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1 Introduction

The article aims to solve the inverse spectral problem for the following boundary value problem L (q):
-y"00 +qyx) =Ay(x), x¢€(0,m), (1.1
y(0) =0, AQY' (@) +fHQA)y(n) =0. (1.2)

Here (1.1) is the Sturm-Liouville equation with the complex-valued potential g € L, (0, ). The boundary
condition at x = 71 contains arbitrary functions f;(A), j = 1, 2, analytical by the spectral parameter A in the
whole complex plane. The Dirichlet boundary condition y(0) = 0 is chosen for definiteness. One can
similarly study the case of the Robin boundary condition y’(0) — hy (0) = O, which requires technical
modifications. The Sturm-Liouville equation (1.1) arises in investigation of wave propagation in various
media, heating processes, electron motion, etc.

The case of constant coefficients f; and f, has been studied fairly completely (see the classical
monographs [1-4] and references therein). There is also a number of studies concerning inverse problem
for Sturm-Liouville operators with linear [5-8] and polynomial [9-15] dependence on the spectral
parameter in the boundary conditions. Some properties of eigenvalues and eigenfunctions of the Sturm-
Liouville problems with entire functions in the boundary conditions were investigated in [16,17].

In this article, we study problem (1.1)—(1.2) with arbitrary entire functions in the boundary condition.
Let {A,}s2; be a subsequence of the eigenvalues of the problem L (q). This subsequence may coincide with
the whole spectrum or not. Note that the behavior of the spectrum depends very much on the functions
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fj(A), j=1,2. Since no additional restrictions are imposed on these functions, we cannot investigate
certain properties of the spectrum. Nevertheless, we can study the following inverse problem under some
additional restrictions on the subspectrum {A,};2;.

Inverse Problem 1.1. Let the entire functions fj(A), j = 1, 2, be known a priori. Given the eigenvalues

A2, and the number w: :% J: q (x)dx, find the potential q.

Investigation of this problem is motivated by several applications. In recent years, the so-called partial
inverse problems have attracted much attention of scholars. In such problems, it is assumed that
coefficients of differential expressions (e.g., the Sturm-Liouville potential g (x)) are known a priori on a
part of an interval. Therefore, less spectral data are required to recover the unknown part of coefficients. A
significant part of those partial inverse problems can be reduced to Inverse Problem 1.1 for the operator
with analytical dependence on the spectral parameter in the boundary conditions. We provide an example
of such reduction for the Hochstadt-Lieberman problem [18] in Section 5. Recently, partial inverse
problems have been intensively studied for Sturm-Liouville operators with discontinuities (see [19-23]).
The latter operators arise in geophysics and electronics. Partial inverse problems have also been
investigated for differential operators on geometrical graphs (see [24-28]). Such operators model wave
propagation through a domain being a thin neighborhood of a graph and have applications in various
branches of science and engineering (see [29]). Another popular problem is the inverse transmission
eigenvalue problem arising in acoustics (see [30—33]). The results of the present article generalize many
known results on the mentioned inverse problems. Recently, the half-inverse problem on a time-scale has
been investigated in [34]. The latter problem is also a special case of Inverse Problem 1.1. Note that, in
certain applications, the constant w can be obtained from the eigenvalue asymptotics (e.g., see Section 4).

The idea of reduction of partial inverse problems to the form with entire functions in the boundary
condition appeared in [35]. The authors of [35] considered Gestezy-Simon-type inverse problems [36] for
the Sturm-Liouville equation (1.1) with the potential given on (a, ), a € (0, ), and represented those
problems in the form with the boundary condition y’(a) — f (A)y (a) = 0, where f (1) is a Herglotz function.
However, the results of [35] are limited to specific uniqueness theorems in the self-adjoint case.

In this article, we obtain necessary and sufficient conditions for uniqueness of Inverse Problem 1.1
solution and develop a constructive algorithm for solving this inverse problem. This algorithm is used in
the sequel study [37] for investigation of solvability and stability for Inverse Problem 1.1. Further this
theory can be generalized to other types of differential operators and pencils.

Our method is based on completeness and basisness of special vector-functional sequences in
appropriate Hilbert spaces. This method allows us to reduce Inverse Problem 1.1 to the classical Sturm-
Liouville inverse problem with constant coefficients in the boundary conditions. In contrast to the majority
of the studies on inverse Sturm-Liouville problems, our analysis does not require self-adjointness of the
operator. We investigate the most general case, when the potential g (x) is complex-valued and the given
eigenvalues can be multiple. For solving the inverse Sturm-Liouville problem with boundary conditions
independent of the spectral parameter, we rely on the inverse problem theory for non-self-adjoint Sturm-
Liouville operators developed in [4,38,39].

The article is organized as follows. In Section 2, we introduce the notations and formulate the main
results, in particular, necessary and sufficient conditions for uniqueness of solution (Theorems 2.2 and 2.3)
and Algorithm 2.4 for constructive solution of the inverse problem. We also provide some simple
conditions on the subspectrum {A,}52; sufficient for uniqueness and for constructive solution (see Theorem
2.5). The main theorems are proved in Section 3. In Section 4, we apply our results to the Hochstadt-
Lieberman problem. Section 5 is a conclusion, summarizing the results of the article. In Appendix,
Theorem 6.1 on local solvability and stability is proved for the inverse Sturm-Liouville problem by Cauchy
data. This result plays an auxiliary role in analysis of Inverse Problem 1.1. However, as far as we know,
Theorem 6.1 is new for the case of the complex-valued potential g (x) and so can be treated as a separate
result.
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2 Main results

Let us start with some preliminaries. Denote by S (x, A) the solution of Equation (1.1), satisfying the initial
conditions S (0, A) = 0, §’'(0, A) = 1. Here and below the prime stands for the derivative with respect to x.
For derivatives with respect to A, we use the following notation:

. 1 d
) - - i
FOW =S @ jzo.
The spectrum of L(g) consists of eigenvalues, which coincide with the zeros of the characteristic
function

AQA) = A)S' (1, A) + LA)S (7, A). (2.1)

Clearly, the function A(A) is entire in the A-plane.

Consider a subsequence {A,}2; of the spectrum. Any multiple eigenvalue can appear in the sequence
{Af2; a number of times not exceeding its multiplicity. By the eigenvalue multiplicity, we mean the
multiplicity of the corresponding zero of the analytic function A(A). In other words, if for some pu we have
#{neN: A, = u} = k, then A9 (u) = 0, j = 0, k — 1. We call such a sequence {A,}°2, a subspectrum of L (q).

