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Abstract: In this paper, we consider the long-time behavior for a class of semi-linear degenerate parabolic
equations with the nonlinearity f satisfying the polynomial growth of arbitrary p — 1 order. We establish
some new estimates, i.e., asymptotic higher-order integrability for the difference of the solutions near the
initial time. As an application, we obtain the (L%(Q), LP(Q))-global attractors immediately; moreover, such
an attractor can attract every bounded subset of 12(Q) with the LP*®-norm for any 8 € [0, +00).
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1 Introduction

Let Q ¢ RY (N > 3) be a bounded domain with smooth boundary, we consider the long-time behavior for
the solutions of the following semi-linear degenerate parabolic equation:

deu(x, t) = Mulx, ) + f(u(x, t)) + gx)  in Q x (0, c0),
ulx,t)=0 on dQ x [0, c0), (1.1)
u(x, 0) = ug, xeQ,

where A, is the degenerate elliptic operator, which will be characterized in Section 2. The external forcing
gx) = Zf\i 1 Di gl + g°(x) € H(Q), the nonlinearity f ¢ C\(R, R) and satisfies the following classical assump-
tions (e.g., see [1-3]):

flw) <1, (1.2)
and
—co—-qulf <f(Wu<co-oluP, p=2 (1.3)
for some positive constants cg, ¢, & and u € R.
Let F(u) = _[: f(r)dr, then there exist constants ¢; > 0 (i = 0, 1, 2) such that

—Co — Glul? < F(u) < Co — SulP, Vu eR. (1.4)
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The long-time behavior for the solutions of semi-linear degenerate parabolic equations has been
considered by many researchers, e.g., see [4—6] and references therein. For the subcritical growth case,
the authors have established the existence of the global attractors in Sy(Q) (see [4] for details) for equation
(1.1) involving the Grushin operator. In [5], the authors extended the result for the Aj-Laplacian. They
considered A, as a self-adjoint operator and showed that —A, generates an analytic semigroup in L*(Q).
They not only proved the existence of the global attractors in W; 'Z(Q) together with its fractal dimension but
also showed the convergence of solutions to an equilibrium solution as the time ¢t — co. In the following,
the authors of [6] have considered the case of critical growth nonlinearity and obtained the global attractors
in W;’Z(Q) by applying the decomposition technique introduced in [7].

In this paper, similar to the reaction-diffusion equations in [8,9], we consider equation (1.1) with the
nonlinearity f satisfying the polynomial growth of arbitrary p — 1 order, i.e., f(u)~ —|ulP~2u (p = 2). For our
problem, we will confront two main difficulties when we establish the asymptotic higher-order integrability
of solutions and the existence of the (L2(Q), LP(Q))-global attractors. One difficulty is that the external force
term g(x) = Zfi 1 Di g' + g%x) with gi(x) (i = 0, 1, ...,N) belongs only to L2(Q), which leads to the fact that

the solutions of equation (1.1) are only bounded in W;’Z(Q) N L?(Q) and do not have any higher regularity
than the order max{ s %} (where Q is the homogeneous dimension of RN with a group of dilations

corresponding to the Aj-operator, see [5] for details). The other difficulty is that the Sobolev embedding
theorem is not any longer valid since the growth exponent is arbitrary p — 1 (p > 2) order.

Based on the aforementioned difficulties and motivated by the idea of [10-13], we first decompose
equation (1.1) as a stationary equation and an evolutionary equation, then establish some asymptotic
higher-order integrability results about the difference of the solutions near the initial time by using the
bootstrap method (see Theorems 4.1 and 4.3). As an application, we obtain the (L*(Q), LP(Q))-global attrac-
tors immediately (see Corollary 4.4). Moreover, the (L*(Q), L?(Q))-global attractors indeed can attract every

bounded subset of I2(Q) with the LP*9-norm for any § € [0, +00). Finally, we also obtain the (L2(Q), W;'z(ﬂ))-
global attractors (see Theorem 5.3).

