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Abstract: The notions of os-convergence and S*doubly quasicontinuous posets are introduced, which can
be viewed as common generalizations of Birkhoff’s order-convergence and S*doubly continuous posets,
respectively. We first consider the relationship between os-convergence and B-topology and show that the
topology induced by os-convergence according to the standard topological approach is the B-topology
precisely. Then, the topological characterization for the S*-doubly quasicontinuity is presented. It is proved
that a poset is S*-doubly quasicontinuous iff the poset equipped with the B-topology is locally hyperclosed
iff the lattice of all B-open subsets of the poset is hypercontinuous. Finally, the order theoretical condition
for the o,-convergence being topological is given and the complete regularity of B-topology on S*doubly
quasicontinuous posets is explored.
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1 Introduction and preliminaries

The concept of order-convergence (o-convergence, for short) in partially ordered sets was introduced by
Birkhoff [1], Frink [2] and Mcshane [3] and studied by Mathews and Anderson [4], Wolk [5] and Olejcek [6].

It is defined as follows: a net (x;);c; in a poset P is said to o-converge to x € P (we write (X;);cs 2, xin this paper)

if there exist a directed subset D and a filtered subset F of P such that

(1) supD = x = infF;

(2) Foreveryd e Dande € F, d < x; < e holds eventually, i.e., there exists iy € I such thatd < x; < e for all
i>io.

Based on the o-convergence, the order topology on posets has also been defined by Birkhoff [1] (note:
in 7], the order topology is also called the B-topology) according to the standard topological approach (the
reader can refer to [8, p. 133] for details on this approach). This topology played an important role in
searching the order-theoretical condition for the o-convergence being topological. This fact can be demon-
strated in the work of Zhao and Wang in [9]. They considered the relationship between the B-topology and
Bi-Scott topology and showed that a poset P, which satisfies condition (*), is doubly continuous if and only
if o-convergence in P is topological with respect to the B-topology on P. This means that, for a special class
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of posets, a sufficient and necessary condition for o-convergence being topological is obtained. Following
this ideal, we further proposed the notion of S*-doubly continuous posets in [7]. By establishing the order-
theoretical characterization of B-topology on S*doubly continuous posets, it is proved that a poset P is
S*doubly continuous if and only if the o-convergence in P is topological with respect to the B-topology on P.
This reveals that the S*double continuity is the equivalent condition for the o-convergence being topolo-
gical and has close relationship with the B-topology on posets.

The main goal of this paper is to explore the relationship between B-topology and S*double quasi-
continuity, a generalized form of S*double continuity. The most related work to ours is of Gierz et al. [10]
who proposed the concept of quasicontinuous domains as a generalization of continuous domains (see [11])
and generalized continuous lattices (see [12]). The core ideal is to generalize the way-below relation
between points to the case of sets. The quasicontinuity can be characterized by Scott topology, and it
has been shown that quasicontinuous domains equipped with the Scott topologies are precisely the spectra
of distributive hypercontinuous lattices. Recently, the notion of s,-quasicontinuous posets, a generalized
form of s,-continuous posets (see [13]) and quasicontinuous domains, was introduced by Zhang and Xu [14].
Based on this, some topological characterizations by the g,-topology (see [14]) to s,-quasicontinuity are given
and the complete regularity of g,-topology on s,-quasicontinuous posets is investigated.

In this paper, as a generalization of o-convergence, the concept of o;-convergence in posets is proposed.
It is shown that the topology induced by os-convergence according to the standard topological approach
(see [8, p. 133]) is the B-topology precisely. Also, the S*double quasicontinuity, a generalized form of
S*double continuity, is defined for posets. Using the structural characterization for the B-topology, the
topological characterization to S*-double quasicontinuity is obtained. That is, a poset is S*-doubly quasi-
continuous if and only if the poset equipped with the B-topology is locally hyperclosed if and only if the
lattice of all B-open subets of the poset is a hypercontinuous lattice. Based on this characterization, we give
a necessary and sufficient condition for the os-convergence being topological. That is, the os-convergence
in a poset is topological if and only if the poset is S*-doubly quasicontinuous. Finally, we consider the
complete regularity of B-topology and show that the B-topology on an S*doubly quasicontinuous poset
satisfying Condition (<) is Tychonoff.

Some conventional notions will be used in the sequel. Throughout this paper, given a set X, F C X
means that F is a finite subset of X. And we simply denote
e PX) ={Y: Y c X}, Po(X) = PO}

o L(X)={F:F c X}, Lo(X) = LX)\{D}.

For any subfamily A ¢ P(X) and Y € X, the restriction of A onY is writtenas Aly = {A N Y : A € A}. Given
a topological space (X, 7) and Y ¢ X. We take int;Y and cl+Y to mean the interior and the closure of Y with
respect to the topology 7, respectively.

Let P be a poset and x € P, Tx and | x are always used to denote the principal filter {y € P : y > x} and
the principal ideal {z € P : z < x} of P, respectively. For any A ¢ P, we let TA =J{Ta:a € A} and |A =
U{la : a € A}. By writing sup A we mean that the least upper bound of A in P exists and equals tosup A € P.
The symbol inf A has the dual meaning.

Given a poset P. The topology generated by the subbase {P\|x : x € P} is called the upper topology on P,
and denoted by v(P). We can define the preorder < on £o(P) by A < Bif B < T A and the preorder <,, on Py(P)
by B <,p Aif B ¢ | A. A subfamily M < Py(P) is said to be directed if for any My, M, € M, there exists M € M
such that My, M, < M, i.e., M € TM; n TM,; dually, a subfamily N ¢ Py(P) is said to be filtered if for any
Ni, N, € N, there exists N € N such that N <o, Nj, Ny, i.e.,, N< [Ny n [N,

To make this paper self-contained, we briefly review the following notions and propositions:

Definition 1.1. [1] Let P be a poset and U < P. U is said to be B-open if and only if for every net

(Xp)ier 2 x € U, we have that x; € U holds eventually.
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It can be formally verified that the collection of all B-open subsets of P forms a topology on P, which is
called the B-topology and denoted by 7p. And the following is the order-theoretical characterization for
B-topology:

Proposition 1.2. [7] Let P be a poset andU < P. Then U € Tp if and only if for any directed set D and filtered
set F withsupD = infF =x € U, Tdy N |eg € U for somedy € D and eq € F.

Definition 1.3. [7] Let P be a poset and x, y, z € P. We define y < x if for every directed subset D of P with
sup D = x, there exists d € D such that y < d; dually, we define z »5 x if for every filtered subset F of P with
infF = x, there exists e € F such that z > e.

In what follows, for a poset P and x € P, we denote
o Jgx={aeP:a<sx},lsx=1{beP:x<s b}
e |lsx={ceP:xvscl,Tlsx=1{deP:dvs x}.

