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Abstract: In this work, we refine the results of Sendov and Shan [New representation theorems for completely
monotone and Bernstein functions with convexity properties on their measures, J. Theor. Probab. 28 (2015),
1689–1725] on subordinators obtained by the class of Bernstein functions stable by the Mellin-Euler differ-
ential operator −I x x

d
d by giving a stochastic interpretation, proving monotonicity properties of the related
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1 Introduction

Recall that the class �� of completely monotone functions corresponds to those infinitely differentiable
functions ( ∞) → ( ∞)f : 0, 0, s.t. (− ) ≥

( )f1 0n n . By Bernstein characterisation ��∈f , if, and only if, f is
the Laplace transform of some measure:

∫

( ) = ( ) >

[ ∞)

−f λ e ν x λd , 0.λx

0,

The class � � of Bernstein functions corresponds to non-negative antiderivatives of completely monotone
function, i.e. to those functions ϕ represented by:

∫

( ) ≔ + + ( − ) ( ) ≥

( ∞)

−ϕ λ q λ e μ x λd 1 d , 0,λx

0,
(1)

where ≥q 0 is called the killing rate, ≥d 0 is called the drift term and μ is a positive measure on ( ∞)0,
which integrates ∧x 1, called the Lévy measure. By integration by parts, ϕ is equivalently represented by

∫ ∫

( ) = + + ( ) = + + ( )

∞

−

∞

−ϕ λ q λ λ e l x x q λ λ e k u ud d d d ,xλ uλ

0

2

0

(2)

where we have used the notation l for the nonincreasing function and k for the concave function given by

( ) ≔ ( ∞) ( ) ≔ ( ∞)l x μ x μ x μ x, , we sometimes also use the notation ¯ , (3)
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∫

( ) ≔ ( )k u l x xd .
u

0

(4)

In this work, we refine and extend the results obtained by Sendov and Shan [1] on a class of Bernstein
functions that we denote here by ��Θ, and which is defined by

�� �� ��= { ∈ ( ) − ′( ) ∈ ∈ ( )}φ ϕ λ λϕ λ c, s.t. , for every 0, 1 .Θ

Our contribution in this work consists in the following:

(a) The class ��Θ is demystified by proving the existence of densities enjoying a monotony property for
the Lévy measures and for the transition of the associated subordinators, if we restrict ourselves in the
subclass of the stabilisators of ��Θ. We provide a full characterisation by the stochastic point of view.
More precisely, a positive and infinitely divisible random variable X has its Bernstein function ��∈ϕ Θ,
if, and only if, X is embedded into a subordinator ( )

≥

Xt t 0, i.e. =X X1, and for all ∈ ( )c 0, 1 , there exists
a random variable Zc such that we have the identity in law

= + ( )cX X Z X Zand independent .d
c c c c (5)

This decomposability property is linked to the operators θc defined by

( ) = ( ) − ( ) ∈ ( )θ φ λ φ cλ cφ λ c, 0, 1 ,c

Operating on the class �� and is new in the literature. We denote by RD the class of distributions
satisfying (5) and call it the class reverse self-decomposable distributions. Observe that this class is very
close (in its formalism) to the famous class SD of self-decomposable ones, formed by those distributions
associated with random variables X = satisfying the following: for every ∈ ( )c 0, 1 , there exists a r.v. Yc
such that we have the identity in law

= + ( )X cX Y X Yand independent .d
c c

(b) Observe that rare are the cases in which we are able to deduce the shape of the distribution ( ∈ )X xdt�

for arbitrary subordinators ( )

≥

Xt t 0. The class �� Θ
1 , introduced by Sendov and Shan [1], consists of those

of Bernstein functions ϕ such that ��− ∈

−e1 tϕ
Θ for all >t 0. In this paper, we show that �� Θ

1 is in
bijection with the class of subordinators ( )

≥

Xt t 0, such that for every >t 0, the distribution of Xt is of the
form

( ∈ ) =

( )

>X x p x
x

x pd , 0, where is nondecreasing.t
t

t2�

As a consequence, we provide a satisfying answer to the open problem raised by Sendov and Shan
[1, Open Problem 4.1] in case where ( )

≥

Xt t 0 is an α-stable subordinator: what is the critical value
∈ ( / )α 2 3,10 such that ��↦ ∈λ λα

Θ
1 for all ∈ ( ]α α0, ?0

(c) We also introduce the class �� Θ
2 of Bernstein functions ϕ such that ��− + ∈

−e tϕ1tϕ
Θ for all >t 0,

and provide monotonicity properties for the finite-dimensional distributions of the associated subor-
dinators. Other results of stochastic nature are also deduced.