2 Preliminaries

2.1 The A;-operator

As in [5,14-17], we consider the degenerate elliptic operator of the form
N
b= Y (A7), A= (A dyusd) : RY - RY, @1)
i=1

where 0y, = i, i=1,2,..., N. The functions A; : RN — R are continuous, strictly positive and of C' outside
the coordinatg hyperplane! and satisfy the following properties (see [5,17] for details):

1) 4(x) =1, Aix) = Ai0q, %,...,X-1),1=2,3,..., N.

(2) For every x € R¥, the function A;(x) = A;(x*),i=1,2,..., N, where

x* = (xal, el ..., xl) i x = 0, x,..., Xy).

1 A; > 0 in RM\II, where IT = {(x, %,..., xy) € RN : TI¥ .x; = O}.



214 — Kaixuan Zhu and Yonggin Xie DE GRUYTER

(3) There exists a constant p > 0 such that
0 < x5 Ailx) < pAi(x), Vkefl,2,...,i-1}, i=2,3,...,N,
and for every x ¢ [Ri\’ ={(x, %,...,xy) € RVN|x; >0, Vi=2,3,...,N}.
(4) There exists a group of dilations (8,),-o which satisfy

8, : RN 5 RN, 6,.(x) = 6,(x, x,...,Xy) = [rflxl, 18X, ..., rxy |,

where 1 < g < & <---< &y, such that A; is §,-homogeneous of degree &; - 1, i.e.,

A6, (x) = réWi(x), VxeRN, r>0, i=1,2,...,N.

This implies that the operator A, is §,-homogeneous of degree two, i.e.,
M(S,(0) = r’(du) (8,(x)),  Vu € C(RN).

We will denote by Q the homogeneous dimension of RN with respect to the group of dilations (8,)-0,
that is,

Q=g +8&+ -+ &n.
We have another expression of operator A, from the property (1) as (e.g., see [5])

N
M= Aidy).
i=1

2.2 Functional settings
For a function u € C!, we define

N
Viu = (Al Mdly .. Avdgu),  [VauP =Y |Aidyul,
i=1

N
A = (Alzailzu,Azzaizzu,...,}lﬁaifvu), Bl =y A7 ul,
i=1
where A; (i =1, 2,...,N) comes from (2.1). For any p € (1, co), we define that Vi/,ll’p(Q) is the closure of Cé(Q)
with respect to the norm

1
p

o = D
gy, =| [ x|,
Q

and W;P(Q) with respect to the norm

1
p

Iz =| [ (upax + [ ipax
Q Q

Similar to that in [5,17], we have the following embedding theorem.

Lemma 2.1. For any p € (1, Q), q € [1, p;], the embedding

Wy(Q) — L9Q)

is continuous for q € [1, py] and compact for q € [1, p3), where pj = Qp—_Qp.
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In particular, for any u € C}(Q), there exists a constant C such that
Il < Clulyr2),  Vu € CHOQ), 2.2)

and the optimal constant of C is L}l, where p, > 0 denotes the first eigenvalue of the operator —Ay on Q with
homogeneous Dirichlet boundary'conditions.

For later application, we recall the following results (see [12] for details).
Lemma 2.2. For any ¢ ¢ W;’Z(Q) N L*(Q) and any r > 0, the following equality holds:

2
dx, (2.3)

2 2 r+2
[ v -wagrorae = o 2] [ [wigrs
A r+2 A

where - stands for the usual inner product in RN,

Lemma 2.3. Let X, Y, Z be three Banach spaces satisfying Z ¢ Y ¢ X with continuous embedding and sup-

pose that there exist 6y € (0, 1] and a constant Cy such that |-|ly < Col- II§(0 II- IIIZ"’O. Then, for any bounded sets
A, B c Z, we have

disty(4, B) < Co(lAllz + IBlz + 1)dist}(4, B),

where |Alz = sup |Ixllz, |Bllz = sup |Ixl|z for any A, B c Z.

xeA xeB

Similar to Theorem 3.2 in [12], we have the following theorem.

