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1 Introduction

The Hermite-Hadamard inequality discovered by C. Hermite and J. Hadamard (see, e.g., [1], [2, p. 137]) is
one of the most well-established inequalities in the theory of convex functions with a geometrical inter-
pretation and many applications. These inequalities state that if →f I: � is a convex function on the
interval I of real numbers and ∈ω ω I,1 2 with <ω ω1 2, then
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Both inequalities hold in the reversed direction if f is concave. We note that the Hermite-Hadamard
inequality may be regarded as a refinement of the concept of convexity and it follows easily from
Jensen’s inequality. Hermite-Hadamard inequality for convex functions has received renewed attention
in recent years, and a remarkable variety of refinements and generalizations have been studied.

On the other hand, quantum calculus, sometimes called calculus without limits, is equivalent to
traditional infinitesimal calculus without the notion of limits. In the field of q-analysis, many studies
have recently been carried out. It has applications in numerous areas of mathematics such as combina-
torics, number theory, basic hypergeometric functions, orthogonal polynomials, and in fields of other
sciences such as mechanics, theory of relativity, and quantum theory [3–7]. Apparently, Euler invented
this important branch of mathematics when he used the q parameter in Newton’s work on infinite series.
Later, the q-calculus was first given by Jackson [3]. In 1908–1909, the general form of the q-integral and
q-difference operator was defined by Jackson [6]. In 1969, for the first time Agarwal [8] defined the q-frac-
tional derivative. In 1966–1967, Al-Salam [9] introduced a q-analog of the q-fractional integral and
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q-Riemann-Liouville fractional. In 2004, Rajkovic gave a definition of the Riemann-type q-integral, which
was generalized to the Jackson q-integral. In 2013, Tariboon introduced the Dqω1 -difference operator [10].

In recent years, because of the importance of convexity in numerous fields of applied and pure mathe-
matics, it has been significantly investigated. The theory of convexity and inequalities are strongly con-
nected to each other, therefore, various inequalities can be established in the literature which are proved
for convex, generalized convex, and differentiable convex functions of single and double variables, see,
for example, [10–29].

The general structure of this paper consists of five main sections including Introduction. In Section 2,
we give some necessary important notations for concept q-calculus and we also mention some related
works in the literature. In Section 3 we present some new Hermite-Hadamard-type inequalities for qω2

integrals. Some refinements of quantum Hermite-Hadamard-type inequalities are proved in Section 4.
We also examine the relation between our results and inequalities presented in the earlier works.
Finally, in Section 5, some conclusions and further directions of research are discussed. We note that
the opinion and technique of this work may inspire new research in this area.

2 Preliminaries of q-calculus and some inequalities

In this section, we present some required definitions and related inequalities about q-calculus.
We have to give the following notation which will be used many times in the following sections (see [7]):
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Definition 1. [30] For a function [ ] →F ω ω: ,1 2 �, the qω1-derivative of F at ∈ [ ]ω ωϰ ,1 2 is characterized by
the expression:
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Definition 2. [18] For a function [ ] →F ω ω: ,1 2 �, the qω2-derivative of F at ∈ [ ]ω ωϰ ,1 2 is characterized by
the expression:
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Definition 3. [30] Let [ ] →F ω ω: ,1 2 � be a function. Then, the qω1-definite integral on[ ]ω ω,1 2 is defined as
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In [10], Alp et al. proved the following qω1-Hermite-Hadamard inequalities for convex functions in the setting
of quantum calculus:

Theorem 1. Let [ ] →F ω ω: ,1 2 � be a convex differentiable function on [ ]ω ω,1 2 and < <q0 1. Then
q-Hermite-Hadamard inequalities are as follows:
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On the other hand, Bermudo et al. gave the following new definition and were able to prove the corre-
sponding Hermite-Hadamard-type inequalities:

Definition 4. [18] Let [ ] →F ω ω: ,1 2 � be a function. Then, the qω2-definite integral on[ ]ω ω,1 2 is defined as
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Theorem 2. [31] We have the following identities for qω2-integrals:
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Theorem 3. [18] Let [ ] →F ω ω: ,1 2 � be a convex function on [ ]ω ω,1 2 and < <q0 1. Then, q-Hermite-
Hadamard inequalities are as follows:
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3 New Hermite-Hadamard-type inequalities for qω2-integrals
In this section, we prove two new quantum Hermite-Hadamard inequalities for qω2-integrals.

