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1 Introduction

Quantum calculus, sometimes called calculus without limits, is equivalent to the traditional infinitesimal
calculus without the notion of limits. In the field of g-analysis, many studies have recently been carried out.
Euler started this field because of the very high demand of mathematics that models quantum computing
g-calculus appeared as a connection between physics and mathematics. It has applications in numerous
areas of mathematics, such as combinatorics, number theory, basic hypergeometric functions, and ortho-
gonal polynomials, and in fields of other sciences, such as mechanics, theory of relativity, and quantum
theory [1-7]. Apparently, Euler was the founder of this branch of mathematics, by using the parameter gq
in Newton’s work on infinite series. Later, the g-calculus was first given by Jackson [8]. In 1908-1909,
Jackson defined the general g-integral and g-difference operator [3]. In 1969, Agarwal described the g-frac-
tional derivative for the first time [9]. In 1966-1967, Al-Salam introduced a g-analog of the Riemann-
Liouville fractional integral operator and g-fractional integral operator [10]. In 2004, Rajkovic gave a
definition of the Riemann-type g-integral which generalized to Jackson g-integral. In 2013, Tariboon intro-
duced ,D,-difference operator [11].
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Many integral inequalities well known in classical analysis, such as Hoélder inequality, Simpson’s
inequality, Newton’s inequality, Hermite-Hadamard inequality and Ostrowski inequality, Cauchy-Bunyakovsky-
Schwarz, Gruss, Gruss-Cebysev, and other integral inequalities, have been proved and applied in g-calculus
using classical convexity. Many mathematicians have carried out studies in g-calculus analysis, and the inter-
ested reader can check [11-23].

In this paper, motivated through g-calculus, we found bounds for g-midpoint integral inequalities.
We first obtain an identity for twice g-differentiable functions. After that, through the derived identity,
we attain some new outcomes for g-midpoint inequalities. With all this, we revealed the results we found in
the classical analysis by using g — 1°.

2 Preliminaries and definitions of g-calculus

Throughout this paper, let a < b and let 0 < g < 1 be a constant. The definitions and theorems for g-deri-
vative and g-integral of a function f on [a, b] are as follows.

Definition 1. [4,11] For a function f : [a, b] — R, the g,-derivative of f at x € [a, b] is characterized by the
expression

fOO - flgu+ (1 -qa)
Q-9 -a)

aqu(M) = B n#a. (1)
If x = a, we define ,D;¢(a) = lim,_,,,D,¢(0) if it exists and it is finite.
In 2004, Rajkovic et al. [24] gave the following definition of the Riemann-type g-integral which was

generalized to Jackson g-integral on [a, b]:

n=0

'[f(S) dgs = (1- - a) ) q'f(@% + (1 - gqMa), %€ la,bl. o)

Definition 2. If a = 0 in (2), then _[; f(s)odgs = J: f(s)dys, where f; f(s)dys is the familiar g-definite
integral on [0, %] defined by the expression (see [4])

_[f(S)odqs = If(S)dqs =1 - @u) qf(g™). 3)

0 0 n=0

If ¢ € (a, n), then the g-definite integral on [c, ] is expressed as
Jf(s) adqs = Jf(s) adqs - Jf(s) adqs~ (4)

Alp et al. [11] proved the g-Hermite-Hadamard inequality; in [25], the authors proved the same inequality
by removing the differentiability assumptions as follows:

Theorem 1. (q-Hermite-Hadamard inequality) Let f: [a, b] — R be a convex function on[a, bland 0 < q < 1.
Then, we have

b
qa+b 1 qf(a) + f(b)
f(1+qJ£b—aJ‘ﬂM)aquS 1+q
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On the other hand, in [26], Bermudo et al. gave the following new definitions of quantum integral and
derivative. In the same paper, the authors also proved a new variant of the quantum Hermite-Hadamard-
type inequality linked to their newly defined quantum integral:

Definition 3. [26] Let f: [a, b] — R be a function. Then, the g’-definite integral on [a, b] is given by
b o 1
[ro0tap=a-ab-a Y af@a+a-gnb - o-a [fea+d-9bus.

a n=0 0

Definition 4. [26] Let f : [a, b] — R be a function. Then, the g’-derivative of f at x € [a, b] is given by

flgn+ (0 - q@)b) - f0)
Q-q)b-% ’

bD,f(n) = % # b.

