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Abstract: This paper deals with the abstract evolution equations in L-spaces with critical temporal weights.
First, embedding and interpolation properties of the critical LS-spaces with different exponents s are inves-
tigated, then solvability of the linear evolution equation, attached to which the inhomogeneous term f and
its average @f both lie in an L{}-space, is established. Based on these results, Cauchy problem of the semi-
linear evolution equation is treated, where the nonlinear operator F(t, u) has a growth number p > s + 1,
and its asymptotic behavior acts like a(t)/t as t — O for some bounded function a(t) like (-logt)® with
2<p<oo.
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1 Introduction

This paper deals with the abstract evolution equations in LS-spaces with critical temporal weights or
equivalently critical LS-spaces. Given a Banach space X and a number0 < T < oo, let L°(0, T; X) be the collec-
tion of strongly measurable X-valued functions. Given two indices 0 < u <1 and 1 < s < oo, the weighted
abstract-valued Ls-space and W¥s-space are defined as follows:

L3(0,T; X) = {f € L0, T; X) : t"HIf(0)lx € L*(0, T)}

with the norm

1/s

T
Ulorn = | [ @Ak | |
0

and
WZ,"S(O, T; X) ={fe Whi0,T; X) : fO(t) € Ly0,T; X), j=0,1,....,k}

loc

with the norm

k
”f”w}’jvs(o,T;X) = Z ”f(])"L;(O,T;X),
j=0
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where fU) denotes the jth derivative of f in the sense of distribution. Evidently, if u = 1 in the aforemen-
tioned definitions, then we obtain the classical Lebesgue-Bochner space L5(0, T; X) and Sobolev-Bochner
space wks(0, T; X), respectively.

By means of Holder’s inequality, Priiss-Simonett [1] showed that under the restriction u > 1/s, L;(O, T; X)
can be embedded into LY(0, T; X), hence the trace of W;’S(O, T; X) makes sense. Moreover, the average
operator

t
1
Of (1) = ?lllf(T)llxdT

is bounded from Llf(O, T; X) to L;(O, T). More precisely,

1
I1Dfllzs0,m) < e 1fllzs0,755)- (1.1)

1/s

This is a direct corollary of Hardy’s inequality (cf. [1-3]).
Note that under the condition /s < u < 1, t0-M$ is a one-dimensional A-weight of Muckenhoupt class,

so L;(0, T; X) can be used to investigate the maximal regularity of the abstract evolution equations. Suppose

that A is a closed linear operator defined in X with the dense domain D(A), and-A generates an analytic

Co—semigroup e*4, Under this assumption, A is called a sectorial operator (refer to [4, §2.5] or [5, p. 130]).
Consider the linear evolution equation:

u' + Au=f(t), t>O0. (1.2)

We say (1.2) has the maximal LS-regularity on the interval [0, T], or symbolically A € MRs(0O, T; X), if for
every f e L50,T; X), equation (1.2) has a unique strong solution u € W50, T; X) such that u(0) = 0,
Au € [5(0, T; X), and (1.2) is satisfied for a.e. t € (0, T]. Evidently, this strong solution u has the integral
expression:
t
u(t) = Ie‘(t‘T)Af(T)dr. (13)

0
Moreover, by the closed graph theorem, there is a constant C(s, T) > 0 such that
lullwrso, 1,x) + MAullso, ;0 < C(S, T fllzso, 5x) - (1.4)

From [6,7], we know that maximal LS-regularity is an essential property of A, it does not depend on
the choice of s and T. In other words, if A € MR(0, T'; X) for some 1 < s’ < co and 0 < T' < oo, then
A € MRy(0,T; X) foralll <s < ooandall 0 < T < co. Moreover, the constant C(s, T) in (1.4) is uniform on
[So, $1] x (0, Tp] for 1 < sg < 51 < 0o and O < Ty < oco. For this reason, throughout this paper, we will omit
the indices s, T, only use C to denote the regularity constant in (1.4), without specifying the bounds of s
and T. For the sake of convenience, we also assume that semigroup e~ is uniformly bounded, i.e., there is
a constant My > 1 such that

max{|le |, t|Ae 4|} < My, forall t > 0. (1.5)

Equation (1.2) is said to have the maximal L;-regularity on [0, T, if for every f € L;(0, T; X), (1.2) has a
unique strong solution u € WI}S(O, T; X) satisfyingu(0) = 0 and Au ¢ Lﬁ(O, T; X). With the aid of the bound-
edness of @ on L;(0, T; X), [1] proved the equivalence of the maximal regularity of (1.2) on L%(0, T; X) and
on L;(O, T; X). This was also shown in [8] as a special case in the framework of singular operator theory.