Theorem 4. If [ ] →F ω ω: ,1 2 � is a convex differentiable function on [ ]ω ω,1 2 and < <q0 1, then we have
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Proof. We can write the equation of the tangent line for the function F at the point +
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By Definition 4, we get
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which gives the first inequality in (5). The second inequality is the same as in Theorem 3. □

Remark 1. If we take the limit →
−q 1 in Theorem 4, then the inequalities (5) reduce to (1).

Theorem 5. If [ ] →F ω ω: ,1 2 � is a convex differentiable function on [ ]ω ω,1 2 and < <q0 1, then we have
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This gives the first inequality in (6). The second inequality is the same as in Theorem 3. □
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Remark 2. If we take the limit →
−q 1 in Theorem 5, then the inequalities (6) reduce to (1).

Lemma 1. Let [ ] →F ω ω: ,1 2 � be a convex continuous function on [ ]ω ω,1 2 and < <q0 1. Then we have
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Proof. Lemma 1 follows directly from Definition 3 and quantum Jensen’s inequality. □

4 Main results

In this section, we present the refinements of quantum Hermite-Hadamard inequalities for qω2-integrals.
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By (9) and (10), we have the first part of (7). □
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Remark 3. If we take the limit →
−q 1 in Theorem 6, then the inequalities (7) reduce to the following

inequalities:
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≤

( − )

( )

ω ω
F q y d d y

ω ω
F t t y d d y d t

ω ω
F d

1 ϰ
2

ϰ 1 ϰ 1 ϰ

1 ϰ ϰ.

ω

ω

ω

ω

q
q

ω
q

ω

ω

ω

ω

ω

q
ω

q
ω

q
ω

ω

ω

q
ω

2 1
2

2 1
2

0

1

2 1

1

2

1

2

2 2

1

2

1

2

2 2 2

1

2

2











(12)

Proof. Let us consider the mapping [ ] →ϕ : 0, 1 � defined by

∫∫( ) =

( − )

( + ( − ) )ϕ t
ω ω

F t t y d d y1 ϰ 1 ϰ .
ω

ω

ω

ω

q
ω

q
ω

2 1
2

1

2

1

2

2 2

For all ∈ [ ]t t, 0, 11 2 and ≥α β, 0 with + =α β 1, by convexity of F , we have

∫∫

∫∫

∫∫

∫∫

( + ) =

( − )

(( + ) + ( − ( + )) )

=

( − )

( ( + ( − ) ) + ( + ( − ) ))

≤

( − )

( + ( − ) )

+

( − )

( + ( − ) ) = ( ) + ( )

ϕ αt βt
ω ω

F αt βt αt βt y d d y

ω ω
F α t t y β t t y d d y

α
ω ω

F t t y d d y

β
ω ω

F t t y d d y αϕ t βϕ t

1 ϰ 1 ϰ

1 ϰ 1 ϰ 1 ϰ

ϰ 1 ϰ

ϰ 1 ϰ ,

ω

ω

ω

ω

q
ω

q
ω

ω

ω

ω

ω

q
ω

q
ω

ω

ω

ω

ω

q
ω

q
ω

ω

ω

ω

ω

q
ω

q
ω

1 2
2 1

2 1 2 1 2

2 1
2 1 1 2 2

2 1
2 1 1

2 1
2 2 2 1 2

1

2

1

2

2 2

1

2

1

2

2 2

1

2

1

2

2 2

1

2

1

2

2 2

which shows that ϕ is convex on [ ]0, 1 . By applying Theorem 3 for the convex function ϕ on [ ]0, 1 , we have
the inequalities

∫
[ ]

≤ ( ) ≤

( ) + ( )

[ ]

ϕ q ϕ t d t ϕ qϕ
2

0 1
2

.
q

q
q

0

1
1








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That is,

∫∫ ∫∫∫

∫

( − )

+

[ ]

≤

( − )

( + ( − ) )

≤

−

( )

ω ω
F q y d d y

ω ω
F t t y d d y d t

ω ω
F d

1 ϰ
2

ϰ 1 ϰ 1 ϰ

1 ϰ ϰ.