Let us add to the given subspectrum the value Aq = 0. Define

I=n>20: A #A, Vk:0<k<nl, m,:=4#k=0:A =27} (2.2)
i.e., I is the index set of all the distinct values among {A,};2, and m, is the multiplicity of A, for n € I.
Without loss of generality, we assume that the equal eigenvalues are consecutive: 1, = Apy1 =+ = Apym,—1

for alln € I.
Define the functions

s(x,A) = Ja sin(ﬁx), c(x,A) = cos(\/Xx).

Obviously, the functions A7's(x,A) and c(x,A) are entire by A for each fixed x € [0, n]. Define
n,(A) = S(m, A), n,(A) = S'(m, A). Further we need the following standard relations, which can be obtained
by using the transformation operator (see [1,4,40]):

_s(m,A) B wc (m, A) 1 T

0 = 2% ol !K(t)c(t, Ve, 2.3)
3 ws (m, A) 1 h

n,(A) =c(m,A) + 0 + 1 !N(t)s(t, A)dt, (2.4)

where K, N € L,(0, ). The pair of functions {K, N} is called the Cauchy data of the potential gq. Consider
the following auxiliary inverse problem.

Inverse Problem 2.1. Given the Cauchy data {K, N} and the number w, find the potential g.
_ 1, (A)
mA)°
known that the potential g can be uniquely recovered from the Weyl function, e.g., by the method of
spectral mappings (see [4,38,39]).
Proceed to solution of Inverse Problem 1.1. Substituting (2.3) and (2.4) into (2.1), we get

Using the Cauchy data {K, N} and w, one can easily construct the Weyl function M (A) : It is well

AAQA) = i) Ac(m, A) + ws(m, A) + jN(t)s(t, Adt |+ HLA)|s(T, A) - we(m, A) + I K@t)c(t,A)dt|. (2.5)
0 0

Introduce the complex Hilbert space of vector functions:
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H = Lz(o, T[) @Lz(o, ﬂ) = {h = [hl, hz]: h] € Lz(o, ﬂ),j = 1, 2}

with the following scalar product and the norm:
Vs
(8 My = I (GO () + g O (t))dt, lhlly = (h, W)y, g heH, g=I[g,8], h=I[h,hy)].
0

Define the vector functions
ut) =[N®,K®l, v(t,A)=I[iD)st,A),LHR)c(t, )] (2.6)

Clearly, u(-) and v¢? (-,A) for each fixed A and v > 0 belong to . In view of our notations, relation (2.5) can
be rewritten in the form

W@, v, )y =AAQ) + wA), wd) = - A)(Ac(m, A) + ws(m, A)) - L(A)(s(m, A) — we(m, A)), (2.7)
where t is the variable of integration in the scalar product. Since
AAA)Y,, =0, nel, v=0,m, -1, (2.8)
we get
w®), v (t,A)g =W Ay, nel, v=0,m, - 1 (2.9)
Denote
Varr () =V (6, 1), Wy = WY (A), nel, v=0,m, -1, n+v>1, (2.10)
Vo(t) =[0,1], wp:=w. (2.11)
Finally, we get
U, ViJor =Wy, n=0. (2.12)

Relation (2.12) for n > 1 follows from (2.9). For n = 0, (2.12) follows from (2.3), since S (71, A) is analytical at
A = 0. In view of (2.6), (2.7), (2.10) and (2.11), the vector functions {v,}2, and the numbers {w,}5>, can be
constructed by the given data of Inverse Problem 1.1. The components of u can help to find the unknown
potential gq.

Introduce the following conditions.

(CompLeTE) The sequence {2 is complete in H .

(Basis) The sequence {v,}2, is an unconditional basis in H .

Indeed, (Basis) implies (COMPLETE).

Along with the problem L(gq), we consider the problem L(§) of the form (1.1)-(1.2) with another
potential § € L, (0, m). The functions f;(A), j = 1, 2, are the same for these two problems. We agree that, if a
certain symbol y denotes an object related to L(q), the symbol y with tilde denotes the analogous object
related to L(§). Now we are ready to formulate the uniqueness theorem for Inverse Problem 1.1.

Theorem 2.2. Let {1}, and {1, be subspectra of the problems L(q) and L (§), respectively. Suppose that
L(q) and {A,}2 satisfy the condition (CompLETE), and let A, = /Tn, n>1, w= . Then, g = g in L,(0, m).

The following theorem asserts that the condition (CompLETE) is not only sufficient but also necessary for
uniqueness of solution of Inverse Problem 1.1.

Theorem 2.3. Let {A,};2; be a subspectrum of the problem L(q). Suppose that the sequence {V,}e, is
incomplete in H . Then, there exists a complex-valued function § € L,(0, i), § # q such that w = @ and
{Ank2, is a subspectrum of L(§).
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Suppose that the condition (Basis) holds. Then one can constructively solve Inverse Problem 1.1, by
using the following algorithm.

Algorithm 2.4. Let eigenvalues {A,};2; and the number w be given. We need to find the potential g.

1. Using f;(A), j =1, 2, {A};2¢ and w, construct the vector functions {v,};2o and the numbers {w,};2, via
(2.6), (2.7), (2.10) and (2.11).

2. For the basis {v,}52,, find the biorthonormal basis {v;}22, i.e., (Vu, Vi)r = 8k, 1, k > 0, where 6 is the
Kronecker delta.

3. Construct the element u € H, satisfying (2.12), by the formula
u= Z Wpvy.
n=0
4. Using the components of u(t) = [N (t), K (t)], solve Inverse Problem 2.1 and find q.

In certain applications, it can be difficult to check the conditions (CompLeTE) and (Basis). Therefore, we
introduce some other conditions, sufficient for uniqueness and for constructive solution of Inverse
Problem 1.1.

(ComprLeTE2) The sequence {c (t, Ay) hner.v=0.m—1 is complete in L, (0, 27).
(Basis2) The sequence {c" (t, Ap) Iner,v-0.m—1 is @ Riesz basis in L, (0, 27).
(SeparaTiON) For every n > 0, we have f;(A,) # 0 or /L (A,) # O.

(SmpLE) There exists an integer ngy such that m, = 1 and A,, # 0 for n > nq.

(Asymprorics) Imp, = O (1), n — co and {p; }nsn, € b, where p, = VA, argp, € [—%, %)

These conditions are natural for applications, such as the Hochstadt-Lieberman problem (see Section 4),
transmission inverse eigenvalue problem, inverse problems for quantum graphs (see [37, Section 4]), etc.

