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Abstract: In this paper, we establish equivalent parameter conditions for the validity of multiple integral

half-discrete Hilbert-type inequalities with the nonhomogeneous kernel G n xλ
m ρ
λ

,1 2( )∥ ∥ (λ λ 01 2 > ) and obtain
best constant factors of the inequalities in specific cases. In addition, we also discuss their applications in
operator theory.
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1 Introduction and preliminary knowledge

Suppose that p1 1p q
1 1

+ = ( > ),a a lm p= { } ∈∼ ,b b Ln q= { } ∈
∼

, the classicalHilbert series inequalitywasobtained

in 1925 [1]:
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where the constant factor π
π psin( / )

is the best.

If f x L 0,p( ) ∈ ( +∞), g y L 0,q( ) ∈ ( +∞), the corresponding Hilbert integral inequality was obtained in
1934 [2]:
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where the constant factor π
π psin( / )

is still the best.

Since (1) is of great significance for the study of boundedness and norm of series operator in lp and (2)
is of great significance for the study of boundedness and norm of integral operator in L 0,p( +∞), Hilbert in-
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equality has been widely concerned. To study the operator boundedness and operator norm from sequence
space l to function space L or from function space L to sequence space l, the half-discrete Hilbert in-
equality has been paid more attention. In 2011, the following results were obtained [3]: If a a l f x,n p= { } ∈ ( ) ∈∼

L 0,q( +∞), then
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the constant factor is also the best. Later on the equivalent conditions for validity of multiple integral half-
discrete Hilbert-type inequality with generalized homogeneous kernel were discussed [4]. In [5], the para-
meter conditions for the optimal constant factor of half-discrete Hilbert-type inequality with homogeneous
kernel in one dimension were established. Good results were obtained.

To further discuss the multiple integral half-discrete Hilbert-type inequality, we need to introduce the
following notations: Suppose that � �m x x x x x x x x x i m, , , , , , , , : 0, 1, 2, ,m

m
m i1 2 1 2∈ = ( … ) = { = ( … ) > = … }+ + .

For ρ 0> , the norm of x is defined by

x x x x .m ρ
ρ ρ
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, 1 2
1∥ ∥ = ( + + ⋯+ ) /

Spaces l and L are defined by, respectively,
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If K n x G n x, 0m ρ
λ

m ρ
λ

, ,1 2( ∥ ∥ ) = ( ∥ ∥ ) ≥ , then K n x, m ρ,( ∥ ∥ ) is a nonhomogeneous nonnegative function. In this
paper, we will discuss the equivalent parameter conditions under which the multiple integral half-discrete
Hilbert-type inequality
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can be established when λ λ 01 2 > . That is, what conditions do the parameters α β λ λ, , ,1 2, p q, meet if there is
a constant M 0> such that (4) holds? On the contrary, if there exists a constant M 0> such that (4) holds,
then what conditions do the parameters α β λ λ, , ,1 2, p q, satisfy? Such problems are undoubtedly very
important theoretical problems, which have not been well solved at present. At the same time, we also
discuss the best constant factor of (4) and its application in operator theory. More related literature can be
found in [6–21].

2 Some lemmas

By using the Hölder’s inequality of integral and series, we can easily get the following lemma.

Lemma 2.1. Assume that p1 1p q
1 1

+ = ( > ), a x 0n( ) ≥ , b x 0n( ) ≥ , Ω is measurable. Then, the mixed Hölder’s

inequality can be obtained
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Lemma 2.2. [22] If �m ∈ +, ρ 0> , r 0> , ψ u( ) is measurable, then
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where tΓ( ) is theGamma function, and x rm ρ,∥ ∥ ≤ represents the region x x x x x x rΩ , , , : 0,r m i m ρ1 2 ,= { = ( … ) ≥ ∥ ∥ ≤ }.

