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Abstract: In this paper, we study the following generalized Kadomtsev-Petviashvili equation

Ut + Upy + (MW)y = D)zlAyus

where (t, x,y) € R* x R x RN-1, N > 2, D;'f(x, y) = _[X f(s,y)ds, f; = g, fx = 2—{( and A, = Zf:l:—;. We get
oo ,-

the existence of infinitely many nontrivial solutions under certain assumptions in bounded domain without

Ambrosetti-Rabinowitz condition. Moreover, by using the method developed by Jeanjean [13], we establish

the existence of ground state solutions in RY,
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1 Introduction

This article is concerned with the following generalized Kadomtsev-Petviashvili equation:
Ut + Ugoe + (RW))x = Di'Ayu, 1.1)

where (t, x,y) € R* x R x RN-1, N > 2, D 'f(x, y) = IX f(s,y)ds, f; = g, fi = g—i and A, = ZN"I o

i=1 a?i'
To find a solitary wave for (1.1), it needs us to get a solution u of the form u(t, x, y) = u(x - tt, y), with
T > 0. Hence, equation (1.1) can be rewritten as:

~TUy + Uy + (RW)y = D'Aju in RV, (1.2)

If we choose h(s) = s? in (1.1), then equation (1.1) is a two-dimensional generalization of the Korteweg-
de Vries equation, which describes long dispersive waves in mathematical models, see [1]. When h(s) = |s|Ps
with p = %, where m and n are relative prime numbers, and n is odd, Bouard and Saut [2,3] proved that
there is a solitary wave for (1.1) with1<p < 4,if N=2,or1<p < %, if N = 3, via the concentration com-
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pactness principle from [4,5]. In [6], Willem proved the existence of solitary waves of (1.1) as N =2 and
h € C(R, R). In [7], Xuan extended the results obtained by [6] to higher dimension. In [8], h(u) was replaced
by Q(x, y)|[u|P~2u, and Liang and Su had obtained nontrivial solutions of (1.1). In [9], Xu and Wei studied
infinitely many solutions for w,, + (h(u))y = Dy 1Ayu with the Ambrosetti-Rabinowitz condition in bounded
domain. For related contributions to study of solitary waves of the generalized Kadomtsev-Petviashvili equa-
tions, we refer to previous studies [10,11].

The aim of this paper is to prove the existence of multiple solutions of (1.3) in bounded domain without
condition (AR), which is to ensure the boundedness of the (PS) sequences of the corresponding func-
tional, and obtain the ground state solutions of (1.2) in RY. In what follows, we assume that the function
h: R — R satisfies the following conditions:

(h1) h € C[R), h(0) = 0;

(h2) for some p € (1, N — 1), where N = “¥-2

2N-3’°

= limt_,()@ = O;

. h(t)
1y soo It

(h3) h(t) = ~h(~1), limp|_.c0 13 = +00, where HI(t) = j; h(r)dr;

(h4) there exist u > 2, x > 0 such that uH(t) < th(t) + xt?;
(h5) there exists pu > 2 such that 0 < uH(t) < h(t)t.

Consider the following system,

{—‘rux + Up + (RQW)y = Dy'Ayu,  in Q, (1.3)

u=0, onoadQ,

where Q ¢ RY is a bounded domain.
Now, we can state our first result.

Theorem 1.1. Assume that (hy)—(h,) are satisfied, then equation (1.3) possesses infinitely many nontrivial solu-
tions in Q, where Q c RY is a bounded domain.

Our second result is as follows.
Theorem 1.2. Assume that (h;)—-(h,) and (hs) are satisfied, then equation (1.2) has a ground state solution.

Notations. Throughout the paper, we denote by |-||, the usual norm of Lebesgue space LP(RM). X* is
the dual space of X. The symbol C denotes a positive constant and may vary from line to line.

2 Preliminary

In this section, we want to introduce the functional setting and some main results. At first, we present
the functional setting (see [7,11]).