There is a natural question arising up, that is whether or not the maximal regularity of (1.2) keeps in
the critical case u = 1/s. To our best knowledge, there is not an affirmative answer to this question. In the
method used in [1], average operator and Hardy’s inequality are employed, where the constant (u — 1/s)™!
appears definitely. Since (u — 1/s)"! blows up as u tends to 1/s, this method fails here. Moreover, since t5~! is
not a Muckenhoupt As weight anymore, boundedness of the singular integral operator employed in [8]
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disappears in the space L(0, T; X). For these reasons, the question posed above seems much interesting,
and it deserves full attention.

This paper makes a short investigation on the solvability of (1.2) in critical LS-spaces. Using decom-
position of the integral solution (1.3), together with the weak boundedness of one-dimensional fractional
integral operator on L!(0, T; X), we will show that if the function f belongs to L'(0, T; X) n L{5(0, T; X), then

equation (1.2) has a strong solution in W (0, T]; X) with Au, u’ € L{ (0, T; X). Furthermore, under the

additional assumption @f € Ly(0, T; X), then we also have Au, u’ € Lj)(0, T; X), and u € L}(0, T; X), an
L3-space with the critical weight ¢, This gives a partial answer to the above question.

In the second part of the paper, solvability of (1.2) in critical L*-spaces, and estimates (1.5) are applied to
the Cauchy problem of the semi-linear evolution equation:

u' +Au=F(t,u), t>O0, (1.6)
where f: [0, T] x X — X is a Caratheodory map, locally Lipschitzian about u, and subject to a growth of
the exponent -1 w.r.t. ¢, i.e.,

C
IF(t, u) - F(t, w)| < YIIM = vl(a(®) + [ulP~! + viP),

and

a(t)

IE(t, 0l < CT

for some positive function a(t) satisfying a(t)/t ¢ L}(0, T) and ®(a(-)/-) € L{(0, T). Using Banach’s contrac-
tion principle, with the aid of the function space L?°(0, T; X) (see Section 3), existence of the strong
solution of equation (1.6) with u(0) = 0 is established. Since a(t) can be selected such that a(t)/t belongs
to not L9(0, T) for any g > 1, but L'(0, T), results obtained here are useful supplements to the literature in
dealing with nonlinear evolution equations despite that the initial value in our model is only 0.

For other investigations on the maximal L-regularity of the evolution equations with different focuses,
please refer to [9-12] and [13, §3.4] etc.

2 Properties of critical L*-spaces and maximal Lj;-regularity of
evolution equations

Let 0 < T < co and 1 < s < co. Define the critical LS-space
Lis(0,T; X) = {f € L°0, T; X) : t""¥5f € L5(0, T; X)}.
Evidently, endowed with the norm
Ifzs0,m5x) = 16 fllso, 7,50

Ljj; becomes a Banach space. Furthermore, in the case s = 1, Lj(0, T; X) is exactly L0, T; X). As for s = oo,
we define

L0, T; X) = {f € L°(0,T; X) : tf € L*(0, T; X)}
with the norm
IfllLge 0,m:3) = Itf o0, 7;x) -

Unlike the subcritical case1/s < y < 1, here Lf;s(O, T; X) is not contained in L'(0, T; X) for s > 1 anymore.
For example, the function f(t) = (tlogt)'x (x € X) belongs to L;;(0, T; X), but it does not belong to
I'(0, T; X). On the other hand, direct calculation shows that
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L0, T; X) n LiR,(0, T; X) <= Li(0, T; X) 2.1)
foralll < s < oo, and
”f”Lls/s(O,T;X) < "f"%(SO,T;X) ”f”i}/}’f(O,T;X) (22)

for all fe L'(0,T; X) N Lyj5,(0, T; X). Furthermore, suppose that1 < s; <s <s; < co, and
1 1-6 6

S S1 S,

for some O < 6 < 1, then we have
1-0 0
”f”L]S/S(O,T;X) < ||f||L15/;1(0’T;X) ”f”Lféz(O,T;X) .

