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Abstract: Let fi(z) =z + Zﬁzzanz” be the sequence of partial sums of the analytic function f(z) =z +
Yo ,ayz". In this paper, we determine sharp lower bounds for Re{f(z)/fi ()}, Re{fi(2)/f(2)}, Re{f' (2)/fi(2)}
and Re{fi(2)/f'(z)}, where f(z) belongs to the subclass J ».q(Ms @, B) of analytic functions, defined by
Salagean (p, q)-differential operator. In addition, the inclusion relations involving Ns(e) of this generalized
function class are considered.
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1 Introduction and preliminaries
Let A denote the class of functions of the form
f@) =z+ ) anz, (1.1)
n=2

which are analytic and univalent in the open disc D = {z : |z] < 1}. We also denote 7 a subclass of A
introduced and studied by Silverman [1], consisting of functions of the form:

f@=z- Yaz", ay20;zeD. (1.2)
n=2
For functions f € A given by (1.1) and g € A given by g(z) = z + )" ,b,z", we define the Hadamard
product (or convolution) of f and g by (f * g)(z) =z + Y, ,anbpz", z € D.
We briefly recall here the notion of g-operators i.e. g-difference operator that plays vital role in the theory
of hypergeometric series, quantum physics and in the operator theory. The application of g-calculus was
initiated by Jackson [2] (also see [3-5]). Kanas and Raducanu [4] have used the fractional g-calculus operators
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in investigations of certain classes of functions which are analytic inD. For p > 0, g > 0 the (p; q)-differential
operator of a function f, analytic in D is defined for a function f € A is, by definition, given as follows [2]:

fpz) - f(gz)
D = %) 7 1Re2) #q). 1.3
p.af (2) -z ®+q (1.3)
From (1.3), we have
Dpof (2) = 1+ Y [n]pqanz"", (1.4)
n=2
where
le _ qu
- , [Ol,q = 0. 1.5
[(nlp,q b q [Olp,q (1.5)

The twin-basic number is a natural generalization of g-number, that is

[n], = %, @+, (1.6)

which is sometimes called the basic number n.
One can easily verify that D, ,f(z) — f'(z) as p - 1" and g — 1". It is clear that g-integers and

(p; q)-integers differ, that is, we cannot obtain (p; q)-integers just by replacing g by % in the definition of

q-integers. However, (1.5) reduces to (1.6) for the case p = 1. Thus, we can say that (p; q)-calculus can be
taken as a generalization of g-calculus. The (p; q)-factorial is defined by

Mlpg! = [[lklpq! (n21), [0],q! =1. A.7)
k=1

n
Note that p — 1" the (p; q)-factorial reduces to the g-factorial. Also, clearly

limlim = [n],,!=n! and limlim = [n],, = n.
p—lg—1 p—la—l

For details on g-calculus and (p, q)-calculus, one can refer to [2,6,7] and also references cited therein.
Recently for f € A, Govindaraj and Sivasubramanian [8] defined Salagean (q)-differential operator and
further Kanas and Raducanu [4] defined and discussed Salagean (p, q)-differential operator as follows:
DY f2) = f(2),
D), f (@) = 2Dy of (2),

DY f(2) = 2D}y (D} 'f(2)), (1.8)
DY f2)=z+ Y [y, anz" (meNo,z € D).
n=2
It is interesting that one can observe
lim D7 f(z) = D"f(z) =z + Y n"a,z" (m €N, z €D), (1.9)
»,q)—(1,1) )

the familiar Salagean derivative [9].
ForO<u<1,0<a<1, >0 and m e Ny, we let jg',q(y, a, 8) be the subclass of A, consisting of
functions of the form (1.1) and satisfying the analytic criterion

o DRf@ Dpaf@
1 -z +udy f(z) 1 - Wz + uDy f(2)

> B 1|, zeD, (1.10)

where DY f(z) is given by (1.8). We further let 7.7 ,(u, a, B) = T s, a, B) N 7.
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By taking u = 1 we get 7.7 ,(1, @, B) = TSP 4(a, B) studied by Kanas and Raducanu [4]. Further by
specializing the parameter u = 0, we define the following new subclass:

Remark 1.1. For y =0, me Ny, 0 <a<1and >0, let 777 ,0, a, B) = USDY, ,(a, B) be the subclass
of A, consisting of functions of the form (1.1) and satisfying the analytic criterion

m[@';zlﬂz) ) a) s 8 ‘D’,’;,;lf(Z) B

z z

1|, zeD, (1.11)

where D7 f(z) is given by (1.8).

Remark 1.2. For y=0,8=0,0<a <1 and m € Ny, let Tjﬁq(l, a,0) = R'{,',q(a) be the subclass of A,
consisting of functions of the form (1.1) and satisfying the analytic criterion
m[DZ’,;lf(z)

]>a zeD, (1.12)
z

where DY f(z) is given by (1.8).

