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Abstract: The notions of os-convergence and ∗S -doubly quasicontinuous posets are introduced, which can
be viewed as common generalizations of Birkhoff’s order-convergence and ∗S -doubly continuous posets,
respectively. We first consider the relationship between os-convergence and B-topology and show that the
topology induced by os-convergence according to the standard topological approach is the B-topology
precisely. Then, the topological characterization for the ∗S -doubly quasicontinuity is presented. It is proved
that a poset is ∗S -doubly quasicontinuous iff the poset equipped with the B-topology is locally hyperclosed
iff the lattice of all B-open subsets of the poset is hypercontinuous. Finally, the order theoretical condition
for the os-convergence being topological is given and the complete regularity of B-topology on ∗S -doubly
quasicontinuous posets is explored.
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1 Introduction and preliminaries

The concept of order-convergence (o-convergence, for short) in partially ordered sets was introduced by
Birkhoff [1], Frink [2] and Mcshane [3] and studied by Mathews and Anderson [4], Wolk [5] and Olejček [6].
It is defined as follows: a net( )

∈
xi i I in a poset P is said too-converge to ∈x P (wewrite( ) →

∈
x xi i I

o
in this paper)

if there exist a directed subset D and a filtered subset F of P such that
(1) = =D x Fsup inf ;
(2) For every ∈d D and ∈e F, ⩽ ⩽d x ei holds eventually, i.e., there exists ∈i I0 such that ⩽ ⩽d x ei for all

≥i i0.

Based on the o-convergence, the order topology on posets has also been defined by Birkhoff [1] (note:
in [7], the order topology is also called the B-topology) according to the standard topological approach (the
reader can refer to [8, p. 133] for details on this approach). This topology played an important role in
searching the order-theoretical condition for the o-convergence being topological. This fact can be demon-
strated in the work of Zhao and Wang in [9]. They considered the relationship between the B-topology and
Bi-Scott topology and showed that a poset P, which satisfies condition (∗), is doubly continuous if and only
if o-convergence in P is topological with respect to the B-topology on P. This means that, for a special class
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of posets, a sufficient and necessary condition for o-convergence being topological is obtained. Following
this ideal, we further proposed the notion of ∗S -doubly continuous posets in [7]. By establishing the order-
theoretical characterization of B-topology on ∗S -doubly continuous posets, it is proved that a poset P is

∗S -doubly continuous if and only if the o-convergence in P is topological with respect to the B-topology on P.
This reveals that the ∗S -double continuity is the equivalent condition for the o-convergence being topolo-
gical and has close relationship with the B-topology on posets.

The main goal of this paper is to explore the relationship between B-topology and ∗S -double quasi-
continuity, a generalized form of ∗S -double continuity. The most related work to ours is of Gierz et al. [10]
who proposed the concept of quasicontinuous domains as a generalization of continuous domains (see [11])
and generalized continuous lattices (see [12]). The core ideal is to generalize the way-below relation
between points to the case of sets. The quasicontinuity can be characterized by Scott topology, and it
has been shown that quasicontinuous domains equipped with the Scott topologies are precisely the spectra
of distributive hypercontinuous lattices. Recently, the notion of s2-quasicontinuous posets, a generalized
form of s2-continuous posets (see [13]) and quasicontinuous domains, was introduced by Zhang and Xu [14].
Based on this, some topological characterizations by the σ2-topology (see [14]) to s2-quasicontinuity are given
and the complete regularity of σ2-topology on s2-quasicontinuous posets is investigated.

In this paper, as a generalization of o-convergence, the concept of os-convergence in posets is proposed.
It is shown that the topology induced by os-convergence according to the standard topological approach
(see [8, p. 133]) is the B-topology precisely. Also, the ∗S -double quasicontinuity, a generalized form of

∗S -double continuity, is defined for posets. Using the structural characterization for the B-topology, the
topological characterization to ∗S -double quasicontinuity is obtained. That is, a poset is ∗S -doubly quasi-
continuous if and only if the poset equipped with the B-topology is locally hyperclosed if and only if the
lattice of all B-open subets of the poset is a hypercontinuous lattice. Based on this characterization, we give
a necessary and sufficient condition for the os-convergence being topological. That is, the os-convergence
in a poset is topological if and only if the poset is ∗S -doubly quasicontinuous. Finally, we consider the
complete regularity of B-topology and show that the B-topology on an ∗S -doubly quasicontinuous poset
satisfying Condition (◇) is Tychonoff.

Some conventional notions will be used in the sequel. Throughout this paper, given a set X, ⊑F X
means that F is a finite subset of X. And we simply denote
• �( ) = { ⊆ }X Y Y X: , � �( ) = ( ) {∅}X X \0 ;
• �( ) = { ⊑ }X F F X: , � �( ) = ( ) {∅}X X \0 .

For any subfamily � �⊆ ( )X and ⊆Y X, the restriction of � onY is written as � �∣ = { ∩ ∈ }A Y A:Y . Given
a topological space �( )X, and ⊆Y X. We take �Yint and �Ycl to mean the interior and the closure of Y with
respect to the topology � , respectively.

Let P be a poset and ∈x P, ↑x and ↓x are always used to denote the principal filter { ∈ ⩾ }y P y x: and
the principal ideal { ∈ ⩽ }z P z x: of P, respectively. For any ⊆A P, we let ↑ = ⋃{↑ ∈ }A a a A: and ↓ =A
⋃{↓ ∈ }a a A: . By writing Asup we mean that the least upper bound of A in P exists and equals to ∈A Psup .
The symbol Ainf has the dual meaning.

Given a poset P. The topology generated by the subbase { ↓ ∈ }P x x P\ : is called the upper topology on P,
and denoted by ( )v P . We can define the preorder≤ on � ( )P0 by ≤A B if ⊆ ↑B A and the preorder≤op on � ( )P0

by ≤B Aop if ⊆ ↓B A. A subfamily � �⊆ ( )P0 is said to be directed if for any �∈M M,1 2 , there exists �∈M
such that ≤M M M,1 2 , i.e., ⊆ ↑ ∩ ↑M M M1 2; dually, a subfamily � �⊆ ( )P0 is said to be filtered if for any

�∈N N,1 2 , there exists �∈N such that ≤N N N,op 1 2, i.e., ⊆ ↓ ∩ ↓N N N1 2.
To make this paper self-contained, we briefly review the following notions and propositions:

Definition 1.1. [1] Let P be a poset and ⊆U P. U is said to be B-open if and only if for every net

( ) → ∈
∈

x x Ui i I
o

, we have that ∈x Ui holds eventually.
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It can be formally verified that the collection of all B-open subsets of P forms a topology on P, which is
called the B-topology and denoted by �P. And the following is the order-theoretical characterization for
B-topology:

Proposition 1.2. [7] Let P be a poset and ⊆U P. Then �∈U P if and only if for any directed set D and filtered
set F with = = ∈D F x Usup inf , ↑ ∩ ↓ ⊆d e U0 0 for some ∈d D0 and ∈e F0 .

Definition 1.3. [7] Let P be a poset and ∈x y z P, , . We define ≪y xS if for every directed subset D of P with
=D xsup , there exists ∈d D such that ⩽y d; dually, we define ▹z xS if for every filtered subset F of P with

=F xinf , there exists ∈e F such that ⩾z e.

In what follows, for a poset P and ∈x P, we denote
• ⇓ = { ∈ ≪ }x a P a x:S S , ⇑ = { ∈ ≪ }x b P x b:S S ;
• ⇊ = { ∈ ▹ }x c P x c:S S , ⇈ = { ∈ ▹ }x d P d x:S S .

Definition 1.4. [7] A poset P is said to be S-doubly continuous if for every ∈x P, the sets ⇓ xS and ⇈ xS are
directed and filtered, respectively, and ⇓ = = ⇈x x xsup infS S .

Definition 1.5. [7] An S-doubly continuous poset P is said to be ∗S -doubly continuous if for every ∈x P,
∈ ⇓y xS and ∈ ⇈z xS , there exist ∈ ⇓y xS0 and ∈ ⇈z xS0 such that ↑ ∩ ↓ ⊆ ⇑ ∩ ⇊y z y zS S0 0 .

Proposition 1.6. [7] If P is a doubly continuous poset (see [15, Definition 2.5]), then P is ∗S -doubly continuous.

For some natural examples of doubly continuous posets and ∗S -doubly continuous posets, one can refer
to [15, Example 2.1]. The following is the well-known Rudin Lemma.

Lemma 1.7. [8] Let P be a poset.
(1) If � is a directed subfamily of � ( )P0 , then there exists a directed set �⊆ ⋃{ ∈ }D M M: such that

∩ ≠ ∅D M for all �∈M .
(2) If � is a filtered subfamily of � ( )P0 , then there exists a filtered set �⊆ ⋃{ ∈ }F N N: such that ∩ ≠ ∅F N

for all �∈N .

2 os-convergence in posets

In this section, as a generalization of o-convergence, the concept of os-convergence in posets is proposed
and some basic properties of os-convergence are presented.