This shows the interpolation property of the critical L*-spaces. As a matter of fact, if we regard L;%(0, T; X)
as the space containing all the strongly measurable functions f satisfying

T

dt
Illtf(t)IB(T < co,
0

it is not hard to show that (cf. [14, §7.24] or[15, §5.2]), for every 1 < s < oo,
Lis(0, T; X) = (LYO, T; X), L3,(0, T5 X))yys,s

in the sense of isomorphism. Here (X, Y)g s stands for the real interpolation space associated with the
indices 8 and s between the two Banach spaces X and Y.
Next we make a short investigation on the maximal regularity of evolution equation (1.2) in critical
Ls-spaces. Suppose that 1 < s < co and f € Lj)(0, T; X), consider the decomposition of (1.3),
t t
u(t) — tl/s—lJe—(t—r)ATI—l/sf(T)dT + tl/s_lfe_(t_T)A(tl_l/s _ Tl_l/s)f(T)dT.
0 0

Let

t
]l(t) — tl/s—l'[ Ae_(t_T)ATl_l/sf(T)dT,
0

t
]Z(t) — tl/s—lj Ae—(t—r)A(tl—l/s _ Tl_l/s)f(T)dT.
0

Suppose that A € MR(0, T), then we have J; € LIS/S(O, T; X). As for |, by the estimates (1.5), we have

1@l

T 23)

t
1L@®)lx < Motl/s—1j
0

Since f e L'(0, T; X), by the mapping property of the fractional integral operator (cf. [16, §6.2]), we can
conclude that t1-'5), € L;(0, T; X), or ), € Li),,(0, T; X) in symbol. Thus, ) + /, € Lj;,,(0, T; X), which
implies that u(t) € D(A) a.e. on (0, T], and Au € Lf;syw(o, T; X). Consequently, u'(t) exists a.e. on (0, T] and
u' € Ly (0, T; X). Summing up, we have

Proposition 2.1. Under the hypothesis A € MR(0, T), for all f € L{(0, T; X) n L{,(0, T; X), integral (1.3) is the
strong solution of equation (1.2) associated with the initial condition u(0) = 0, and satisfies u € C([0, T],
X) n WLX0, T; X) and u', Au € L (0, T; X).

loc
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Remark 2.2. Inequality (2.3) has a different version as follows:
t
LM®lx < %J‘Ilf (Dlxdr,
0
from which, it is easy to see that, in addition to the condition f € L0, T; X) n LIS/S(O, T; X), if ©f € Lf/s(O, T),

then J, € Lji(0, T; X), consequently Au, u' € Lj}(0, T; X), and

Iw'llso,mx) + lAullLz0,;x) < (€ + Mo) (IflLs0,m:x) + 1D9fllLsy0,1))- (2.4)

For1 < s < oo, define another type of weighted L*-space
L350,T; X) = {u € L°0, T; X) : t¥u € 150, T; X)}
with the norm
lulleso, %) = It YSullso, 7;x)-

Here the temporal weight ¢! is also critical, it does not belong to the Muckenhoupt class.
Let us derive some estimates for the solution of (1.6) for further arguments. First, using (1.3) and (1.5),
we have

lu@®llx < Mojllf(T)IdeT = Mot®f(t), t>0.

Thus, under the assumption ®f € L;5(0, T; X), we can conclude that tYsy e 15(0, T; X), and

lulls0,7;%) < Mol DfllLs 0,1)- (2.5)
Moreover, if p > s + 1, then we have
T S (@-1-s)s T t s/t T s S
lu(m)115 1 1
[2 j WOW 4 | at < ms juf(t)nxdt ;[I Irlxdr || 2| 1@l | dr | de
0 0 0 0
p t ¥ (2.6)
< MG s [ earor) [rormypar | a
0 0
< MEIfIS o o) 1RFICE D, -

It is easy to check that

S

‘Pp,s,T(U)i I J||U(T)||Xd dt

defines a convex functional on L°(0, T; X). This functional also satisfies the following three properties

° I (pp’s,T()lu) is continuous on [0, co),
o qu,s’T(/\u) = %,S,T(u) provided |A| = 1, and
. (pp,s’T(u) =0 if and only ifu = 0

In a word, Gos,T is a continuous modular, so it generates a normed space from L°(0, T; X) (cf. [17]), denoted
by L?5(0, T; X). One can also verify that the norm generated by @, 5,7 1s exactly gol/’;ST, according to which,
LP5(0, T; X) is a Banach space embedded into L}(0, T; X).
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According to the definition of L”*(0, T; X) and inequality (2.6), we then obtain the second estimate of u,

s 1-(1+s)jp (1+s)/p
lulloso,riz) < MolfIs o oo IOFICE 0%y @7)