Theorem 2.4. Let X, Y, Z be three Banach spaces satisfying Z ¢ Y c X with continuous embedding, S(-) be
a semigroup defined on X. Moreover, we assume that

(a) S(-) has a global attractor o/ in X;

(b) v(x) is the solution of the stationary equation Ayv + f(v) + g(x) = 0 for (1.1);

(c) there exist a family of operators Sy(-) defined on X satisfying

S(t)- =v(x) + Si(t)(-—v(x)) for any t > 0,

and a bounded set By in Z satisfying that for any t > 0 and any bounded set B in X there exists aT = T(B)
such that
Si(t)(B-v(x)) c By for any t > T. (2.4)

Then the following conclusions hold:
(i) By = v(x) + By is a bounded absorbing set for the semigroup S(-);

(ii) disty(.«Z, By) = O, i.e.,

disty(.oZ, v(x) + By) = distx(.«/ — v(x), By) = 0; (2.5)
(iii) if By is closed in X, then

o/ — v(x) ¢ Bo. (2.6)

Furthermore, we assume that the space Y satisfies |-|ly < Co ||~||‘§(0 ||-||1Z’9° for constant Cy and some 0, € (0, 1].
Then,

disty(S(t)B, /) - 0 as t — +oo. 2.7)

Proof. For any ¢, T > 0 with t > T and any bounded set B in X, from (2.4) we have
St)B=v(x) + Si(t)(B-v(x)) cv(x) + By foranyt=>T,

which implies (i) immediately.
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Given the fact that o7 € By, (ii) is a direct result of the invariant of .o/ and (i):
disty(.eZ, v(x) + Bg) = disty(S(t).«Z, v(x) + Bg) - 0 as t — +oo.

In the following, we prove (iii).
At first, (2.6) follows directly from (2.5) and the assumption that By is closed in X.
Then, from the assumption (c¢) we know that

St)B-v(x)cBy ast=>T,
and consequently, by applying Lemma 2.3, we obtain that

disty(S(t)B, .«7) = disty(S(t)B - v(x), . — v(x))
< Co2lIBollz + 1)dist%(S(t)B - v(x), o —v(x)) ast>T
= Co(2lIBollz + D dist{(S(t)B, ),

which implies (2.7) immediately. O

2.3 Solutions for equations (1.1)

In this subsection, being similar to the reaction—diffusion equations, we will give the definition of different
solutions about equation (1.1) (see [2] for details).

Definition 2.5. (Weak solutions) A function u = u(x, t) is said to be a weak solution of equation (1.1) if
u € C([0, T); I%(Q@)) n 10, T; Wy (@) N LP(O, T5 LP(Q),  u, € I%0, T; HY(Q)

with u(0) = ug € L*(Q), g € H'YQ) and for all ¢ € L*0, T; W;’Z(Q)) N LP(0, T; LP(Q)), it satisfies

} _[ [?)_l;"’ + VA”VWJdde = _T[ f (fwe + gp)dxdt.
0 Q 00

Definition 2.6. (Strong solutions) A weak solution u = u(x, t) of equation (1.1) is said to be a strong solution if
u € C([0, T; WALZ(Q)) n L0, T; W*(Q)) n L®(0, T; LP(Q)),  u; € L*(0, T; L(Q))

with u(0) = up € W, (Q) N LP(Q) and g € I2(Q).

3 (L%(Q), L%(Q))-global attractors

3.1 Existence and uniqueness of solutions

In this subsection, we first give the existence and uniqueness of weak solutions, which can be obtained by
the Fadeo-Galerkin method (similar to Theorem 8.4, p. 221 in [2]). Here we only state the results.