(d) Finally, we generalise the class of reverse self-decomposable distributions via the operator υc defined
by

( ) = ( ) + (( − ) ) − ( ) ∈ ( )υ φ λ φ cλ φ c λ φ λ c1 , 0, 1 .c

2 Some operators of interest

We need to introduce some formalism in order to clarify the characterisation of three classes of distributions
that will be studied later on.
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Definition 2.1. For differentiable functions ( ∞) →ψ : 0, �, the Mellin (or Euler) differential operator Ξ and
its companion Θ are defined by

( ) = ′( ) = − ( = )ψ λ λψ λ I IΞ and Θ Ξ Identity .

For ∈ ( )c 0, 1 , the difference operators ξ θ υ, ,c c c are defined by

( ) = ( ) − ( )

( ) = ( ) − ( )

( ) = ( ) + (( − ) ) − ( )

ξ ψ λ ψ λ ψ cλ
θ ψ λ ψ cλ cψ λ
υ ψ λ ψ cλ ψ c λ ψ λ

,
,

1 .

c

c

c

For a set � of functions ( ∞) →ϕ : 0, �, we denote by � Δ and � δ the subsets

� � �= { ∈ ∈ } =ϕ ϕsuch that Δ , if Δ Ξ, Θ,Δ (6)

� � �= ⋂ { ∈ ∈ } =

∈( )

ϕ δ ϕ δ ξ θ υsuch that , if , , .δ
c

c c c c c
0,1

(7)

Remark 2.2. We have the remarkable facts:
(i) The difference operators are obtained from integrals of the differential operators:

∫ ∫

( ) =

( )

( ) =

( )ξ ψ λ ψ λx
x

x θ ψ λ ψ λx
x

xΞ d and Θ d .c

c

c

c

1

2

1

2 (8)

(ii) The differential operators are obtained from limits of the difference operators:

( ) =

−

−

( ) =

−

−
→ −

− ( )

→ −

− ( )

ψ λ e
c

ψ λ e
c

Ξ lim 1
1

and Θ lim 1
1

.
c

ξ ψ λ

c

θ ψ λ

1 1

c c
(9)

(iii) Note that

( +) ≔ ( ) < ∞ ⇔

( )

→ +

ψ ψ u ψ x
x

0 lim Ξ is integrable at 0
u 0

and

( )

< ∞ ⇔

( )

∞

→∞

ψ u
u

ψ x
x

lim Θ is integrable at .
u 2

Then, under the last integrability conditions, we have the inversion formulae:

∫

( ) = ( +) +

( )ψ λ ψ ψ x
x

x0 Ξ d ,
λ

0

(10)

∫

( ) =

( )

+

( )

→∞

∞

ψ λ λ ψ u
u

ψ x
x

xlim Θ d .
u

λ
2















(11)

3 Some tools on Bernstein function and infinite divisibility

Next result on the stability and closure properties will be used several times in the sequel:

Proposition 3.1. [2, Corollaries 1.6 and 3.9]
1. Stability properties: If ��∈f and ��∈ϕ φ, , then ��∘ ∈f ϕ and ��∘ ∈ϕ φ .
2. Closurebypointwise limits: If ��( ) ⊂fn n (resp. ��( ) ⊂ϕn n )and if ( ) = ( )

→∞

f λ f λlimn n (resp. ( )

→∞

ϕ λlimn n
= ( )ϕ λ ) exists for every >λ 0, then ��∈f (resp. ��∈ )ϕ .
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See [2] for more details on completely monotone and Bernstein functions. The following two propositions
are easy to obtain but useful, and they will be used several times in the sequel:

Proposition 3.2. Let ( ∞) → ( ∞)f : 0, 0, . Then
1. If f is concave, then it is nondecreasing.
2. f is concave if, and only if, ↦ ( / )x xf x1 is concave.