Theorem 2.5. (i) (SeraraTiON) and (CompLETE2) together imply (COMPLETE);
(ii) (SEPARATION), (SIMPLE), (Asymprotics) and (Basis2) together imply (Basis).

Thus, one can change the condition (CompLETE) in Theorem 2.2 to (SeparatioN) and (CompLETE2) and the
condition (Basis) in Algorithm 2.4 to (SeparaTION), (SIMPLE), (AsymproTics) and (Basis2). Those results remain
valid.

The condition (Separation) plays an important role for investigation of Inverse Problem 1.1. If this
condition is violated, i.e., fi(A,) = > (A,) = O for some n, then, in view of (2.1), the eigenvalue A, carries no
information on the potential q. It is easy to check, that (Separation) follows from (Basis), SO (SEPARATION) is
implicitly required in our constructive solution of the inverse problem. However, (SeraraTion) is not
necessary for the uniqueness theorem. The uniqueness holds even if the subspectrum {A,};2; contains
unnecessary eigenvalues. The only condition required for the uniqueness is (ComprETE). It is worth
mentioning that this condition and Theorem 2.2 do not hold for polynomial functions f;(A), j = 1, 2. In the
case of polynomials, one spectrum is insufficient for recovering the potential, one needs additional data
(see, e.g., [11]).

Surely, it seems natural to exclude the common zeros of the functions fi(1) and £ (1) from
consideration and to assume that these functions are relatively prime. However, this approach is
inconvenient for some applications, e.g., for partial inverse problems for differential operators on graphs
(see [27,37]). For the problem considered in [37, Section 4], the functions f; (A1) and f,(A) may have an
arbitrary number (finite or infinite) of common zeros. If we initially exclude those zeros, then it will be very
complicated to obtain estimates for f;(A), j = 1, 2, that are important for investigating local solvability and
stability of the inverse problem. Therefore, we suppose that the functions f;(1) and f,(A) may have
common zeros, but these zeros do not coincide with the given eigenvalues {A,};2; in a discussion of the
constructive solution.
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3 Proofs

The aim of this section is to prove Theorems 2.2, 2.3 and 2.5.

Proof of Theorem 2.2. Suppose that the problems L (q), L (§) and their subspectra {1,}%,, {A,}2, satisfy the
conditions of Theorem 2.2. By virtue of definitions (2.6), (2.7), (2.10) and (2.11), we have v, = ¥, in H and

W, = W, for all n > 0. Hence, relation (2.12) for L has the form
(ﬁ, Vn)(H = W, nzxo0. (3-1)
Subtracting (3.1) from (2.12) and using the completeness of the sequence {v,};2o, We get u = @i in H, i.e.,

K=K,N=NinL,(0, n). Using the uniqueness of Inverse Problem 2.1 solution, we conclude that g = § in
LZ (Os 7'[) D

Proof of Theorem 2.3. Let the problem L (g) and the subspectrum {A,};2; be such that the sequence {v,}2,
is incomplete in . Then, there exists it € H, ti # 0, such that

U, vp)r =0, n=0. (3.2
Since relation (3.2) is linear by i, one can choose il satisfying the estimate ||iilly; < € for € from Theorem 6.1.

Setu:=[N@®,K®O], d=u+i=[N®),K@t)]and i # u. By Theorem 6.1, there exists § € L, (0, m) such
that w = @ and {K, N} are the Cauchy data of §. Define the functions

s(m, }l) wc (n, A)
A

~ 1 f
Q) = X.f (t)c(t, Adt,
0

mw=amM+“m“ I(mamm
(0]

AW = fiMFA) + HAFA).

Clearly, A(A) is the characteristic function of L (§). Relations (2.12) and (3.2) yield (3.1). Consequently, the function AA(A)
has zeros {A,},; of the corresponding multiplicities {m,},c;. Thus, {A,}n2; is a subspectrum of L(§), § + . O

In order to prove Theorem 2.5, we need several auxiliary lemmas.

Lemma 3.1. Suppose that (Seraration) is fulfilled. Then, there exist coefficients {Cy i} such that the following
relations hold:

v
Y = GO D, Gy =12 (3

forneI\{0},v=0,m, —1and forn=0,v=0,mg - 2.

Proof. Fix n € I\{0}. Relation (2.1) can be rewritten in the form
nMLEA) + n, DfiA) = AQA). G.4)
The condition (Seraration) and the relation A(A,) = 0 imply that
(1 An), 1, An)] = Coo lfi(An), —f (An)],

where Cp o is a nonzero constant, i.e., relation (3.3) holds for v = 0.
Let us prove (3.4) for v =1, m, — 1 by induction. Assume that (3.3) is already proved for r1}.<"> Ap),

k=0,v—1,j=1,2. Using (3.4) and the relation AV (A,)) = 0, we get
()Y (An) = (/) (An).
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Differentiation of the products yields
v
z ,l<k>f<vfk> - _ Z n2<k>f1<vfk>_
k=0

Here and below the arguments (A,,) are omitted for brevity. Using (3.3) for n}?’o, k =0,v -1, we obtain

v-1 k v-1 k
_j _ k—i _
nOh+ Y Y Gl = P h 4 3 Y Cuf i .
k=0 j=0 k=0 j=0

Calculations show that

z i (k) =) 1o
k:

j=0

" f+ 0" fi

_ i Z’: FORT Vi f5 fI
: s=0 s=1

= Z SB[ h).

Hence,

v-1 . v-1 .

A = Y Cufi"™ | = A" + ¥ Cofs .

j=0 j=0

In view of (SeparatiON), fi # O or f, # 0. Consequently, there exists the constant C,, such that
. V71 3 .
ni<v> + (_1)1 Z Crl,jfi<v_]> = (_1)1Cn,vfia l = 1’ 2‘
j=0

Thus, relation (3.3) is proved for n € I\ {0}, v = 0, m,, — 1. Obviously, the arguments above are also valid for

n=0,v=0,mgy - 2. O

Introduce the vector functions

gt A) = [n)s(t, D), -n,Mec(t, D], g () =[0,1],

(3.5)
8y ) =8V (t,Ay), nel, v=0,m,-1, n+v=>1.
Lemma 3.2. The sequence {v,}s2 is complete in H if and only if so does {uy}52,.
Proof. Let an element h = [hy, h,] € H be such that
(h, v =0, n=>0. (3.6)
Definitions (2.6), (2.10) and (2.11) imply that
V»QA,) =0, nel, v=0,m, -1, (3.7)

where

V) = j MOfMsE D + (O D A))dt.
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Obviously,

V& (Ay) = Z (M (OFF An)s¥ (8, An) + ha ()f5 Q) V70 (¢, Ap))dt.