According to Lemma 2.2, one gets
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By Lemma 2.2, one gets
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3 Main results
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Proof. (i) Suppose that (5) holds. If c 0< , for ε 0c
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In addition, let N → +∞, we have
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4 Applications in operator theory

The series operator T1 and singular integral operator T2 are defined by, respectively,
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The operators T1 and T2 are defined by, respectively,

The equivalent parameter conditions for constructing  407



�

T a x
n x n x

n x
a

T f
n x n x

n x
f x x

˜
max 1, min 1,

1
,

max 1, min 1,
1

d .

n

λ
m ρ
λ b λ

m ρ
λ c

λ
m ρ
λ a n

n

λ
m ρ
λ b λ

m ρ
λ c

λ
m ρ
λ a

1
1

, ,

,

2
, ,

,m

1 2 1 2

1 2

1 2 1 2

1 2
∫

∑
( { }) ( { })

( { }) ( { })

( )( ) =
∥ ∥ ∥ ∥

( + ∥ ∥ )
⋅

( ) =
∥ ∥ ∥ ∥

( + ∥ ∥ )
⋅ ( )

=

∞

+

Then,

(i) T1 is a bounded operator from lp
α to �Lp

β p m1 ( )( − )
+ and T2 is a bounded operator from �Lq

β m( )+ to lq
α q1( − ) if and

only if l 0≥ ;

(ii) For l 0= , i.e., mλ αλ
p

λ βλ
q

1 2 2 1=
+ + , the operator norms of T1 and T2 are as follows:









T T W

λ λ
ρ

ρ m ρ
Γ 1

Γ
.q p

m

m

p

1 2
0

1
1

2
1 1

1

∥ ∥ = ∥ ∥ =
( / )

( / )/ / −

/

Proof. It follows from pλ b a α pλ cp
q

p
q1 1+ ( − ) < < + that c 1 0λ

α
p

1 1
1 ( )+ − >

+ , a b 1 0λ
α

p
1 1
1 ( )− − − >

+ ,

and the integral in W0 is convergent. Denote that

K n x
n x n x

n x
,

max 1, min 1,
1

.m ρ

λ
m ρ
λ b λ

m ρ
λ c

λ
m ρ
λ a,

, ,

,

1 2 1 2

1 2

( { }) ( { })
( ∥ ∥ ) =

∥ ∥ ∥ ∥

( + ∥ ∥ )

Then,







W λ K t t t

λ
t t

t
t t

u u
u

u u

u
u

u u
u

u

t
t t t

, 1 d

max 1, min 1,
1

d

max 1, min 1,
1

d

1
d

1
d

1
1

d .

λ b λ c

λ a

b c

a

c

a

b

a

a
c a b

0 1

0

1

0

0

1 1

0

1
1 1

1

1 1

0

1
1 1 1 1

α
p

α
p

λ
α

p

λ
α

p λ
α

p

λ
α

p λ
α

p

1

1 1

1

1

1
1

1

1
1

1 1
1

1

1
1

1 1
1

1

∫

∫

∫

∫ ∫

∫ ( ) ( )

( { }) ( { })

( ) ( )

= ( )

=
( + )

⋅

=
{ } { }

( + )
⋅

=
( + )

+
( + )

=
( + )

+

+∞

−

+∞

−

+∞

( − )−

+ ( − )−
+∞

+ ( − )−

+ − − − − − −

+

+

+

+ +

+ +

According to α p λ b 1p
q 1> + ( − ) and α p λ c 1p

q 1> + ( − ), one has λ b 0α
p1

1
− <

+ , λ c 0α
p1

1
− <

+ , and










K t t
t t

t
t t

t t

t
t t

, 1
max 1, min 1,

1

1
1

, 0 1,

1
1

, 1.

λ b λ c

λ a

λ a
λ c

λ a
λ b

α
p

α
p

α
p

α
p

1 1 1

1

1 1
1

1

1
1

1

( { }) ( { })
( ) =

( + )
⋅ =

( + )
⋅ < ≤

( + )
⋅ >

− −

−

−

+ +

+

+

Thus, K t t, 1 α
p

1
( ) − +

is monotonically decreasing in 0,( +∞).

Note that α p λ b l 1p
q 1> + ( + − ) and α p λ c l 1p

q 1> + ( + − ), we get λ b l 0α
p1

1
− + <

+ , λ c l 0α
p1

1
− + <

+ ,

and










K t t t
t t

t
t t

, 1

1
1

, 0 1,

1
1

, 1.
l

λ a
λ c l

λ a
λ b l

α
p

α
p

α
p

1 1
1

1

1
1

1
( ) =

( + )
⋅ < ≤

( + )
⋅ >

− +

− +

− +

+

+

+

408  Bing He et al.



Therefore, K t t, 1 lα
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Finally, it follows from Theorem 4.1 that Corollary 4.1 holds. □
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We can get the following results by taking b 0= in Corollary 4.2.
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In Corollary 4.1, let m 1= , α pσ λλ
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Operators T1 and T2 are defined by, respectively,
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