The second statement is Lemma 2.2 in [3]. We were not able to find a reference for the first statement, which
is probably known in the literature, and we propose this simple proof.

Proof. Since f has necessarily nonincreasing slopes:

( ) − ( )

−

≥

( ) − ( )

−

≤ < <

f y f x
y x

f z f x
z x

x y z, 0 ,

and since ( ) >f z 0, we obtain

( ) ≥ ( ) +

−

−

( ( ) − ( )) >

−

−

( )f y f x y x
z x

f z f x z y
z x

f x ,

for fixed x y, and arbitrary big values of z. It is suffice to let → ∞z . □

Proposition 3.3. Let ( ∞) → ( ∞)f : 0, 0, and [ ∞) → ( ∞)ϕ : 0, 0, . Then the following holds true.
(1) �� ��∈ ⇔ ( ) − ( + ) ∈f f c f c. , for every >c 0;
(2) �� ��∈ ⇔ ( ( ) − ( + )) ∈f f c f cΘ Θ . , for every >c 0;
(3) �� ��

∫
∈ ⇒ ∈ ↦ ( ) = ( )

∞

Θf f λ f λ Θf λxand dx
x1 2 ;

(4) ��∈ ⇒ ( ) =

→ +

ϕ ϕ λlim Ξ 0λ 0 ;
(5) �� ��∈ ⇒ ∈ϕ ϕΞ .

Proof.
(1) The equivalence is obtained by differentiation and by the closure property in Proposition 3.1.
(2) Elementary computation gives that

( ↦ ( ( ) − ( + )))( ) = ( )( ) − ( )( + ) ≥x f c f x c λ f c f λ c λΘ Θ Θ , 0.

Then, using (1), we have the equivalences:

�� ��

��

( )( ) − ( )( + ) ∈ ∀ > ⇔ ( )( + ) ∈ ∀ >

⇔ ∈

f c f c c f c c
f

Θ Θ . , 0 Θ . , 0
Θ .

(3) The implication is justified by the facts that �� is a convex cone, and essentially by (11): since fΘ is a
nonincreasing function, then ( )/f x xΘ 2 is integrable at infinity and necessarily = ( )/

+∞

l f x xlim exists.
To check that =l 0, observe that f is necessarily often differentiable (like fΘ ) and − ″ = ( )′xf fΘ .
Assuming ( )/ = ∈ ( ∞)

+∞

f x x llim 0, , wewouldhave ′( ) = ( )/ − ( )/ =

+∞ +∞ +∞

f x f x x f x x llim lim lim Θ (since
��∈fΘ , then ( )/ =

+∞

f x xlim Θ 0). Then, we would also have ″( ) = − ( )′( ) =

+∞ +∞

xf x f xlim lim Θ 0. The
latter gives a contradiction between the behaviour of ′f and ″f .

(4) Assume ϕ is represented by (1). For every > ∈ ( )x λ0, 0, 1 , we have ≤ ∧ ( ) ≤ ∧

−λxe λx x1 1λx , and the
dominated convergence theorem ensures that

∫

′( ) = + ( ) =

→ + → +

( ∞)

−λϕ λ λ λxe μ xlim lim d d 0.
λ λ

λx
0 0

0,

















(5) Certainly, ��↦ ′( ) = ( )/ ∈λ ϕ λ ϕ λ λΞ . Since ≥ϕ 0, then ��∈ϕ . □
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The injectivity of the Laplace transform ensures that the distribution of a positive random variable X is

entirely characterised by its Laplace transform
∫

[ ] = ( ∈ ) ≥

−

[ ∞)

−e e X x λd , 0λX λx
0,

� � . The class of cumulant

functions is denoted by �� and defined by

�� ≔ { ( ) = − [ ] ≥ }

−ϕ λ e Xlog , 0 .X
λX�

Remark 3.4. By point (1) of Proposition 3.3, we have that

�� ��∈ ⇔ ( ) = − ∈

−ϕ ϕ e0 0 and 1 .ϕ

Using Proposition 3.1, it is then evident that
(i) �� ��∈ ⇔ − ∈ ∀ >

−ϕ e t1 , 0tϕ ;

(ii) �� ��∈ ∀ > ⇔ ( ) = − ∈ ∀ >

−tϕ t ϕ e t, 0 0 0 and 1 , 0.tϕ

From now on, we adopt the notation

∼X XC C, if the distribution of belongs to the class of distributions .