Definition 2.1. [7] On Y = {g, : g € C(RY)}, define the inner product

(u,v) = J (e + D'V uD'vyv + Tuv)dV, 7> 0,
N

R
and the norm is
1
2
Jul = j (el + D7Vl + TuP)dv |, 750
N

R
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"y
If there exists a sequence {u,} ¢ Y such that u, — u a.e. on RV, and [lu; — x| — 0 as j, k — oo, then

where V, = (i 2 ) and dV = dxdy.

we say that u : R¥ — R belongs to X.

Definition 2.2. [7] On Y = {g, : g € CP (RY)}, define the inner product

U, v)o = _[ (uxV + D'V uD; 'V, v)dv,
[RN

and the norm is

1

2
lulo = j(|ux|2 + ID;up)av |
N

R

whereVy:(a . )anddV:dxdy.

If there exists a sequence {u,} ¢ Y such thatu, — ua.e.onRY, and|y; — uxllo — Oasj, k — oo, then we
say that u : R¥Y — R belongs to Xj.

Lemma 2.1. [7,11,12] The following continuous embeddings hold.
(i) the embeddings X — X, are continuous;

(ii) the embeddings X < L1(RN), for1 < q < N are continuous;

(iti) the embeddings X — L RM), for1 < q < N are compact;

(iv) the embeddings X, — LN (RN) are continuous.

Lemma 2.2. [14] Let X be an infinite dimensional Banach space, and there exists a finite dimensional space W
such that X = W e V. I ¢ CY(R) satisfies the (PS) condition, and

(i) I(u) = I(-u) for allu € X, I(0) = 0O;

(ii) there exist p > 0, a > O such that IIaBp nNV=>a;

(iii) for any finite dimensional subspaceY c X, thereis R = R(Y) > O such that I(u) < 0 on Y\Bg.
Then I possesses an unbounded sequence of critical values.

Lemma 2.3. [7] Assume that {u,} is a bounded sequence in X. If

lim sup I |u,[2dV = 0,
n—>+OO(X’y)e|RN
Br((x,y))

then u, — 0 in L4RN) for all g € (2, N).

Lemma 2.4. [13] Let (X, | -||) be a Banach space and T c R* be an interval. Consider a family of C* functionals
on X of the form

L(u) = A(u) - AB(u) VA €T,
with B(u) > 0 and either A(u) — +o0o or B(u) — +oo as|u] — +oo. If there are two points vy, v, € X such that
a = inf maxIi(y(t)) > max{ly (), L (v,)} VA e T,
yel te[0,1]
where
I'={y € C([0, 1], X) : y(0) = v, y(1) = v3}.

Then, for almost every A € T, there exists a bounded (PS)., sequence in X, and the mapping A — c, is non-
increasing and left continuous.
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3 Proof of Theorem 1.1

In this section, we consider the boundary value problem (1.3). The energy functional I : X — R given by

1
1) = lul _{[H(u)dV

and

I'wlv] = j(uxvx + D'V uD 'V + Tuv)dv - fh(u)vdV.
0 Q

Lemma 3.1. Suppose h satisfies (h;)—(h,). If {u,} ¢ X satisfies
(i) {I (u,)} is bounded,;
(i) (I'(un), up) — O,

then {uy} is bounded in X.

Proof. If {u,} is unbounded in X, we can find a subsequence still denoted by {u,} such that {u,} — +oo.

Let v, = "32”, we have |[v,|| = 1. Thus, we may assume that v, — v in X. As the embedding X < L2, (RV) is

compact, we have v, — v in L?(Q). By (h,) and (i), there exists ¢ > 0 such that

u-2

Koo _H=2 K 2
lunllP — =llunlls = ln P IVa P> = = lun P lIva I3,

c+1>1(u,) - l(I'(un), Uy) =
1 2m

asn — +oo, which implies1 < % lim,,_, ;oo SUP |[Vp 5. Therefore, v # 0. By (h;) and Fatou’s Lemma, one has

c . I(u 1 H(u
= lim = = (—"2)= im ——j (z)v,f = -00,
n—+oo |[Up|l n—+co ||yl n—+oo | 2 Uy
Q
which is a contradiction. Hence, {u,} is bounded in X. a

Lemma 3.2. Suppose h satisfies (h;)—(h,). Then the functional I satisfies the (PS) condition.