Theorem 2. [26]If f : [a, b] — R is a convex functionon[a, b] and O < q < 1, then, q-Hermite-Hadamard inequa-
lities are given as follows:

b
b 1 b
f[al+q jg_jf(x)bdqxgw' (5)
+q b-a 1+¢g
We frequently used the following notations:
n_ n-1 i
q _11 =Y g, neN,
=1 977 0
q _11, nec,
q —_
and
n-1 ]
(1-s)=@qn=]]0-gb). (6)
i=0
Lemma 1. [11] For a € R\{-1}, the following formula holds:
” (- a)a+1
- a).d;s = ———.
I(S a)%qdys TE) (7)

Lemma 2. [27] The following equality is valid:

(1 B L)rlJrl
[2lq q

1
! (1 - gs)zdys = 1,

2

Lemma 3. [27] The following equality is valid:

1
I s(1 - gs);dgs =

1
[2]4

29+4¢°+ @ -q" - @
214131, [4] ' (8)

Lemma 4. [27] The following equality is valid:

-q-q*+2¢° +3q" +2¢° - q° - ¢’
2153144,

1
I (1-5)(1 - gs)zdgs =
1

2l
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3 An identity for g°-integrals
In this section, we will prove an equality which will help to obtain our main results.

Lemma 5. Let f : [a, b] — R be a g-differentiable function on (a, b) and q € (0, 1). If bD; f is continuous and
integrable on [a, b], then we attain the identity

1

% I @’>s?’Dlf(sa + (1 - s)b)dys + j(l - qs);PD;f(sa + (1 — s)b)dys| = —Jf(s)bd f(a[;—]jb}.
0 [2]q
Proof. From Definition 4, we have the following equality:
D f(sa + (1 - s)b)
= "D, (*D, (f(sa + (1 - s)b)))
_bp f(gsa + (1 — gs)b) — f(sa + (1 — s)b)
! (1-q)b - a)s
_ 1 {f(qzsa +(1-sq°)b) - f(gsa + (1 - gs)b) _ f(gsa+ (1 - gs)b) — f(sa + (1 - s)b)}
(1-g)b-a)s (1-qqb-a)s 1-qb-a)s
_ f(g’sa + (1-sq*)b) - f(gsa + (1 - gs)b)  f(gsa + (1 - gs)b) - f(sa + (1 - s)b)
B (1- @)%q(b - a)’s? (1- @P(b - a)’s?
_ f(g%sa + (1 -sq®)b) — (1 + q)f(gsa + (1 — gs)b) + qf (sa + (1 - s)b) ©)

(1 - g)’q(b - a)’s?

From (9) and the fundamental properties of g-integrals, we have

1
2

J @’s?PD;f(sa + (1 - s)b)dys + J (1 - gs)zPDif(sa + (1 - s)b)d,s
[2]

[2lq 1 [2lq
Jq%“’D;f(sa +(1-s)b)dys + J(l - gs);"D;f(sa + (1 - s)b)dgs — J(l - qs);"D;f(sa + (1 - s)b)dys

] 0 ]
1
2

I(l - qs);"D}f(sa + (1 - s)b)dys + I (@’s? - (1-g5)5) D} f(sa + (1 - s)b)dys

- 1 I (- g% 1 f((qzsa + (= @) - T gsa+ (1 - gs)b) + f(sa + ( - s)b)|dys
1-gi®b-a2l s q q