Recall that a random variable X has an infinitely divisible distribution ( ∼X ID) if for every ∈

∗n � , there
exists sequence of independent and identically distributed random variables …X X, ,n n n,1 , (called the nth
folds of X), such that

= + ⋯+X X X ,d
n n n,1 ,

c.f. [4]. Actually, the set infinitely divisible distributions on[ ∞)0, are in bijection with the class of Bernstein
functions null at 0, namely, infinite divisibility of a non-negative r.v. X is entirely characterised by the fact
that its cumulant ϕ is a Bernstein function and every non-negative infinitely divisible r.v. X is embedded
into a subordinator ( )

≥

Xt t 0 (i.e. an increasing Lévy process, see [5]), this means that

= [ ] = ≥

− − ( )X X e e λand , 0.d λX tϕ λ
1 t�

4 Revisiting the class of self-decomposable distributions

A proper subclass of ID is the well-known class SD of self-decomposable distributions, also known as
the Lévy class, and introduced by Lévy in 1937. In the specialised literature, the notation � is frequent for
the class SD (see [6] for instance). This class forms a natural extension of the class of stable laws and its
importance stems from the fact that it arises in limit theorems for sums of independent variables. Without
using the fact that ⊂SD ID (frequently required in the literature), self-decomposability could be defined as
follows:

Definition 4.1. (Sato [7, Definition 15.1]) We say that X is self-decomposable, and we denote ∼X SD, if for
each ∈ ( )c 0, 1 , there exists a non-negative random variable Yc, independent of X, such that we have the
identity in distribution

= +X cX Y .d
c (12)

A reformulation of (12) property in terms of cumulant functions is as follows:

�� ��∼ ⇔ ↦

[ ]

[ ]

= ∈ ∀ ∈ ( ) ⇔ ∈

−

−

− ( )X λ e
e

e c ϕSD , 0, 1 ,
λX

λcX
ξ ϕ λ

X ξc X
�

�
(13)

where we used the notations (6) and (7). For more account on self-decomposability, we suggest [4] and [8].
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For the sake of clarity, we provide a full characterisation of the class SD. With the notations (6) and (7),
we have:

Theorem 4.2. Let X be a non-negative r.v. with cumulant function ϕ. We have the equivalences
(1) ∈X SD;
(2) ��∈ξ ϕ ,cn

for some sequence ∈ ( )c 0, 1n such that →c 1n ;

(3) ��∈ϕΞ ;
(4) ��∈ξ ϕc , i.e. ∼Y IDc in (12), for every ∈ ( )c 0, 1 ;

(5) ��∈ϕ and its Lévy measure is of the form ( )

−x l x xd1 , where l is nondecreasing.

As an immediate consequence we get the following.

Corollary 4.3. We have

�� �� �� �� ��= { ∈ ( ) = } = ⊂ϕ s t ϕ and, . . 0 0 .ξ ξ ξ Ξ

Proof of Theorem 4.2.
( ) ⇒ ( )1 2 : Just apply (13).
( ) ⇒ ( )2 3 : Since ��∈

−e ξ ϕcn , then, by Proposition 3.3(1), obtain ��( − )/( − ) ∈

−e c1 1ξ ϕ
ncn . Then, use Proposi-

tion 3.1 together with (9) and obtain that

��=

−

−

∈

→∞

−

ϕ e
c

Ξ lim 1
1

.
n

ξ ϕ

n

cn

( ) ⇔ ( )3 4 : Use (8) and the fact that �� is a convex cone. For the converse, use (9).
( ) ⇒ ( )3 5 : Observe that there is no drift in ϕΞ , then use representation (2) for ϕΞ and (1) forϕ and obtain that

′ϕ is represented by both these expressions

∫ ∫

′( ) =

( )

= ( ) ′( ) = ( ) >

∞

−

( ∞)

−ϕ λ ϕ λ
λ

e l x x ϕ λ e xμ x λΞ d and d , 0,λx λx

0 0,

for some decreasing function l. Then conclude by Laplace inversion.
( ) ⇒ ( )5 1 : Use twice (2), make a change of variable and get the following representation that meets (1): for
every ∈ ( )c 0, 1 ,

�� ��
∫

( ) = ( − )

( ) − ( / )

∈ ⊂

∞

−ξ ϕ λ e l x l x c
x

x1 d ,c
λx

0

and the latter is (13). □

5 The class of reverse-decomposable distributions

We propose in this section a new class of infinitely divisible distributions denoted by RD, which is the dual
in some sense of the class SD. We shall provide the counterpart of Theorem 4.2 for this class.