Lemma 3.1. Let f satisfy (1.2)-(1.4), g € H'Y(Q) anduy € L*(Q). Then, forany T > 0, there exists a unique weak
solution u to equation (1.1) such that

u € C([0, T}; IA(Q) n 10, T; W, (@) n LP(0, T; LP(Q).
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By Lemma 3.1, we can define the semigroup {S(t)}so in L%(Q) as follows:
S(t) : L2(Q) — LX(Q), S(Hug = u(t), Vt=0, (3.1)

and {S(t)}s»o is Lipschitz continuous in L*(Q).
Moreover, we also have the following lemma about strong solutions, which can be obtained as that
in [2] (similar to Theorem 8.5 in p. 227).

Lemma 3.2. Let f satisfy (1.2)-(1.4), g € L*(Q) andug € W;’Z(Q) N LP(Q). Then, foranyT > 0, there exists aunique
strong solution u to equation (1.1) such that

u € C([0, T]; W;’Z(Q)) n LX0, T; WpA(Q)) n L*(0, T; LP(Q), ¢ € L*(0, T; LX(Q)).
Similar to [12,13], we need the following lemma about the strong solutions, which guarantees that the

test functions that we used in the following are meaningful.

Theorem 3.3. Let f satisfy (1.2)—(1.4). Then for any T > 0 and any initial data (uo, g) € (W;’Z(Q) N L>(Q),
L>®(0, T; L°(Q)), the unique strong solution u(t) of equation (1.1) belongs to L>°(0, T; L*(Q)).

3.2 Some results

In this subsection, we give some results about the solutions of equation (1.1) under conditions (1.2)—(1.4).

At first, similar to that in [2] (see Proposition 11.1 in p. 286 and Theorem 11.4 in p. 290), we have the
following lemmas, which will be used to obtain the bounded absorbing sets and the global attractors
in L*(Q).

Lemma 3.4. Let f satisfy (1.2)-(1.3), g € H'Y(Q) and uo € L*(Q). Then the semigroup {S(t)}:=o defined by (3.1)
has a (L*(Q), L2(Q))-bounded absorbing set, that is, for any bounded subset B in [*(Q), there exists aT = T(B),
depending only on the L2-norm of B, such that

lu@®)I3 < p¢ for any t > T and u, € B,
where p, > 0 is a constant independent of B and u(t).
Lemma 3.5. Let f satisfy (1.2)-(1.4), g € H'Y(Q) and ug € L*(Q). Then the semigroup {S(t)}¢=o defined by (3.1)

has a (L*(Q), L?(Q))-global attractor, which is nonempty, compact, invariant in L>(Q) and attracts every
bounded subset of L%(Q) with respect to the L?*-norm.

Next, similar to Theorem 3.4 in [11], we have the following lemma, which will be used to obtain the bounded
absorbing sets in LP(Q) and W;’Z(Q).

Lemma 3.6. Let f satisfy (1.2)-(1.4), g € HYQ) and uy € L*(Q). Then the semigroup {S(t)}¢=o defined by (3.1)

has a (I3(Q), LP(Q)) and (L2(Q), W;’z(Q))-bounded absorbing set, that is, for any bounded subset B in [*(Q),
there exists a T = T(B), depending only on the L?>-norm of B, such that

lu®Ib < p? for any t > T and u, € B,
and
IVau)ls < p’ for any t > T and ug € B,

where p, > 0 is a constant independent of B and u(t).
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4 Asymptotic higher-order integrability

In this section, we will establish some asymptotic higher-order integrability for the solutions of equa-
tion (1.1).

4.1 Some a priori estimate for the solutions of (4.7)

In this subsection, based on the Alikakos-Moser iteration technique (see [18]), we will establish the fol-
lowing induction estimates about the solutions of (4.7).
For this purpose, we decompose equation (1.1) as a stationary equation

N
M+ f(v) + ; Digi + g°x) =0 in Q, 1)
v(x) =0, on 0Q,
and an evolutionary equation
ow(x, t) = Mw(x, t) + f(ulx, t)) - f(v(x)) in Q x (0, co),
wx,t) =0 on 9Q x [0, co0), (4.2)

w(x, 0) = ug(x) — v(x), x e Q.