Definition 2.1. Let P be a poset. A net ( )
∈

xi i I in P is said to os-converge to ∈x P if there exists a directed family
� �⊆ (↓ )xx 0 and a filtered family � �⊆ (↑ )xx 0 such that
(Q1) �⋂{↑ ∈ } = ↑M M x: x and �⋂{↓ ∈ } = ↓N N x: x .
(Q2) For every �∈M x and �∈N x, ∈ ↑ ∩ ↓x M Ni holds eventually, i.e., there exists ∈i I0 such that

∈ ↑ ∩ ↓x M Ni for all ≥i i0.

In this case, we write ( ) →
∈

x xi i I
os

. By saying that ( )
∈

xj j J is an os-convergent net in P, we mean ( ) →
∈

x yj j J
os

for some ∈y P.

Proposition 2.2. Let P be a poset and ( )
∈

xi i I a net in P. Then the os-convergent point of ( )
∈

xi i I is unique. That is,

if ( ) → ∈
∈

x x Pi i I
os

and ( ) → ∈
∈

x y Pi i I
os

, then =x y.
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Proof. Suppose that ( ) →
∈

x xi i I
os

and ( ) →
∈

x yi i I
os

. Then, by Definition 2.1, there exist directed families � ⊆x
� (↓ )x0 , � �⊆ (↓ )yy 0 and filtered families � �⊆ (↑ )xx 0 , � �⊆ (↑ )yy 0 such that
(1) �⋂{↑ ∈ } = ↑M M x:x x x and �⋂{↓ ∈ } = ↓N N x:x x x ;
(2) �⋂{↑ ∈ } = ↑M M y:y y y and �⋂{↓ ∈ } = ↓N N y:y y y ;

(3) For any �∈Mx x and �∈Nx x, ∈ ↑ ∩ ↓x M Ni x x holds eventually;
(4) For any �∈My y and �∈Ny y, ∈ ↑ ∩ ↓x M Ni y y holds eventually.

For every �∈Mx x, one can trivially check, by (3) and the finiteness of Mx, that there exists ∈m MM xx such that
∈ ↑x mi Mx holds frequently, that is, for every ∈i I there exists ≥j ii such that ∈ ↑x mj Mi x. Since ∈ ↓x Ni y holds

eventually for every �∈Ny y, there exists ∈i INy such that ∈ ↓x Ni y for all ≥i iNy. Let �{ }= ∈M m M:M x x0 x .

Then we have ∈ ↑ ∩ ↓x m Nj M yiNy x for every ∈m MM 0x and �∈Ny y. This means ⊆ ⋂M0 �{↓ ∈ } = ↓N N y:y y y .

Since � �{ }∈ ⋂ ↑ ∈ ⊆ ⋂{↑ ∈ } = ↑x m M M M x: :M x x x x xx , we have =M xsup 0 . This implies ⩽x y. Similarly,
it can be proved that ⩽y x. Thus, we conclude =x y. □

Proposition 2.3. Let P be a poset and ( )
∈

xi i I a net in P. If ( ) → ∈
∈

x x Pi i I
o

, then ( ) →
∈

x xi i I
os

.

Proof. Straightforward by the definitions of o-convergence and os-convergence. □

The following example shows that the converse of Proposition 2.3 is not true.

Example 2.4. Let = { } ∪ { … …} ∪ { … …}P x a a a a a b b b b b, , , , , , , , , , , ,n n0 1 2 3 0 1 2 3 . The partially order⩽ on P is
defined by setting
(1) ⩽ ⩽ ⩽ ⩽ … ⩽⋯⩽a a a a a x, n0 1 2 3 ;
(2) ⩽ ⩽ ⩽ ⩽ … ⩽⋯⩽b b b b b x, n0 1 2 3 .

Let =x ak k2 and =
+

x bk k2 1 for every ∈k N, where N denotes the set of all natural numbers. Then it is easy to
verify that the net ( )

∈
x oi i sN -converges to x but not o-converge to x.

Proposition 2.5. Given a poset P and ∈x y z P, , . Let a directed family � �⊆ (↓ )xx 0 and a filtered family
� �⊆ (↑ )xx 0 satisfy �⋂{↑ ∈ } = ↑M M x: x and �⋂{↑ ∈ } = ↓N N x: x .
(1) If ≪y xS , then ⊆ ↑M y0 for some �∈M x0 .
(2) If ▹z xS , then ⊆ ↓N z0 for some �∈N x0 .

Proof. (1): Suppose that ⊈ ↑M y for every �∈M x. Then it is easy to verify that � �{ ↑ ∈ } ⊆ (↓ )M y M x\ : x 0
is a directed family such that �⋂{↑( ↑ ) ∈ } = ↑M y M x\ : x . By Rudin lemma, there exists a directed ⊆D

�⋃{ ↑ ∈ }M y M\ : x such that ∩ ( ↑ ) ≠ ∅D M y\ for all �∈M x. This implies

�∈ ⋂{↑ ∈ } ⊆ ⋂{↑( ↑ ) ∈ } = ↑x d d D M y M x: \ : .x

Thus, we have =D xsup . It follows from the definition of≪S that there exists ∈d D0 such that ∈ ↑d y0 . This
contradicts that �∈ ⊆ ⋃{ ↑ ∈ }d D M y M\ : x0 .

The proof of (2) can be completed similarly. □

Proposition 2.6. Let P be a S-doubly continuous poset and ∈x P. Then a net

( ) → ⇔ ( ) →
∈ ∈

x x x x.i i I
o

i i I
os

Proof. Straightforward by Proposition 2.5, the definitions of o-convergence and os-convergence. □

In the following proposition, we provide an approach to construct a special kind of os-convergent net
in a given poset.
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Proposition 2.7. Let P be a poset and ∈x P. Suppose that � �⊆ (↓ )xx 0 is a directed family and � �⊆ (↑ )xx 0
a filtered family with �⋂{↑ ∈ } = ↑M M x: x and �⋂{↓ ∈ } = ↓N N x: x . If we

(1) set � � �= {↑ ∩ ↓ ∈ ∈ }M N M N: &x x0 and � �
�

�
= {( ) ∈ × ∈ }i I P i I, :0x

x ;

(2) define the directed preorder ≦ on �
�

�

x
x by









�

�

�
∀( ) ( ) ∈ ( ) ≦ ( ) ⇔ ⊆i I i I i I i I I I, , , , , ;1 1 2 2 1 1 2 2 2 1x

x

(3) let =
( )

x ii I, for all �
�

�
( ) ∈i I,

x
x ,

then the net �
�

�( ) →
( ) ( )∈

x xi I i I
o

, , x
x

s
.

Proof. The proof can be easily completed by checking that the directed family �x and the filtered family �x
satisfy Conditions (Q1) and (Q2) of Definition 2.1. □

3 The connection between B-topology and os-convergence
In this section, we consider the close relationship between os-convergence and B-topology. That is, the
topology induced by os-convergence is precisely the B-topology. To show this fact, we first give the follow-
ing lemma:

Lemma 3.1. Let P be a poset and �∈U P. Then for every ∈x U, every directed subfamily � �⊆ (↓ )xx 0 and
every filtered subfamily � �⊆ (↑ )xx 0 such that �⋂{↑ ∈ } = ↑M M x: x and �⋂{↓ ∈ } = ↓N N x: x , we have

∈ ↑ ∩ ↓ ⊆x M N U0 0 for some �∈M x0 and �∈N x0 .

Proof. Suppose not, that is, for every �∈M x and every �∈N x, we have ∈ ↑ ∩ ↓ ⊈x M N U . Now, we show
(i) For every �{ }= … ∈M m m m, , , k x1 2 M , the set

�= { ∈ (∀ ∈ ) ↑ ∩ ↓ ⊈ } ≠ ∅M m M N m N U: .K
x

Suppose = ∅MK . Then, for every ∈ { … }i k1, 2, , M , there exists �∈Ni x such that ↑ ∩ ↓ ⊆m N Ui i . Since
�x is a filtered subfamily of � (↓ )x0 , we can take �∈N x00 such that ⊆ ↓ ∩ ↓ ∩ …∩ ↓N N N Nk00 1 2 M. This

implies ↑ ∩ ↓ ⊆M N U00 , a contradiction to the hypothesis. Thus, we have ≠ ∅MK .

(ii) The family � �= { ∈ }M M:x
K K

x is also directed.

Let �( ) ( ) ∈M M,K K
x
K

1 2 . According to the directness of �x, it follows that there exists �∈M x00 such

that ⊆ ↑ ∩ ↑M M M00 1 2. To show the directness of � x
K, it suffices to prove ( ) ⊆ ↑( ) ∩ ↑( )M M MK K K

00 1 2 .

Suppose ( ) ⊈ ↑( )M MK K
00 1 . Then, we have ∈ ↑ ′m m0 1 for some ∈ ( )m M K

0 00 and ′ ∈ ( )m M M\ K
1 1 1 . Since

′ ∈ ( )m M M\ K
1 1 1 , there exists �∈N x1 such that ↑ ′ ∩ ↓ ⊆m N U1 1 , which implies

↑ ∩ ↓ ⊆ ↑ ′ ∩ ↓ ⊆m N m N U.0 1 1 1

This contradicts the fact that ∈ ( )m M K
0 00 . Thus, we have ( ) ⊆ ↑( )M MK K

00 1 . A similar verification can
show ( ) ⊆ ↑( )M MK K

00 2 . Therefore, we have ( ) ⊆ ↑( ) ∩ ↑( )M M MK K K
00 1 2 .