Definition 5.1. (Reverse decomposable distributions)
(i) Recall

�� �� �� ��≔ ⋂ = { ∈ ∈ ∈ ( )}

∈( )

ϕ θ ϕ c, s.t. , for every 0, 1 .θ
c

θ c
0,1

c

A non-negative ID random variable X, with cumulant function ϕX, is said “reverse-decomposable,” and
we denote ∼X RD if ��∈ϕX θ, or equivalently if
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↦

[ ]

[ ]

= ∈ ( )

−

−

( )( )λ e
e

e cis completely monotone for all 0, 1 .
λcX

λX c
θ ϕ λc X

�

�

(ii) We denote by

�� �� �� ��≔ ⋂ = { ∈ ∈ ∈ ( )}

∈( )

ϕ θ ϕ c, s.t. , for every 0, 1θ
c

θ c
0,1

c

and by

�� �� ��≔ { ∈ ∈ }ϕ Θϕ, s.t. .Θ

In order to clarify the structure of RD, we need several analytic results.

5.1 Analytic properties of the classes � θ and  Θ

We start with the following two propositions.

Proposition 5.2. If ∈ ( )c 0, 1 and if ��∈ϕ , then the functions ϕΘ and θ ϕc are non-negative, nondecreasing
and both functions ↦ ( )/ ( )/x θ ϕ x x ϕ x x, Θc

2 2 are integrable at ∞.

Proof. Note that the derivative of ( )′ = − ″ϕ λϕΘ is non-negative and, by Proposition 3.3(4), we have
( ) = ( ) ≥

→ +

ϕ λ ϕlim Θ 0 0λ 0 . We deduce that ϕΘ is non-negative and nondecreasing. Furthermore, using
inversion formula (11), we get the integrability condition for ϕΘ . The assertion on θ ϕc is obtained by the
representation (8). □

Proposition 5.3. Let [ ∞) → [ ∞)ϕ : 0, 0, . The following holds:
(1) If ��∈ϕΘ and has no drift term, then ��∈ϕ ;
(2) If ��∈θ ϕc for some ∈ ( )c 0, 1 , then ��∈ϕ .
(3) If ϕ is nondecreasing and differentiable function on ( ∞)0, and if ��∈θ ϕcn for some sequence ∈ ( )c 0, 1n

such that →c 1n , then ��∈ϕΘ .

Proof.
(1) Since there is no drift term in ϕΘ , then ↦ ( )/x ϕ x xΘ 2 is integrable at ∞, and representation (2) for ϕΘ

gives

∫ ∫

( )

= ( ) >

∞

−

ϕ x
x

e l t t u xΘ d d , 0,xu

x

2
0 0

0















with some nonincreasing function l0. The inversion formula (11) gives a representation of type (2) for ϕ:

∫ ∫

( ) =

( )

+ ( ) ( ) ≔ ( ) ≥

→∞

∞

−ϕ λ λ ϕ u
u

e l x l x
x

l t t λlim , 1 d , 0,
u

λx

x

0 0

0















and note that
∫

↦ ( ) = ( )x l x l xt td
0

1
0 is nonincreasing. Thus, ϕ meets the representation (2) of a Bern-

stein function.
(2) For every integer ≥n 1 and real number ≥λ 0, we have

( ) = ( ) + ( )

−

−θ ϕ λ θ ϕ c λ cθ ϕ λ .c c
n

c
1n n 1

By induction, we see that for every ∈n �, the function θ ϕcn belongs to �� , or equivalently

��↦ ( ) − ∈λ ϕ λ c ϕ λ
c

.n
n








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The next step is to prove that ( ) = ( / )

