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Abstract: In this paper, we study the equivalent conditions for the boundedness of the commutators gener-
ated by the multilinear maximal function and the bounded mean oscillation (BMO) function on Morrey
space. Moreover, the endpoint estimate for such operators on generalized Morrey spaces is also given.
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1 Introduction

Let �∈ ( )b L n
loc
1 . We say that b belongs to the mean oscillation space BMO(�n) if b satisfies

∫∥ ∥ ≔

∣ ∣

∣ ( ) − ∣ < ∞b
Q

b y b ysup 1 d ,
Q

Q

QBMO

where Q denotes any cube of �n and ∫= ( )
∣ ∣

b b x xdQ Q Q
1 .

The commutator [ ]( )( )b M f x, , which is generated by the maximal function and the BMO function, can
be stated as follows:

[ ]( )( ) = ( )( ) − ( )( )b M f x bM f x M bf x, .

Here, ( )( )M f x is the classical Hardy-Littlewood maximal function defined as

∫( )( ) =

∣ ∣

∣ ( )∣

∋

M f x
Q

f y ysup 1 d ,
Q x

Q

where the supremum is taken over all cubes Q containing x.
For the study of [ ]b M, , one may see [1–4] for more details. Here, we would like to point out that in [2],

Bastero, Milman and Ruiz gave the sufficient and necessary conditions for the boundedness of [ ]b M, on
�( )L p n . Precisely, they proved the following theorem.
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Theorem A. [2] Let b be a real valued, locally integrable function in �n. Then, the following three assertions
are equivalent.
(i) The commutator [ ]b M, is bounded on L p for < < ∞p1 .
(ii) b is in BMO and −b belongs to ∞L with = − { ( ) }

−b b xmin , 0 .
(iii) For ∈ ( ∞)p 1, , there is

∫
∣ ∣

∣ ( ) − ( )( )∣ < ∞

Q
b x M b x xsup 1 d ,

Q
Q

Q
p

where ( )∫( )( ) = ∣ ( )∣

∋ ⊂

∣ ∣

/

M b x b t tsup dQ
Q x Q Q Q Q

p
p

,

1 1

0 0
0 0

.

Later, Xie [4] extended Theorem A to the Morrey space. Here the Morrey space �( )L p λ n, is defined by































� � �
�

∫( ) = ∈ ( ) ∥ ∥ = ∣ ( )∣ < ∞
( )

∈ >

( )

/

L f L f
t

f y y: sup 1 d ,p λ n p n
L

x t
λ

B x t

p

p

,
loc

, 0
,

1

p λ n
n

,

where ≤ <λ n0 and ≤ < ∞p1 .
Similarly, the weak Morrey space �( )WL p λ n, can be stated as follows:









� � �
�

( ) = ∈ ( ) ∥ ∥ = ∣{ ∈ ( ) ∣ ( )∣> }∣ < ∞
( )

∈ > >

/

/WL f L f β
t

t Q x t f t β: sup , : .p λ n p n
WL

x t β
λ p

p,
loc

, 0, 0

1p λ n
n

,

In 1938, Morrey [5] obtained the Hölder regularity of the solutions of elliptic equations by applying new
technique. Here, the new technique was based on the estimates of the integrals over balls of the gradient of
the solutions via the radius of the same ball. The classical Morrey spaces �( )L p λ n, , usually attributed to him,
were introduced in the 1960s by Campanato, Peetre and Brudneii, independently. Readers may refer to [6]
for more details.

Later, the boundedness of Hardy-Littlewood maximal function on Morrey space can be found in [7] and
the maximal inequality in generalized Morrey-type spaces can be found in [8].

Obviously, if we choose =λ 0, then �( )L p λ n, becomes the classical �( )L p n space.
On the other hand, the multilinear theory was also developed a lot in the past 20 years and readers may

refer to [9,10]. for more details. Moreover, Pérez and Torres [11] introduced the commutators of multilinear
Calderón-Zygmund operators defined as

� �∑( )( ) = ( )( ) ( = ( … ))

→ → →

→

=

→f x f x b b b, , ,b
i

m

b
i m

1
1

where

� � �( )( ) = ( ) ( )( ) − ( … … )( )

→ →

→ − +f x b x f x f f b f f f x, , , , , , ,
b
i i i i i i m1 1 1

→

= ( … )b b b, , m1 and � is the multilinear Calderón-Zygmund operator which was first studied by Grafakos
and Torres [9].