(iii) The existence of directed set D satisfying

(1)  �(∀ ∈ ) ∩ ≠ ∅M D Mx
K ;

(2)  �⊆ ⋃{ ∈ }D M M:K
x ;

(3)  =D xsup ;
(4)  �(∀ ∈ ∀ ∈ ) ↑ ∩ ↓ ⊈d D N d N U, x .

By Rudin lemma and the directness of � x
K, we can conclude the existence of a directed set D satisfying

(1) and (2). Since

� �↑ ⊆ ⋂ {↑ ∈ } ( ( ) ⊆ (↓ ))x d d D x: by 2  and x
K

0
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�

� �

⊆ ⋂ {↑ ∈ } ( ( ) ( ))

⊆ ⋂ {↑ ∈ } ( (∀ ∈ ) ⊆ ) = ↑

M M
M M M M M x

: by 1  and 2
: by ,

K
x

x x
K

x is the supremum of the directed set D, i.e., =D xsup . Now, it is easy to verify, by (2) and the defini-
tion of � x

K, that the directed set D satisfies (4).
(iv) For every �∈N x, the set

= { ∈ (∀ ∈ ) ↑ ∩ ↓ ⊈ } ≠ ∅N n N d D d n U: .K

The verification is similar to that of (i).
(v) The family � �= { ∈ }N N:x

K K
x is filtered.

The verification is similar to that of (ii).
(vi) The existence of a filtered set F satisfying

(5)  �(∀ ∈ ) ∩ ≠ ∅N F Nx
K ;

(6)  �⊆ ⋃{ ∈ }F N N:K
x ;

(7)  =F xinf ;
(8) (∀ ∈ ∀ ∈ ) ↑ ∩ ↓ ⊈d D e F d e U, .

The verification is similar to that of (iii).

To summarize what we have proved, we picked a directed set D and a filtered set F such that =Dsup
= ∈F x Uinf , and ↑ ∩ ↓ ⊈d e U for every ∈d D and ∈e F. By Proposition 1.2, U is not a B-open set. This

contradicts to the assumption �∈U P. Therefore, the proof is complete. □

Theorem 3.2. Let P be a poset. Then �∈U P if and only if for every net ( ) → ∈
∈

x x Ui i I
os

, ∈x Ui holds eventually.

Proof. (⇒): Let �∈U P and a net ( ) → ∈
∈

x x Ui i I
os

. Then, by Definition 2.1, there exist a directed subfamily
� �⊆ (↓ )xx 0 and a filtered subfamily � �⊆ (↑ )xx 0 such that
(1) �⋂{↑ ∈ } = ↑M M x: x and �⋂{↓ ∈ } = ↓N N x: x ;
(2) For every �∈M x and �∈N x, ∈ ↑ ∩ ↓x M Ni eventually.

ByLemma3.1,wehave ∈ ↑ ∩ ↓ ⊆x M N U0 0 for some �∈M x0 and �∈N x0 . This implies that ∈ ↑ ∩ ↓ ⊆x M N Ui 0 0
holds eventually.

(⇐): By Proposition 2.3 and Definition 1.1. □

Theorem 3.2 clarifies the fact that the topology induced by o-convergence is the same as that induced by
os-convergence, namely, the B-topology.

4 The B-topology on ∗S -doubly quasicontinuous posets

In this section, we first introduce the concept of ∗S -doubly quasicontinuous posets as a generalization of
∗S -doubly continuous posets. Then the fundamental properties of B-topology on ∗S -doubly quasicontinuous
posets are presented and the topological characterization for the ∗S -double quasicontinuity is investigated.

Definition 4.1. Let P be a poset and ⊆A M N P, , .
(1) We say that M S0-approximates A below, in symbol ≪M AS0 , if for every directed subset D of P,

∈D Asup implies ∈ ↑d M for some ∈d D. We simply write ≪M xS0 for ≪ { }M xS0 and ≪y AS0 for
{ } ≪y AS0 .

(2) Dually, we say that N S0-approximates A above, in symbol ▹N AS0 , if for every filtered subset F of P,
∈F Ainf implies ∈ ↓e N for some ∈e F. We simply write ▹x AS0 for { } ▹x AS0 and ▹N xS0 for ▹ { }N xS0 .
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For convenience, given a subset A of a poset P and ∈x P, we simply denote
• { }⇑ = ∈ ≪A p P A p:S S0 0 , { }⇓ = ∈ ≪A p P p A:S S0 0 ;

• { }⇊ = ∈ ▹A p P A p:S S0 0 , { }⇈ = ∈ ▹A p P p A:S S0 0 ;

• �{ }( ) = ∈ ( ) ≪w x M P M x: S0 0 , �{ }( ) = ∈ ( ) ▹v x N P N x: S0 0 .

The following proposition is basic and the proof is straightforward by Definitions 1.3 and 4.1.

Proposition 4.2. Let P be a poset and ⊆A B M N P, , , . Then
(1) ≪ ⇔ (∀ ∈ ) ≪M A a A M aS S0 0 , and ▹ ⇔ (∀ ∈ ) ▹N A a A N aS S0 0 ;
(2) ≤ ≪ ⇒ ≪B M A B AS S0 0 , and ≥ ▹ ⇒ ▹B N A B Aop S S0 0 ;
(3) ≪ ⇒ ≤M A M AS0 , and ▹ ⇒ ≥N A N AS op0 ;
(4) { } ≪ { }x yS0 and { } ▹ { }z yS0 in the sense of Definition 4.1 are equivalent to ≪x yS and ▹z yS in the sense of

Definition 1.3, respectively.

Proposition 4.3. Let P be a poset, ∈x P and ⊆A B P, . For every directed family � �⊆ (↓ )xx 0 and every
filtered family � �⊆ (↑ )xx 0 ,
(1) if ≪A xS0 and �⋂{↑ ∈ } = ↑M M x: x , then ⊆ ↑M A0 for some �∈M x0 ;

(2) if ▹B xS0 and �⋂{↓ ∈ } = ↓N N x: x , then ⊆ ↓N B0 for some �∈N x0 .

Proof.
(1): Suppose ⊈ ↑M A for every �∈M x. Then �{ ↑ ∈ }M A M\ : x is a directed subfamily of � (↓ )x0 and

�⋂{↑( ↑ ) ∈ } = ↑M A M x\ : x . By Rudin Lemma, there exists a directed set D such that �⊆ ⋃{ ↑ ∈ }D M A M\ : x

and ∩ ( ↑ ) ≠ ∅D M A\ for every �∈M x. Thus, we have

� �↑ ⊆ ⋂{↑ ∈ } ⊆ ⋂{↑( ↑ ) ∈ } ⊆ ⋂{↑ ∈ } = ↑x d d D M A M M M x: \ : : .x x

This means =D xsup and ∉ ↑d A for all ∈d D. By the definition of ≪S0, we conclude that ≪A x̸ S0 , which
contradicts the assumption ≪A xS0 .

(2) It can be similarly proved. □

The S0-approximate relations ≪S0 and ▹S0 on a given poset P can be equivalently characterized by
the os-convergence in P in the following proposition.

Proposition 4.4. Let P be a poset and ⊆A B H P, , . Then

(1) ≪A HS0 , if and only if for every net ( ) → ∈
∈

x x Hi i I
os

, ∈ ↑x Ai holds eventually;

(2) ▹B HS0 , if and only if for every net ( ) → ∈
∈

x x Hi i I
os

, ∈ ↓x Bi holds eventually.

Proof.
(1) (⇒): Straightforward by the definition of os-convergence and Proposition 4.3.

(⇐): Suppose ∈ ↑x Ai holds eventually for every net ( ) → ∈
∈

x x Hi i I
os

. Let D be a directed subset of P

with ∈D Hsup . Consider the net ( )
∈

xd d D defined by =x dd for every ∈d D. Then we have ( ) →
∈

xi i I
o

∈D Hsup ,

and thus ( ) → ∈
∈

x D Hsupi i I
os . This implies that = ∈ ↑x d Ad 00 for some ∈d D0 , which shows ≪A HS0 .

(2) It can be similarly proved. □

Based on the S0-approximate relations ≪S0 and ▹S0 defined on posets, the concept of ∗S -doubly quasi-
continuous posets can be introduced as a generalization of ∗S -doubly continuous posets.

Definition 4.5. A poset P is called an S-doubly quasicontinuous poset, if for every ∈x P
(S1) ( )w x is directed and ( )v x filtered;
(S2) ⋂{↑ ∈ ( )} = ↑M M w x x: and ⋂{↓ ∈ ( )} = ↓N N v x x: .