1
[2lg

LT T !(rfsz —a- qs)é)[%f«qzsa # (- g)b) - - figsa + (- go)b) + flsa + (1 - s)b)}dqs

1
= 7(1 — q)z(b — a)z [Il + 12] (10)

Now, let us calculate the values of integrals I; and I, as follows:

j 1-g95(1,, , ,
L= s— f((q sa + (1 — g’s)b)) - p f(qsa + (1 -gs)b) + f(sa+ (1-1s)b)|dys

0

—a-9Yq (qﬂ{ Lf(qqra+ - g2qmb) - “qu(qq"a +(1- qqnb) + fgha + (1 - q“)b)}

n=0
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)qf((qn+2a + ( _ qn+2) b)) )qf-(quIa (1 _ q”“)b)

(1_ ) n=0 n=0

Z 4 )qf(q"a + (- gb)

°°(1—qq 1+¢q (1—qq
) 2

n- 1)2

If(ga + 1 - q")b)

n2 n-1

_ n-2\2 _
“‘q’z(l 90 s (gra v (1 - gy - - ")q‘“‘”z(l 2

v (- )Z(_qi)"ﬂq"am g"b)

n=0

_ 0 n-2 1-— n-1
(1 Z ~ 99 gra s (1 - gy - O q)(l ra) y-dd i fiqra + (1 - gyb)

n -2 nl
n=0
_ 1-— 1)\2
+(1_ )z( qqq Qf(qna+(1 n)b) + ( )(1+CI)( qq )qf( )
n=0
— 1- -2 _
SUETR T LS (A s
q q? q
n-2\2 1-— n-1\2 _ n
a- )Z{ ~aa; (1;(1)( ;6_11) (1 qq)q}f(q”a+(1— b

+[1-g)A-qq); - 91 - @A - qg)31f(@) - A - @) - qg7)3f(qa + (1 - q)b)
cag ¥ {qu - 99" - 1+ q) ;1 ~gq" N + (- qq"ﬁl}
+ [(1-g)(U-qq™; - q1 - ) - qq721f(@) - (1 - q)(1 - qg7);f(qa + (1 - q)b)

=(1+q)1-9°0-9 Y q¥(@a+1-qg"b)

n=0

f(q"a + 1 - q")b)

n=0

_ 1+ -qr
a

-~ 1-q)(b-a) Y q'f(g"a+(1-q"b)

n=0

b
_(+qa-97 b
B e— Jf(s) dys.

By similar operations, we can establish

(tfs2 1-g97)(1
52

2 2
s(a"\ _(1_ ,4"

_ 1-9q) ‘iqn[q (mq) (1 q[Z]q)qJ

[2]4 n=0 (%)2
y lf qn+2a+1_qn+2b_l+qf qn+1a+1_qn+1b+fq_na+1_qnb
q |\ 2l (2]q q (2]q (2]q (2], (2],

2
)

1—61)
b3 ;

y lf qn+2a . (1 ~ qn+2jb 1+ qf g+ 4t (l ~ qn+1jb Y f q" gt (1 B q_an
q |\ [2q (2], q (2], (2], (2], (2],

L=

o'—N‘H

( —f(g’sa + (1 - g*s)b)) - f(qsa + (1 -gs)b) + f(sa+(1- S)b)j
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2
o | P - 2R (1- g J
_ 1-q) z E q ( [2lq )q f[anrZa . (1 ~ qn+2]bJ

2, .5 qm! (2],

2
q3q2n _ [2]2 1- qq_" ]
(1 -1 +q) < Z [ q( 12y )q f(qmla . (] B qn+1jb]

(2], n=0 q! (2],

[Z]q n=0 q"

{q%f”“ - (213 (1 - qﬂ)zj
-9 i 2 f[q—na

2, 5 q! (2],

2
o | P - 25 (10 J
gl

2
- q3q2n—2 _ [2]2 1-— qﬁ j
_ (1—q)(1+q)z[ q( [2]q)q f[q"m(l_q—"JbJ

[2]‘] n=1 q"