Later, Lerner et al. [10] introduced a new type of multiple weight classes →AP which is very adopted to
the weighted norm estimates for the commutators of multilinear Calderón-Zygmund operators. Moreover, in
order to give the characterization of →AP , Lerner et al. [10] introduced the following multilinear maximal

function � ( )( )

→

f x defined as

� ∫∏( )( ) =

∣ ∣

∣ ( )∣

→

∋
=

f x
Q

f y ysup 1 d ,
Q x i

m

Q

i i i
1

where = ( … )

→

f f f, , m1 with �∈ ( > )
+m m 1 and the supremum is taken over all cubes Q containing x.

Obviously, it is easy to see � ( )( ) ≤ ∏ ( )( )

→

=
f x M f xi

m
i1 .
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For any cube Q, we write   = × ⋯×Q Q Qm

m

. In 2015, Zhang [12] studied the commutator generated by

the BMO function and the multilinear maximal functions �[ ]( )( )

→ →

b f x, and � ( )( )

→

→ f xb as follows:

� � �∑ ∑[ ]( )( ) = [

→

] ( )( ) ( )( ) = ( )( )

→ → → → →

=

→

=

b f x b M f x f x f x, , , .
j

m

j b
j

m
b

1 1

j

Here

� �[ ] ( )( ) = ( ) ( )( ) − ( … … )( )

→ → →

− +b M f x b x f x f f b f f f x, , , , , , ,j j j j j j m1 1 1

and

� ∫ ∏( )( ) =

∣ ∣

∣ ( ) − ( )∣ ∣ ( )∣
→→

∋
=

f x
Q

b x b y f y dysup 1 ,b

Q x
m

Q

j j j
i

m

i i
1

j

m

where = ( … )
→y y y, , m1 .

Zhang [12] proved the weighted boundedness of �[ ]( )( )

→ →

b f x, and � ( )( )

→

→ f xb on the product L p spaces.

Motivated by the above backgrounds, in this paper, wewould like to extend TheoremAwith �[ ]( )( )

→ →

b f x,
on Morrey-type spaces. The first result of this paper can be regarded as follows.

Theorem 1.1. Let bi be a real valued, locally integrable function in �n with = …i m1, , . Then, the following
three assertions are equivalent.

(I) The commutator �[ ]( )( )

→ →

b f x, is bounded from � �( ) × ⋯ × ( )L Lp λ n p λ n, ,m1 to �( )L p λ n, for < < ∞p1 i and

/ = ∑ /
=

p p1 1i
m

i1 with >p 1 and ≤ <λ n0 .

(II) bi is in BMO and −bi belongs to ∞L .
(III) For ∈ ( ∞)p 1, , there is

∫
∣ ∣

∣ ( ) − ( )( )∣ < ∞

Q
b x M b x xsup 1 d ,

Q
Q

i Q i
p

where ∫( )( ) = ∣ ( )∣

∋ ⊂

∣ ∣

M b x b t tsup dQ i
Q x Q Q Q Q i

,

1

0 0
0 0

.

Remark 1.2. Obviously, our results improve the main results of [2, 4].

On the other hand, in 1995, Pérez [13] gave a counter example that the commutator [ ]b T, is not of weak
type ( )1, 1 and he proved that [ ]b T, satisfies the weak L Llog -type estimates. For the study of the commu-
tators on the endpoint case, one may see [10,12,14,15] for more details. Particularly in [12], Zhang proved

the weak weighted L Llog estimates for � ( )( )

→

→ f xb . Recently, Wang [16] proved that the commutator gener-
ated by some integral operators is bounded from �( )LL L

ω n
log

1, to �( )WL ω n1, in some sense and the definitions

of �( )WL ω n1, and �( )LL L
ω n
log

1, will be given in Sections 1 and 2, respectively.

Thus, it is natural to ask whether we can prove the endpoint estimates of the commutators generated by
the multilinear maximal functions and BMO functions on Morrey-type space.

Before giving the second result of this paper, we introduce the generalized Morrey space �( )L p ω n,

proposed by Nakai [8].