664  Tao Sun et al.



Definition 4.6. An S-doubly quasicontinuous poset P is said to be ∗S -doubly quasicontinuous, if for every
∈x P, every ∈ ( )M w x and every ∈ ( )N v x , there exist ∈ ( )M w x0 and ∈ ( )N v x0 such that

↑ ∩ ↓ ⊆ ⇑ ∩ ⇊M N M N .S S0 0 0 0

In some sense, every ∗S -doubly continuous poset is a special kind of ∗S -doubly quasicontinuous poset in
which the relations ≪S and ▹S between singleton subsets are replaced by the S0-approximate relations ≪S0

and ▹S0 between finite subsets, respectively.

Remark 4.7. Let P be an S-doubly quasicontinuous poset. Then
(1) ( )∣ = { ∩ ↓ ∈ ( )}

↓
w x M x M w x:x is a directed subfamily of � (↓ )x0 and ⋂{↑ ′ ′ ∈ ( )∣ } = ↑

↓
M M w x x: x ;

(2) ( )∣ ⊆ ( )
↓

w x w xx ;

(3) ( )∣ = { ∩ ↑ ∈ ( )}
↑

v x N x N v x:x is a filtered subfamily of � (↑ )x0 and ⋂{↓ ′ ′ ∈ ( )∣ } = ↓
↑

N N v x x: x ;
(4) ( )∣ ⊆ ( )

↑
v x v xx .

Remark 4.8. Every ∗S -doubly continuous poset is an ∗S -doubly quasicontinuous poset.

However, the converse implication of Remark 4.8 may not be true. This fact can be illustrated by the
following example:

Example 4.9. Let = { … …} ∪ { … …} ∪ { }P a a a b b b x, , , , , , , ,n n1 2 1 2 , and the partial order ⩽ on P is defined by
setting
(1) ⩽ ⩽⋯⩽ ⩽…⩽a a a xn1 2 ;
(2) ⩽ ⩽⋯⩽ ⩽…⩽b b b xn1 2 .

Then a trivial verification according to Definitions 1.5 and 4.11 can show that P is an ∗S -doubly quasicontin-
uous poset but not an ∗S -doubly continuous poset.

In the following, we provide a basis for the topological space �( )P, P consisting of an ∗S -doubly qua-
sicontinuous poset P and the B-topology on P.

Lemma 4.10. Let P be an ∗S -doubly quasicontinuous poset and �∈ ( )A B P, 0 . Then
(1) � ↑ = ⇑A Aint SP 0 , where � ↑Aint P represents the interior of the set ↑A in the B-topology �P;
(2) � ↓ = ⇊B Bint SP 0 .

Proof. (1) We first show � ↑ ⊆ ⇑A Aint SP 0 . Let D be a directed set with �= ∈ ↑D x Asup int P . Then, by
Proposition 1.2, there exists ∈d D0 such that �↑ ∩ ↓ ⊆ ↑ ⊆ ↑d x A Aint0 P . This means ∈ ↑d A0 , and thus we
have ∈ ⇑x AS0 . This shows � ↑ ⊆ ⇑A Aint SP 0 . Conversely, we prove �⇑ ⊆ ↑A AintS P0 . To prove this , it suffices to
check �⇑ ∈AS P0 . Let D be a directed set and F a filtered set with = = ∈ ⇑D F x Asup inf S0 . Then, there exists

∈ ( )M w x such that ∩ ↓ ⊆ ↑M x A and ∩ ↓ ∈ ( )M x w x by Proposition 4.3 and Remark 4.7. Since P is an
∗S -doubly quasicontinuous poset, there exist ∈ ( )M w x0 and ∈ ( )N v x0 such that

∈ ↑ ∩ ↓ ⊆ ⇑ ( ∩ ↓ ) ⊆ ⇑x M N M x A.S S0 0 0 0

Thus, we have ∈ ↑d M0 0 and ∈ ↓e N0 0 for some ∈d D0 and ∈e F0 . This implies

∈ ↑ ∩ ↓ ⊆ ↑ ∩ ↓ ⊆ ⇑x d e M N A.S0 0 0 0 0

Therefore, we conclude �⇑ ∈AS P0 by Proposition 1.2.
(2) The proof is similar to that of (1). □

Theorem 4.11. LetP bean ∗S -doublyquasicontinuous poset. Then the family	 �{ }= ⇑ ∩ ⇊ ∈ ( )M N M N P: ,P S S 00 0

is a basis for the B-topology �P.
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Proof. Obviously, we have 	 �⊆P P by Lemma 4.10. Let �∈U P and ∈x U. Then, by Lemma 3.1 and Remark
4.7, there exist ∈ ( )M w x0 and ∈ ( )N v x0 such that

∈ ⇑ ( ∩ ↓ ) ∩ ⇊ ( ∩ ↑ ) ⊆ ↑( ∩ ↓ ) ∩ ↓( ∩ ↑ ) ⊆x M x N x M x N x U.S S0 0 0 00 0

Set = ∩ ↓M M x0 and = ∩ ↑N N x0 . Then we have ∈ ⇑ ∩ ⇊ ⊆x M N US S0 0 . This shows 	 {= ⇑ ∩ ⇊M N M: ,P S S0 0

� }∈ ( )N P0 is a basis for the B-topology �P. □

We present some special B-closed set in general posets in the following proposition:

Proposition 4.12. Let P be a poset and �∈ ( )M N P, 0 . Then
(1) ↓M is a B-closed set, i.e., �↓ ∈P M\ P;
(2) ↑N is a B-closed set.

Proof. (1) To show ↓M is B-closed, it suffices to prove �↓ ∈P x\ P for every ∈x P. Suppose �↓ ∉P x\ P. Then,
by Proposition 1.2, there exist a directed set D0 and a filtered set F0 such that = = ∈ ↓D F y P xsup inf \0 0 and
↑ ∩ ↓ ⊈ ↓d e P x\ for every ∈d D0 and ∈e F0. This follows that ∈ ↓d x for all ∈d D0. Thus, we have ⊆ ↓D x0 ,
which implies = ∈ ↓D y xsup 0 . A contradiction to = ∈ ↓D y P xsup \0 . Therefore, �↓ ∈P x\ P.

(2) Similar to (1). □

Based on the fundamental discussion about the B-topology on ∗S -doubly quasicontinuous posets, we
consider the topological characterization to the ∗S -double quasicontinuity.

Let ( ⩽)P, be a poset equipped with a topology � . We simply use the pair �( )P, to denote the poset ( ⩽)P,
and the topology � on the underlying set P.

Definition 4.13. Let P be a poset equipped with a topology � . �( )P, is said to be locally hyperclosed if for
every �∈U and ∈x U, there exist �∈V and �∈ ( )M N P, 0 such that ∈ ⊆ ↑ ∩ ↓ ⊆x V M N U .

Proposition 4.14. Let P be a poset. Then �( )P, P is locally hyperclosed if and only if for every �∈U P and
∈x U, there exist �∈ (↓ )M x0 0 , �∈ (↑ )N x0 0 and �∈V P0 such that

∈ ⊆ ↑ ∩ ↓ ⊆x V M N U.0 0 0

Proof. (⇒): By Definition 4.13, there exist �∈V P and �∈ ( )M N P, 0 such that ∈ ⊆ ↑ ∩ ↓ ⊆x V M N U .
Let = (↑( ↓ ) ∪ ↓( ↑ ))V V M x N x\ \ \0 , = ↓M M x\0 and = ↑N N x\0 . Then, by Proposition 4.12, we have �∈V P0 ,

�∈ (↓ )M x0 0 , �∈ (↑ )N x0 0 and

∈ ⊆ ↑ ∩ ↓ ⊆x V M N U.0 0 0

(⇐): By Definition 4.13. □

Lemma 4.15. Let P be a poset. Then the following conditions are equivalent:
(1) P is an ∗S -doubly quasicontinuous poset;
(2) �( )P, P is a locally hyperclosed space.

Proof. ( ) ⇒ ( )1 2 : Let �∈U P and ∈x U. Since P is ∗S -doubly quasicontinuous, there exist �∈ ( )M N P, 0 with
∈ ⇑ ∩ ⇊ ⊆x M N US S0 0 by Theorem 4.11. By the ∗S -double quasicontinuity of P, we have that

∈ ↑ ∩ ↓ ⊆ ⇑ ∩ ⇊ ⊆x M N M N U,S S0 0 0 0

for some ∈ ( )M w x0 and ∈ ( )N v x0 . This implies that

∈ ⇑ ∩ ⇊ ⊆ ↑ ∩ ↓ ⊆ ⇑ ∩ ⇊ ⊆x M N M N M N U.S S S S0 0 0 00 0 0 0

This shows that there exist �∈ ( )M N P,0 0 0 and �= ⇑ ∩ ⇊ ∈V M NS S P0 00 0 such that ∈ ⊆ ↑ ∩ ↓ ⊆x V M N U0 0 .
Therefore, �( )P, P is a locally hyperclosed space.

666  Tao Sun et al.



( ) ⇒ ( )2 1 : Let � � � �{ }= ∈ ( ) (∃ ∈ ( )) ∈ (↑ ∩ ↓ )M P N P x M N: intx 0 0 P and � � �{= ∈ ( ) (∃ ∈ ( )) ∈N P M P x:x 0 0

� }(↑ ∩ ↓ )M Nint P for every ∈x P. Now, we show
(i) � ≠ ∅x and � ≠ ∅x .