ω

ω

ω

ω

q
q

ω
q

ω

ω

ω

ω

ω

q
ω

q
ω

q

ω

ω

q
ω

2 1
2

2 1
2

0

1
1

2 1

1

2

1

2

2 2

1

2

1

2

2 2

1

2

2











This completes the proof. □

Remark 5. If we take the limit →
−q 1 in Theorem 7, then the inequalities (12) reduce to the inequalities

∫∫ ∫∫∫

∫

( − )

+

≤

( − )

( + ( − ) )

≤

( − )

( )

ω ω
F y y

ω ω
F t t y y t

ω ω
F

1 ϰ
2

dϰd 1 ϰ 1 dϰd d

1 ϰ dϰ,

ω

ω

ω

ω

ω

ω

ω

ω

ω

ω

2 1
2

2 1
2

0

1

2 1

1

2

1

2

1

2

1

2

1

2








which are given in [33].

Theorem 8. Let [ ] →F ω ω: ,1 2 � be a q-differentiable convex continuous function and < <q0 1. Then the
inequalities

∫ ∫∫

∫

≤

−

( ) −

( − )

( + ( − ) )

≤

( ) + ( )

[ ]

−

−

( + ( − ) )

ω ω
F d

ω ω
F t t y d d y

t qF ω F ω
ω ω

F q q ω d

0 1 ϰ ϰ 1 ϰ 1 ϰ

2
1 ϰ 1 ϰ

ω

ω

q
ω

ω

ω

ω

ω

q
ω

q
ω

q
ω

ω

q
ω

2 1 2 1
2

1 2

2 1
2

1

2

2

1

2

1

2

2 2

1

2

2

















(13)

are valid for all ∈ [ ]t 0, 1 .

Proof. Since F is convex on [ ]ω ω,1 2 , it follows that

( + ( − ) ) ≤ ( ) + ( − ) ( )F t t y tF t F yϰ 1 ϰ 1 (14)

for all ∈ [ ]y ω ωϰ, ,1 2 and ∈ [ ]t 0, 1 . Taking double qω2-integration on both sides of (14) on[ ] × [ ]ω ω ω ω, ,1 2 1 2 ,
we obtain

∫∫ ∫∫

∫

( + ( − ) ) ≤ [ ( ) + ( − ) ( )]

= ( − ) ( )

F t t y d d y tF t F y d d y

ω ω F d

ϰ 1 ϰ ϰ 1 ϰ

ϰ ϰ,

ω

ω

ω

ω

q
ω

q
ω

ω

ω

ω

ω

q
ω

q
ω

ω

ω

q
ω

2 1

1

2

1

2

2 2

1

2

1

2

2 2

1

2

2

which gives the first part of (13). On the other hand, since F is q -differentiable convex on [ ]ω ω,1 2 and
′ ≥F D Fq

ω2 , we have

( + ( − ) ) − ( ) ≥ ( − ) ( )F t t y F y t y D F yϰ 1 ϰ q
ω2

for all ∈ [ ]y ω ωϰ, ,1 2 and ∈ [ ]t 0, 1 . Taking double qω2-integration on both sides of the above inequality on
[ ] × [ ]ω ω ω ω, ,1 2 1 2 , we obtain

∫∫ ∫ ∫∫( + ( − ) ) − ( − ) ( ) ≥ ( − ) ( )F t t y d d y ω ω F d t y D F y d d yϰ 1 ϰ ϰ ϰ ϰ ϰ .
ω

ω

ω

ω

q
ω

q
ω

ω

ω

q
ω

ω

ω

ω

ω

q
ω

q
ω

q
ω

2 1

1

2

1

2

2 2

1

2

2

1

2

1

2

2 2 2 (15)
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By (iv) of Theorem 2, we have

∫∫

∫

∫

∫

( − ) ( )

= ( − )

+

[ ]

− ( )

= ( − )

+

[ ]

− ( ) − ( + ( − ) )

+

+

−

= ( − ) ( ) − ( − )

( ) + ( )

[ ]

y F D F y d d y

ω ω a qb y D F y d y

ω ω a qb y F y F qy q b D a qb
q

y d y

ω ω F d ω ω qF ω F ω

ϰ ϰ

2

2
1

1

ϰ ϰ
2

.