O%:l

Consider the function
GQ) = j (h®)n)s(t, A) - hh(t)n,(A)c (¢, A))dt.

Let us show that
GY@A) =0, nel, v=0,m, - 1.

Using Lemma 3.1, (3.7) and (3.8), we derive

GY () () A)sVR (t, An) = ()N (Aa) V700 (8, Ay))dt

I
o

I Il
M= IM-<
M» O =

Cu,j j (h (OFFD A)sV0 (8, Ag) + Iy (O)F557 (M) V0 (8, X))t
0

T
o

j=0

]
M<

1 n
z f (R (OFF A)sTD (6, A) + ha (OFF Q)¢ (8, Ay))dt
=0 %

T
o

1]
M=

G ,v—lV<l> (An) =0

Iy
o

— 519

(3.8)

(3.9

(3.10)

for all nel, v=0,m, -1, except for (n,v) = (0, mg — 1). Let us consider the case (n,v) = (0, mg — 1)

separately. Note that

f (I OFY 0)s(t, 0) + B(OfS” 0)c(t, 0)dt = £ (0) j h(Odt =0, v=0,m -1,

(3.11)

since s(t,0) =0, c(t,0) =1, vy = [0, 1] and (3.6) holds for n = 0. Combining (3.7), (3.8) and (3.11), we

obtain

Vv (0) = Z (M (OFF (0)sV0) (¢, 0) + hy ()f5F (0)c (t,0))dt =0, v=0,mg - 1.

k=0

By using analogous ideas and Lemma 3.1, we derive

v-1
Y (@O (0)sV R (¢, 0) - hy(t)nf (0)c¥0 (¢, 0))dt

G (0)

I
~
el

<
|

(hy (OFFD (0)s¥R) (¢, 0) + by ()fs57 (0)cv (¢, 0))dt

Il
il M

T
AN

B
“% ]

v=j-1
= Z (i (OFP (0)s¥1D (¢, 0) + hy (O)f5" (0)c~1 (¢, 0))dt

N
1<

b
R

= Cn,jv<v—i> (0)=0, v=0,mg-1.
0

—.
I

In particular, (3.10) holds forn = 0, v=mg - 1.
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Relations (3.9) and (3.10) yield
(h,g)x =0, n=z0. (3.12)

Thus, we have shown that (3.12) follows from (3.6). It can be proved similarly that (3.6) follows from (3.12).
Therefore, the completeness of the sequence {v,};2 is equivalent to the completeness of the sequence {g, },2,. O

Furthermore, we need two auxiliary propositions. Proposition 3.3 is proved in Appendix of [41].

Proposition 3.3. Let {0,};>, be a sequence of complex numbers, satisfying the asymptotic formula

J6n = % + U M} e, a>o0. (3.13)
Define
W= #{k>0: 6= 6, J={n>0:6,%6,Vk 0<k<nl (3.14)

Then, the sequence {c"’ (t, 6p) }nej,v-0;-1 iS a Riesz basis in L, (0, a).

Proposition 3.4. Let G(A) be an entire function, satisfying the conditions:

662 < Cexp(Impla), A€, [ I6()Pdp < co.
R

for some positive constants C and a. Let {A,}>, be arbitrary complex numbers, and let the set I and the
multiplicities {my}2, be defined by (2.2). Suppose that

GYA) =0, nel, v=0,m, -1,

and the sequence {c (t, Ap) hnerv-0.m.—1 IS complete in L,(0,a). Then, G(A) = 0.

Proof. By the Paley-Wiener Theorem, the function G can be represented in the form
a
G(p?) = I r(t)cos(pt)dt, r e L,(0,2m). (3.15)
0
Differentiating (3.15), we get
a
GV Ay = I r)cv (¢, A)dt =0, nel, v=0,m, - 1.
0

Since the sequence {c" (t, Ap) }ner,v=0.m—1 is complete in L,(0,a), we haver = 0 in L,(0,a), soG(A) = 0. O

Proof of Theorem 2.5(i). Suppose that the conditions (Separation) and (CompLeTE2) are fulfilled. Let us show
that these two conditions imply the completeness of the sequence {g,};2,. Let h € H be such that (3.12) is
valid. We have to show that h = 0. Consider the function G (A) defined by (3.9). Relation (3.12) implies
(3.10). In view of (2.3), (2.4), (3.9), (3.10) and (CompLETE2), the conditions of Proposition 3.4 are fulfilled for
a = 2n1. Therefore, G(A) = 0, i.e.,

j (O, W)s(E A) — hy(©)n, e (¢, D)dt = 0. (3.16)
0
(|

By virtue of Proposition 6.2, 1, (A) has a countable set of zeros {6,};2;, counted with their multiplicities
and satisfying the asymptotic formula (3.13) with a = m. Add the value 6, = 0. Define the set J and the
multiplicities {u,}ne; by (3.14). It follows from (3.16) that
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vy
J hy (O)n, (M (¢, )dt =0, nejJ, v=0,pu, - 1. (3.17)
|/1=9n
Note that 1,(6,) # 0, n > 1. (Otherwise, we have S (r, 8,) = S' (7, 0,) = 0. Together with equation (1.1), this

yields the relation S(x,A) =0, which is wrong). Consequently, using (3.17) and the equality
m
jo h, (¢)dt = 0, we obtain

,[hZ(t)C<V> (t,6,) =0, neJ, v=0,p, -1

According to Proposition 3.3, the sequence {c? (¢, 0,) }ne Jv=0,-1 is complete in L, (0, 7). Hence, h; = 0 in
L, (0, ). Returning to (3.16), we easily conclude that also h; = 0 in L, (0, m).

Thus, we have shown that (3.12) implies h = 0 in H, so the sequence {g,},2, is complete in H . By
Lemma 3.2, the sequence {v,}52, is also complete in A under the assumptions of the theorem. O

Lemma 3.5. Let {t,},>0 be arbitrary complex numbers such that 1, + 1 and T, #+ T for alln # k, n, k > 0.
Suppose that the sequence {cos(t,t)}2, is a Riesz basis in L, (0, 2r). Then, the sequence {gn Iheo IS a Riesz
basis in H , where

gr?(t) = [ sin(t,71)sin (1,t), —cos (7, /1) coS (T, t) ]. (3.18)

Proof. In view of [42, Theorem 3.6.6], for the sequence {grl 2o to be a Riesz basis in #, it is sufficient to be
complete in H and to satisfy the two-side inequality

2

No No
My Y |bf? < ngy| <M ) IbaP (3.19)
n=0 n=0

for every sequence {b,}5,, every integer Ny > 0 and some fixed positive constants M; and M,, independent
of {b,} and N,.