Since �( )P, P is locally hyperclosed and �∈P P, there exist �∈V P and M ,0 �∈ ( )N P0 0 such that ∈x
⊆ ↑ ∩ ↓ ⊆V M N P0 0 . This means that �∈ (↑ ∩ ↓ ) ⊆x M N Pint 0 0P . Thus, we have � ≠ ∅x and � ≠ ∅x .

(ii) �⋂{↑ ∈ } = ↑M M x: x and �⋂{↓ ∈ } = ↓N N x: x .
For every ∉ ↑y x, we have �∈ ↓ ∈x P y\ P by Proposition 4.12. It follows fromProposition 4.14 that there
exist �∈ (↓ )M x1 0 , �∈ (↑ )N x1 0 and �∈V P1 such that

∈ ⊆ ↑ ∩ ↓ ⊆ ↓x V M N P y\ .1 1 1

This implies that �∈M x1 and ∉ ↑y M1. Thus, we have �⋂{↑ ∈ } = ↑M M x: x . And the fact that
�⋂{↓ ∈ } = ↓N N x: x can be similarly proved.

(iii) �x is directed and �x is filtered.
Let �∈M M, x2 3 . Then, by the definition of �x, there exist ∈N N,2 3 � ( )P0 such that �∈ (↑ ∩x Mint 2P

↓ )N2 and �∈ (↑ ∩ ↓ )x M Nint 3 3P . This implies �∈ (↑ ∩ ↓ ∩x M Nint 2 2P ↑ ∩ ↓ )M N3 3 . By Proposition 4.14,
we have ∈x �⊆ ↑ ∩ ↓ ⊆ (↑ ∩ ↓ ∩ ↑ ∩ ↓ )V M N M N M Nint4 4 4 2 2 3 3P for some �∈ (↓ )M x4 0 , �∈ (↑ )N x4 0 and

�∈V P4 . This implies

� �∈ (↑ ∩ ↓ ) ⊆ ↑ ∩ ↓ ⊆ (↑ ∩ ↑ )x M N M N M Mint int .4 4 4 4 2 3P P

Thus, we show �∈M x4 and ⊆ ↑ ∩ ↑M M M4 2 3, which means �x is directed. A similar verification can
show that �x is filtered.

(iv) � ⊆ ( )w xx and � ⊆ ( )v xx .
For every �∈M x, there exists �∈ ( )N P0 such that �∈ (↑ ∩ ↓ )x M Nint P by the definition of �x.
Let D be a directed set with =D xsup . Then, by Proposition 1.2, there exists ∈d D0 such that

�∈ ↑ ∩ ↓ ⊆ (↑ ∩ ↓ )x d x M Nint0 P . This means ∈ ↑d M0 . So, we have ≪M xS0 , which implies � ⊆ ( )w xx .
It can be similarly proved that � ⊆ ( )v xx .

(v) ⋂{↑ ∈ ( )} = ↑A A w x x: and ⋂{↓ ∈ ( )} = ↓B B v x x: .
Straightforward by (ii) and (iv).

(vi) � ∣
↓x x is directed, �⋂{↑ ′ ′ ∈ ∣ } = ↑

↓
M M x: x x and � �∣ ⊆ ⊆ ( )

↓
w xx x x .

This is straightforward by (ii), (iii), (iv) and the proof of Proposition 4.14.
(vii) � ∣

↑x x is filtered, �⋂{↓ ′ ′ ∈ ∣ } = ↓
↑

N N x: x x and � �∣ ⊆ ⊆ ( )
↑

v xx x x .
Similar to (vi).

(viii) ( )w x is directed and ( )v x is filtered. Let ∈ ( )A A w x,1 2 .
Then, by (vi) and Proposition 4.3, there exist �∈ ∣ ⊆ ( )

↓
M M w x, x x5 6 such that ⊆ ↑M A5 1 and ⊆ ↑M A6 2.

Since � ∣
↓x x is directed, there exists ∈M7 � ∣ ⊆ ( )

↓
w xx x such that ⊆ ↑ ∩ ↑M M M7 5 6. This means ⊆M7

↑ ∩ ↑A A1 2. So, ( )w x is directed. It can be similarly shown that ( )v x is filtered.
(ix) For every ∈ ( )A w x and ∈ ( )B v x , there exist ∈ ( )A w x0 and ∈ ( )B v x0 such that ∈ ↑ ∩ ↓ ⊆x A B0 0

⇑ ∩ ⇊A BS S0 0 .
Let ∈ ( )A w x and ∈ ( )B v x . Then, by (vi), (vii) and Proposition 4.3, there exist ∈MA � �∣ ⊆

↓x x x and
� �∈ ∣ ⊆

↑
NB x x x such that ⊆ ↑M AA and ⊆ ↓N BB . This implies, from the definitions of�x and�x, that
there exist �∈ ( )M N P,8 8 0 such that �∈ (↑ ∩ ↓ )x M Nint A 8P and �∈ (↑ ∩ ↓ )x M Nint B8P . Thus, we have

�∈ (↑ ∩ ↓ ) ⊆ ↑ ∩ ↓ ⊆ ↑ ∩ ↓x M N M N A Bint ,A B A BP

which means �∈ (↑ ∩ ↓ )x A Bint P . It follows from Lemma 3.1 that �∈ ↑ ∩ ↓ ⊆ (↑ ∩ ↓ )x M N A Bint9 9 P for
some �∈ ∣ ⊆ ( )

↓
M w xx x9 and �∈ ∣ ⊆ ( )

↑
N v xx x9 . In the following,we show ∈ ↑ ∩ ↓ ⊆ ⇑ ∩ ⇊x M N A BS S9 9 0 0 .

For every directed set D with ∈ ↑ ∩ ↓D M Nsup 9 9, there exists ∈d D1 such that �↑ ∩ ↓ ⊆d Dsup int1 P

(↑ ∩ ↓ )A B by Proposition 1.2, which implies ∈ ↑d A1 . Thus, we have ∈ ↑ ∩x M9 ↓ ⊆ ⇑N AS9 0 . It can be
similarly checked that ∈ ↑ ∩ ↓ ⊆ ⇊x M N BS9 9 0 . So, we conclude ∈ ↑ ∩x M9 ↓ ⊆ ⇑ ∩ ⇊N A BS S9 0 0 . Set

=A M0 9 and =B N0 9. Then, we have ∈ ↑ ∩ ↓ ⊆ ⇑ ∩ ⇊x A B A BS S0 0 0 0 .

The combination of (v), (viii) and (ix) shows that P is an ∗S -doubly quasicontinuous poset. □
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For a topological space �( )X, , the complete lattice �( ⊆), consisting of the topology � and the set
inclusion order ⊆ on � is called the lattice of the topology � on X. And one can easily verify that

� �= ⋃{ ∈ }U Usup :0 0 and � ��= (⋂{ ∈ })U Uinf int :0 0 for every subfamily �0 of the topology �. From
this point of view, given an ∗S -doubly quasicontinuous poset P, the lattice �( ⊆),P of the the B-topology �P

on P is a hypercontinuous lattice.

Definition 4.16. [16] For a complete lattice L, define a relation ≺ on L by

(∀ ∈ ) ≺ ⇔ ∈ ↑
( )

x y L x y y x, int .v L

The complete lattice L is said to be hypercontinuous if = { ∈ ≺ }p u L u psup : for every ∈p P.

Lemma 4.17. Let �( ⊆), be the lattice of a topology � on X. Then �( ⊆), is hypercontinuous if and only if for
every �∈U and ∈x U, there exist �… ∈V U U U, , , , n1 2 such that ∈ ⊆x V U and

�
� �∈ ↓ { … } ⊆ ↑ { }U U U U V\ , , , ,n1 2

where �
�

↓ { … } = { ∈ (∃ ∈ { … }) ⊆ }U U U W i n W U, , , : 1, 2, ,n i1 2 and ��↑ { } = { ∈ ⊆ }V W V W: .

Proof. This follows straightforwardly from Definition 4.16. □

Lemma 4.18. Let P be a poset. Then the following statements are equivalent:
(1) �( )P, P is a locally hyperclosed space;
(2) �( ⊆),P is a hypercontinuous lattice.

Proof. ( ) ⇒ ( )1 2 : Suppose that �( )P, P is a locally hyperclosed space. Let �∈U P and ∈x U . Then, by
Proposition 4.14, there exist �∈ (↓ )M x0 , �∈ (↑ )N x0 and �∈V P such that ∈ ⊆ ↑ ∩ ↓ ⊆x V M N U . Let

�= { }U P m\clm P for every ∈m M and �= { }V P n\cln P for every ∈n N . Then one can trivially verify that

�
� �∈ ↓ ({ ∈ } ∪ { ∈ }) ⊆ ↑ { }U U m M V n N V\ : : .P m nP P

This shows, by Lemma 4.17, that �( ⊆),P is a hypercontinuous lattice.