3 Solvability of semilinear evolution equations with temporal
growth exponent -1

Now, we are ready to deal with the semi-linear evolution equation (1.6). Here A is a sectorial operator
having the maximal regularity on [0, T] with 0 < T < co, F: [0, T] x X — X is a Caratheodory operator
satisfying H(F):

(1) Forallu € X, t — F(t, u) is strongly measurable on [0, T],

(2) fora.e.t e [0,T], u — F(t, u) is locally Lipschitz such that

IF(t, u) - F(t, v)lx < %Ilu — Vix(a(t) + ulg™" + vIg™ G

for some p > s + 1.
(3) The one-dimensional Lebesgue measure of the set {t € [0, T] : |F(t, 0)|x > O} is larger than 0, and

IE(t, O)llx < C@ a.e.on [0, T]. (3.2)
Here a(t) > 0 is a bounded function verifying
T
I@dt < oo and db(&) € Li(0,T). (3.3)

0

Remark 3.1. The function a(t) = [logt|? with 2 < p < oo satisfies hypotheses (3.3) provided 0 < T < 1, but
a(-)/-¢L9(0,T) forall1 < g < oo.

Theorem 3.2. Under the assumptions A € MR(0, T) and H(F), there exists a number 0 < r < oo such that if

(D(a(dj
then equation (1.6) admits a unique nontrivial strong solution

u € C([0,T]; X) n L0, T; X) n L*(0, T; X)

T T 1/s

H(T) = J @dn j @dt laltsls ) +
0 0

<r
Lj(0,T)

>

such that u(0) = 0, and both u' and Au belong to L;}(0, T; X).

Proof. Introduce two intersection spaces

Xr = C([0, T]; X) n LJ(0, T; X) n L/*(0, T; X),
Yr = {f € L0, T; X) : f € Ljii(0, T; X), and ®f € L0, T)}.

Evidently, endowed with the norms

lullx, = lullcqo, ;%) + lullzso, ;%) + lullLeso, ;%)
Iflvy = Wflzo, ) + IflLs 0,15 + IPFlLs 0,1

respectively, Xr and Yr are both Banach spaces.
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Take any u € Xy, we assert that the composite function Gu = F(-, u(-)) belongs to Yr. As a matter of fact,
by (3.1) and (3.2), we have

()

IGu®llx < C—— 1 + [u(@®)llx) + %Ilu(t)llé}

cx(t)

u(®|3
< %O 4 Yoo + ClIEES 7 PO (3.4)

t

< —{||0l||L°°<o ) (1 + Nulleqo,mi:x) + Nulleo,y:x))

a.e. on [0, T]. From the second line of (3.4), using the assumption u € L3(0, T; X) and (3.3), we have
Gu € L0, T; X), and

a(t)
IGullo,r;x) < CI ——=dt (1 + ullcgo,mixy) + ClullEo, ryx) 1l 50, 7.x) -

From the third line of (3.4), we also have Gu € L;3,(0, T; X). Hence by the imbedding (2.1) and inequality
(2.2), we get Gu € Lji(0, T; X) and
T 1/s
“(t) A0y 1-1/s
IGullLs,0,1;x) < C t| Ny, 7 (1 + lulleqgo,rix) + Clulo, 7y.x IulLso, 7:x)-

0

Moreover, using the first line of (3.4), together with (3.3) and the assumptionu € L*(0, T; X), we assert that
®(Gu) € Li)(0, T), and

1 + lulleqo, m;x) + C||u||/L)*p,s(0yT;X)-
L:(0.T)

a .
PGl 030 < € Hd{ﬁj

Therefore, ®(Gu) € Yr, and
IGully, < Ch(T)(A + |lullx,) + Cllul&, - (3.5)