Definition 1.4. [7] A poset P is said to be S-doubly continuous if for every x € P, the sets |¢x and T[sx are
directed and filtered, respectively, and sup|¢x = x = inf TTsx.

Definition 1.5. [7] An S-doubly continuous poset P is said to be S*doubly continuous if for every x € P,
y € lsx and z € Tlsx, there exist y, € |sx and zo € Tlsx such that Ty, N [zo < sy N ||sz.

Proposition 1.6. [7] If P is a doubly continuous poset (see [15, Definition 2.5]), then P is S*-doubly continuous.

For some natural examples of doubly continuous posets and S*-doubly continuous posets, one can refer
to [15, Example 2.1]. The following is the well-known Rudin Lemma.

Lemma 1.7. [8] Let P be a poset.

(1) If M is a directed subfamily of Ly(P), then there exists a directed set D C | J{M : M € M} such that
DnM=+ O forall M e M.

(2) IfN is a filtered subfamily of Ly(P), then there exists a filtered set F ¢ | J{N : N € N}suchthatF NN + &
forall N e N.

2 os-convergence in posets

In this section, as a generalization of o-convergence, the concept of o;-convergence in posets is proposed
and some basic properties of o;-convergence are presented.

Definition 2.1. Let P be a poset. A net (x;);; in P is said to og-converge to x € P if there exists a directed family

My € Lo(1x) and a filtered family N, < Lo(Tx) such that

Q) N{TM:Me M} =Txand [){IN: N e Ny} = |[x.

(Q2) For every M e M, and N € Ny, x; € TM n |[N holds eventually, i.e., there exists iy € I such that
xi € TM n |N for alli > ij.

In this case, we write (X;);cr % x. By saying that (x));¢j is an os-convergent net in P, we mean (xj)j¢; %, y

for some y € P.

Proposition 2.2. Let P be a poset and (x;);c; a net in P. Then the os-convergent point of (x;);¢; is unique. That is,
if (X)ier X xeP and (X)ier % y € P, thenx =y.
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Proof. Suppose that (x;)c; % x and (Xi)ier % y. Then, by Definition 2.1, there exist directed families M, <
Lo(x), My € Lo(ly) and filtered families Ny, € Lo(Tx), Ny € Lo(1y) such that

(D) UTMy : My € My} = Tx and [{INy : Ny € Ny} = [x;

@ {TM, : My, e My} =Ty and (Y{IN, : N, € Ny} = |y;

(3) For any My, € M, and N, € Ny, x; € TM, n | N, holds eventually;

(4) Forany M, € M, and N, € N, x; € TM, n | N, holds eventually.

For every M, € M,, one can trivially check, by (3) and the finiteness of M,, that there exists my;, € M, such that
x; € Tmy, holds frequently, that is, for every i € I there exists j; > i such that x;, € Tmy,. Since x; € |N, holds
eventually for every N, € N,, there exists iy, € I such that x; € | N, for alli > iy,. Let My = {my;, : M, € My}
Then we have Xjiy, € Tmy, N [N, for every my, € My and N, € N,. This means My < (){|N, : Ny € N}} = |y.
Since x € N{Tmp, : My € Ny} € N{TM : My € Ny} = Tx, we have sup My = x. This implies x < y. Similarly,
it can be proved that y < x. Thus, we conclude x = y. O

Proposition 2.3. Let P be a poset and (x;)ic; a net in P. If (X;)ier Zxe P, then (x;)ier % x.

Proof. Straightforward by the definitions of o-convergence and os-convergence. O
The following example shows that the converse of Proposition 2.3 is not true.

Example 2.4. Let P = {x} U {aq, a1, a3, a3, ..., Qn, ...} U {bg, by, ba, b3, ..., by, ...}. The partially order < on P is

defined by setting

(1) Ao s <
(2) bo < b < b

@ <..., 0, X;
b3 <...,bn X

N N
N IN

<
<

Let % = ay and xy,1 = by for every k € N, where N denotes the set of all natural numbers. Then it is easy to
verify that the net (x;);en 0s-converges to x but not o-converge to x.

Proposition 2.5. Given a poset P and x,y, z € P. Let a directed family M, < Lo(lx) and a filtered family
Ny € Lo(Tx) satisfy (Y{TM : M e M,} = Tx and N{TN : N € Ny} = |x.

(1) Ify <s x, then My < Ty for some My € M.

(2) If z »s x, then Ny € |z for some Ny € N,.

Proof. (1): Suppose that M ¢ Ty for every M € M,. Then it is easy to verify that {M\Ty : M € M,} <€ Lo(|x)
is a directed family such that O{{IM\Ty) : M € M,} = Tx. By Rudin lemma, there exists a directed D ¢
UM\Ty : M € M,} such that D n (M\Ty) # @ for all M € M,. This implies

x € ({1d:deD} c{IM\Ty) : M € My} = Tx.

Thus, we have sup D = x. It follows from the definition of «s that there exists dy € D such that dy € Ty. This
contradicts that do € D € [J{M\Ty : M € M,}.
The proof of (2) can be completed similarly. O

Proposition 2.6. Let P be a S-doubly continuous poset and x € P. Then a net
05 0
it = x & Xier — X.
Proof. Straightforward by Proposition 2.5, the definitions of o-convergence and os-convergence. O

In the following proposition, we provide an approach to construct a special kind of os-convergent net
in a given poset.
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Proposition 2.7. Let P be a poset and x € P. Suppose that My < Ly(|x) is a directed family and Ny < Lo(Tx)
a filtered family with (\{TM : M € My} = Tx and (\{IN : N € Ny} = |x. If we
1) setLy={TMNn [N:Mec My & NeNx}andIAM’XX:{(i,I) ePxIy:iell

(2) define the directed preorder < on I mxx by
[V(il, h), (i, b) € I%XJ(I}, h) (b)) © Lk

(3) let x4 =i forall (i,I) € INXX,
Os
then the net (X1 )i, o =X

Proof. The proof can be easily completed by checking that the directed family M, and the filtered family N,
satisfy Conditions (Q1) and (Q2) of Definition 2.1. O

3 The connection between B-topology and os-convergence

In this section, we consider the close relationship between os;-convergence and B-topology. That is, the
topology induced by os-convergence is precisely the B-topology. To show this fact, we first give the follow-
ing lemma:

Lemma 3.1. Let P be a poset and U € Tp. Then for every x € U, every directed subfamily M, < Lo(|x) and
every filtered subfamily Ny, < Ly(Tx) such that \{TM : M € M,} = Tx and N{IN : N € Ny} = |x, we have
x € TMo n [Ny € U for some My € My and Ny € N.