First, we show that the sequence {g 2o is complete in H. Let h = [h, hy] € H be such that
(h, g, 94 = 0 for all n > 0. It means that the function

Go(A) = I (hy ()sin(VAm)sin(JAt) — hy (t)cos(v/Am)cos(VAL))dt

has zeros {Tn}n>o Applying Proposition 3.4, we conclude that Go(A) = 0. Then, one can easily show that
hi = hy = 0 in L,(0, m), so {g}, is complete.
Second, we prove the two-side inequality (3.19). Calculations show that

n

(s 80y j (sin (T;7r) sin (Gt ) sin (G, 77) sin (i t) + €0s (T,71) coS (Tt ) cos (T, 71) cos (T3 t) ) dt

0

2n
_SnQREG - wm _ j cos (T;t)cos (i t)dt.

2(T — )
Hence,
No No No
ng,? Z Z bubi (82, 83 = || ). bn cOS(Trt)
= n=0 k=0 n=0 L2(0,2m)

Since the sequence { cos(t,t)}2,, is a Riesz basis in L, (0, 277), the two-side inequality similar to (3.19) is valid for
this sequence. Consequently, inequality (3.19) is also valid for {gn o 05 SO {gn oo is a Riesz basis in H . O
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Proof of Theorem 2.5(ii). Suppose that the conditions (SEpArATION), (SIMPLE), (AsympToTics) and (Basis2) are
fulfilled. First, let us show that {g,},>, is a Riesz basis in H . Since (Basis2) implies (CompLETE2), the
conditions of Theorem 2.5(i) hold, so the sequence {g,},2, is complete in H according to the previous
proof. Substituting (2.3) and (2.4) into (3.5), we get

g(t, p?) = [ sin(pm)sin(pt), — cos(pm)cos(pt)] + O(pLexp(2|Impl|m)), |p| — oo.

Substituting p = p, into the latter relation and taking the conditions (SimpLE) and (Asymprorics) into account,
we conclude that {Ig, — g° lls }ns0 € b, where g? is defined by (3.18) for n > 0. Here, 1, = p,, for n > n, and
{T}1o! are arbitrary complex numbers, such that 7, # T, and %, # % for all n # k, n, k > 0. Thus, the
sequence {T},-0 satisfies the conditions of Lemma 3.5. The Riesz-basis property of the sequence
{ cos(mt)}2o follows from (Basis2). Applying Lemma 3.5, we conclude that {gr?}ﬁio is a Riesz basis in H .
Thus, the sequence {g, }52, is complete and L-close to the Riesz basis {gr? oo in H . Hence, {g,}2, is also a
Riesz basis.

Second, let us show that the Riesz-basis property of {g,},2o implies that {v,};2, is an unconditional
basis in H, i.e., the normalized sequence {v;,/ ||y |l }oe( is @ Riesz basis. By Lemma 3.2, the sequence {v,};2,
is complete in H . Recall that, by (SivpLE), the eigenvalues {A,} are simple for sufficiently large n. Therefore,
by Lemma 3.1, we have g, = knVy, n > ng, where {kp}n>n, are nonzero constants. This fact together with the

completeness of {v,};2, yields the claim. O

4 Hochstadt-Lieberman problem

In this section, we show one of the applications of our main results. Consider the following eigenvalue
problem:
-y"00 +qyx) =y (x), x € (0,2n), (4.1)
y(0) =y(@m) =0, (4.2)
with a complex-valued potential g € L, (0, 271). Denote by {1,}52; the eigenvalues of problems (4.1)-(4.2),
counted with their multiplicities and numbered according to their asymptotics

JAn = n, o +o(n), n- oo, (4.3)
2 1mn

where Q = %fjﬂ q (x)dx.
The Hochstadt-Lieberman problem, also called the half-inverse problem, is formulated as follows.

Inverse Problem 4.1. Suppose that the potential g (x) is known a priori for x € (11, 27). Given the spectrum
{Au)n2, (counting with multiplicities), find the potential g (x) for x € (0, m).

Inverse Problem 4.1 and its generalizations were studied in [15,18,36,40,43-45] and other studies. In
this section, we show that this problem can be treated as a special case of Inverse Problem 1.1.

Denote by S(x,A) and ¥ (x,A) the solutions of equation (4.1), satisfying the initial conditions
S(0,1)=0,S5(0,4) =1,y (2m,A) = 0 and Y’ (2m, A) = 1. The eigenvalues of problem (4.1)-(4.2) coincide
with the zeros of the characteristic function

AQA) =y, A)S' (m, A) — P’ (m, A)S (71, A). (4.4)
Comparing (4.4) with (2.1), we conclude that the eigenvalue problem (4.1)-(4.2) is equivalent to (1.1)—(1.2) with
AQA) =Y, A), [QA)=-Y'(m,A). (4.5)
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Note that these functions fj(A), j = 1, 2, are entire in the A-plane, and they can be constructed by the
known part of the potential g (x), x € (T, 2rr). The constant w can also be easily determined by the given
data of Inverse Problem 4.1. Indeed, we have

w =

N | =

}q(x)dx= Q-2 ] g(0)dx,
0 JT

and the constant Q can be found from the eigenvalue asymptotics (4.3). Thus, Inverse Problem 4.1 is

0

reduced to Inverse Problem 1.1 by the whole spectrum {A,};2; of (4.1)-(4.2).

Proposition 4.2. Let f;(A), j = 1, 2, be entire functions defined by (4.5), and let {A,};2, be the eigenvalues of
problem (4.1)-(4.2) counted with their multiplicities, Ay := 0. Then, the conditions (Basis2), (SEPARATION),
(SmvpLE) and (Asymprorics) are fulfilled.

Proof. The condition (Basis2) follows from asymptotics (4.3) and Proposition 3.3. (Separation) is fulfilled,
because the functions (7, A) and ¥’ (17, A) do not have common zeros. Indeed, if Y (7, y) = Y’ (77, p) = 0
for some u € C, then ¥ (x, p) is the solution of the initial value problem for equation (4.1) with the zero
conditions at x = . Then ¥ (x, ) = 0, which is impossible. The conditions (SimpLE) and (Asymprorics) easily
follow from the asymptotics (4.3). O

Thus, our main results can be applied to the Hochstadt-Lieberman problem. In particular, Theorem 2.2
implies the following corollary, which generalizes the Hochstadt-Lieberman uniqueness theorem [18] to
the case of complex-valued potentials.