By [19] we know that equation (4.1) has a weak solution v € W;’Z(Q) n LP(Q), and then we cannot expect
any higher-order integrability of the solutions of (4.1) than the order max {p, Qz—?z}.

Then, we consider the asymptotic higher-order integrability of equation (4.2).

Note that W;’Z(Q) N LP(Q) is dense in L2(Q); then for each g! € L?(Q) and every initial datau, € L(Q), we
can find g' € W;’Z(Q) N L(Q) and ug, € WJ’Z(Q) N L°(Q) such that

gl->gl  inI¥Q), i=12,..,N,

(4.3)
Uon — Ug in L3(Q) as n — oo.
Consider the following approximation equations: n = 1, 2,...,
N .
deln(X, 1) = Mutn(x, £) + f(Un(X, 1)) + " Digi + g2(x) in Q x (0, 00),
=1 (4.4)
Uy(x,t) =0 on 9Q x [0, co0),
un(x, 0) = Uon, x€Q,
and
N .
Mvp + f(v) + ) Digh + g2(x) =0 in Q, .5)

i=1
Va(x) = 0, on 0Q.

Then, thanks to Lemma 3.2 and Theorem 3.3, we know that for each n € N, equation (4.4) has a unique
strong solution u, satisfying

U, € L0, T;L*(Q)) n L>(0, T; W;'Z(Q)) n L%0, T; Wp*(Q)) forany T > 0,
and by [19] we know that equation (4.5) has a strong solution v, satisfying

Vp € L®(Q) n W(Q). (4.6)

Now, for each n € N, we choose the solutions of (4.5), which satisfies (4.6) and denote it by v, (x).
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Set wy, = u, — vy, then w, satisfies the following equation in distribution sense:

OWn(X, t) = Mwn(X, t) + f(un(x, t)) — f(va(x, t)) in Q x (0, 00),
Wa(x, t) = 0 on 3Q x [0, c0), 4.7)
Wi(X, 0) = Uon(X) — Vu(X), x € Q.

Moreover, we have
Wy(-, t) € W;’Z(Q) N L*®(Q) fora.e. t € [0, ),
and so for anyr > O,
W, OF Wl £) € Wy (Q) N L(Q) fora.e. t € [0, co). (4.8)

Hence, for any r > 0, we can take |wy(-, t)["-wy(-, t) as a test function for equation (4.7) (this is the main
reason for the approximations above).
With the preparation above, we have the following main result of this subsection.

Theorem 4.1. For eachk = 0, 1, 2, ..., there exist two positive constants Ty, and My, which depend only onk, p,
Q, luonl> and ||gr‘; L i=1,2,...,N), such that for any n = 1, 2,..., the solutions w, of (4.7) satisfy

k
j [wi(t) |2(ng) dx <My foranyt> T, (]
Q

and
-2
t+1 QQ

k+1
I I [Wi(S) |2(%) dx| ds<M, foranyt> T, (By)
t Q

where Q is the homogeneous dimension of RN with a group of dilations corresponding to the Ay-operator.

Proof. At first, by taking the L2-inner product between equation (4.5) and v,, we know that there exists a
positive constant R = Rllg,’;\lz which depends only on the L?-bounds of IIgr’; L i=0,1,2,...,N) such that for

every n € N, the solution v,(x) of (4.5) satisfies

v ”v‘i/,f’z(o)nLP(Q) < Rygiy,- (4.9)

Second, for the solution of (4.4), similar to the estimate for the solution of equation (1.1) (e.g., Lemma
3.6), we know that for each n € N, there are positive constants S, gl (that depends only on the bounds of

IIgr’; I,) and Tj,,,, (that depends only on the bounds of [ugn|,) such that

Nl gy orr@) < Sigir, for any £ = Tju, - (4.10)

In the following, we will complete our proof.

