|"+1 Ilf(f— IIf ()1dn |dg
R3 R3

sjm"“ j £ - piIf apldn + f @& - IIf (ldn |ae.
[R3

Inl<I§-nl Inl>1§-nl

From the inequality |£|°*! < 29" (max(|¢ - nl, In]))°*!, we get

hewn <2 [| 6= if@ - mifeoian + [ 17 - e\ oolan fdg
Inl<i&-nl nl>1§-nl
< 20IECF]  IF g + 2011 = 18l
< 20921 E10 [l I N
< 292| fllyon | flxo.

Using inequalities (2.2) and (2.3), we obtain the desired result. a
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3 Long time decay for the global solutions

In this section, we prove the main result Theorem 1.5.
For o > -1 (we can take € < L), let u € C(R*, X~%?(R3)) be the global solution of (NSE) given by

20+3
Theorem 1.3.
First, from Theorem 1.4, we have

lim sup [u(t)|x+ = O.

t—o0
Then, for € > 0 there is ty > 0 such that
lullyr <&, Vt=to. (3.1)
As
[u(llx-ro = lu@®lx- + lu®lxe,
it suffices to prove that

lim sup |lu(t)|xe = O.

t—oo
On the other hand, we have
ou — vAu + u -Vu = -Vp.
Taking the Fourier transform with respect to the space variable, we obtain
dcilt, &) + VIEPH(t, &) + (u-Vu)(t, §) = 0.
Multiplying by fi(t, &), we get
dl(t, §)- Ult, &) + VIEPa(t, §)- u(t, §) + (w-Vu)(t, §)- a(t, §) = 0.

This implies
dact, E)P + wIERIAt, )P + 2Re((u -Vu)(t, §)- A(t, &) = 0
and
e, &R + 2vIERIAL, &) < 2Rel(u -Vu)(t, OIE(L, ).

Let € > 0, we have

delt, I = (liact, O + €) = 2y/[at, EF + & -dpy/li(t, EP + €.

Then

A~ 2 ~
dIA EF + € + V'f'z%?” <@, f)l% < @@ &),

Integrating over (to, t), we obtain

t t
A jac, OF A __
t, &P 2 | ——=—2=——d1 < to, &)P -Vu)(t, &)|dr.
Jiae, OF +  + vid ! e < i £ ¢ +£|(u 0 (x, §ldr
Letting € — 0, we get
t t
e, §) + vigP [1ae, £)dr < lato, £) + [1@Tu) . i,

to to
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Multiplying by |£|° and integrating with respect to &, we obtain

t t
lu@llxe + v juAunxadr < lu(t) Iy + fu(u V) (1, &)lgedr.

to to

Using the fundamental property u -Vv = div(u ® v) if div u = 0, we get

t t t
lu@llxe + v juAuuxadr < luto)lxe + judiv(u ® Wl dr < Julto)lxs + fuu ® ulondr.

to to to

Lemma (2.4) yields

t t
Iu®llxe + v j IAulxedr < Ju(to)lxe + 202 jnuux—l Ao
[0 tO

From inequality (3.1), we obtain

t
v
lu@®llxe + 5 IIIAullx”dT < ulto)lxe, V= to.

to

Now, for t > t;, we have

lu(®)llxe = Ilflalﬁ(t, §Idé = h(0) + L(0),
[R3

with

5t = j £ e, £)de

1€1<1

5(t) = j £ la(t, £)\dE.

1§1>1

First, using inequality (3.1), we obtain

L(t) = j 1§17 la(t, §)ldg < _[ §171 1A, $Idg < Ju®lx < &/2.

1§l<1 1€1<1
Second, we have
L) - f g lace, )dé < j|£|0+2|a(t, £)dE < | Aulye,
1§1>1 1€1>1

then

(o) (o) 2
j I(dt < _["AU"X"dT < 2 futtole.

to to
As, L(t) = 0 and L, € LY([ty, co)) N C([ty, 00)), then there exists T, > t, such that
Iz(T()) < 8/2
Moreover, from inequality (3.3), there exists Ty > g such that

I](To) < 8/2.

— 905

(3.2

(3.3)



906 — Lotfi)lali DE GRUYTER

Thus,
lu(To)lxe = L(To) + L(To) < &,

and

¢
v
u®llxe + 3 I lAullyodt < u(To)lxe <€, Vt>To,
0

which means
lu@®lxe <&, Vt=T,

and the proof is finished.

4 Stability of global solutions
In this section, we prove Theorem 1.6. This proof is done in two steps.

Step 1: We begin by recalling the following property: (see [15]).
Foro > -1andu® € X~%9(R3)suchthat|u®|[y1 < -—5.Letu € C([0, T*), X 29(R3) n LL ([0, T*), XL-o*4(R3))

217+3
be the maximal solution of (NSE). From Theorem 1.3, there exists a unique global solution u € C(R*, X~19(R3))
such thatu € LY(R*, X%9*2(R3)). Moreover, Vt > 0

t
v
(Ol + 2 j 1Al o dr < 200
0

Step 2: Foro > -1, letv € C([0, T*), X" 19(R3)) be the maximal solution of (NSE) with the initial condition v°.
We wish to prove T* = co.

In fact from Theorem 1.3, we get v € L. ([0, T*), X>9*%(R3)). Putw = v — u and w° = v — u(0). We have
ow — VAW + w-Vw + u -Vw + w -Vu = -VP,
Using the fundamental property u -Vv = div(u ® v) if div u = 0, we get
ow — VAW + div(iw ® w) + div(u ® w) + div(w ® u) = —VP.

Then, for t € [0, T*)

t
W@l + v f W@l rondr
0

t t
< WOlly-o + Illdiv(w ® W)|yrodr + I(lldiv(u & Wy + [diviw ® w)y-0) dr.
0 0

On the other hand, from inequality (2.5) we get

t t t
Illdiv(w ® W)|x10dT < Illw ® WyoondT < 20+4 IIIW||X—1.U Wl xro2dT.
0

0 0
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Also, inequality (2.4), Lemma (2.2), and Young inequality yield
t t
I(lldiv(u ® Wlyio + [diviw @ u)ly10)dr < I(nu ® Wlyoot + W ulyoon)dr

0 0
t

< 27 [ luljoaIwl oo

0

t
< 27 [ Rulnos W2, IR, i
0

t t
20+8 v
< 2 [ oualwlrodr + 2 [ Iwlndr.
v 4
0 0
Then
t t t
3v o 4 0+ 8
wmﬁwszMwwwammww“ﬁwﬁwmww+V_mewwmt
(0] 0 0
Put

T =supqte [0, T, sup [|w(t)ly-1e < L6 .
z€[0,t] 20

For t € [0, T), we have

t t
v 20+8
[w(®)llx-1o + 5 IIIW(T)Iwa1 dr < [WOllx-0 + TJ‘”u”f\,o,on Iwlx-1odr.
0 0

Using Gronwall Lemma, we can deduce

(69}
t 20+8
2
oo,

1%
ummwngwmwmwsw%weo
0

20+7 "
Then T = T* and J.()T]|W(T) [xte+1dT < oo, therefore, T* = co and the proof is finished.
Some numerical approaches regarding similar problems are given in [19,20].
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