Proof. Suppose not, that is, for every M € M, and every N € Ny, wehavex € TM n [N ¢ U. Now, we show
(i) For every M = {my, my,...,my,} € M, the set

MS={meM:(WNeN)Tmn|N ¢ U} +@.
Suppose MX = @, Then, for every i € {1, 2,...,ky}, there exists N; € N, such that Tm; n |[N; ¢ U. Since
N is a filtered subfamily of L(|x), we can take Nyg € Ny such that Nog € [Ny n [N, n...n | Ny,,. This
implies TM n | Noo € U, a contradiction to the hypothesis. Thus, we have MX # @.

(i) The family MX = {MX : M € M,} is also directed.

Let (M), (My)X € MX., According to the directness of M,, it follows that there exists Moy € M, such
that My, < TM; N TM,. To show the directness of MX, it suffices to prove (Moo)X < T(M)X n T(M)X.
Suppose (Moo)X ¢ T(M)X. Then, we have my € Tm, for some mgy € (Myo)X and m; € M;\(M;)X. Since
m, € M\\(My)¥, there exists N; € N, such that Tm; n |N; ¢ U, which implies

Tme N [Ny € Tm{ n [N, € U.

This contradicts the fact that my € (Myo)X. Thus, we have (Myo)X < T(M)X. A similar verification can
show (Mgo)X < T(M,)K. Therefore, we have (Myo)X < T(MH)X n T(ML)K.
(iii) The existence of directed set D satisfying
1) (YM e M,) Dn MX + &;
2) D < UMK : M € My);
(3) supD = x;
(4) (vd € D,YN e N) 1d n [N ¢ U.

By Rudin lemma and the directness of M¥, we can conclude the existence of a directed set D satisfying
(1) and (2). Since

Tx <N {1d: d e D} (by (2)and MX ¢ £4(]x))
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cN{TM* : M e My} (by (1) and (2)
SN{IM: M e My (by (VM € M,) MK ¢ M) = 1x,

x is the supremum of the directed set D, i.e., sup D = x. Now, it is easy to verify, by (2) and the defini-
tion of MX, that the directed set D satisfies (4).
(iv) For every N € N,, the set

NE=neN:(WdeD)Tdn |n¢ U} + 2.

The verification is similar to that of (i).
(v) The family N¥ = {(NK : N € N} is filtered.

The verification is similar to that of (ii).
(vi) The existence of a filtered set F satisfying

(5) (VN € N) Fn NX + &,

(6) F<JINK: N e Ny;

(7) infF = x;

(8) (vd e D,YeeF)1dn |e ¢ U.

The verification is similar to that of (iii).

To summarize what we have proved, we picked a directed set D and a filtered set F such that supD =
infF=x¢e U, and Tdn |e ¢ U for every d € D and e € F. By Proposition 1.2, U is not a B-open set. This
contradicts to the assumption U € 7p. Therefore, the proof is complete. O

Theorem 3.2. Let P be a poset. ThenU € T p if and only if for every net (X;)ic1 % xe U, x; € U holds eventually.

Proof. (=): Let U € 7p and a net (X;)ics X xeUl. Then, by Definition 2.1, there exist a directed subfamily
My € Lo(lx) and a filtered subfamily N, € Lo(Tx) such that

M) N{TM:Me My} =Txand {IN: N e Ny} = |x;

(2) Forevery M € My and N € N, x; € TM n [N eventually.

By Lemma 3.1, wehavex € TMy N | Ny € U for some My € My and Ny € N,. Thisimpliesthatx; € TMy N [Ny € U
holds eventually.
(<): By Proposition 2.3 and Definition 1.1. O

Theorem 3.2 clarifies the fact that the topology induced by o-convergence is the same as that induced by
os-convergence, namely, the B-topology.

4 The B-topology on S*doubly quasicontinuous posets

In this section, we first introduce the concept of S*-doubly quasicontinuous posets as a generalization of
S*doubly continuous posets. Then the fundamental properties of B-topology on S*-doubly quasicontinuous
posets are presented and the topological characterization for the S*-double quasicontinuity is investigated.

Definition 4.1. Let P be a poset and A, M, N € P.

(1) We say that M Sgapproximates A below, in symbol M <s, A, if for every directed subset D of P,
supD € A implies d € TM for some d € D. We simply write M «s, x for M «g, {x} and y «gs, A for
v} <s, A.

(2) Dually, we say that N Sy-approximates A above, in symbol N »g, A, if for every filtered subset F of P,
infF € A implies e € | N for some e € F. We simply write x »g A for {x} »5, A and N »g, x for N g, {x}.
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For convenience, given a subset A of a poset P and x € P, we simply denote
* s, A={peP:A<sp}Is,A=1{peP:p<s5A}

* llssA={peP:Avgp}Ts,A=1{peP:prs Al

e w(x) = {Me Lo(P) : M <5, x}, v(x) = {N € Lo(P) : N »g,x}.

The following proposition is basic and the proof is straightforward by Definitions 1.3 and 4.1.

Proposition 4.2. Let P be a poset and A, B, M, N ¢ P. Then

1) M<s,A © (VaeA)M<s,a,and N »5; A © (Va e A) N »g, a;

(2 BsM<s,A=B<s, A,and B 2, N v5, A = B vg, A;

B) M«s,A=>M<A,and N v5; A = N >, A;

(4) {x} <s, {y} and{z} vs, {y} in the sense of Definition 4.1 are equivalent to X <s y and z vsy in the sense of
Definition 1.3, respectively.

Proposition 4.3. Let P be a poset, x € P and A, B € P. For every directed family My < Ly(|x) and every
filtered family Ny € Lo(Tx),

(1) if A gy x and ({{TM : M € M,} = Tx, then My < TA for some My € My;

(2) if Brs,x and ({{IN : N € Ny} = |x, then Ny € |B for some Ny € Ny.

Proof.

(1): Suppose M ¢ TA for every M € M,. Then {M\TA : M € M,} is a directed subfamily of Ly(|x) and
({TM\TA) : M € M,} = Tx. By Rudin Lemma, there exists a directed set D such that D < [ JM\TA : M € M,}
and D n (M\TA) + @ for every M € M,. Thus, we have

Tx<Nd:deD} < NTM\IA) : Me My < NIM: M e My} = 1x.

This means supD = x and d ¢ TA for all d € D. By the definition of «g,, we conclude that A «g,x, which
contradicts the assumption 4 «s, x.

(2) It can be similarly proved. O

The Sp-approximate relations «g, and »s, on a given poset P can be equivalently characterized by
the os-convergence in P in the following proposition.

Proposition 4.4. Let P be a poset and A, B, H € P. Then
(1) A <s, H, if and only if for every net (X;)ic1 % xe H, x; € TA holds eventually;
(2) B v, H, if and only if for every net (x)ier % xe H, x; € | B holds eventually.