ω

ω

ω

ω

q
ω

q
ω

q
ω

ω

ω

q
q

ω
q

ω

q ω

ω

ω

ω

q
ω

q
ω

ω

ω

q
ω

q

2 1

2 1

2 1 2 1
2 1 2

1

2

1

2

2 2 2

1

2

2 2

1

2

1

2

2 2

1

2

2















































It follows from (15) that

∫ ∫∫

∫

( − ) ( ) − ( + ( − ) )

≤ ( − )

( ) + ( )

[ ]

− ( − ) ( + ( − ) )

ω ω F d F t t y d d y

t ω ω qF ω F ω ω ω F q q ω d

ϰ ϰ ϰ 1 ϰ

2
ϰ 1 ϰ ,

ω

ω

q
ω

ω

ω

ω

ω

q
ω

q
ω

q
ω

ω

q
ω

2 1

2 1
2 1 2

2 1 2

1

2

2

1

2

1

2

2 2

1

2

2

















for all ∈ [ ]t 0, 1 , which is the second part of (13). □

Remark 6. If we take the limit →
−q 1 in Theorem 8, then the inequalities (13) reduce to the inequalities

∫ ∫∫

∫

≤

−

( ) −

( − )

( + ( − ) )

≤

( ) + ( )

−

−

( )

ω ω
F

ω ω
F t t y y

t F ω F ω
ω ω

F

0 1 ϰ dϰ 1 ϰ 1 dϰd

2
1 ϰ dϰ ,

ω

ω

ω

ω

ω

ω

ω

ω

2 1 2 1
2

1 2

2 1

1

2

1

2

1

2

1

2















which can be seen in [33,34].

Corollary 2. Under assumptions of Theorem 8 with =t 1
2 , we have the inequalities

∫ ∫∫

∫

≤

−

( ) −

( − )

+

≤

( ) + ( )

[ ]

−

−

( + ( − ) )

ω ω
F d

ω ω
F y d d y

qF ω F ω
ω ω

F q q ω d

0 1 ϰ ϰ 1 ϰ
2

ϰ

1
2 2

1 ϰ 1 ϰ .

ω

ω

q
ω

ω

ω

ω

ω

q
ω

q
ω

q
ω

ω

q
ω

2 1 2 1
2

1 2

2 1
2

1

2

2

1

2

1

2

2 2

1

2

2
























(16)

Remark 7. If we take the limit →
−q 1 in Corollary 2, then the inequalities (16) reduce to the inequalities

∫ ∫∫ ∫≤

−

( ) −

( − )

+

≤

( ) + ( )

−

−

( )

ω ω
F

ω ω
F y y F ω F ω

ω ω
F0 1 ϰ dϰ 1 ϰ

2
dϰd 1

2 2
1 ϰ dϰ ,

ω

ω

ω

ω

ω

ω

ω

ω

2 1 2 1
2

1 2

2 1
1

2

1

2

1

2

1

2
























which are given in [33].
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Theorem 9. Let [ ] →F ω ω: ,1 2 � be a q-differentiable convex continuous function which is defined at

the point ∈ ( )

+

[ ]

ω ω,ω qω
2 1 2

q

1 2 and < <q0 1. Then the following inequalities hold:

∫ ∫

∫

≤

−

( ) −

−

+ ( − )

+

[ ]

≤ ( − )

( ) + ( )

[ ]

−

−

( + ( − ) )

ω ω
F d

ω ω
F t t qω ω d

t qF ω F ω
ω ω

F q q ω d

0 1 ϰ ϰ 1 ϰ 1
2

ϰ

1
2

1 ϰ 1 ϰ .

ω

ω

q
ω

ω

ω

q
q

ω

q
ω

ω

q
ω

2 1 2 1

2 1

1 2

2 1
2

1

2

2

1

2

2

1

2

2



























(17)

Proof. Since F is convex on [ ]ω ω,1 2 , by Theorem 3, it follows that

∫ ∫ ∫

∫

∫

−

( ) =

−

( ) +

−

−

( )

≥

−

( ) + ( − )

+

[ ]

≥

−

+ ( − )

+

[ ]

ω ω
F d t

ω ω
F d t

ω ω
F d

t
ω ω

F d t F ω qω

ω ω
F t t ω qω d

1 ϰ ϰ ϰ ϰ 1 ϰ ϰ

ϰ ϰ 1
2

1 ϰ 1
2

ϰ

ω

ω

q
ω

ω

ω

q
ω

ω

ω

q
ω

ω

ω

q
ω

q

ω

ω

q
q

ω

2 1 2 1 2 1

2 1

1 2

2 1

1 2

1

2

2

1

2

2

1

2

2

1

2

2

1

2

2





















for all ∈ [ ]t 0, 1 , which becomes the first part of (17). On the other hand, since F is q-differentiable convex on
[ ]ω ω,1 2 , we have