Definition A. [8] Let � � �× →
+ω : n , ≤ < ∞p1 and ( )Q a r, be the cube

�{ ∈ ∣ − ∣ ≤ / = … }x x a r i n: 2, 1, 2, ,n
i i

whose edges have length r and are parallel to the coordinate axes. For = ( )Q Q a r, , we denote = ( )kQ Q a kr,
and ( ) = ( )ω Q ω a r, . Moreover, we suppose that ω satisfies
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( ) ≤ ( )ω a t C ω a t, 2 ,0 (1.1)

with < <C1 2n
0 .

Then, the generalized Morrey space �( ) ( ≤ < ∞)L p1p ω n, is defined as































� � � ∫( ) = ∈ ( ) ∥ ∥ =

( )

∣ ( )∣ < ∞( )

/

L f L f
ω Q

f x x: sup 1 d .p ω n p n
L

Q
Q

p

p

,
loc

1

p ω n,

Similarly, the weak generalized Morrey space �( )( ≤ < ∞)WL p1p ω n, is defined by









� � �( ) = ∈ ( ) ∥ ∥ =

( )

∣{ ∈ ∣ ( )∣ > }∣ < ∞( )

>

/

/WL f WL f β
ω Q

x Q f x β: sup sup : .p ω n p n
L

Q β
p

p,
loc

0
1

1p ω n,

Obviously, if we choose ( ) = ∣ ∣ω Q Q λ
n with ≤ <λ n0 , there is

( ) = ∣ ∣ = ∣ ∣ < ( )ω Q Q Q ω Q2 2 2 2 .λ nλ
n

λ
n (1.2)

In this case, �( )L p ω n, and �( )WL p ω n, become �( )L p λ n, and �( )WL p λ n, with ≤ <λ n0 , respectively.

The second result of this paper can be stated as follows.

Theorem 1.3. Let �∈ ( )b BMOi
n and ω satisfy (1.1) with < ≤C1 2γ

0 for any < <γ n0 . Then, for any >β 0 and
cube = ( )B B x t, with center �∈x n and radius >t 0, there is











�

� ∏
( )

∣{ ∈ ( ) ( )( ) > }∣ ≤ ∥

→

∥
∣ ∣→

→

= ( )

ω B
z B x t f z β C b f

β
1 , : Φ ,m b

m m

i

m
i

L
BMO

1
L L

ω n
log

1,

where ( ) = ( + )
+x t tΦ 1 log , ∥

→

∥ = ∥ ∥

≤ ≤

b bsup
i m

iBMO
1

BMO and C is a positive constant depending on the dimension n.

Remark 1.4. By the definition of �( )WL ω n,m
1

, we may roughly say that � ( )( )

→

→ f xb is bounded from �( )LL L
ω n
log

1,

�×⋯× ( )LL L
ω n
log

1, to �( )WL ω n,m
1

in some sense.

2 Orlicz space, generalized Hölder inequalities, weak Lp spaces
and another kind of multilinear maximal function

First, we introduce some facts and theory related to the Orlicz spaces. For more information about Orlicz
spaces, one may refer to [17].

Suppose that [ ∞) → [ ∞)Φ : 0, 0, is a continuous, convex, increasing function with ( ) =Φ 0 0 and Φ
satisfies ( ) → ∞tΦ if → ∞t . Then, we say that Φ is a Young function.

For a function f defined on a cube Q, we define




















∫∥ ∥ = >

∣ ∣

∣ ( )∣

≤f λ
Q

f y
λ

yinf 0 : 1 Φ d 1 ,Q

Q

Φ,

which is called the mean Luxemburg norm of f on Q.
Obviously, if ≤Φ Ψ, then

∥ ∥ ≤ ∥ ∥f f .Q Ψ QΦ, ,
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For a Young function Φ, we may define its complementary function ( )sΦ̄ as

( ) = { − ( )}

>

s st tΦ̄ sup Φ .
t 0

Obviously, ( ) = ( + )
+t t tΦ 1 log is a Young function and its complementary function ( ) ≈s eΦ̄ s (see [17]).

From [18], we know that if E F G, , are Young functions and satisfy

( ) ( ) ≤ ( ) (∀ > )
− − −E t G t F t t 0 .1 1 1

Then, the following generalized Hölder inequality holds.