Theorem 4.3. Let {A,};2, and {/T,, 21 be the spectra of the boundary value problems in the form (4.1)—(4.2) for

potentials q and §, respectively. Suppose that q(x) = (x) a.e. on (1, 21) and A, = A, for all n > 1. Then,
q(x) = G(x) a.e. on (0, ). In other words, the solution of Inverse Problem (4.1) is unique.

Algorithm 2.4 can be used for constructive solution of Inverse Problem 1.1. This algorithm generalizes
the methods, developed in parallel by Martinyuk and Pivovarchik [40] and by Buterin [45] for solving the
Hochstadt-Lieberman problem.

5 Conclusion

In this article, we began the analysis of Inverse Problem 1.1 for the boundary value problems (1.1) and (1.2)
containing arbitrary entire functions in the boundary conditions. We have provided necessary and
sufficient conditions for uniqueness of this problem solution. Necessity is contained in Theorem 2.3 and
sufficiency in Theorem 2.2. We have developed a constructive algorithm for the inverse problem solution
(Algorithm 2.4), based on reduction of Inverse Problem 1.1 to the classical inverse problem by Cauchy data
(Inverse Problem 2.1). We have also obtained some simple conditions sufficient for uniqueness and for
constructive solution of the inverse problem (see Theorem 2.5). Our results are illustrated by their
application to the Hochstadt-Lieberman inverse problem. We continue this research in the sequel paper
[37], which is devoted to global solvability, local solvability and stability of Inverse Problem 1.1.

Acknowledgments: This work was supported by Grant 20-31-70005 of the Russian Foundation for Basic
Research. The author is grateful to the anonymous referees for their valuable comments.



524 — Natalia Pavlovna Bondarenko DE GRUYTER

References

(1]

(2]

3]
(4]

[5]

(6]

9]

[10]

(1]

[12]

[13]

[14]

[15]

[16]

(17]

(18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

V. A. Marchenko, Sturm-Liouville operators and their applications, Naukova Dumka, Kiev, 1977 (Russian); English transl.,
Birkhauser, 1986.

B. M. Levitan, Inverse Sturm-Liouville Problems, Nauka, Moscow, 1984 (Russian); English transl., VNU Sci. Press,
Utrecht, 1987.

J. Poschel and E. Trubowitz, Inverse Spectral Theory, Academic Press, New York, 1987.

G. Freiling and V. Yurko, Inverse Sturm-Liouville Problems and their Applications, Nova Science Publishers, Huntington,
NY, 2001.

P. ). Browne and B. D. Sleeman, A uniqueness theorem for inverse eigenparameter dependent Sturm-Liouville problems,
Inverse Problems 13 (1997), no. 6, 1453-1462, DOI: 10.1088/0266-5611/13/6/003.

V. A. Yurko, An inverse problem for pencils of differential operators, Sbornik: Mathematics 191 (2000), no. 10, 1561-1586,
DOI: 10.1070/SM2000v191n10ABEH000520.

N. J. Guliyev, Inverse eigenvalue problems for Sturm-Liouville equations with spectral parameter linearly contained in one
of the boundary condition, Inverse Problems 21 (2005), no. 4, 1315-1330, DOI: 10.1088/0266-5611/21/4/008.

C.-F. Yang and Z.-Y. Huang, A half-inverse problem with eigenparameter dependent boundary conditions, Numer. Funct.
Anal. Optim. 31 (2010), no. 6, 754-762, DOI: 10.1080/01630563.2010.490934.

P. A. Binding, P. J. Browne, and B. A. Watson, Equivalence of inverse Sturm-Liouville problems with boundary conditions
rationally dependent on the eigenparameter, |. Math. Anal. Appl. 291 (2004), 246261, DOI: 0.1016/j.jmaa.2003.11.025.
M. V. Chugunova, Inverse spectral problem for the Sturm-Liouville operator with eigenvalue parameter dependent
boundary conditions, Oper. Theory Adv. Appl. 123 (2001), 187-194.

G. Freiling and V.A. Yurko, Inverse problems for Sturm-Liouville equations with boundary conditions polynomially
dependent on the spectral parameter, Inverse Problems 26 (2010), 055003, DOI: 10.1088/0266-5611/26/5/055003.

G. Freiling and V. Yurko, Determination of singular differential pencils from the Weyl function, Adv. Dyn. Syst. Appl. 7
(2012), no. 2, 171-193.

C.-F. Yang and X.-C. Xu, Ambarzumyan-type theorem with polynomially dependent eigenparameter, Math. Meth. Appl.
Sci. 38 (2015), 4411-4415, DOI: 10.1002/mma.3380.

N. ). Guliyev, Schradinger operators with distributional potentials and boundary conditions dependent on the eigenvalue
parameter, ). Math. Phys. 60 (2019), 063501, DOI: 10.1063/1.5048692.

N. ). Guliyev, Essentially isospectral transformations and their applications, Ann. Mater. Pura Appl. (2019), DOI: 10.1007/
$10231-019-00934-w.

E. V. Foliadova, Oscillatory properties of solutions of some multiparametric boundary value problems, Funkts. Anal. 24
(1985), 115-122. (in Russian).

E. V. Foliadova, On perturbations of the spectrum of Sturm-Liouville boundary value problems by boundary conditions
containing a spectral parameter, Funkts. Anal. 35 (1994), 103-112. (in Russian).

H. Hochstadt and B. Lieberman, An inverse Sturm-Liouville problem with mixed given data, SIAM ). Appl. Math. 34 (1978),
no. 4, 676-680, DOI: 10.1137/0134054.

0. H. Hald, Discontinuous inverse eigenvalue problem, Commun. Pure Appl. Math. 37 (1984), 53-577, DOI: 10.1002/
cpa.3160370502.

C.-T. Shieh and V. A. Yurko, Inverse nodal and inverse spectral problems for discontinuous boundary value problems,
J. Math. Anal. Appl. 347 (2008), no. 1, 266—272, DOI: 10.1016/j.jmaa.2008.05.097.

C.-F. Yang, Inverse problems for the Sturm-Liouville operator with discontinuity, Inverse Probl. Sci. Eng. 22 (2014), no. 2,
232-244, DOI: 10.1080/17415977.2013.764521.

Y. P. Wang, Inverse problems for discontinuous Sturm-Liouville operators with mixed spectral data, Inverse Probl. Sci.
Eng. 23 (2015), no. 7, 1180-1198, DOI: 10.1080/17415977.2014.981748.