2
[q3q2"—[2]§ l—q[;’]"j
e

[z]q n=0 qu

(1-q) S [qaqm -2 (1- oty J
- 1-L p
2 X g (z]q‘”[ J
o | P12 (1-¢ ]
_(-g9U+9 Z[ mq)q f[q" L ]b]
[2]q o (2],
3 n _

(1-g Z( (1 e J [ b

+
2, = q" [2]q [2]q

(2] q! (2], q

2
1-9Q0+gq) 2 q a+gb
= T 1 21211 — g21—

el ol gr) )]
n-2 2 n-1 2

(chz”“‘ - 12 (1 - q‘fz—]q)qJ a+ q)(tfqz"‘z -2 (1 - q‘fz—]q)qj
B (1 _ q)i qn—l - qn { qn [ qnj ]
= fl—a+|1-—=—1|b
2l 5 ] "\ [2lq (2
(ffqz -2 (1 - ql‘j—]q)q]

qu

) 2
(tfq“‘ - 21 (1 - q%) J Re
(-9 q f(a + qu ~ (1[2—] 9 [ngz - [21 [1 - q‘J_J J/(qa + b}
q

+
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2 2
(1-9q) 3 2 q’ 3 -4 2 qzj (a + qb}
~—— 2 |1-qg—| |- - RB|1-q1— =1
+ 2l {( +q)[qq []( q[z]qn q[qq [lq[ qmq q f 2l
2
O ey B qa+b]
21, [‘” ”‘1[ "[21qu [ 21,

n-2 2 n-1 2
a|@g - 2R[1-qL—| |- A+ )| g2 - 2R|1 - ¢Z
-1 2l ), 2 ), "
= q Z— f T q+)1
2, q" s , q" 2
+19°9™" - [ZL{I - q[z]q]q
49 A+q)|gq? - [23]1 - qq—_ljz -q|¢°q - [2]; (1 - qq—_zjz f[a . qu
(2] I 2l ), 7 (2] 2],
2
_(1—Q) 372_221_ q_lJ [qa+b]
2, [q Tl ]q( T, )\ 2,
09D g, glq- [212[1 - i]z —q|t- [212(1— q—_ljz f[M]
(2 o) e U @)L 2

:(1—q){[ a+qb]
[z]q 2]61

(-9 2 ne[a+aqb
"1y —=1+q{q l}f[ [2]q]

= —(1-g20+ q)f[a * qb]
Z]q

-1+ @+ - }f(

By substituting the values of integrals I; and L in (10), we attain

1

2l 1
I ’s?PDif(sa + (1 - s)b)dgs + I (1 - gs);°D;f(sa + (1 - s)b)d,s
2
B 1 1+qQ b« (1. a+aqgb
= oo a)Z[ . If(s) dgs — (1 - @)*(1 + q)f{ 2, JJ
_ 2 by« ¢l @t agb
} (b—a)z[b— If()ds f[ 2, j}
which completes the proof. O

Remark 1. If we take the limit ¢ — 1" in Lemma 5, then we have the equality

N[ =

(b - a)
2

1 b
Iszf"(s“ + (1 -9)b)ds + ! (1= sPf"(sa + (1= )b)ds| = -— ! . jf(s)ds —f(“ ; b]

0 1
2

which was given by Sarikaya et al. in [24].



434 —— Muhammad Aamir Ali et al. DE GRUYTER

4 New midpoint-type inequalities for quantum integrals

In this section, we obtain some new midpoint-type inequalities for newly defined quantum integrals
utilizing twice g-differentiable convex functions.

Theorem 3. Suppose that the assumptions of Lemma 5 hold. If| bD(f f|is convex on[a, b], then we have the inequ-

ality
b
1 by« glatgb
e LCK f[ 2], }

. _(b-a
(2158141,

(11)
(29 + 4q% + 2¢°)|’D; f(@)| + (—q - q* + 2¢° + 4q* + 3¢° + q°)|"D;f(b)I].