Proof. To prove that I satisfies the (PS) condition, we only need to prove {u,} ¢ X has a convergent sub-
sequence, where {u,} obtained by Lemma 3.1. As {u,} is bounded in X, there exists a subsequence still
denoted by {u,} and uy € X such that u, — ugin X and u, — ug in LY(Q) for 1 < g < N. From (h,), we have

[h(un)| < elun| + Celugl?, Ve > 0.
then
_p_ _p_
p+l p+l
p+l p+l
Ilh(un)l pdV| < J(€|un| + CeluplP) P dV | < Cllunll + lunll?) < +o0.
Q Q

Applying the Hélder inequality, for1 < p < N - 1, one has

P
+1

p
+1
j|h(un> ~ho)lF dv f|un upppr1dv
Q Q

1
p+1

IN

j«h () — (o)) (i — o)AV
Q

P 1
p p+l

+1
J—Iun —uplP*ldv| —o.
Q

IN

c I@h(un)ﬁl N |h(u0)|’%l}dv
Q
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It follows from u, — ug in X and I'(ug) € X* that (I' (uo), u, — ug) — 0. And as I'(u,) — 0 in X, it is easy to
obtain

(I'(un), un — o) < M'(un)llxlttn — uollx@ — O.
Therefore,
(I' (un) = I'(Uo), Un — Uo) = (I'(Uo), Un — Uo) — (I'(Un), Un — Uo) — O,

asn — +oo.
Thus, we have

lun — uol? = (I' (Un) — I'(Uo), Un — Uo) + I((h(un) — h(uo)) (un — up))dV — 0,
Q

asn — +oo. O

Proof of Theorem 1.1. We have verified that I satisfies the (PS) condition. It follows from (hs) that I is
an even function. As X is a separable space, X has orthonormal basis {e}. Define X; := Re;, Wy = eag‘:lX,-,

Vi = &2, Xj. Let W= W, V=V, clearly X = We V and dim W < co.
Next, we verify that I satisfies (ii) in Lemmas 2.2. By Lemma 2.1, for all u € V, we have

1 1 £ C, 1
Iw) = —ful? - IH(u)dV > ul? - | Sl + k| = <lul? - Celul? + CelulP+h).
2 2 2 p 2
Q

Then, there exists p > 0 small enough, a > 0 such that I(u) > a > 0 as [lu|| = p.
Now, we verify that I satisfies (iii) in Lemma 2.2. For any finite dimensional subspace Y ¢ X, since

limupﬂx,% = +00, foru # 0,

H (ru)
(ru)?

2 2
I(ru) = %Hullz - IH(ru)dV: % lul> - ZI uAdV | - —oo,
Q Q

as r — +oo. Thus, there exists ry > 0 such that I (ru) < 0 for all r > r, > 0. So, we can conclude that there
exists a R(Y) > 0 such that I(u) < 0 on Y\Bgy).
Hence, according to Lemma 2.2, equation (1.3) possesses infinitely many nontrivial solutions. O

4 Proof of Theorem 1.2

In this section, the weak solutions of (1.2) are the critical points of the energy functional I, where
I(u) = %||u||2 - -[RN H®u)dV. As h satisfies (h))-(h,) and (hs), it is clear that I is of class C'(X, R). To apply

Jeanjean’s trick [13], we give a family of energy functions

L) = %nuu2 _A IH(u)dV, VA € B 1}.
[RN

Lemma 4.1. Suppose that h satisfies (h)—(h,) and (hs). Then
(i) there exists v € X\{O} such that }(v) < O for all A € B 1};