(1) For the case k = 0.
Obviously, (4.9) and (4.10) imply (A}) directly.
Then, based on (4.9) and (4.10), by applying the embedding W;’Z(Q) o Loz?z(Q) (see Lemma 2.1) to wy(t) =

o 1,2 . . .
Un(t) — v € Wy (Q) with [[wy ()l i) < [l ()]l o t ||Vn||WA1,2(Q), we easily obtain (B).

‘@
(2) Assume that (4;) and (B}) hold for k > 0.
(3) We need to prove that (4;,,) and (B},,) hold.

k+1
By (4.8), multiplying (4.7) by |Wn|2(0?2) ~2.w, and integrating over x € Q, then we obtain that

k+

1 (Q—Z)k+1 d z(i)k” z(L)kH,z _ 2(&) 1,2

|”n| Q-2 dx + Vi W, - ;A(|Wn| Q-2 Wn)dx = (f(un) - f(Vn)) IWn| Q-2 Wndx-
Q

2 d '([ '([ ’([
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k+1
Thanks to (1.2) and Lemma 2.2 with r = 2(%) T 0, we can deduce that

j i 2(d) z( (%) - g(%)“ j
Q

k+1 ) L"*l
< 21 |wn| e-2) dx.

2

vl | dx

(4.11)

Applying the uniform Gronwall lemma (see p. 91, Lemma 1.1 in [3]) to (4.11) and (B}), we obtain that

I [Wi(t) |2(ﬁ) dx < Cy10x foranyt> T + 1,
Q
that is, (Af,,) holds.
Lett > T + 1, we integrate (4.11) over [t, t + 1] and obtain that

t+1

k+1
I _[ Vilwal(e2) | dxds < Ca 1ok (4.12)
From (4.8) we know that
k+1
[Wi(-, s)|(%) € W,II’Z(Q) fora.e. s € [0, 00). (4.13)

k+1
By (4.13), then applying the embedding W;’Z(Q) — L%(Q) (see Lemma 2.1) to |wy(-, s)l(%) , We can
deduce (B[, ;) immediately from (4.12). O

Moreover, similar to Lemmas 3.2 and 3.3 in [10], we have the following results.
Lemma 4.2. Under assumption (4.3), let v, (n = 1, 2, ...) be the solutions of (4.5). Then the sequence {v,};>, has
a subsequence {v,}2, satisfying
Vp(x) — v(x) for a.e.x € Q asj— oo.

Moreover, v(x) is a solution of equation (4.1).
On the other hand, let u, (n =1, 2, ...) be the unique solutions of (4.4) and u be the unique solutions of
(1.1). Then we have the following continuity (w.r.t. initial data and forcing term):

i=1

1
lint) — u(OR < eﬂf(l + 5){uu0n Wl + 3 Ig - 51 + —ug,, °||%}
for allt € [0, +00), where y, > O is the first eigenvalue of the operator Ay on Q with homogeneous Dirichlet

boundary conditions (see (2.2) in Lemma 2.1).
Moreover, for any t € [0, +00), there is a subsequence {un].}j?i1 of {unloe, such that

Un (X, t) — u(x, t) for a.e.x € Q asj— oo.

4.2 (L%(Q), LP(Q))-global attractors
In the following, we will establish the main results of this paper as follows.

Theorem 4.3. Under the assumptions of Lemma 3.4, suppose that {S(t)}~o is the semigroup defined by (3.1).
Then, for any § € [0, o), there exists a bounded subset Bs in W,Il ’Z(Q) N LP(Q) satisfying the following properties:
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o 1,2
Bs = {w e W (Q) n LP*5(Q) : |w]| + [Wilpr+sq) < Dp,g,6 < 00},

0 1,2
W, (Q)nLP(Q)
and for any I?-bounded subset B ¢ L*(Q), there exists a T = T(B, 6) such that

S(t)Bcv(x) + Bs forany t>T. (4.14)

Here, the constant /\p, q s depends only on p, Q, 8, and v(x) is one of the fixed (independent of §) solutions of (4.1).