+ ( − )

+

[ ]

− ( ) ≥ ( − )

+

[ ]

− ( )F t t ω qω F t ω qω D Fϰ 1
2

ϰ 1
2

ϰ ϰ .
q q

q
ω1 2 1 2 2





















Taking the qω2-integration on the above inequality on [ ]ω ω,1 2 , we obtain

∫ ∫

∫

−

+ ( − )

+

[ ]

−

−

( )

≥

−

( − )

+

[ ]

− ( )

ω ω
F t t ω qω d

ω ω
F d

ω ω
t ω qω D F d

1 ϰ 1
2

ϰ 1 ϰ ϰ

1 1
2

ϰ ϰ ϰ.

ω

ω

q
q

ω

ω

ω

q
ω

ω

ω

q
q

ω
q

ω

2 1

1 2

2 1

2 1

1 2

1

2

2

1

2

2

1

2

2 2





















(18)

We also have

∫ ∫

+

[ ]

− ( ) = ( + ( − ) ) − ( − )

( ) + ( )

[ ]

ω qω D F d F q q ω d ω ω qF ω F ω
2

ϰ ϰ ϰ ϰ 1 ϰ
2

.
ω

ω

q

ω
q q

ω

ω

ω

ω
q

q

1 2
2 2 1

1 2

1

2

2 2

1

2

2








 (19)

From (18) and (19), we get the second part of (17). □

Theorem 10. Let [ ] →F ω ω: ,1 2 � be a q-differentiable convex continuous function which is defined at

the point ∈ ( )

+

[ ]

ω ω,qω ω
2 1 2

q

1 2 and < <q0 1. Then the inequalities

∫ ∫

∫

( − )

( − )( − )

[ ]

′

+

[ ]

≤

−

( ) −

−

+ ( − )

+

[ ]

≤ ( − )

( ) + ( )

[ ]

−

−

( + ( − ) )

t q ω ω F qω ω

ω ω
F d

ω ω
F t t qω ω d

t qF ω F ω
ω ω

F q q ω d

1 1
2 2

1 ϰ ϰ 1 ϰ 1
2

ϰ

1
2

1 ϰ 1 ϰ

q q

ω

ω

q
ω

ω

ω

q
q

ω

q
ω

ω

q
ω

2 1 1 2

2 1 2 1

1 2

2 1

2 1
2

1

2

2

1

2

2

1

2

2





































(20)

are valid for all ∈ [ ]t 0, 1 .
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Proof. The proof of this theorem follows a similar procedure to that in Theorem 9 by using Theorem 4. □

Theorem 11. Let [ ] →F ω ω: ,1 2 � be a q-differentiable convex continuous function which is defined at
the point ∈ ( )

+ ω ω,ω ω
2 1 2

1 2 and < <q0 1. Then the inequalities

∫ ∫

∫

( − )

( − )( − )

([ ] )

′

+

≤

−

( ) −

−

+ ( − )

+

≤ ( − )

( ) + ( )

−

−

( + ( − ) )

t q ω ω F ω ω

ω ω
F d

ω ω
F t t ω ω d

t F ω F ω
ω ω

F q q ω d

1 1
2 2 2

1 ϰ ϰ 1 ϰ 1
2

ϰ

1
2

1 ϰ 1 ϰ

q

ω

ω

q
ω

ω

ω

q
ω

ω

ω

q
ω

2 1 1 2

2 1 2 1

1 2

1 2

2 1
2

1

2

2

1

2

2

1

2

2





































(21)

are valid for all ∈ [ ]t 0, 1 .

Proof. The proof of this theorem follows a similar procedure to that in Theorem 9 by using Theorem 5. □

Remark 8. If we take the limit →
−q 1 , then the inequalities (17), (20) and (21) reduce to

∫ ∫

∫

≤

−

( ) −

−

+ ( − )

+

≤ ( − )

( ) + ( )

−

−

( )

ω ω
F

ω ω
F t t ω ω

t F ω F ω
ω ω

F

0 1 ϰ dϰ 1 ϰ 1
2

dϰ

1
2

1 ϰ dϰ ,

ω

ω

ω

ω

ω

ω

2 1 2 1

1 2

1 2

2 1

1

2

1

2

1

2
























which are given in [33].
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