Proof.
(1) (=): Straightforward by the definition of o;-convergence and Proposition 4.3.

(<): Suppose x; € TA holds eventually for every net (X;)ics % x e H. Let D be a directed subset of P
with sup D € H. Consider the net (x4)4¢p defined by x; = d for every d € D. Then we have (x;);c IisupD €H,

and thus (X;);es X supD e H. This implies that x4, = do € TA for some dy € D, which shows A «g, H.

(2) It can be similarly proved. O

Based on the Sy-approximate relations <, and »g, defined on posets, the concept of S*-doubly quasi-
continuous posets can be introduced as a generalization of S*-doubly continuous posets.

Definition 4.5. A poset P is called an S-doubly quasicontinuous poset, if for every x € P
(S1) w(x) is directed and v(x) filtered;
(S2) N{TM : M € w(x)} = Tx and [){{N : N € v(x)} = |x.
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Definition 4.6. An S-doubly quasicontinuous poset P is said to be S*-doubly quasicontinuous, if for every
x € P, every M € w(x) and every N € v(x), there exist My € w(x) and N, € v(x) such that

TMo N [Ny € ﬂsoMﬂ llso N.

In some sense, every S*-doubly continuous poset is a special kind of S*-doubly quasicontinuous poset in
which the relations «s and »s between singleton subsets are replaced by the So-approximate relations «g,
and »g, between finite subsets, respectively.

Remark 4.7. Let P be an S-doubly quasicontinuous poset. Then

(1) wX) |y ={Mn |x: M € w(x)} is a directed subfamily of Lo(]x) and {TM' : M' € w(x)y} = Tx;
2) wx) [ € wx);

(3) vl = {Nn Tx : N € v(x)} is a filtered subfamily of Lo(1x) and {|N': N' € v(X)ly} = |x;

(4) vl < vx).

Remark 4.8. Every S*-doubly continuous poset is an S*-doubly quasicontinuous poset.

However, the converse implication of Remark 4.8 may not be true. This fact can be illustrated by the
following example:

Example 4.9. Let P = {a, a5, ..., Qy,...} U {by, ba,..., by, ...} U {x}, and the partial order < on P is defined by
setting

1 y<ap<-<ay <...< X5
(2) by <by << hy <...€< X

Then a trivial verification according to Definitions 1.5 and 4.11 can show that P is an S*doubly quasicontin-
uous poset but not an S*doubly continuous poset.

In the following, we provide a basis for the topological space (P, 7p) consisting of an S*-doubly qua-
sicontinuous poset P and the B-topology on P.

Lemma 4.10. Let P be an S*doubly quasicontinuous poset and A, B € Po(P). Then
(1) ints, TA = Tis,A, where inty, TA represents the interior of the set TA in the B-topology 7 p;

(2) intg, |B = ||s,B.

Proof. (1) We first show ints,TA € fls, A. Let D be a directed set with supD = x € ints,TA. Then, by
Proposition 1.2, there exists dp € D such that Tdo N |x € inty,TA € TA. This means dy € TA, and thus we
have x € fis,A. This shows int,TA ¢ {is,A. Conversely, we prove Js,A € ints, TA. To prove this, it suffices to
check ls,A € Tp. Let D be a directed set and F a filtered set with supD = infF = x € {ls,A. Then, there exists
M € w(x) such that M n |[x € TA and M n |x € w(x) by Proposition 4.3 and Remark 4.7. Since P is an
S*doubly quasicontinuous poset, there exist My € w(x) and Ny € v(x) such that

x e TMon [Ny € Ts,(M N [x) € Ts,A.
Thus, we have dy € TM, and eg € | Ny for some dy € D and ey € F. This implies
xeTdon leg € TMyn [Ny € ﬂSoA-

Therefore, we conclude ls,A € 7p by Proposition 1.2.
(2) The proof is similar to that of (1). O

Theorem 4.11. Let P be an S*doubly quasicontinuous poset. Then the family Op = {ls,M N ||s,N : M, N € L(P)}
is a basis for the B-topology 7 p.
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Proof. Obviously, we have Op € 7p by Lemma 4.10. LetU € 7p and x € U. Then, by Lemma 3.1 and Remark
4.7, there exist My € w(x) and Ny € v(x) such that

x € Mlso(Mo N 1x) N LLs,(No N TX) < 1Mo N |x) N [(No N Tx) < U.

Set M=Mon |[x and N =Ny n Tx. Then we have x € fls,M n ||s,N € U. This shows Op = {ls,M N [|s,N: M,
N € Ly(P)} is a basis for the B-topology 7p. O

We present some special B-closed set in general posets in the following proposition:

Proposition 4.12. Let P be a poset and M, N € L(P). Then
(1) |M is a B-closed set, i.e., P\|M € Tp;
(2) TN is a B-closed set.

Proof. (1) To show | M is B-closed, it suffices to prove P\|x € 75 for every x € P. Suppose P\|x ¢ 7p. Then,
by Proposition 1.2, there exist a directed set Dy and a filtered set F, such that sup Dy = infFy = y € P\|x and
Tdn le ¢ P\|x for everyd € Dy and e € F,. This follows that d € |x for all d € Dy. Thus, we have Dy < |x,
which implies supDy = y € | x. A contradiction to sup Dy = y € P\|x. Therefore, P\|x € Tp.

(2) Similar to (1). O

Based on the fundamental discussion about the B-topology on S*-doubly quasicontinuous posets, we
consider the topological characterization to the S*double quasicontinuity.

Let (P, <) be a poset equipped with a topology 7. We simply use the pair (P, 7) to denote the poset (P, <)
and the topology 7~ on the underlying set P.

Definition 4.13. Let P be a poset equipped with a topology 7. (P, 7) is said to be locally hyperclosed if for
everyU € 7 and x € U, there exist V€ 7 and M, N € Ly(P) suchthatxe V< TMn |[Nc U.

Proposition 4.14. Let P be a poset. Then (P, 7p) is locally hyperclosed if and only if for every U € Tp and
x € U, there exist My € Lo(]x), Ny € Lo(Tx) and Vy € Tp such that

xeVy cTMygn [Ny cU.

Proof. (=): By Definition 4.13, there exist Ve 7p and M, N € Lo(P) such that xe V< TMn |[Nc U.
Let Vo = V\(YWM\|x) U |(N\Tx)), My = M\|x and Ny = N\Tx. Then, by Proposition 4.12, we have 1 € 7p,
My € Lo(1x), No € Lo(Tx) and

xeVy < TMyn [Ny cU.
(&): By Definition 4.13. H

Lemma 4.15. Let P be a poset. Then the following conditions are equivalent:
(1) P is an S*doubly quasicontinuous poset;
(2) (P, Tp) is a locally hyperclosed space.