Remark 1.3. As limg, g1 ,1), Z)Zl,qf (z) reduces to various interesting subclasses (as mentioned earlier)
satisfying the analytic criterion

9&{( Dm+lf(z) ~ aj . B
(1 -z + ud"f(2)

D"f(z)

A=z + uD"f @) -1, zeD, (1.13)

where D™f(z) is given by (1.9).

2 Basic properties
In this section, we obtain the characterization properties for the classes 7.7 ,(i, a, B).
Theorem 2.1. A function f(z) of the form (1.1) is in T ,(u, a, B) if

Yl (g + ) — pl@+ P) lag <1 - a, .1)
n=2

where0 < u<1,0<a<1,>0andm e N,.
The result is sharp for the function

1-«a n
2 (Mg + B) — p@+ B)

fnz) =z

Proof. It suffices to show that

m+1 m+1
8 Dp,qf(zzn 1l om Dp,qf(zfn -1l<1-a
1 -wz+udy, f(z) (1-pwz+udy,f(2)
We have
P opfe | o DR
1 -wz+udy, f(z) (1 -wz+udDy,f(2)
caep) DTHf(z) 1‘ _ AP Yl (g — laliz .

(1- Wz + DT f(2) 1= 3 ]y g plagllizl!
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As |z| — 17, the last expression is bounded above by 1 — a if (2.1) holds. It is obvious that the function f,
satisfies the inequality (2.1), and thus 1 — a cannot be replaced by a larger number. Therefore, we need only
to prove that f € ‘Tjﬁq(y, a, B). Since

o 1~ Z:‘;iz[n];g,t,lanzmll a8 Zﬁiz[n]ﬁgo([n]pr,nq - u)anzl'”*1 '
1- Zn:Z[n]P,l]"la"ZrF 1- anz[n]p,qyanzn7

Letting z — 1 along the real axis, we obtain the desired inequality given in (2.1). O

Corollary 2.2. If f € ‘Tjﬁq(p, a, B), then

lan| < ml;a (2.2)
@y (1, a, B)
Equality holds for the function f(z) = z — mz”, where
DY (1, a, B) = [n]} 4([n],q(1 + B) — p(a + B)).
Throughout this paper for convenience, unless otherwise stated, we let
O = @ (1, a, B) = [n]; 4([n]p,q(1 + B) — u(a + B)) (23)
and
D = DT (4, @, B) = (217, (12Dpg (1 + B) — p(@ + B)), (2.4)

where0 <u<1,0<a<1,B>0andmeN,.

3 Partial sums

Silverman [10] determined sharp lower bounds on the real part of the quotients between the normalized
starlike or convex functions and their sequences of partial sums. In this section, following the earlier work
by Silverman [10] and also the work cited in [11-15] on partial sums of analytic functions, we study the ratio
of a function of the form (1.1) to its sequence of partial sums of the form

k
fi@ =z + Y anz",

n=2

when the coefficients of f(z) satisfy the condition (2.1).

Theorem 3.1. If f € A of the form (1.1) satisfies the condition (2.1), then

m[f(z)] s Phn-lra o 3.1)
fk(z) CD?H

where

1-a, ifn=2,3,...,k,
on =07 (u,a,B) = . 3.2
: p.abs @ B) {(kaﬂ, ifn=k+1,k+2,... G2

The result (3.1) is sharp with the function given by

1-a
fiz)=z+ @Tzk“. (3.3)
k+1
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Proof. Define the function w(z) by

k n-1 DF1 oo n-1
1+wiz) _ Pf, {f(z) o — 1+ a} R (l—a)zn:kﬂa"z

1-wiz) 1-alfiz) or 1+ Zﬁzzanzn’l

It suffices to show that |w(z)| < 1. Now, from (3.4) we can write

P ZOO a,z"1
1-q J&~n=k+1"1

w(z) = p o - .
225+ ()
Hence, we obtain
o 0
( 1 :a )Zn=k+l lan]
lw(z)| <

k (D;(n+1 (o8] )
2- 2Zn:2|a”| “\1-« Zn:kﬂla"l

Now |w(z)| < 1if and only if

on 00 k
Z(Lj Y lanl <2-2) layl,

l-a n=k+1 n=2

or, equivalently,

k 0 om

k+1
dlag + Y gl <L
n=2 n=k+1+ ~ a

From the condition (2.1), it is sufficient to show that

k o o

o, or
Y lanl + Z—l * Ianlszl " |ay|,
n=2 n=k+1~ n2l T &

which is equivalent to
k m 0 m m
O -1+a o -
Z(k—] las + ) (%j la,| > 0.
n=2 I-a n=k+1 -a
To see that the function given by (3.3) gives the sharp result, we observe that for z = re?™/"

1-— 1- O, . —1+a
f(2) :1+T“Zn_>1_ q)ma = kHCD’" , whenr—1.
fk(z) k+1 k+1 k+1

Theorem 3.2. If f of the form (1.1) satisfies the condition (2.1), then

f@) Oi+1-a

where @,; > 1 - a and

ms 1-a, ifn=23,...,k,
O ifn=k+1,k+2,...