C.-F. Yang and N. P. Bondarenko, Local solvability and stability of inverse problems for Sturm-Liouville operators with a
discontinuity, ). Diff. Equ. 268 (2020), no. 10, 6173-6188, DOI: 10.1016/j.jde.2019.11.035.

V. N. Pivovarchik, Inverse problem for the Sturm-Liouville equation on a simple graph, SIAM ]. Math. Anal. 32 (2000),
no. 4, 801-819, DOI: 10.1137/5S0036141000368247.

C.-F. Yang, Inverse spectral problems for the Sturm-Liouville operator on a d-star graph, |. Math. Anal. Appl. 365 (2010),
742-749, DOI: 10.1016/j.jmaa.2009.12.016.

C.-F. Yang and F. Wang, Inverse problems on graphs with loops, |. Inverse Ill-Posed Probl. 25 (2017), no. 3, 373-380, DOI:
10.1515/]iip-2016-0043.

N. P. Bondarenko, A partial inverse problem for the Sturm-Liouville operator on a star-shaped graph, Anal. Math. Phys. 8
(2018), no. 1, 155-168, DOI: 10.1007/s13324-017-0172-x.

N.P. Bondarenko, A 2-edge partial inverse problem for the Sturm-Liouville operators with singular potentials on a star-
shaped graph, Tamkang J. Math. 49 (2018), no. 1, 49-66, DOI: 10.5556/].tkjm.49.2018.2425.

G. Berkolaiko, R. Carlson, S. Fulling, and P. Kuchment, Quantum graphs and their applications, Contemp. Math. 415,
American Mathematical Society, Providence, RI, 2006.



DE GRUYTER Inverse Sturm-Liouville problem with analytical functions in the boundary condition = 525

[30] ). R. McLaughlin and P. L. Polyakov, On the uniqueness of a spherically symmetric speed of sound from transmission
eigenvalues, |. Diff. Equ. 107 (1994), 351-382, DOI: 10.1006/jdeq.1994.1017.

[31] J.R. McLaughlin, P. L. Polyakov, and P. E. Sacks, Reconstruction of a spherically symmetric speed of sound, SIAM . Appl.
Math. 54 (1994), 1203-1223, DOI: 10.1137/50036139992238218.

[32] ). R. McLaughlin, P. E. Sacks, and M. Somasundaram, Inverse scattering in acoustic media using interior transmission
eigenvalues, in: G. Chavent, G. Papanicolaou, P. Sacks, and W. Symes (eds.), Inverse Problems in Wave Propagation,
Springer, New York, 1997, pp. 357-374.

[33] N.Bondarenko and S. Buterin, On a local solvability and stability of the inverse transmission eigenvalue problem, Inverse
Problems 33 (2017), 115010, DOI: 10.1088/1361-6420/aa8ch5.

[34] A.S. Ozkan and I. Adalar, Half-inverse Sturm-Liouville problem on a time scale, Inverse Problems 36 (2020), 025015, DOI:
10.1088/1361-6420/ab2a21.

[35] Z. Wei and G. Wei, On the uniqueness of inverse spectral problems associated with incomplete spectral data, ). Math.
Anal. Appl. 462 (2018), no. 1, 697-711, DOI: 10.1016/j.jmaa.2018.02.035.

[36] F. Gesztesy and B. Simon, Inverse spectral analysis with partial information on the potential, Il. The case of discrete
spectrum, Trans. AMS 352 (2000), no. 6, 2765-2787, DOI: 10.1090/50002-9947-99-02544-1.

[37] N. Bondarenko, Solvability and stability of the inverse Sturm-Liouville problem with analytical functions in the boundary
condition, Math. Meth. Appl. Sci. (2020), DOI: 10.1002/mma.6451.

[38] S. A. Buterin, On inverse spectral problem for non-selfadjoint Sturm-Liouville operator on a finite interval, ]. Math. Anal.
Appl. 335 (2007), no. 1, 739-749, DOI: 10.1016/j.jmaa.2007.02.012.

[39] S. A. Buterin, C.-T. Shieh, and V. A. Yurko, Inverse spectral problems for non-selfadjoint second-order differential
operators with Dirichlet boundary conditions, Boundary Value Probl. 2013 (2013), 180, DOI: 10.1186/1687-2770-
2013-180.

[40] O. Martinyuk and V. Pivovarchik, On the Hochstadt-Lieberman theorem, Inverse Problems 26 (2010), 035011, DOI:
10.1088/0266-5611/26/3/035011.

[41] S. Buterin and M. Kuznetsova, On Borg’s method for non-selfadjoint Sturm-Liouville operators, Anal. Math. Phys. 9
(2019), 2133-2150, DOI: 10.1007/s13324-019-00307-9.

[42] O. Christensen, An Introduction to Frames and Riesz Bases, Applied and Numerical Harmonic Analysis, Birkhauser,
Boston, 2003.

[43] M. Horvath, On the inverse spectral theory of Schrédinger and Dirac operators, Trans. AMS 353 (2001), no. 10, 4155-4171,
DOI: 10.1090/50002-9947-01-02765-9.

[44] R. O. Hryniv and Ya. V. Mykytyuk, Half-inverse spectral problems for Sturm-Liouville operators with singular potentials,
Inverse Problems 20 (2004), 1423-1444, DOI: 10.1088/0266-5611/20/5/006.

[45] S. A. Buterin, On half inverse problem for differential pencils with the spectral parameter in boundary conditions,
Tamkang ). Math. 42 (2011), 355-364, DOI: 10.5556/j.tkjm.42.2011.912.

[46] N. P.Bondarenko, Local solvability and stability of the inverse problem for the non-self-adjoint Sturm-Liouville operator,
preprint (2020), arXiv:2002.05045 [math.SP].

Appendix: inverse problem by Cauchy data

The goal of this section is to prove the following theorem on local solvability and stability of Inverse
Problem 2.1.

Theorem 6.1. Let q be a fixed complex-valued function from L, (0, ), and let {K, N} be the corresponding
Cauchy data. Then, there exists € > 0 (depending on q) such that, for any functions K, N from L, (0, m)
satisfying the estimate

= max{|K - Kl ©o,m, IN - Nlyom} <&, (6.1)

83

there exists a unique function g € L, (0, i) such that J: (gx) - G(x))dx = 0 and {K, N} are the Cauchy data
for . In addition,

lg - Gl 0,m < CE, (6.2)

where the constant C depends only on q and not on {K, N}.
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Below the symbol C is used for various positive constants. In order to prove Theorem 6.1, we need
several auxiliary propositions. Applying the standard approach (see, e.g., [4, Theorem 1.1.3]), based on
Rouché’s Theorem, one can easily obtain the following result.