Proof.(1) = (2):LetU € 7pand x € U. Since P is S*-doubly quasicontinuous, there exist M, N € Ly(P) with
x € Ms,M N ||s,N € U by Theorem 4.11. By the S*double quasicontinuity of P, we have that

x e TMyn [Ny € ﬂSOMﬂ llSoNg U,

for some M, € w(x) and Ny € v(x). This implies that

X € ﬂSOMO n llsoNo C TMp N [Ny € ﬂsOM n usoN cU.

This shows that there exist My, Ny € Lo(P) and V = fls,Mo N ||s,No € Tp such that x e V< TMon [Ny ¢ U.
Therefore, (P, 7p) is a locally hyperclosed space.
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(2) = (1): Let My = {M € Lo(P) : (3N € Lo(P))x € int(TM 0 [N)} and Ny={N € Lo(P): GM € Lo(P))x €
intg,(TM n |N)} for every x € P. Now, we show

@)

(i)

(iii)

(iv)

W)

(vi)

(vii)

(viii)

(ix)

M, +# @ and N, + @.

Since (P, 7p) is locally hyperclosed and P € 7p, there exist V € 7p and My,Ny € Lo(P) such that x €
V< TMpn [Ny € P. This means that x € int7,(TMp N [ Ny) € P. Thus, we have M, + & and Ny # &.
NM{TM:Me M,} =Txand [){IN: N e Ny} = [x.

Foreveryy ¢ Tx, we have x € P\|y € 7p by Proposition 4.12. It follows from Proposition 4.14 that there
exist My € Lo(lx), Ny € Lo(Tx) and ; € Tp such that

xe WV cTM; n [N, € P\ly.

This implies that M; € M, and y ¢ TM;. Thus, we have (J{TM : M € M,} = Tx. And the fact that
N{IN : N € Ny} = |x can be similarly proved.

M, is directed and N, is filtered.

Let M,, M5 € M,. Then, by the definition of M,, there exist N,, N3 €£L,(P) such that x € int7,(TM, N
IN;) and x € intg,(TM; N [ N5). This implies x € int,(TM; N [NonTMs N [ N3). By Proposition 4.14,
we have x €V, € TMy n [N, < int,(TMy N [N, 0 TMs n | Ns) for some My € Lo(1x), Ny € Lo(Tx) and
V4 € Tp. This implies

X € il’ltr]'P(TMz, n|N,) € TM,n [N, € intTP(TMz N TMs).

Thus, we show M, € M, and M, € TM, N TMs, which means M, is directed. A similar verification can
show that N, is filtered.

M, € wx) and N, <€ v(x).

For every M € My, there exists N € Ly(P) such that x € int+(TM n |[N) by the definition of M,.
Let D be a directed set with supD = x. Then, by Proposition 1.2, there exists dy € D such that
x € Tdo N |x € inty,(TM n |[N). This means do € TM. So, we have M «g, x, which implies M, < w(x).
It can be similarly proved that N, < v(x).

N{TA : A e wx)} =Txand ({|B: B € v(x)} = |x.

Straightforward by (ii) and (iv).

Myl is directed, {TM' : M' € M|y} = Tx and Myl € My € w(x).

This is straightforward by (ii), (iii), (iv) and the proof of Proposition 4.14.

Nily is filtered, N{IN' : N' € Nyly} = |x and Nyl € Ny € v(x).

Similar to (vi).

w(x) is directed and v(x) is filtered. Let 4;, A, € w(x).

Then, by (vi) and Proposition 4.3, there exist M5, Mg € M| x € w(x)suchthat Ms ¢ TA;and Ms < TA..
Since M,| is directed, there exists M; e M,|;x <€ w(x) such that M; < TMs; N TMe. This means M; c
TA; N T4,. So, w(x) is directed. It can be similarly shown that v(x) is filtered.

For every A € w(x) and B € v(x), there exist Ay € w(x) and Bg € v(x) such that x € TAg N |BoC
ﬂsoA n llsoB.

Let A € w(x) and B € v(x). Then, by (vi), (vii) and Proposition 4.3, there exist My e M| < M, and
Np € Nyl € Ny suchthat My < TAand Np < | B. This implies, from the definitions of M, and N,, that
there exist Mg, Ng € Lo(P) such that x € int,(TMa N | Ng) and x € inty,(TMg N | Np). Thus, we have

X € inty,(TMy 0 [Ng) € TMy 0 [Ng € TA N |B,

which means x € inty,(TA n |B). It follows from Lemma 3.1 that x € TMy n [Ny < ints(TA N |B) for
some My € M|, € w(x)and Ny € Nyl < v(x).Inthe following, weshowx € TMy N [Ny < Ts,A N || s5,B.
For every directed set D with supD € TMy N | N, there exists d; € D such that Td; n | supD < inty,
(TA n |B) by Proposition 1.2, which implies d; € TA. Thus, we have x € TMy N[Ny < {is,A. It can be
similarly checked that x € TMy n [Ny € ||s,B. So, we conclude x € TMy N[Ny € Ts,4 N || s,B. Set
Aop = My and By = No. Then, we have x € TAp N |By < s, A N || s,B.

The combination of (v), (viii) and (ix) shows that P is an S*doubly quasicontinuous poset. O
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For a topological space (X, 7), the complete lattice (7, <) consisting of the topology 7~ and the set
inclusion order € on 7 is called the lattice of the topology 7 on X. And one can easily verify that
supTo=J{U: U e 7o} and inf 7o = intr-("{U : U € To}) for every subfamily 7 of the topology 7. From
this point of view, given an S*doubly quasicontinuous poset P, the lattice (7p, <) of the the B-topology 7p
on P is a hypercontinuous lattice.

Definition 4.16. [16] For a complete lattice L, define a relation < on L by

(Vx,yel)x <y & yeint Tx.

The complete lattice L is said to be hypercontinuous if p = sup{u € L : u < p} for every p € P.

Lemma 4.17. Let (T, <) be the lattice of a topology T on X. Then (T, <) is hypercontinuous if and only if for
everyU € T and x € U, there exist V, Uy, U,,..., U, € T such that x € V € U and

Ue T\lT{Ul’ UZ, ceey Un} < T‘T{V}s
where | U, Uy, ..., U ={WeT:(Fie{l,2,...,n) WcUland T4{V}={WeT:VcWhL

Proof. This follows straightforwardly from Definition 4.16. O

Lemma 4.18. Let P be a poset. Then the following statements are equivalent:
(1) (P, Tp) is a locally hyperclosed space;
(2) (Tp, ©) is a hypercontinuous lattice.