Proof. By taking the modulus in Lemma 5, we have

b
1 b B a+aqb
[, f( 3 ]

1

[2lq

1
< % _[ @’s? |°D}f(sa + (1 - s)b)| dgs + I(l - g9);1PD;f(sa + (1 - s)b) dgs |.
q 1

2l

By using the convexity of IbD(f fl, we can write
1

a+qgb

3 _ 2
] (G ( 2, ] s TOT [ @ i@l + 6 - eDdys
a 0

1
b _ 2
+ ! > 2 f (s(1 - g2 [PD2f(@)] + (1 — $)(1 - gs)Z "D (B dys.
q
o
We have the fact that
ﬁ 1
s3d;s = ——,
! 1),

1

2y
1 1
(2 - s3)d,s = [ - ],
! TolREBE I,

1

f s(1 - gs);dgs =
1
[2]4

29+4¢°+ @ -q" - @
(2173144,

>

and

4-q*+2°+3q9" +2¢° - ¢° - ¢’
2153144,

1
j(l ~ $)(1 - g9 [PD2f(b)| dgs =
1

[2lq
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By these equalities, we can write

bd s - a+qgb
jf(s) f{ 3 j

@b -a?Q+gq +4q2)|bD§f(a)| L4t qi+ 2¢° + g PD2f(b)
(2], (2], B4 [4]4 [2];[3],[4]4
(b-a? 29+40°+ @ - q" - & 4-@+2°+39" +2¢° - q° - q" o0y
T, { B, e 2331, (41, s
- u 3\|1bn?2 6\|bD2
25 3L, 141, ((2q + 4q° + 2¢°)|I°Dyf(a)| + (-q - q* + 2¢° + 4q" + 3¢° + q°)|°D;f (b)|].
This completes the proof. O

Remark 2. If we take the limit ¢ — 1~ in Theorem 3, then we obtain the inequality

jf( )ds - [“”’j e D @] + 1))

which was proved by Sarikaya et al. in [28, Theorem 3].

Theorem 4. Suppose that the assumptions of Lemma 5 hold. If |bD;f [, n > 1, is convex function on [a, b],
then we have the inequality

b
1 b B a+aqb
— [£9) s f{ o j

3(b _ a)z
3411 2r+1

21777 [2n + 11

—(IPDFf (@)l + (2q + g?)|I"Df(b)[")n

2rp+1

qi(b - a)2(1 N
2,

+ T L —(@+ @I"DIf@P + (g + ¢ - DIPD D)),

(21,0 12, + 1]

1 1
where — + — = 1.
n n

Proof. From Lemma 5 and using well-known g-Holder’s integral inequality, we get

1
R n

1
b 124 [2]q
e [k —f{" u qu c O (g j IPD3f(5a + (1 - $)b)P'dygs
a 0

(2], (2]

1 1

7] 5]
1

I (1 - gs);2dys I 1’D;f(sa + (1 - s)b)[dgs
1

1
[2]41 [Z]q

L - ay’
[2]4

Since IbD;f [ is convex on [a, b], we have

I’D;f(sa + (1 = s)b)I' < s I"Dyf (@] + (1 - 5)|"Dyf(b)I1.
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By Lemma 2, we get

b
U (fpebg.s_ flatab
[ s f[ J

(24
1 ﬁ Yil
2| 2
— a2
< (b[z]a) q{ ol 1 1} J‘(s|bD;f(a)|r1 +(1- 5)|quzf(b)|r1)dqs
g (21,7 [2r, + 117 )

1

1 n
_ 1 w12
. (b _ a)z (1 [Z]q )q

[2]4 [2r, + 1],

1
f (SIPD2f (@ + (1 - $)[PD2f(B) ") d, s
1

2
| Pb-a? [IbDjf(a) [, Q4+ PID B ]
L2 2n+ 1 12 28
<1 ~ L 2r’22+1 L
(b-ap\ CJ; (Qa+aI'Dif@P (@ +q - @I"Dif b)Y’
+ 1 +
(2lq [2r, + 1]7 (21 213