Similarly, for any two points u, v € Xr, by assumption (3.1), we have

T
Gu - Gvlp < Clu - v @df + [l lulls + VI 0.5 VIS (3.6)
L'(0,T;X) = C([0,T1;X) ¢ C([0, T X)L 50, T; %) C([0,T1;X) WHHLS 0, T; )| :
0
and
IGu = GVliLs0,1:x)
1/s
_c LGOI (3.7)
< Cllu = Vlleo, m5x) ~ I,y + ||u||C([0 mxlluleso,mx) + ||V||C([0 %) VlLso,7;%) -
Note that
T [t AR T [t sl ¢ si-1p) 15
1 w(T)llx lu(o)lb 1 w(T)|% u(t)|%
J'_J'H()llxll()”x arl ar < J‘_J’H()"xd_r J'||()||xdT dt
t T t T T
o \o o \o 0

N

-1
= ”W”Lf’s(O,T;X) ”u";,)f‘s(O,T;X)’
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we obtain

al-)

1P(Gu - GV)llLs0,13%) < C H‘D[—) lu = vicgo, ;%

L13(0,T) (3.8)

I = Vlizeso,m (l5k g oy + VIS0 70)-
Putting the aforementioned three inequalities (3.6), (3.7), and (3.8) together, we have
IGu = Gvlly, < Cllu - viix, (A(T) + lul." + VI . (3.9)

Define the solution operator

t
Su(t) = J‘e*“*”AF(T, u(t))dr, ueXy.
0

Estimates (3.5) and (3.9), jointly with (2.5) and (2.6), yield

ISullx, < CMo [R(T)(1 + llullx,) + lulg,] (3.10)
and
ISu - Svlix, < CMollu = viix, (R(T) + Jullg;" + IVIE, ). (3.11)
Now take
1

r= —o—Ho———.
4CMO(1 + 4CMO)
Direct calculation shows that if h(T) < r, then for all u, v € X7 with the norms no more than 1/(1 + 4CM,),
we have

1 N CM, - 1
2(1 + 4CMO) (1 + 4CMO)p T 1+ 4CM()

[Sullx, <

and

1 L, 2CM

Su - Svlx, < flu-v
I Ixr < = Vi (4(1 +4CMo) (1 + 4CMo)P~!

j < - vix,.

2 T
Therefore, S is a contractive map from the ball of X7 with the center 0 and the radius 1/(1 + 4CM,) to itself.
In terms of Banach’s contraction principle, S has a unique fixed point u within the ball, which is exactly
the integral solution of (1.6) with the initial value u(0) = 0. Furthermore, since u € Xr, we have ®(Gu) € Yr.
Thus, by invoking Remark 2.2, we conclude that u’ and Au are both in Lj(0, T; X), and u solves (1.6) in
the strong sense. In addition, by H(F) (3), it follows u # 0. Finally, uniqueness of the strong solution can be
derived from (3.11) directly. Thus, the proof has been completed. O

Remark 3.3. Note that the function a(t)/t can be selected not belonging to any L4(0, T) with g > 1, so the
classical function space L5(0, T : X;) N W&’S(O, T : X) could not be applied in dealing with equation (1.6)
under present hypotheses. In this sense, results obtained here can be viewed as useful supplements to
the literature in dealing with nonlinear evolution equations.

Remark 3.4. Following the same process, we can also establish solvability of (1.6) provided F(t, u) is
replaced by F(t, u) + f(t) with f € Yr. It says that under hypotheses H(F) and F(-,0) + f # O, if h(T) + | fllv,
is sufficiently small, then equation (1.6) has a unique nontrivial solution u = u(t, f) € Xr. Furthermore,
from (3.1) and (2.4), we can also derive that

lw — wllx, + lluy — u2,||L15/5(0,T:X) + Au — Al 0,1:x) < Clfi = fallvy,

where u; = u(t, f;), i = 1, 2. This shows the structural stability of system (1.6).
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Remark 3.5. It should be mentioned that if hypothesis (3.1) is revised to be

alt - -
IF(t, u) - F(&, V)lx < %IIM - Vix (@ + g+ IVIED, (3.12)

with a(-)/-eL(0, T), then for every uy € X, equation (1.6) has a local strong solution u € C([0, Ti]; X) N
Wﬁ;i(O, T;; X) forsome 0 < Ty < T and all 1 < s < oo such that u(0) = uy. Proof of this conclusion is simple.
First by means of Banach’s contraction principle, we can show existence and uniqueness of the solution of
the integral equation:

t
u(t) = e4uy + je‘“‘T)AF (T, u(r))dr
0

in the space C([0, T,]; X) for some 0 < T; < T. Then we can verify that u is exactly the strong solution of (1.6)
by checking the inclusion F(-, u(-)) € LX(0, T; X) n L5,(0, T; X).
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