The result (3.6) is sharp with the function given by (3.3).
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Proof. The proof follows by defining

1+wiz) O, +1-a filz)
1—w(z)_ 1-a

and much akin to similar arguments in Theorem 3.1.

We next turn to ratios involving derivatives.

chmH :'

f@) D +1-a

Theorem 3.3. If f of the form (1.1) satisfies the condition (2.1), then

mVyjzm% maDl-0 o
fn(Z) chm+1
and
m(fr:l(zj > CDan (Z € |D),
flz)) o+ (n+ 1A -y)

where @7, > (n + 1)(1 - a) and

k1 - a), if k=2,3,...,n

¢)ka k (Dgli-l
n+1

The results are sharp with the function given by (3.3).

Proof. We write

), if k=n+1,n+2,...

1+ w@) _ n+1 f'z) (P,
1-wz) (m+1DA-a)lfi2)

where

w(z) =

-+ DA - a)ﬂ

n+1

q)?ﬂ o k-1
( (+D1-a) )Zk:mlkakz

®m
2+ 2) kagzkt + ( 41

Now |w(z)| < 1if and only if

nm+1)(1-a

) )Zlinﬂkakzk_l

Zk|ak| 7’”1 Z klagl < 1.

+ 1)1 -a) k=n+1

From the condition (2.1), it is sufficient to show that

L Q o af
kla| + # klay| < |al,
2 i 3 e < X

which is equivalent to

k=2 k=n+1

To prove the result (3.9), we define the function w(z) by

S(DF - (1-ak S (n+ 1)OF — ko™,
Z[ 1 Jla"H ) meDi-q =0

m
cI)rH-l

L+wz) _ (n+ 1)1 -a)+ Q0| fi(z)
1-wz)  (A-on+1) |f@

m+11-a) + D,

and by similar arguments in the first part we get desired result.

|
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(3.9)

(3.10)
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4 Inclusion relations involving N;(e)

In this section following [16—18], we define the n, § neighborhood of function f(z) € 7 and discuss
the inclusion relations involving Ns(e).

Ns(f) = {g €T:8()=z- Ybpyz" and Y nlay - byl < 6}. (4.1)
n=2 n=2
Particularly for the identity function e(z) = z, we have
Ns(e) = {g €7:8(z)=z- Ybyz" and Y nlb,| < 6}. (4.2)
n=2 n=2

Theorem 4.1. Let

5= l-a
(215 4 (2lp.g(1 + B) — pla + B)

(4.3)
Then 7.9 'p,¢(M> @, B) < N(e).
Proof. For fe T Zl,q(}" a, B), Theorem 2.1, yields

(207 (2l g( + B) — p(a + ) Yap <1 - a,
n=2
so that
1-«a

Sia" < m .
n=2 (2154 (12lp,g(1 + B) — p(a + B)

On the other hand, from (2.1) and (4.4) we have

(4.4)

27,0+ B [lpgan<1—a+ 25 1@+ ) a
n=2 oo

(25 gu(a + B)(1 - a)
215, ([2]p,q(1 + B) — pla + B)
25,0+ 81 -
2l + B) - pa+ p)

. O
ngz[n]pyqan = [2lp.q + B) — u(a + B)

<l-a+

(4.5)

Now we determine the neighborhood for each of the class 7.9 g’q( U, @, B), which we define as follows.

A function f € 7 is said to be in the class 7.9 ’;',q(;u, a, B) if there exists a function g € 7.9 ™(u, a, B, n)
such that

1@ _
g(2)

1

<1l-n, (zeD, 0<n<1). (4.6)

Theorem 4.2.If g € 79 ,(u, a, B) and

n=1- 5[2]Z,q([2]p,q(1 +B) - pla+ ﬂ)). @)
2[2]5 4 ([2lp,g(1 + B) — p(a + B)

Then Ns(g) € T ™ (1, @, B, 1).
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Proof. Suppose that f € Ns(g), then we find from 4.1 that
anan - bnl < 6,
n=2

which implies that the coefficient inequality
- )
Dlan = bal < =
n=2 2

Next, since g € 797}, ,(i, a, B), we have

(o]

Yy < 1-a .
o2 (2154 ([2]p.q(1 + B) — p(a + B)

So that

fe@ 1‘ Dbl b PR pop@rp)

8(2) 1-Y"0be 20 2152+ B) —p@+p) - (1-a
provided that 7 is given precisely by (4.7). Thus by definition, fe 7.9 ﬁq(y, a, B, n) for n given by (4.7),
which completes the proof. O

5 Concluding remarks and observations

As a special case of the aforementioned theorems, we can determine new sharp lower bounds for SR( ff ((ZZ ))),

9%(’;;‘((22))), 9%(?53 ) and ER( ;"((2) for various function classes stated in Remarks 1.1 and 1.2 and upon specia-

lizing the values of y and  one can deduce various new subclasses on p, g-difference operator and prove
the above partial sums and neighborhood results.
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