∥ ∥ ≤ ∥ ∥ ∥ ∥fg f g2 .F Q E Q G Q, , ,

In this case, we have

∫
∣ ∣

∣ ( ) ( )∣ ≤ ∥ ∥ ∥ ∥

Q
f y g y y f g1 d .

Q

Q QΦ, Φ̄,

When ( ) = ( + )
+t t tΦ 1 log , we write ∥ ∥ = ∥ ∥f fL L Q Qlog , Φ, and ∥ ∥ = ∥ ∥f fL Q Qexp , Φ̄, . Thus, we get

∫
∣ ∣

∣ ( ) ( )∣ ≤ ∥ ∥ ∥ ∥

Q
f y g y y f g1 d .

Q

L L Q L Qlog , exp , (2.1)

By the definition of ∥ ∥f QΦ, , it is easy to see that

∫
∣ ∣

∣ ( )∣ = ∥ ∥ ≤ ∥ ∥

Q
f x x f f1 d .

Q

L Q L L Q, log ,1 (2.2)

Moreover, for �∈ ( )b BMO n , using the John-Nirenberg inequality, we have∥ − ∥ ≤ ∥ ∥b b C bQ L Qexp , BMO . Thus,
(2.1) can be written as follows:

∫
∣ ∣

∣ ( )( ( ) − )∣ ≤ ∥ ∥ ∥ ∥

Q
f y b y b y C f b1 d .

Q

Q L L Qlog , BMO (2.3)

Next, following [16], we introduce the generalizedMorrey space �( )LL L
ω n
log

1, related to L Llog type associa-
ted with ω, that is,



















� � �( ) = ∈ ( ) ∥ ∥ =
∣ ∣

( )

∥ ∥ < ∞( )L f L f Q
ω Q

f: sup .L L
ω n n

L
Q

L L Qlog
1,

loc log ,L L
ω n1 log

1,

Obviously, it is easy to see that � �( ) ⊂ ( )L LL L
ω n ω n
log

1, 1, from (2.1) (see [16]).

Now, we introduce the definition of the weak L p space (see [19]).

Suppose that X is a measure space and has the normal Lebesgue measure. For < < ∞p0 , the weak
( )L Xp is defined as the set of all Lebesgue measurable functions f , such that

∥ ∥ = { ( ) > } < ∞( )

/
∞f λd λ λsup : 0 ,L X f

p1p,

where the definition of ( )d γf is

( ) = ∣{ ∈ ∣ ( )∣> }∣d λ x X f x λ: .f

Finally, we introduce another kind of multilinear maximal function � ( )( )

→

f xc as follows:

� ∫ ∏( )( ) =

∣ ( )∣

∣ ( )∣

→
→

>

( )
=

f x
Q x r

f y dysup 1
,

.c
r

m
Q x r j

m

j j
0

, 1m
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Moreover, we define the commutator of � ( )( )

→

f xc
bj as

� ∫ ∏( )( ) =

∣ ( )∣

∣ ( ) − ( )∣ ∣ ( )∣

→
→

>

( )
=

f x
Q x r

b x b y f y dysup 1
,

.c
b

r
m

Q x r

j j j
i

m

i i
0

, 1

j

m

Then, it is easy to see [12]

� � � �( )( ) ( )( ) ( )( ) ( )( )

→ → → →

f x f x f x f x~ and ~ .c c
b bj j (2.4)

3 Some useful lemmas

In this section, we would like to give some lemmas, which is very useful throughout this paper. For some
techniques to deal with commutators of operators on Morrey-type spaces, one may see [4,12,16,20–22] for
more details.

Lemma 3.1. Suppose that �∈ ( )f BMO n and �∈
+r r,1 2 , then for any < < ∞p1 and �∈

+j , we have

(i)










 ( )∫ ∣ ( ) − ∣ ≤ + ∣ ∣ ∥ ∥

∣ ( )∣

( )

( )f x f x C fd 1 log .Q x r
Q x r

Q x r
r
r

1
,

,
, BMO

0 1
0 1

0 2
1

2

(ii)










∫∥ ∥ ∣ ( ) − ∣

∣ ∣

/

f f x f x~ sup d .
Q Q

Q
Q

p

p

BMO
1

1

(iii) ∣ − ∣ ≤ ( + )∥ ∥+f f C j f1Q Q2 BMOj 1 .

The proof of Lemma 3.1 is very standard and can be found in many papers.