( ) ⇒ ( )2 1 : To show this implication, it suffices to prove that for every �′ ∈U P and ∈ ′x U , there exist �′ ∈V P

and �∈ ( )M N P,0 0 0 such that ∈ ′ ⊆ ↑ ∩ ↓ ⊆ ′x V M N U0 0 . We divide the proof in the following three steps:
(i) For every �∈U P and ∈x U, there exist �∈ (↓ )M xU 0 , �∈ (↑ )N xU 0 and �∈VU P such that ⊆M N U,U U

and ∈ ⊆ ↑ ∩ ↓x V M NU U U.
Since �( ⊆),P is a hypercontinuous lattice, by Lemma 4.17, there exist �… ∈V U U U, , , , k P1 2 such that

∈ ⊆x V U and �
� �∈ ↓ { … } ⊆ ↑ { }U U U U V\ , , ,P k1 2P P . It follows that ⊈U Ui for every ∈ { … }i k1, 2, , , which

implies that there exists ∈x U U\i i for every ∈ { … }i k1, 2, , . Set �= { … } ∈ ( )X x x x U, , , k0 1 2 0 . We show
next that ∈ ⊆ ↑ ∩ ↓x V X X0 0. Suppose ∉ ↑v X0 0 for some ∈v V0 . Then by Proposition 4.12 we have

�↓ ∈U v\ P0 and ⊆ ↓X U v\0 0. This implies that ↓ ⊈U v U\ i0 for every ∈ { … }i k1, 2, , . This follows, from
Lemma 4.17, that ⊆ ↓V U v\ 0, which contradicts the fact that ∈v V0 . Thus, we have ⊆ ↑V X0. It can be
similarly shown that ⊆ ↓V X0. Therefore, we conclude ∈ ⊆ ↑ ∩ ↓x V X X0 0. Now, let = ∩ ↓M X xU 0 ,

= ∩ ↑N X xU 0 and = [↑( ↓ ) ∪ ↓( ↑ )]V V X x X x\ \U 0 0 . Then a trivial verification can show that �∈ (↓ )M xU 0 ,
�∈ (↑ )N xU 0 , ⊆M N U,U U , �∈VU P and

∈ ⊆ ↑ ∩ ↓x V M N .U U U

(ii) Let � � �= { ∈ (↓ ) ∈ ∈ }M x U x U: &x U P0 and � � �= { ∈ (↑ ) ∈ ∈ }N x U x U: &x U P0 . Then �x is
directed and �x is filtered.
For any �∈M M,U U x1 2 , by (i), we have �∈V V,U U P1 2 , ∈ ⊆ ↑x V MU U1 1 and ∈ ⊆ ↑x V MU U2 2. Let = ∩U V VU U3 1 2.
Then, by (i), we further have ⊆M UU 33 and ∈ ⊆ ↑x V MU U3 3. This implies �∈MU x3 and

⊆ = ∩ ⊆ ↑ ∩ ↑M U V V M M .U U U U U33 1 2 1 2

Thus, �x is directed. Similarly, we can show that �x is filtered.
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(iii) �⋂{↑ ∈ } = ↑M M x:U U x and �⋂{↓ ∈ } = ↓N N x:U U x .
Let ∈y P with ∉ ↑y x.
If we take = ↓U P y\y , then �∈ = ↓ ∈x U P y\y P. It follows from (i) that ⊆ = ↓M U P y\U yy and �∈MU xy .

This means ∉ ↑y MUy. Thus, we conclude �⋂{↑ ∈ } = ↑M M x:U U x . And �⋂{↓ ∈ } = ↓N N x:U U x can be

similarly proved.

It follows from (ii), (iii) and Lemma 3.1 that ∈ ⊆ ↑ ∩ ↓ ⊆ ′x V M N UU U U0 0 0 for some �∈MU x0 and �∈NU x0 .

Set =M MU0 0, =N NU0 0 and ′ =V VU0. Then we have

∈ ′ ⊆ ↑ ∩ ↓ ⊆ ′x V M N U .0 0

This completes the proof. □

Lemma 4.19. Let P be a poset. Then the following statements are equivalent:
(1) �( )P, P is a locally hyperclosed space;
(2) �⇑ ∩ ⇊ ∈M NS S P0 0 for any �∈ ( )M N P, 0 , and if �∈U P and ∈x U, then there exist �∈ ( )M N U,0 0 0 such

that ∈ ⇑ ∩ ⇊x M NS S0 00 0 .

Proof. ( ) ⇒ ( )1 2 : By Theorem 4.11 and Lemma 4.15, Remark 4.7 and Lemma 3.1.
( ) ⇒ ( )2 1 : Similar to the proof of ( ) ⇒ ( )2 1 in Lemma 4.18. □

Theorem 4.20. Let P be a poset. Then the following statements are equivalent:
(1) P is an ∗S -doubly quasicontinuous poset;
(2) �( )P, P is a locally hyperclosed space;
(3) �( ⊆),P is a hypercontinuous lattice;
(4) �⇑ ∩ ⇊ ∈M NS S P0 0 for any �∈ ( )M N P, 0 , and if �∈U P and ∈x U, then there exist �∈ ( )M N U,0 0 0 such

that ∈ ⇑ ∩ ⇊x M NS S0 00 0 .

Proof. Straightforward by Lemmas 4.15, 4.18 and 4.19. □

5 The order-theoretical characterization to os-convergence being
topological

In this section, we explore the order-theoretical characterization to os-convergence being topological. We
prove that the os-convergence in a poset is topological if and only if the poset is ∗S -doubly quasicontinuous.

Definition 5.1. [17] Given a topological space �( )X, and ∈x X. A net ( )
∈

xi i I in X is said to converge to x with
respect to the topology � if for every �∈U with ∈x U, there exists ∈i I0 such that ∈x Ui for all ≥i i0.

In this case, we write
�

( ) →
∈

x xi i I .

Proposition 5.2. [17] Let �( )X, be a topological space. If we
(1) set � �= { ∈ ∈ }U x U:x and � �

�
= {( ) ∈ × ∈ }a U X a U, :x x ;

(2) define the directed preorder ≼ on �
�

x by

�
�

(∀( ) ( ) ∈ ) ( ) ≼ ( ) ⇔ ⊆a U a U a U a U U U, , , , , ;x1 1 2 2 1 1 2 2 2 1

(3) let =
( )

x aa U, for all �
�

( ) ∈a U, x ;

then the net �

�
�( ) →

( ) ( )∈
x xa U a U, , x

.
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Definition 5.3. Let P be a poset. The os-convergence in P is said to be topological with respect to a topology
� on P if for every net ( )

∈
xi i I in P, we have

�

( ) → ∈ ⇔ ( ) →
∈ ∈

x x P x x.i i I i i I
os

Lemma 5.4. Let P be an ∗S -doubly quasicontinuous poset. Then the os-convergence in P is topological with
respect to the B-topology �P.

Proof. To prove this lemma, it suffices to show

�

( ) → ∈ ⇔ ( ) →
∈ ∈

x x P x x.i i I i i I
oP s

(⇒): Let P be an ∗S -doubly quasicontinuous poset. By Remark 4.7, we have
(1) ( )∣

↓
w x x is directed and ( )∣

↑
v x x is filtered;

(2) ⋂{↑ ∈ ( )∣ } = ↑
↓

M M w x x: x and ⋂{↓ ∈ ( )∣ } = ↓
↑

N N v x x: x .

Suppose
�

( ) →
∈

x xi i I
P

. By Theorem4.11, we have �∈ ⇑ ∩ ⇈ ∈x M NS S P0 0 for every ∈ ( )
↓

M w x x and ∈ ( )
↑

N v x x. This

implies that ∈ ⇑ ∩ ⇈ ⊆ ↑ ∩ ↓x M N M Ni S S0 0 holds eventually. By the definition ofos-convergence, we conclude
( ) →

∈
x xi i I

os
.

(⇐): By Theorem 3.2. □

Lemma 5.5. Let P be a poset. If the os-convergence is topological with respect to a topology � on P,
then � �= P.

Proof. Suppose that the os-convergence is topological with respect to a topology � on P. Then we have

�

( ) → ∈ ⇔ ( ) →
∈ ∈

x x P x x.i i I i i I
os

Let �∈U and ( ) → ∈
∈

x x Ui i I
os

. Then we have
�

( ) → ∈
∈

x x Ui i I . This implies that ∈x Ui holds eventually. By
Theorem 3.2, it follows that �∈U P, which means � �⊆ P. Conversely, let �∈V P and ∈x V . Then the net

�

�
�( ) → ∈

( ) ( )∈
x x Va U a U, , x

by Proposition 5.2. It follows from the hypothesis that the net �
�( ) →

( ) ( )∈
x xa U a U

o
, , x

s
.

By Theorem 3.2, we have that = ∈
( )

x a Va U, holds eventually. This means that there exists �
�

( ) ∈a U, x0 0
(definitely, �∈ ∈x U0 ) such that = ∈

( )
x a Va U, for all ( ) ≽ ( )a U a U, ,0 0 . Since ( ) ≽ ( )a U a U, ,0 0 0 for all ∈a U0,

= ∈
( )

x a Va U, 0 or all ∈a U0. This implies ∈ ⊆x U V0 . Thus, we conclude � �⊆P . Therefore, we have
� �=P . □

In fact, the converse implication of Lemma 5.4 is also true, that is:

Lemma 5.6. Let P be a poset. If the os-convergence in P is topological with respect to a topology � on P, then
P is ∗S -doubly quasicontinuous.