Proposition 6.2. Let K (t) be an arbitrary complex-valued function from L, (0, ). Then, the function n, (1)
defined by (2.3) has the countable set of zeros {0,}52,; numbered according to their multiplicities so that
|60, < 16n11, n € N, and satisfying the asymptotic formula

Vp = \/9_n =N+ O(nil), neN., (6'3)

In view of the asymptotic formula (6.3), we can find the smallest integer n; > 2 such that the zeros {6}
are simple for n > n; and |6y,| > |6,,-1]. Define the contour y, = {A € C: |A| = (|6,,] + 6n,-11)/2}. Clearly,
6, € inty, for n = 1, n; - 1 and the eigenvalues {6,};2,, lie strictly outside y,.

Without loss of generality, we may assume that equal eigenvalues in the sequence {6,}2; are

consecutive. Introduce the notations

S={1lu{n=2: A, #A1}, ko= #{keN: O =0y},

M) = n,(A) ’
M (A)

M., = ARe;s(/I -60))MQA), neS, v=0,k,-1.

Below we agree that, if a certain symbol y denotes an object constructed by {K, N, w}, then the symbol y
with tilde denotes the analogous object constructed by K,N, w}

Lemma 6.3. Let K, N be fixed complex-valued functions from L, (0, ), and let w € C. Then, there exists € > 0
(depending on K, N, w) such that, for any K, N e L,(0, m) satisfying (6.1), the points {én 21:‘11 lie strictly inside
Yo and

max |[M (A) - M (A)| < CE. (6.4)
Aeyy
For n > n;, we have En =1 and
- 1/2
Y ()| <CE (6.5)
n=m

where &, = |v, — V| + %|M,, — M,|. The constant C in estimates (6.4) and (6.5) depends only on {K, N, w}.

Proof. Step 1. If the functions K, N, K, N and the number w satisfy the conditions of the lemma for
sufficiently small € > 0, then (2.3) and (6.1) yield the estimates

LI A] > ¢0>0, Aey, @) -7A)]<CE,  Aey, (6.6)

I, (A) =7, Q)|
[ ()]
1,(A) has inside y, the same number of zeros as 7, (A). According to our notations, these zeros of 7; (A)

are {6,}1.
Using (2.3), (6.1) and (6.6), we obtain the estimate (6.4):

|T’l2 (A)ﬁl(/\) - ﬁz(A)rh(A” < C5 A € Y
In, W11, D) S 0

Step 2. For n > ny, consider the contours y, , = {p € C: |p — w| = r}, where r > 0 is fixed and so small

Consequently, for sufficiently small € > 0, we have < 1 ony,. By Rouché’s Theorem, the function

IMQ) - MQA)| =

that r < W, n > m. The function n,(p?) has exactly one zero v, € int Y., in the p-plane for every
n > ny. Relations (2.3) and (6.1) yield the estimate
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(6.7)

where the constant ¢, depends on r and not on p and n. For sufficiently small € > 0, we obtain the estimate

. C=
17,(p?) - m (P < "3 P Wy nzm

(6.8)

Using (6.7) and (6.8) and applying Rouché’s Theorem to the contour y, , in the p-plane, we conclude that

1}, (0?) has exactly one zero 7, € int Yr for each n > n,.
Using the Taylor formula

. d ~ .
n (Vrf) =n (Vrf) + %’71 (p2)|P:(n (Vo = W), (n € int Yars

and (2.3), we derive the relation

o 1 [ ) d )
n, (V) - 7,07 = 2 j K (t)cos(V,t)dt = @’71 OHp=¢, V= V),
"%

where K = K — K. It is easy to check that

, pe int Yo M2 M1

Using (6.3) and (6.1), we estimate the integral:

n n
'[I?(t)cos(ﬁnt)dt < I R
0 0 0
- n
<Kyl + —, n=ny, K, = J‘IA (t)cos(nt)dt.
0
Combining (6.9), (6.10) and (6.11), we obtain
_ CIK,| CE
[V — V| € —— + n:=n.

n n’
Bessel’s inequality for the Fourier coefficients {I%,,} and (6.1) imply that
1/2
& A
Y K P| < CE
n=m
Combining (6.12) and (6.13), we arrive at the estimate
1/2
(o]
Y i - | < CE

n=m

Step 3. Note that {0,},2,, are simple poles of M (A), so

M, = ResM (1) = 2O

. ’ nz n,
A=6 ) (en)

(t)cos(nt)dt| + '[I?(t)(cos(ﬁnt) — cos(nt))dt

(6.9)

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)

where f ) = %f (A). If € > 0 is sufficiently small, the analogous relation is valid for M, n > n;. Hence,

(M —m)ny + (1 - ﬁl)

Mn - M, = . =
’11’11 A=60,

, h=2n.

(6.15)
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Using (6.15) and the following estimates

. C B C . C
|r11(9n)|zﬁ’ |rl1(6n)|2ﬁ’ Inl(Gn)Isﬁ, In, 6] < C,

8 CIN,| C= . . ClL,] C=
17, (6n) — n,(Bn)] < Tn + 2’ 7, (6) — 7,(8,)] < n—; + PrR nzn,
where
s
N(@)sin(nt)dt, N=N-N, L,= j tK (t)sin(nt)dt,

0

Nn =

O":l

we arrive at the estimate
My, — M| < Cn(INy| + L)) + CE, n>ny.

Similar to (6.14), we obtain

1/2
00

Y n? M, - Myf? | < CE. (6.16)
n=m
Relations (6.14) and (6.16) together imply (6.5). O

In [39,46], the following inverse problem has been studied.
Inverse Problem 6.4. Given the data {6,, M,};,, find g.

Clearly, Inverse Problem 6.4 is equivalent to Inverse Problem 2.1 by the Cauchy data. In addition, one
can uniquely construct M (1) by {6,, M,}o2, and vice versa. In [46], the following proposition on local
solvability and stability of Inverse Problem 6.4 has been proved.

Proposition 6.5. Let q € L,(0, ) be fixed. Then, there exists € > 0 (depending on q) such that, for any
complex numbers {6,, M}, satisfying the estimate
- 1/2
0 = max r}rllglx IM@A) - MQ)],| Y (g, <e,
0

n=m

there exists the unique complex-valued function § € L, (0, i) being the solution of Inverse Problem 6.4 for
{én, 1\71,1}221. Moreover, estimate (6.2) holds with the constant C depending only on q.

Lemma 6.3 and Proposition 6.5 together imply Theorem 6.1.
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