(ii) ¢y = infyEr max, o, A(y(t)) > max{l;(0), [H(v)} forall A € B, 1}, where

I'={y € C([0,1], X) : y(0) = 0, y(1) = v}



302 — Yuting Zhu et al. DE GRUYTER

Proof. (i) By (hs), we have lims_,m%s) = +00. Furthermore, for some u € X

H(tu)

w? wdV |- -co ast — +oo.

t2 t2
Itw) = Squpe - A j H(wdV < 2| jup - j
2 N 2 o

Thus, there exists t, > 0 such that I (tou) < 0. By taking v = tyu, we have Ij(v) < 0.

(ii) By virtue of (hy), for any € > 0 and some p € (1, N - 1), there exists C: > 0 such that

@) < Sl + Slept ve e R,
2 p
By Lemma 2.3, we have
1 2 1 2 € 2 CS p+1 1 2 2 "
B = Sl - A [H@dV > P - | Jjulg + =Sl = P - CelulP + CelulP™).
2 N 2 2 b 2
R

Then, there exists p > 0 small enough such that

b= ”irulf L(u) > 0 = [j(0) > i(v).
ul=p

Therefore, ¢; > max{[;(0), L(v)}. O

Combining Lemma 4.1 with Theorem 2.6, we have the following conclusion.

Lemma 4.2. Suppose h satisfies (h;)—(h,) and (hs). For almost every A € B, 1}, there is a bounded sequence {vy,},
such that (vy) — cpin X and I' \(vy,) — O in the dual X* of X.

Lemma 4.3. If {v,} is a bounded sequence in X and limm_>+oosup(x,y)E[RN_|‘

[VinPdV = 0, then
‘ ) Bi((x.y)
lim,, 0 ,[[RNG(V’") = 0, where G (vy,) = Eh(vm)vm - H (vy).

Proof. On one hand, by simple calculations, we derive

£ C,
H®v,)dV < S|l + —2—|jv, |17+,
IN 0wV = il + Sl

R

| BV < el + .

[RN

On the other hand, by Lemma 2.3, we have v,, — 0 in LI(R") for all g € (2, N). Hence, we can conclude that

lim | H(v,)dV =0,
m-—+o00
IRN

lim | h(vp)Vvy,dV = 0.
m—+00
[RN

Thus, limmﬂoo_[RNG(vm)dV = 0. O

Lemma 4.4. If {v,,} c X is the sequence obtained by Lemma 4.2, then for a.e. A € B, 1}, there exists a se-
quence of points {(Xpm, ¥,,)} € R x RN"L, up(X, ¥) = Vi (X = Xin, ¥ — ¥,,), Such that
) uy —uy #0in X;
(i) I;(wy) = 0 in X*;
(iii) ) (up) < ¢ in X; and
(iv) there exists M > O such that Iy (uy) > M.
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Proof. By Lemma 4.2, we know that for almost every A € B, 1}, there exists a bounded sequence {v,,} that
satisfy I (viy) — 3 in X and I} (v;y) — 0 in X* as m — +co. Furthermore,

IG(vm) =1 (V) - %(I,'\ V), V) = €1 >0  as m — +oo.

IRN

By Lemma 4.3, there exist a sequence of points {(Xy, y,,)} ¢ R x R¥"! and a > 0, such that

vadV > a > 0.

B (Xm)ym)

Letup(x, y) = Vim (X — X, ¥ — ¥,,)- By the invariance translations of I, asm — +o0o, we have that I (u,) —
in X and I} (w,,) — O in X*. Since {u,,} is bounded, there exists u, € X such that u,, — u, in X.
In the following, we complete the proof of this lemma.
(i) It follows from Lemma 2.1 that

Clual? = llual = j ufdV = lim uidVz=a>o0,

m—+00
By(0) B1(0)

and thus obtain u, # 0 in X.
(i) As C§® (RN) is dense in X, we only need to check that (I} (uy), ¢) = O for any ¢ € X. We have
Iy (), @) = I (up), @) = (um — Up, @) — A_[ [h(um) - h(up)]@dV — 0,
[RN

since u, — wy in X, uy, — wy in LE, (RY) for 1 < p < N. It follows from I (u,,) — O that I} (uy) = 0.