1

(21" [21g" [2r, + 1)7

2rp+1
rn

3 _ 2 L
- [ _t-a Jubu;f(a)rl + g + @)D B}

(b - a)2<1 - L)

(2l

+ T — (g + P)IDf @] + (¢ + & - @) I"DFf (b))
(2" [2r, + 1]
(b - a)?

= —(I"DZf(@)]" + (2q + g?)IPDf (b))

S i T
(2" 7 2+ 1]

2rp+1
n

qul(b - a)2 (1 - ﬁ
+ L@+ @I"DXf(@I + (q + ¢* - DIPDAf(B)[")n.

3+11 1

(214" [2r, + 1]7

Thus, the proof is completed. O

Remark 3. If we take the limit g — 1" in Theorem 4, then we obtain the inequality

_ 2 1 1
= bj <O LG @b + B+ (7@ + 3 B

b
1
S ds - <
b—ajf(s) s f( 2 244521 + 1)

which was proved by Noor and Awan in [29, Theorem 3 (for a = s = 1)].

Theorem 5. Suppose that the assumptions of Lemma 5 hold. If| bD,; fIn, n > 1, is convex on|[a, b], then we have
the inequality

b
1 b B a+qb
e LRt f{ 2l j

P - ap (MDF@F @+ +20+q) "D B)P i G- -ay
- [2]2’%[3]}]’711 (215 (4], (215314 [4]4 [2]3’%[3]}1’%
(a4 @ - a' - PID @D (-q - P+ 20+ 30" + 20° - ¢° - IDFD ﬁ
214 Bl 141, 214 Bl 141,
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Proof. Using Lemma 5 and power-mean integral inequality, we get

1-1 1

f b b 2 ﬁ ) ﬁ )
b—lajf(s)bdqs _f(a[;]q J < ( [;] a) q -[squs fsz 1°D;f(sa + (1 - s)b)["dys
- a a a 0 0

1 1
-4 T

(b—a)

I (1 - gs);dgs I (1 - gs);1PD}f(sa + (1 - s)b) [ dys
[2]q ﬁ

By using the convexity of IbD;f [" and Lemmas 2-4, we get
a+gqgb
jf(s) b,s f[ o J

< (b - a)2
2]y

1 m
[2]q [2]q

szf(a)l’1 s’dys + |°D;f(b) I’II (s2 - s?)d,s

1
13 "

A
2
. (b - a)? lq szf(a)I’I J‘ s - qs) dgs + |bD2f(b)|rlj 1-s(1- qs)2d S
[2]g Blg "
o o
_ q(b - ap [I"D}f@yr PR g "D () ) L a+q’- 43) (b - a)2
Rt (214l (215814141 (2l 13y,

Cq+ 4+ ¢ - g - PIPDF@N  (-q-a+ 2 +3q" + 26° - ¢° - DI D)P i
21 31, 4], 214 31, 4],

which completes the proof. O

Remark 4. If we take the limit g — 1~ in Theorem 5, then we obtain the inequality

b
1 _rla+t b b - " " 1 s 1 n " ns
1 [reas f( . j S ’1){(5Lf @+ 3" BP + G @F -+ 5" B

which was proved by Noor and Awan in [29, Theorem 4 (for a = s = 1)].

5 Concluding remarks

In this investigation, some new estimates of midpoint-type inequalities for quantum twice differentiable
convex functions are attained. It is also proved that the outcomes of the present paper are the strong
generalization of the existing comparable consequences in the literature. Upcoming researchers can find
the Simpson-like inequalities, Newton-like inequalities, Ostrowski-like inequalities, and the same inequal-
ities by using different kinds of convexities in their future work.
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