Proof. (1) = (2): Suppose that (P, 7p) is a locally hyperclosed space. Let U € 7p and x € U. Then, by
Proposition 4.14, there exist M € Lo(|x), N € Ly(Tx) and V € 7p such that x€e V< TMn |[Nc U. Let
Un = P\cly,{m} for every m € M and V, = P\cly,{n} for every n € N. Then one can trivially verify that

UeTp\ly,({Un:meMyu{Vy:neN}) cTqn{V}
This shows, by Lemma 4.17, that (7p, <) is a hypercontinuous lattice.

(2) = (1): To show this implication, it suffices to prove that for every U’ € 7p and x € U’, there exist V' € 7p
and My, Ny € Lo(P) such that x € V' ¢ TMy n [N, € U'. We divide the proof in the following three steps:
(i) For everyU € 7p and x € U, there exist My € Lo(|x), Ny € Lo(Tx) and Vy € Tp such that My, Ny ¢ U

and x € VU c TMU n lNU
Since (7p, €) is a hypercontinuous lattice, by Lemma 4.17, there exist V, Uy, Us, ..., Uy € 7p such that
xeVcUandU e Tp\lTP{Ul, Uy, ..., Uxt € TV} It follows thatU ¢ U foreveryi € {1, 2, ..., k}, which
implies that there exists x; € U\U; for every i € {1, 2,...,k}. Set Xo = {x3, %, ..., xx} € Lo(U). We show
next that x e V¢ TXp N | Xo. Suppose vy ¢ T X, for some vy € V. Then by Proposition 4.12 we have
U\lvo € Tp and Xy € U\|v. This implies that U\|vy ¢ U; for every i € {1, 2, ..., k}. This follows, from
Lemma 4.17, that V ¢ U\ | vy, which contradicts the fact that vy € V. Thus, we have V ¢ 1Xo. It can be
similarly shown that V ¢ | X,. Therefore, we conclude x € V < TXy n | Xo. Now, let My = Xo N |x,
Ny = Xo n Tx and Vy = V\[TXo | x) U |(Xo\Tx)]. Then a trivial verification can show that My € Lo(]x),
Ny € Lo(Tx), My, Ny < U, Vy € 7p and

x e Vy € TMy n | Ny.
(ii) Let My={My e Lo(lx): UeTp & xe U} and Ny={Ny € Lo(Tx): Ue Tp & x € U}. Then M, is
directed and N, is filtered.
For any My,, My, € My, by (i), we have Vi, Vi, € Tp, x € Vy, € TMy, and x € Vi, € TMy,. Let Us = Vy, N W,
Then, by (i), we further have My, ¢ U; and x € Wy, € TMy,. This implies My, € M, and

My, ¢ Us = VU1 n VU2 < TMUl n TMUZ'

3

Thus, M, is directed. Similarly, we can show that N is filtered.
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(iii) N{TMy : My € M,} = Tx and (\{|Ny : Ny € Ny} = |x.
Let y € P with y ¢ Tx.
If we take U, = P\|y, then x € U, = P\|y € 7p. It follows from (i) that My, < U, = P\|ly and My, € M,.
This means y ¢ TMy,. Thus, we conclude ({TMy : My € My} = Tx. And [{|Ny : Ny € Ny} = |x can be
similarly proved.

It follows from (ii), (iii) and Lemma 3.1 that x € Vi, < TMy, N [Ny, < U’ for some My, € My and Ny, € Ny.
Set My = My,, No = Ny, and V' = V;,. Then we have
xeV cTMyn [Ny, cU.

This completes the proof. O

Lemma 4.19. Let P be a poset. Then the following statements are equivalent:

(1) (P, Tp) is a locally hyperclosed space;

2 NMs,Mn |ls,N e Tpforany M,N € Lo(P), and ifU € Tp and x € U, then there exist My, No € Lo(U) such
that x € fis,Mo N || s,No-

Proof. (1) = (2): By Theorem 4.11 and Lemma 4.15, Remark 4.7 and Lemma 3.1.
(2) = (1): Similar to the proof of (2) = (1) in Lemma 4.18. O

Theorem 4.20. Let P be a poset. Then the following statements are equivalent:

(1) P is an S*doubly quasicontinuous poset;

(2) (P, Tp) is a locally hyperclosed space;

(3) (Tp, Q) is a hypercontinuous lattice;

4) Ns,Mn |ls,N € Tp forany M, N € Ly(P), and if U € Tp and x € U, then there exist My, Ny € Lo(U) such
that x € fis,Mo N |1 s,No-

Proof. Straightforward by Lemmas 4.15, 4.18 and 4.19. O

5 The order-theoretical characterization to os-convergence being
topological

In this section, we explore the order-theoretical characterization to os-convergence being topological. We
prove that the o,-convergence in a poset is topological if and only if the poset is S*-doubly quasicontinuous.

Definition 5.1. [17] Given a topological space (X, 7) and x € X. A net (x;);¢; in X is said to converge to x with
respect to the topology 7 if for every U € 7 with x € U, there exists iy € I such that x; € U for all i > ij.

. . T
In this case, we write (x;)ie; — X.

Proposition 5.2. [17] Let (X, 7) be a topological space. If we
(1) set I, ={UeT:xeUlandI7 ={(a,U) e X x I : a € U};
(2) define the directed preorder < on I by

May, O), (a2, Uy) € IT) (a1, U) < (@, Up) & U, € Uy
(3) let xu) = a forall(a,U) € I7;

a
then the net (X(a,u))q,uyer7 = X-
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Definition 5.3. Let P be a poset. The os-convergence in P is said to be topological with respect to a topology
7 on P if for every net (x;);c; in P, we have

T 0.
(ier > X € P & (Xie = X.

Lemma 5.4. Let P be an S*doubly quasicontinuous poset. Then the os-convergence in P is topological with
respect to the B-topology 7 p.

Proof. To prove this lemma, it suffices to show
Tr Og
(ier > X €P & (G)ier = X,

(=): Let P be an S*doubly quasicontinuous poset. By Remark 4.7, we have

(1) w(x)|y is directed and v(x) |y is filtered;

2 NITM : M e wx) |} = Tx and ({IN : N € v(x) |y} = |x.

Suppose (X;)icr Z’; x.ByTheorem 4.11, we have x € s, M N 1s,N € 7pforevery M € w(x),and N € v(x)x. This

implies that x; € is,M N Ts,N € TM n | N holds eventually. By the definition of o;-convergence, we conclude

(el = X.
(<): By Theorem 3.2. O

Lemma 5.5. Let P be a poset. If the os-convergence is topological with respect to a topology 7 on P,
then 7 = 7 p.

Proof. Suppose that the os-convergence is topological with respect to a topology 7~ on P. Then we have
T Os
()ier = x € P & (Xier — X.