(iii) By (hs) and Fatou’s Lemma, we get

q = lim {IA (Um) — %(I/’( (Um), um)} =A lim | G(u,)dV

m—+oo m—+oo

> A j G )V = I (wy) %aﬁ (W), ) = L ().
|RN

(iv) Combining (ii) with (h;) and Lemma 2.1, we obtain that for any € > 0, there exists C, > 0 such that

hwal? = A jh(uA)uAst jh(unuAst Clelul? + Cellua 7).
RN RN

Then, there exists § > 0 such that [u;|| = B > 0. Therefore,

Lw) = Lw) - %(Iﬁ (up), up)

1 1 1
= (— - —j"u}l”2 + | —h@w - Hw)dv
2 pu M
R
> [1 - l]umnz > - 1]132 =M > 0.
2 u 2 u
This completes the proof. a

Now, according to Lemmas 4.2 and 4.4, there exists a sequence {(A,, u,)} C B, 1} x X, such that

(i) Ay > lasn — +oo0; (ii) up, # 0, M < I, (uy,) < c3, and I,{" (up,) = 0.

Lemma 4.5. (Pohozaev identity, [7]) Suppose h satisfies (h;)—(h,). If u € X is a weak solution of the equation:

~TUy + U + ACRW)y = D'Ayu in RV,
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then we have the following Pohozaev identity:

2N -3
2

Paw) = Iulf + @ - v | (luz - )lH(u))dV - 0.
RY 2
Proof of Theorem 1.2. By Lemma 4.5, if {u, } is nontrivial solution of equation
~TUy + Upy + A(hW)y = Di'Ayu in RY,

then {u,,} satisfies the following equation:

(2N;1)TJ‘

2N -3
P (up,) = TH“A,. I5 +
RN R

Remember that

1
ca, = I, (uy,) - P (Up,) = —_1||u)m||<2)-

2N -1 2N
So,
lup, 5 < @N = 1)ca, < @N - ey,

it follows from Lemma 2.1 that {u,,} is bounded in X, and also in IV,
Since I, (u3,) = 0, we have

(G, ). ) = P = An [ R,V = o.
[RN
Moreover, by Lemma 2.1, for any € > 0, there exists C, > 0 such that

lup, I? = Ay _[h(uA")uAndV < eCllup, I + Cellup, Iy
N

R

u dv - N - 1A, IH(uAn)dV = 0.
N

DE GRUYTER

Then, for € small enough, there exists a constant C > 0 such that |lu, |* < C, since {u,,} is bounded in IN.

Thus, {u,,} is bounded in X. By the facts that for any ¢ € X,

T un)s @) = I (n), @) + Ay~ 1) j h(us,)pdV,
[RN

L) = I, (un) + (A — 1) jH(umdv,
[RN

and {u,,} is bounded in X, it follows that M < lim, .., (uy,) < ¢ and lim,_,.,I' (u3,) = 0. Up to a sub-
sequence, there exists a subsequence still denoted by {u;,} and up € X such that u,, — uo in X. By using
the method in Lemma 4.4, we can obtain the existence of a nontrivial solution ug for I such that I'(ug) = 0
and I (ug) < q. Thus, ug is a nontrivial solution of (1.2). Define m := inf {I(u) : u # 0, I'(u) = 0}. Let{u,} be a se-
quence such that I’ (u,) = 0 and I (u,) — m. Similar to arguments in Lemma 4.4, we can prove that there exists
il € X such that I'ii) = 0 and I(i1) < m. By the definition of m, we have m < I(i1). Hence, I(ii) = m, which

shows that i is a ground state solution of (1.2).

O
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