Proof. Note that the homogeneous dimension Q > 3, we have % > 1 and then
Q Yk k
(E) — 00 as — 00.

Therefore, for any 6 € [0, c0), we can take k large enough such that

5<2(-2)
2<p+ Sz(ﬁ)'

Now, let uy, v, be the strong solution of (4.4) and (4.5), respectively, then for any ¢t > Tj, by Lemma 4.2,
we can find n; such that uy(x, t) — u(x, t), vy(x) — v(x) fora.e. x € Qas j — co. Then, by applying the Fatou
lemma to (4}) in Theorem 4.1, we obtain that

a \ a \¢
I lu(x, t) - v(x)|2(o—z) dx < liminf | |ug(x,t) - v,,}.(x)|2(a—2) dx < My < oo. (4.15)
j—oo
Q Q

Therefore, combining with (4.15) and the W,ll’z N LP-dissipation (see Lemma 3.6), applying the inter-
polation inequality, we can define Bs as follows:

o 1,2
By = {w e Wy n L7 : wlhygansr + IWlires < Conanpy vy, < 00,
and (4.14) follows from (4.15) immediately. O
As a directly application of Theorem 4.3, we have the following corollary.

Corollary 4.4. Under the assumptions of Lemma 3.4, the semigroup {S(t)};»o defined by (3.1) has a (L*(Q),
LP(Q))-global attractor </ . Moreover, </ can attract every bounded subset of L*(Q) with LP*%-norm for any 6 €
[0, c0), and <7 allows the decomposition =/ = v(x) + %B; here % is bounded in LP*5(Q) for any § € [0, c0), v(x)
is a fixed solution of (4.1).

Proof. From Lemma 3.5, we know that the semigroup {S(t)}s¢ is (L2(Q), L*(Q))-asymptotically compact.
k
Then by (4.15) with k large enough such that p + 1 < 2(%) , using the following interpolation estimates:

lus(x, £) = ua(x, Ol
lu(x, ) = v(x) = (wa(x, £) = vOX)Ir»
lu(x, £) = v = (a(x, £) = VOO lw(x, £) - v(x) - (w(x, t) = veO)IE,

CMkﬂ"ul(X’ t) - uZ(Xs t)"gu

IN I

IN

where u;(t) = S(t)ujp (i =1,2) and 6 € (0, 1), we can deduce that the semigroup {S(t)}so is (L3(Q), LP(Q))-
asymptotically compact.

Hence, combining with Lemmas 3.5 and 3.6, and by the theory of dynamical system (e.g., see [1-3,
20,21]), we obtain the existence of the (L?(Q), LP(Q))-global attractors.

Moreover, by applying the interpolation inequality and (4.15), we can get that

lw(x, t) = ua(x, t)llpp+s
= Jlw(x, t) = v(x) - (ua(x, t) = v(x)|p+o

< ulx, ) — v(x) - (walx, t) — v(x)) ||1L;<i1‘32>“ Jug(x, £) = v(x) = (ua(x, t) - v(x))||i§ (4.16)

< Cate, 0, I, 1) = ur(x, DI,
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where 6; € (0, 1), and for any 6 € [0, co), we can take k = [log%(p“s)} + 1 such that

2
Q Y
Z(E) >p+6.

On the other hand, from (4;) in Theorem 4.1, there are positive constants T, and My, such that for any
£ > 0, we have

1

]91 (4.17)

for allt > Tj,, where we have used (2.5) in Theorem 2.4 and the attraction of (L%(Q), L*(Q))-global attractors,
B is a I?-bounded set.
Combining with (4.15)-(4.17), we obtain that

diStLZ(Q) (S(t)B - V(X), o — V(X)) = diStLZ(Q) (S(t)B, &f) < [

My, 6,

dist;peqy(S(t)B, o7) < € for any t > Ti.