Proof. Suppose that the os-convergence is topological with respect to a topology � on P. Then, by Lemma
5.5, we have

�

( ) → ∈ ⇔ ( ) →
∈ ∈

x x P x x.i i I i i I
oP s

Let �∈V P and ∈x V . ByProposition 5.2, it follows the net �

�
�( ) →

( ) ( )∈
x xa U a U, , x

P
P

. This implies that �
�( )

( ) ( )∈
x a U a U, , x

P

→x
os

, which lets one to conclude, from Definition 2.1, that there exist � �⊆ (↓ )xx 0 and � �⊆ (↑ )xx 0 such
that
(1) �x is directed and �x is filtered;
(2) �⋂{↑ ∈ } = ↑M M x: x and �⋂{↓ ∈ } = ↓N N x: x ;
(3) For any �∈M x and �∈N x, ∈ ↑ ∩ ↓

( )
x M Na U, holds eventually.
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By Lemma 3.1, it follows that there exist �∈M x0 , �∈N x0 and �
�

( ) ∈a U, x0 0 P (definitely, �∈ ∈x U P0 ) such
that ∈ ↑ ∩ ↓ ⊆x M N V0 0 and = ∈ ↑ ∩ ↓

( )
x a M Na U, 0 0 for all ( ) ≽ ( )a U a U, ,0 0 . Since ( ) ≽ ( )a U a U, ,0 0 0 for all

∈a U0, = ∈ ↑ ∩ ↓
( )

x a M Na U, 0 00 for all ∈a U0, which means

∈ ⊆ ↑ ∩ ↓ ⊆x U M N V .0 0 0

This shows that �( )P, P is a locally hyperclosed space. By Lemma 4.15, the poset P is ∗S -doubly quasicon-
tinuous. □

Now, we arrive at the order-theoretical characterization to the os-convergence being topological:

Theorem 5.7. Let P be a poset. Then the following statements are equivalent:
(1) The poset P is ∗S -doubly quasicontinuous;
(2) The os-convergence is topological with respect to a topology � on P, i.e., for every ( )

∈
xi i I in P, we have

�

( ) → ∈ ⇔ ( ) →
∈ ∈

x x P x x;i i I i i I
os

(3) The os-convergence is topological with respect to the B-topology �P, i.e., for every ( )
∈

xi i I in P, we have

�

( ) → ∈ ⇔ ( ) →
∈ ∈

x x P x x.i i I i i I
oP s

Proof. ( ) ⇒ ( )1 3 : By Lemma 5.4.
( ) ⇒ ( )3 2 : By Lemma 5.5.
( ) ⇒ ( )2 1 : By Lemma 5.6. □

6 The complete regularity of B-topology
In this section, we consider the complete regularity of B-topology, and show that a topological space �( )P, P
consisting of an ∗S -doubly quasicontinuous poset P that satisfies Condition (◇) and the B-topology on P is
Tychonoff.

Given a topological space �( )X, . �( )X, is called a T1 space if for every pair of distinct points ∈x x X,1 2 ,
there exists �∈U such that ∈x U1 and ∉x U2 . We call that �( )X, is regular if for every ∈x X and every
closed set ⊆C X with ∉x C, there exist �∈U U,1 2 such that ∈x U1, ⊆C U2 and ∩ = ∅U U1 2 . We say that
a topological space �( )X, is T3 if it is regular and T1.

Proposition 6.1. Let P be a poset. Then �( )P, P is T1.

Proof. Let ∈x y P, and ≠x y. Then we have ∉ ↑x y or ∉ ↓x y. This implies, by Proposition 4.12, that
�∈ ↑ ∈x P y\ P or �∈ ↓ ∈x P y\ P. It is obvious that �∉ ↑ ∈y P y\ P and �∉ ↓ ∈y P y\ P. Thus, we conclude

that �( )P, P is a T1 space. □

Theorem 6.2. Let P be an ∗S -doubly quasicontinuous poset. Then �( )P, P is T3.

Proof. To prove �( )P, P is T3, we only need to show that �( )P, P is regular by Proposition 6.1. Let ∈x P and
�∈P C\ P with ∉x C. Then, by Lemma 4.15 and Proposition 4.14, there exist �∈V P, �∈ (↓ )M x0 and

�∈ (↑ )N x0 such that ∈ ⊆ ↑ ∩ ↓ ⊆x V M N P C\ . It follows from Proposition 4.12 that �⊆ (↑ ∩ ↓ ) ∈C P M N\ P,
�∈ ∈x V P and ∩ (↑ ∩ ↓ ) = ∅V P M N\ . This shows that �( )P, P isT3. □

Recall that the pair � �( ), 0 consisting the set � of all real numbers and the ordinal topology �0 on � is
a topological space. And the inherited topology � ∣

[ ]0 0,1 on the unit interval [ ]0, 1 has the basis {[ ) ∈a a0, :
( ]} ∪ {( ) ∈ [ ] < } ∩ {( ] ∈ [ )}b c b c b c d d0, 1 , : , 0, 1 and , 1 : 0, 1 and subbasis {[ ) ∈ ( ]} ∪ {( ] ∈ [ )}a a b b0, : 0, 1 , 1 : 0, 1 .
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Definition 6.3. [17] Let �( )X, be a topological space. �( )X, is said to be completely regular if for every
�∈X C\ and ∈x X C\ , there exists a continuous function � �( ) → ([ ] ∣ )

[ ]
f X: , 0, 1 , 0 0,1 such that ( ) =f x 0

and ( ) ⊆ { }f C 1 .

Definition 6.4. [17] A topological space �( )X, is called a Tychonoff space if it is T1 and completely regular.
A Tychonoff space is also said to be T3 1

2
.

Condition (◇): A poset P is said to satisfy Condition (◇) if
(1) for any ∈x y P, and �∈ ( )M P0 , ≪ ⩽M x yS0 implies ≪M yS0 ;
(2) for any ∈a b P, and �∈ ( )N P0 , ▹ ⩾N a bS0 implies ▹N bS0 .

Example 6.5.
(1) Every doubly quasicontinuous poset P, i.e., both P and Pop are quasicontinuous (see [18, Exercise 5.1.34]),

satisfies Condition (◇);
(2) Every doubly continuous poset satisfies Condition (◇);
(3) Chains, antichains, finite posets all satisfy Condition (◇).

Proposition 6.6. Let P be an ∗S -doubly quasicontinuous poset satisfying Condition (◇). Then for any ∈x P,
�∈ (↓ )M M x,1 2 0 and �∈ (↑ )N N x,1 2 0 with ∈ ⇑ ∩ ⇊ ⊆ ↑ ∩ ↓ ⊆ ⇑ ∩ ⇊x M N M N M NS S S S1 1 1 1 2 20 0 0 0 , there exist ∈M0

� (↓ )x0 and �∈ (↑ )N x0 0 such that

∈ ⇑ ∩ ⇊ ⊆ ↑ ∩ ↓ ⊆ ⇑ ∩ ⇊ ⊆ ↑ ∩ ↓ ⊆ ⇑ ∩ ⇊x M N M N M N M N M N .S S S S S S1 1 1 1 0 0 0 0 2 20 0 0 0 0 0

Proof. Let ∈x P, �∈ (↓ )M M x,1 2 0 and �∈ (↑ )N N x,1 2 0 with ∈ ⇑ ∩ ⇊ ⊆ ↑ ∩ ↓ ⊆ ⇑ ∩x M N M N MS S S1 1 1 1 20 0 0 ⇊ NS 20 .
Since ∈ ↑ ∩ ↓ ⊆ ⇑ ∩ ⇊m M N M NS S1 1 2 20 0 for every ∈m M1, by Theorem 4.20, Lemma 4.10 and Proposition 4.14,
there exist �∈ (↓ )M mm

0 0 and �∈ (↑ )A mm
0 0 such that ∈ ⇑ ∩ ⇊ ⊆ ↑ ∩m M A MS

m
S

m m
0 0 00 0 ↓ ⊆ ⇑ ∩ ⇊A M Nm

S S0 2 20 0

for every ∈m M1. Similarly, there exist �∈ (↓ )B nn
0 0 and �∈ (↑ )N nn

0 0 such that ∈ ⇑ ∩ ⇊ ⊆n B NS
n

S
n

0 00 0

↑ ∩ ↓ ⊆ ⇑ ∩ ⇊B N M Nn n
S S0 0 2 20 0 for every ∈n N1. Let = ⋃{ ∈ }M M m M:m

0 0 1 and = ⋃{ ∈ }N N n N:n
0 0 1 . Then one

can easily see that �∈ (↓ )M x0 0 and �∈ (↑ )N x0 0 . Next we show
(1) ↑ ∩ ↓ ⊆ ⇑ ∩ ⇊M N M NS S1 1 0 00 0 .