Lemma 3.2. Suppose that / = ∑ /
=

p p1 1i
m

i1 with >p 1i . If ∈b BMOi with = …i m1, , ,we obtain that � ( )( )

→

→ f xb is
bounded from � �( ) ×⋯× ( )L Lp λ n p λ n, ,m1 to �( )L p λ n, with ≤ <λ n0 . That is,

� �� ∏∥ ( )∥ ≤ ∥ ∥ ∥ ∥

→ →

→
( )

=

( )
f C b fb L

i

m

i LBMO
1

p λ n pi λ n, ,

with ∥ ∥ = ∥ ∥

→

b bsup
i

iBMO BMO .

Proof. By the definition of � ( )( )

→

→ f xb and the fact � �( )( ) ( )( )

→ →

f x f x~c
b bi i , it suffices to consider � ( )( )

→

f xc
b1 .

For any cube = ( )B B x t, , we split each = +
∞f f fi i i

0 where =f f χi i B
0

2 and = ( )B B x t2 , 2 . Then, we get

� � � )∑∥ ( )∥ ≤ ∥ (

→

) ∥ + ′∥ ( … ∥ ≔ +

→

( )f f χ f f χ I II, , .c
b

L B c
b

B L c
b α

m
α

B L
0

1p p m p1 1 1 1

where … ∈ { ∞}α α, , 0,m1 and each term in the sum ∑′ contains at least one = ∞αi and one =α 0j .

For I , by the boundedness of � ( )( )

→

f xc
b1 on the product L p spaces (see [12]), it is easy to see

∏≤ ∥ ∥ ∥ ∥

=

/I C b f t .
i

m

i L
λ p

1 BMO
1

pi λ, (3.1)

To estimate II , first, we consider the case = ⋯= = ∞α αm1 . For any cube = ( )Q Q z r, with ∈ ( )z B x t, and
using the fact ∈ ( )y B x t, 2 c

1 and ∈ ( )z B x t, , we have

∫ ∫

∫

∣ ( )∣

∣ ( ) − ( )∣∣ ( )∣ =

∣ ( )∣

∣ ( ) − ( )∣∣ ( )∣

≤

∣ ( ) − ( )∣∣ ( )∣

∣ − ∣

>

( )

∞

>

( ) ⋂ ( )

>

( ) ⋂ ( )

Q z r
b z b y f y y

Q z r
b z b y f y y

C
b z b y f y

y z
y

sup 1
,

d sup 1
,

d

sup d

r
Q z r

r
Q z r B x t

r t
Q z r B x t

n

0
,

1 1 1 1 1 1
0

, ,2

1 1 1 1 1 1

2
, ,2

1 1 1 1 1

1
1

c

c
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∫

∫

∫

∫ ∫

≤

∣ ( ) − ( )∣∣ ( )∣

∣ − ∣

≤

∣ ( ) − ( )∣∣ ( )∣

∣ − ∣

≤

∣ ( )∣∣ ( ) − ( )∣

∣ − ∣

≤

∣ ( )∣∣ ( ) − ( ) ∣

∣ − ∣

+

∣ ( )∣∣ ( ) − ( ) ∣

∣ − ∣

≕ +

>

( ) ⋂ ( )

>

( )

( )

( ) ( )

C
b z b y f y

y x
y

C
b z b y f y

y x
y

f y b z b y
y x

y

f y b z b
y x

y
f y b y b

y x
y

A A

sup d

sup d

d

d d

.

r t
Q z r B x t

n

r t
B x t

n

B x t
n

B x t

B
n

B x t

B
n

2
, ,2

1 1 1 1 1

1
1

2
,2

1 1 1 1 1

1
1

,2

1 1 1 1 1

1
1

,2

1 1 1 1

1
1

,2

1 1 1 1 1

1
1

1 2

c

c

c

c c

For A1, we decompose it as

∫∑≤

∣ ( )∣∣ ( ) − ( ) ∣

∣ − ∣
=

∞

⧹
+

A
f y b z b

y x
yd

j B B

B
n1

1 2 2

1 1 1 1

1
1

j j1

with = ( )
+ +B B x t2 , 2j j1 1 .