Finally, similar to (4.16) and applying (4.15) again, we can complete the proof of the residual part. [

5 (L2(Q), W;’Z(Q))-global attractors

In this section, we will prove the existence of the (L*(Q), W;’Z(Q))—global attractors.
At first, we need the following lemma.

Lemma 5.1. Under the assumptions of Lemma 3.4, then for any bounded subset B in [*(Q), there exists a
T = T(B), depending only on the L?>-norm of B, such that

l9eu(s)I3 < p} for any upe Bands > T, (5.1)

where 0;u(s) = %(S(t)uo) lt=s, {S()}t=0 is the semigroup defined by (3.1) and p, > O is a constant independent
of B.
Proof. We give below only formal derivation of the estimate (5.1), which can be justified by the Galerkin

approximation method.
By differentiating (1.1) with respect to time ¢t and denoting z = d;u, we can get

0:z(x, t) = Mz(x, t) + f'(u(x, t))z(x, t). (5.2)

Multiplying (5.2) by z and integrating over Q, then by using (1.2), we obtain that

1 d 2 2 2
——Ilzls + IVazll5 < liz]l5-
2dt" 2 + IVazly < izl
Furthermore,
L1218 < 211z (53)
dt

On the other hand, multiplying (1.1) by o;u, we obtain that
2 d 1 2
ll0eull; + i EIIVAullz - | Fw- | gu|=0, (5.4)
Q Q

where F(u) satisfies (1.4).
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Integrating (5.4) with respect to time t from t to t + 1, and combining with Lemmas 3.4 and 3.6, we can
deduce that

t+1

j 13l < Clogs p, 19, 1R, 12°R) (5.5)
t

as t is large enough.
Combining with (5.3) and (5.5), and using the uniform Gronwall lemma (see p. 91, Lemma 1.1 in [3]),
we have

Ideulls < Clpos pys 101, 1£13, 18°13)

as t is large enough. O

Theorem 5.2. Under the assumptions of Lemma 3.4, the semigroup {S(t)}sso defined by (3.1) is (L*(Q), WAI’Z(Q))—
asymptotically compact.

Proof. By Lemma 3.6, we know the semigroup {S(t)};»0 has a (LI*(Q), W;’Z(Q))-bounded absorbing set B,. Let
u;, U be the solution of equation (1.1) with initial data ug;, ug; € B;. From Theorem 4.3, we know the
solutions uy, u, can be decomposed as

ui=SHug=wi+v, i=1,2,

where w; € Bs, v(x) is a fixed solution of (4.1).
Set w = u; — u,, then w satisfies the following equation in distribution sense:

drw(x, t) = Mw(x, t) + f(u(x, t)) - fw(x, 1))  in Q x (0, 00),
w(x,t) =0 on 0Q x [0, c0), (5.6)
w(x, 0) = un(x) — up(x), x € Q.

Taking the L?-inner product between (5.6) and w, we have
Miwl3 = -@w, w) + (f) - fw), w).
Thanks to (1.2) and (5.1) in Lemma 5.1, we can deduce that
VA wl3 < 10wl llwly + Hwl3 < (Cp, + blwla, (5.7)

where the constant C,, is related to p,, p, comes from (5.1).
By Lemma 3.5, we know the semigroup {S(t)}s0 is (L%(Q), L*(Q))-asymptotically compact. Then by virtue

of (5.7), we know the semigroup {S(t)}t=0 is (L2(Q), W;’Z(Q))-asymptotically compact. O

Combining with Lemma 3.6 and Theorem 5.2, by the theory of dynamical system (e.g., see [1-3, 20,21]),
we immediately obtain the following conclusion.

Theorem 5.3. Under the assumptions of Lemma 3.4, the semigroup {S(t)}:o defined by (3.1) has a(L*(Q), W,ll’z(Q))-
global attractor, which is nonempty, compact, invariant in W;’Z(Q) and attracts every bounded subset of W;’Z(Q)

. o 1,2
with respect to the W), -norm.
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