Let U € 7 and (X))ics % X € U. Then we have (Xiier Z> x € U. This implies that x; € U holds eventually. By
Theorem 3.2, it follows that U € 7p, which means 7 < 7p. Conversely, let V € 7p and x € V. Then the net
(Xa,0) )@, uyer” Txev by Proposition 5.2. It follows from the hypothesis that the net (X(a,v))q,vyez7 % x.
By Theorem 3.2, we have that x,y) = @ € V holds eventually. This means that there exists (ao, Up) € 77
(definitely, x € U € 7) such that x,,yy = a € V forall(a, U) = (ao, Up). Since (a, Up) > (ao, Up) foralla € Uy,
X@auy) =a €V or all a e Up. This implies x € Uy ¢ V. Thus, we conclude 7p ¢ 7. Therefore, we have
Tp=7T. O

In fact, the converse implication of Lemma 5.4 is also true, that is:

Lemma 5.6. Let P be a poset. If the os-convergence in P is topological with respect to a topology 7~ on P, then
P is S*doubly quasicontinuous.

Proof. Suppose that the o,-convergence is topological with respect to a topology 7~ on P. Then, by Lemma
5.5, we have

Tp Os
(Xier > X €P & (Xier — X.

LetV € 7pandx € V. By Proposition 5.2, it follows the net (X(q, 1) ), u)e 77 i x. This implies that (X(q,v) )¢, v)e 177
%, which lets one to conclude, from Definition 2.1, that there exist M, € Lo(lx) and N, € Lo(Tx) such
that

(1) M, is directed and N, is filtered;

@ MIM:Me M} =Txand [ {IN:Ne N} = |x;

(3) Forany M € My and N € Ny, X,y € TM n [N holds eventually.
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By Lemma 3.1, it follows that there exist My € My, Ny € Ny and (ao, Up) € I 77 (definitely, x € Uy € 7p) such
that x € TMo N [Ny € V and X,y = a € TMo n [N for all (a, U) > (ag, Up). Since (a, Up) = (ao, Up) for all
a € Uy, Xq,uy) = a € TMp N [Ny for all a € Uy, which means

xeUy € TMyn [Ny C V.

This shows that (P, 7p) is a locally hyperclosed space. By Lemma 4.15, the poset P is S*doubly quasicon-
tinuous. O

Now, we arrive at the order-theoretical characterization to the os-convergence being topological:

Theorem 5.7. Let P be a poset. Then the following statements are equivalent:
(1) The poset P is S*-doubly quasicontinuous;
(2) The osconvergence is topological with respect to a topology 7 on P, i.e., for every (x;)ic; in P, we have

T [N
(X)ier > X € P & (Xier = X;
(3) The osconvergence is topological with respect to the B-topology Tp, i.e., for every (xy)ic; in P, we have

Tp Os
(Xi)ier > X €P & (Xies — X.

Proof. (1) = (3): By Lemma 5.4.
(3) = (2): By Lemma 5.5.
(2) = (1): By Lemma 5.6. O

6 The complete regularity of B-topology

In this section, we consider the complete regularity of B-topology, and show that a topological space (P, 7p)
consisting of an S*doubly quasicontinuous poset P that satisfies Condition (<) and the B-topology on P is
Tychonoft.

Given a topological space (X, 7). (X, 7) is called a T; space if for every pair of distinct points x, x;, € X,
there exists U € 7 such that x; € U and x, ¢ U. We call that (X, 7) is regular if for every x € X and every
closed set C ¢ X with x ¢ C, there exist U, U, € 7 such that x € U;, C € U, and Uy n U, = &. We say that
a topological space (X, 7) is T; if it is regular and T,.

Proposition 6.1. Let P be a poset. Then (P, Tp) is T,.

Proof. Let x,y € P and x # y. Then we have x ¢ Ty or x ¢ |y. This implies, by Proposition 4.12, that
x € P\Ty € Tp or x € P\|y € Tp. It is obvious that y ¢ P\Ty € 7p and y ¢ P\|y € 7p. Thus, we conclude
that (P, 7p) is a T; space. O

Theorem 6.2. Let P be an S*doubly quasicontinuous poset. Then (P, 7p) is Ts.

Proof. To prove (P, 7p) is Tz, we only need to show that (P, 7p) is regular by Proposition 6.1. Let x € P and
P\C € 7p with x ¢ C. Then, by Lemma 4.15 and Proposition 4.14, there exist V€ 7p, M € Ly(|x) and
N € Lo(Tx) such that x € V< TM n [N ¢ P\C. It follows from Proposition 4.12 that C < P\(TM n |[N) € 7p,
xeVeTpandV n P\(TM n |[N) = &. This shows that (P, 7p) is T. O

Recall that the pair (R, 7) consisting the set R of all real numbers and the ordinal topology 7o onR is
a topological space. And the inherited topology 7olo,1; on the unit interval [0, 1] has the basis {[0, a) : a €
(0,1} u{(b,c) : b,ce[0,1] andb < c} n{(d,1] : d € [0, 1)} and subbasis {{0,a) : a € (0,1} U {(b,1] : b € [0,1)}.
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Definition 6.3. [17] Let (X, 7) be a topological space. (X, 7) is said to be completely regular if for every
X\C e 7 and x € X\C, there exists a continuous function f: (X, 7) — ([0, 1], Tolo,1;;) such that f(x) =0
and f(C) c {1}.

Definition 6.4. [17] A topological space (X, 7) is called a Tychonoff space if it is T; and completely regular.
A Tychonoff space is also said to be Tz1.

Condition (¢): A poset P is said to satisfy Condition (<) if
(1) forany x,y € Pand M € LoP), M s, x < y implies M <s, ¥;
(2) foranya,b € Pand N € Ly(P), N »5, a = b implies N »g, b.

Example 6.5.

(1) Every doubly quasicontinuous poset P, i.e., both P and P° are quasicontinuous (see [18, Exercise 5.1.34]),
satisfies Condition (<);

(2) Every doubly continuous poset satisfies Condition (<);

(3) Chains, antichains, finite posets all satisfy Condition (<).

Proposition 6.6. Let P be an S*-doubly quasicontinuous poset satisfying Condition (<>). Then for any x € P,
M, M, € Lo(]x) and Ny, N, € Lo(Tx) with x € is,My N [[s;Ny € TMy N [N; € Ts,Mo 0 [ s, N, there exist My €
Lo(lx) and Ny € Ly(Tx) such that

X € MiseMi N |lsoNy € TMy 0 [Ny € TseMo N |Ls)No € TMo N [Ny € Ts,Mz N |5, No.