As it is easy to see ≤ ∣ − ∣ ≤

+

x yt t n2
2 1

2
2

j j 1
, which implies

∣ ∣

≤

∣ − ∣

≤

∣ ∣
+

C
B x y

C
B2

1
2

,j n j
1
1

1

2

where C1 and C2 are positive constants depending on the dimension n and = ( )
+ +B B x t2 , 2j j1 1 . Thus, we

conclude that there exists a constant C depending on the dimension n, such that
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with the constant C depending on the dimension n.
For the estimates of A2, we decompose it as
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Then, using Lemma 3.1, the Hölder inequality and (3.2) again, there is
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where the positive constant C is depending on the dimension n.
Thus, we obtain
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Combining the aforementioned estimates, we may obtain
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Finally, for the case that = ⋯= =α α 0j jl1 for some { … } ⊂ { … }j j m, , 1, ,l1 where ≤ <l m1 , we only con-
sider the case = ∞ = ∞α α,1 2 and = ⋯= =α α 0m3 since the other cases follow in a similar way. Using (2.4)
with =m 1, the Hölder inequality and the aforementioned estimates, there is
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where ( )( )M f xb is the commutator generated by the ( )( )M f x and the symbol b, that is,
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Combining the estimates of I and II, we finish the proof of Lemma 3.2 from the definition of �( )L p λ n, .
□

Using the similar ideas and estimates in the proof of Lemma 3.2, we can easily get the boundedness of

� ( )( )

→

f x on �( )L p λ n, and we still give a sketch and simple proof of the following lemma for the sake of
completeness.
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Proof. We only give some main steps of this proof. It suffices to study � ( )( )

→

f xc . Following the proof of

Lemma 3.2, we split each = +
∞f f fi i i

0 with =f f χi i B
0

2 . Then, we decompose � ( )( )

→

f zc as

� � � )∑( )( ) = (

→

)( ) + ′ ( … ( ) ≔ +

→

f z f z f f z I I, , ,c c c
α

m
α0

1 1 2m1
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where each term in (3.6) contains at least one = ∞αi and one =α 0j .

By checking the proof of Lemma 3.2, we know that (3.4) follows from the boundedness of � ( )( )

→

f x
on product L p spaces (see [10]) and (3.5) follows from (3.3) and the multilinear Hölder inequality on L p

spaces.
For (3.6), without loss of generality, using (3.3) and the similar estimates of �∥ ( … ) ∥

∞ ∞f f f f χ, , , ,b
m B L1 2 3

0 0 p1 in
the proof of Lemma 3.2, we know that (3.6) is also true. □
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Lemma 3.5. [22] Let ≤ < ∞p1 and ≤ ≤λ n0 . Then for any ( )B x t,0 0 , we have
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where C is a positive constant only depending on the dimension n.

4 Proof of Theorem 1.1.

In this section, we will give the proof of Theorem 1.1. First, using Lemmas 3.2–3.4, we know that (II)
implies (I).

Next, we show ( ) ⇒ ( )I III andwe only prove the case forb1. Choose ( ) = ( ) ∈f x χ x Li Q
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where C is a positive constant depending on the dimension n.
From [12, p. 991], we have
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Finally, ( ) → ( )III II can be found in [2].
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where … ∈ { ∞}α α, , 0,m1 and each term in the sum ∑′ contains at least one = ∞αi and =α 0j .
For I , using [12, Theorem 1.9] and (2.2), we have
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Recall the condition of Theorem 1.3 and the fact < ≤C1 2γ
0 with < <γ n0 . Thus, using the Hölder

inequality and (2.2), we obtain
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where C is a positive constant depending on γ and the dimension n.
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where C is a positive constant depending on γ and the dimension n.
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For H2, there is
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Similar to the estimates of H1, it is easy to see
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where C is a positive constant depending on γ and the dimension n.
Combining the estimates of H1 and H2, we get
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For III, without loss of generality, we only consider = =α α 01 2 and = = = ⋯= = ∞α α α αm3 4 5 .
Recall the definition of ( )( )M f xb and ( )( )M f x . Then, using the Hölder inequality for weak L p space (see
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According to the endpoint estimates of Mb (see [1]), (2.2) and the definition of �( )LL L
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Finally, using the fact ( ) ↪ ( )
∞L B L B1 1, and adopting some similar estimates in the proof of II, we can

easily obtain
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Combining the estimates of I, II and III, we finish the proof of Theorem 1.3.
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