Since ⊆M Mm
0 0 and ∈ ⇑m MS

m
00 for every ∈m M1, we have ∈ ⇑m MS 00 for every ∈m M1. Let ∈ ↑ ∩ ↓y M N1 1.

Then ∈ ↑ ′y m for some ′ ∈m M1. This implies by Condition (◇) that ∈ ⇑y MS 00 . It can be similarly shown
that ∈ ⇊y NS 00 . Thus, we have ↑ ∩ ↓ ⊆ ⇑ ∩ ⇊M N M NS S1 1 0 00 0 .

(2) ↑ ∩ ↓ ⊆ ⇑ ∩ ⇊M N M NS S0 0 2 20 0 .

Since �∈ (↓ )M mm
0 0 , �∈ (↑ )A mm

0 0 and ∈m ↑ ∩ ↓ ⊆ ⇑ ∩M A Mm m
S0 0 20 ⇊ NS 20 for every ∈m M1, ⊆ ⇑ ∩M Mm

S0 20

⇊ NS 20 for every ∈m M1. This means that ⊆ ⇑ ∩M MS0 20 ⇊ NS 20 . Let ∈ ↑ ∩ ↓z M N0 0. Then, by Condition (◇),
we have ∈ ⇑z MS 20 . It can be similarly proved that ∈ ⇊z NS 20 . Thus, we conclude ↑ ∩ ↓ ⊆ ⇑ ∩M N MS0 0 20

⇊ NS 20 .

The combination of (1) and (2) shows

∈ ⇑ ∩ ⇊ ⊆ ↑ ∩ ↓ ⊆ ⇑ ∩ ⇊ ⊆ ↑ ∩ ↓ ⊆ ⇑ ∩ ⇊x M N M N M N M N M N . □S S S S S S1 1 1 1 0 0 0 0 2 20 0 0 0 0 0

Recall that the set B of all dyadic rational numbers in [ ]0, 1 is the union of sets { }= …B , , ,n
0
2

1
2

2
2n n

n

n

( = … …n k0, 1, 2, , , ), i.e., = ⋃
=

∞B Bn n0 . It is easy to observe that B is dense in the unit interval [ ]0, 1 , with
respect to the inherited topology � ∣

[ ]0 0,1 .

Proposition 6.7. Let P be an ∗S -doubly quasicontinuous poset satisfying Condition (◇) and ∈x P. If �∈ (↓ )M x0
and �∈ (↑ )N x0 with ∈ ⇑ ∩ ⇊x M NS S0 0 , then there exist families �{ ∈ (↓ ) ∈ }M x b B:b 0 and �{ ∈ (↓ ) ∈ }N x b B:b 0
such that
(1) =M M0 , =N N0 and = =M N x1 1 ;
(2) ↑ ∩ ↓ ⊆ ⇑ ∩ ⇊M N M Nb b S b S b2 2 0 1 0 1 whenever <b b1 2.
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Proof. Straightforward by Theorem 4.11, Remark 4.7, Lemma 3.1, Proposition 6.6 and the induction ap-
proach. □

Lemma 6.8. Let P be an ∗S -doubly quasicontinuous poset satisfying Condition (◇), ∈x P, �∈ (↓ )M x0 and
�∈ (↑ )N x0 with ∈ ⇑ ∩ ⇊x M NS S0 0 . Then there exists a continuous function � �( ) → ([ ] ∣ )

[ ]
f P: , 0, 1 ,P 0 0,1 such

that ( ) =f x 1 and ( (↑ ∩ ↓ )) ⊆ { }f P M N\ 0 .

Proof. By Proposition 6.7, there exist families �{ ∈ (↓ ) ∈ }M x b B:b 0 and �{ ∈ (↓ ) ∈ }N x b B:b 0 satisfying
conditions (1) and (2) of Proposition 6.7. Define → [ ]f P: 0, 1 by

(∀ ∈ ) ( ) = { ∈ ∈ ↑ ∩ ↓ }p P f p b B p M Nsup : ,b b

where we stipulate that ∅ =sup 0. In the following, we present some fundamental properties of f :
(1) If ∈ ↑ ∩ ↓p M Nb b, then ( ) ⩾f p b.

This is straightforward by Proposition 6.7 and the definition of f .
(2) If ∉ ⇑ ∩ ⇊p M NS b S b0 0 , then ( ) ⩽f p b.

Let ∉ ⇑ ∩ ⇊p M NS b S b0 0 . Then, by Proposition 6.7, we have that ∉ ↑ ∩ ↓p M Nc c for every >c b. This
implies

{ }( ) = ′ ∈ ∈ ↑ ∩ ↓ ⩽ ( ∩ [ ]) =′ ′f p b B p M N B b bsup : sup 0, .b b

(3) If ( ) >f p b, then ∈ ⇑ ∩ ⇊p M NS b S b0 0 .
Since B is dense in �([ ] ∣ )

[ ]
0, 1 , 0 0,1 , there exists ∈c B such that < < ( )b c f p . It follows from the definition

of f that ∈ ↑ ∩ ↓p M Nc c. By Proposition 6.7, we have ∈ ⇑ ∩ ⇊p M NS b S b0 0 .
(4) If ( ) <f p b, then ∉ ↑ ∩ ↓p M Nb b.

Straightforward by Proposition 6.7 and the definition of f .
(5) ( ) =f x 1 and ( (↑ ∩ ↓ )) ⊆ { }f P M N\ 0 .

Straightforward by (1), (2) and Proposition 6.7.
(6) �([ )) ∈

−f α0, P
1 for every ∈ ( ]α 0, 1 .

To show �([ )) ∈
−f α0, P

1 for every ∈ ( ]α 0, 1 , it suffices to prove that for every ∈ ([ ))
−p f α0,1 , there exists

�∈U P such that ∈p U and ( ) ⊆ [ )f U α0, . Let ∈ ([ ))
−p f α0,1 . Then we have ( ) < <f p b α for some ∈b B.

It follows from (4) and Proposition 4.12 that ∈ ↑ ∩p P M\ b �↓ ∈Nb P. Since ⇑ ∩ ⇊ ⊆ ↑ ∩M N MS b S b b0 0 ↓Nb,

we have f ( )( ↑ ∩ ↓ ) ⊆ ⇑ ∩ ⇊ ⊆ [ ] ⊆ [ )P M N f P M N b α\ \ 0, 0,b b S b S b0 0 by (2). This shows �([ )) ∈
−f α0, P

1 .

(7) �(( ]) ∈
−f β, 1 P

1 for every ∈ [ )β 0, 1 .

To prove �(( ]) ∈
−f β, 1 P

1 for every ∈ [ )β 0, 1 , we only need to show that for every ∈ (( ])
−p f β, 11 , there

exists �∈V P such that ∈p V and ( ) ⊆ ( ]f V β, 1 . Let ∈ (( ])
−p f β, 11 . Then we have < < ( )β c f p for some

∈c B. This follows from (1) and (3) that �∈ ⇑ ∩ ⇊ ∈p M NS c S c P0 0 and ( )⇑ ∩ ⇊ ⊆ (↑ ∩ ↓ ) ⊆f M N f M NS c S c c c0 0

[ ] ⊆ ( ]c β, 1 , 1 .

By (5), (6) and (7), we conclude that � �( ) → ([ ] ∣ )
[ ]

f P: , 0, 1 ,P 0 0,1 is a continuous function such that ( ) =f x 1
and ( (↑ ∩ ↓ )) ⊆ { }f P M N\ 0 . □

Theorem 6.9. Let P be an ∗S -doubly quasicontinuous poset satisfying Condition (◇). Then �( )P, P is
Tychonoff.

Proof. Let �∈P C\ P and ∈x P C\ . Then, by Lemma 4.15, Proposition 4.14 and Lemma 4.10, there exists
�∈ (↓ )M x0 and �∈ (↑ )N x0 such that ∈ ⇑ ∩ ⇊ ⊆ ↑ ∩ ↓ ⊆x M N M N P C\S S0 0 . By Lemma 6.8, there exists

a continuous function � �( ) → ([ ] ∣ )
[ ]

f P: , 0, 1 ,P 0 0,1 such that ( ) =f x 1 and ( ) ⊆ ( (↑ ∩ ↓ )) ⊆ { }f C f P M N\ 0 .
Define � �( ) → ([ ] ∣ )

[ ]
f P: , 0, 1 ,P 0 0,1 by

(∀ ∈ ) ( ) = − ( )p P g x f p1 .

Then one can easily check that ( ) =g x 0, ( ) ⊆ { }g C 1 and g is continuous. This shows �( )P, P is completely
regular. By Theorem 6.2, we have that �( )P, P is T1. Thus, �( )P, P is Tychonoff. □

The B-topology on S∗-doubly quasicontinuous posets  673



Corollary 6.10. Let P be a poset.
(1) If P is a doubly quasicontinuous poset, then �( )P, P is Tychonoff;
(2) If P is a doubly continuous poset, then �( )P, P is Tychonoff;
(3) If P is a completely distributive lattice, then �( )P, P is Tychonoff.
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