Proof. Let x € P, My, M, € Lo(|x)and Ni, N, € Lo(Tx) with x € s,M; N [|s,M € TMy 0 [Ny € Tis,Ma N] L5, No.
Sincem € TM; N [Ny € Ms,Ma N || s, N> for every m € M, by Theorem 4.20, Lemma 4.10 and Proposition 4.14,
there exist MJ' € Lo(lm) and AJ' € Lo(Tm) such that m € s, M{"' N |15, A5 € TME nLAS € TsMa N |Ls,No
for every m € M. Similarly, there exist By € Lo(ln) and Nj € Lo(Tn) such that n e fls,By N [ls,N§ €
1By N IN§ < Ms,Ma N [|s,N, for every n € Ny. Let Mo = [J{MJ" : m € My} and Ny = |J{N{ : n € Np}. Then one
can easily see that My € Lo(lx) and Ny € L(Tx). Next we show
(1) T™™; N [Ny € Ms,Mo N |15, No-
Since MJ' € My andm € s,My" for everym € M;, we havem € {ls,M, for everym € M. Lety € TM; n | Ny.
Then y € Tm' for some m' € M. This implies by Condition () that y € fs,Mo. It can be similarly shown
thaty € [|s,No. Thus, we have TM; n [Ny € {ls,Mo N || s,No-
@) TMo N LNy < Nls,Mz 1 [Ls,No.
Since My' € Lo(lm), AJ' € Lo(Tm)andm eTM' n [AJ € Nis,Mz n]]s,N> for everym e My, MY' < fis,Mz N
Ls,N; for everym € M. This means that My < fis,M; N]|s,No. Let z € TMp N | No. Then, by Condition (&),
we have z € s, M. It can be similarly proved that z € ||s,N,. Thus, we conclude TMy N [Ny <€ Ms,Mz N
U soNa.

The combination of (1) and (2) shows

x € Tis,My N [LsoNy € TMy 0 [Ny € TiseMo N [ls,No € TMo N [N € TiseMo N |15, N> O
Recall that the set B of all dyadic rational numbers in [0, 1] is the union of sets B, = {%, %, ,5—}

n=0,1,2,...,k,...), i.e., B = [Un2o Bx. It is easy to observe that B is dense in the unit interval [0, 1], with
respect to the inherited topology 7olo,13.

Proposition 6.7. Let P be an S*doubly quasicontinuous poset satisfying Condition (&) andx € P.IfM € Lo(]x)
andN € Lo(Tx)withx € Ns,M n ||s,N, then there exist families{My, € Lo(|x) : b € Byand{N, € Lo(|x) : b € B}
such that

(1) My=M, Ny=N and M; = N, = x;

(2) TMp, N [Ny, < Ns,Mp, N |1 s,Np, whenever by < b,.
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Proof. Straightforward by Theorem 4.11, Remark 4.7, Lemma 3.1, Proposition 6.6 and the induction ap-
proach. O

Lemma 6.8. Let P be an S*doubly quasicontinuous poset satisfying Condition (&), x € P, M € Ly(|x) and
N e Lo(Tx) with x € Nls,M n ||s,N. Then there exists a continuous function f : (P, Tp) — ([0, 1], Tolo,1;) such
that f(x) =1 and f(P\(TM n |[N)) c {0}.

Proof. By Proposition 6.7, there exist families {M, € Lo(|x) : b € B} and {N, € Lo(]x) : b € B} satisfying
conditions (1) and (2) of Proposition 6.7. Define f: P — [0, 1] by

(Vp € P) f(p) =sup{b € B: p € TMy N | Ny},

where we stipulate that sup @ = 0. In the following, we present some fundamental properties of f:

(1) If p € TMp 0 | Ny, then f(p) > b.
This is straightforward by Proposition 6.7 and the definition of f.

() If p ¢ NMs,Mp N |1s,Np, then f(p) < b.
Let p ¢ Nis,Mp N |s,Np. Then, by Proposition 6.7, we have that p ¢ TM. n |N. for every ¢ > b. This
implies

f(p) = sup{b’ €B:peMyn ler} < sup(B n [0, b]) = b.

(3) If f(p) > b, then p € Ns,Mp N || s, Np.
Since B is dense in ([0, 1], Tol0,1)), there exists c € B such thatb < ¢ < f(p). It follows from the definition
of f that p € TM. n | N.. By Proposition 6.7, we have p € fls,My N || s,Np.

(4) If f(p) < b, then p ¢ TM, N | Np.
Straightforward by Proposition 6.7 and the definition of f.

(5) f(x) =1and f(P\(TM n |[N)) < {O}.
Straightforward by (1), (2) and Proposition 6.7.

(6) 10, a)) € Tp for every a € (0, 1].
To show f1([0, a)) € T7p for every a € (0, 1], it suffices to prove that for every p € f~1([0, a)), there exists
U e Tpsuchthat p € Uand f(U) < [0, a). Let p € f71([0, a)). Then we have f(p) < b < a for some b € B.
It follows from (4) and Proposition 4.12 that p € P\TM, NN, € Tp. Since Nls,Mp N s, Np» S TMp N| N,
we have f(P\TM, n [Np) € f(P\fs, My N [LsNp) < [0, b] € [0, ) by (2). This shows f-1([0, a)) € Tp.

(7) f1(B,1]) € Tp for every B € [0, 1).
To prove f((8,1]) € Tp for every B € [0, 1), we only need to show that for every p € f((8, 1)), there
exists V € 7p such that p € V and f(V) < (B, 1]. Let p € f71((B, 1]). Then we have f < ¢ < f(p) for some
c € B. This follows from (1) and (3) that p € fls,Mc N [1s,N; € Tp and f(Ns,Mc N 11s,Ne) € fF(TM: n [N, €
e, 1] < (B, 1.

By (5), (6) and (7), we conclude that f : (P, 7p) — ([0, 1], Toljo,1)) is a continuous function such that f(x) = 1
and f(P\(TM n |[N)) c {O}. O

Theorem 6.9. Let P be an S*-doubly quasicontinuous poset satisfying Condition (). Then (P, Tp) is
Tychonoff.

Proof. Let P\C € 7p and x € P\C. Then, by Lemma 4.15, Proposition 4.14 and Lemma 4.10, there exists
M e Lo(|x) and N € Ly(Tx) such that x € s, M N ||s;N < TM n [N ¢ P\C. By Lemma 6.8, there exists
a continuous function f: (P, 7p) — ([0, 1], Tolo,1) such that f(x) =1 and f(C) < f(P\(TM n [N)) c {0}.
Define f: (P, 7p) — ([0, 1], Tolo,11) by

(Vp € P) gx) =1 - f(p).

Then one can easily check that g(x) = 0, g(C) < {1} and g is continuous. This shows (P, 7p) is completely
regular. By Theorem 6.2, we have that (P, 7p) is T;. Thus, (P, 7p) is Tychonoff. O
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Corollary 6.10. Let P be a poset.

(1) If P is a doubly quasicontinuous poset, then (P, Tp) is Tychonoff;
(2) If P is a doubly continuous poset, then (P, Tp) is Tychonoff;

(3) If P is a completely distributive lattice, then (P, 7p) is Tychonoff.
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