→∞

φ λ c ϕ λ climn
n n is of the form

( ) = ≥ ≥φ λ Kλ λ K, for every 0 and some 0. (14)

Using Proposition 3.1 and taking the limit as → ∞n , the latter will give that ��↦ ( ) − ∈λ ϕ λ Kλ and
hence, ��∈ϕ . In order to prove the claim (14), note that for every fixed ≥λ 0, the increments of
sequence = ( ) − ( / )u ϕ λ c ϕ λ cn

n n are of the form

− = ≥

+

+

u u c θ ϕ λ
c

0.n n
n

c n1 1








The sequence un, being nondecreasing and bounded by ( )ϕ λ , is convergent. Then, the function φ is well
defined on [ ∞)0, and satisfies

( ) = ( ) = ( ) ≥ ∈φ φ c λ c φ λ λ m0 0, , for every 0, .m m � (15)

Every ∈ ( ]λ 0, 1 could be written in the form = >λ c x, 0x , and plugging in (15) with =m 1, we see that
the function ( ) = ( )f x ϕ cx satisfies the iterative functional equation

( + ) = ( ) >f x cf x x1 , 0.

By [9, Theorem 2.4.2, p. 72], the unique solution f is necessarily of the form Kcx, with ≥K 0. At this
stage, we have proved that

( ) = ( ) = ∈ ( ] ≥f λ φ λ Kλ λ Klog , for every 0, 1 and some 0. (16)

If >λ 1, there exits ∈p0 � such that ≤c λ 1p0 . By (16), and by (15) with =m p0, we obtain

= ( ) = ( )Kc λ φ c λ c φ λ .p p p0 0 0

Simplifying the last identity, we get (14).
(3) As in the proof of Theorem 4.2, use (9) to get that ( − )/( − )

−e c1 1θ ϕ
ncn is a sequence of Bernstein

functions, then apply Proposition 3.1 and retrieve

��=

−

−

∈

→∞

−

Θϕ e
c

lim 1
1

. □
n

θ ϕ

n

cn

Remark 5.4. Recall the classes ��θ and ��Θ of Definition 7.2. Proposition 5.3 shows that actually

�� �� �� �� ��= ⋂ { ∈ ( ) = ∈ } ⊂

∈( )

ϕ ϕ θ ϕ, s.t. 0 0 and and .θ
c

c θ
0,1

Θ

5.2 Improving the results of Sendov and Shan [1], full characterisation of � θ and
 Θ

The right tail function μ ̅ of Lévy measure μ and its reflected function ←μ are denoted by

≔ ( ∞)

←

( ) ≔ ∞ >μ μ x μ x μ
x

x̅ , , 1 , , 0.






(17)

Sendov and Shan [1] showed that

��∈ ↦ ( )ϕ x xμ xΘ if, and only if, is a concave function,

and called such measures μ measures with harmonically concave tail. We complete their work and provide
the complete characterisation of ��Θ as follows:
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Theorem 5.5. Let ϕ be a Bernstein function represented by (1), associated with the Lévy measure μ, and the

functions ←μ μ̅ , be given by (17). Then, we have the equivalence between the following assertions.
(1) ( )xμ x̅ is concave;

(2) ←

( )μ x is concave;
(3) μ has a density function in the form

( ) =

( )μ x p x
x

x where p is nondecreasingd d , ;2

(4) ←θ μc is positive and nondecreasing for every ∈ ( )c 0, 1 ;
(5) ��∈θ ϕ ,c for every ∈ ( )c 0, 1 ;
(6) ��∈θ ϕ ,cn for some sequence ∈ ( )c 0, 1n such that →c 1n as → ∞n ;
(7) ��∈ϕ Θ;

(8) there exists ��∈φ (with drift term equal to 0), s.t.
∫

( ) =

∞

( )ϕ λ λ xd .
λ

φ x
x2

Under any of the latter, we have the representation

∫

( ) = ( ) + ( − )

( )

( ∞)

−ϕ λ ϕ e p x
x

Θ 0 1 d .λx

0,
(18)

Note that if ��∈ϕ Θ, then certainly ′( ) = +∞ϕ 0 . Indeed, by point (3) of Theorem 5.5, and because p is
nondecreasing, one has

∫ ∫ ∫

′( ) ≥ ( ) ≥

( )

≥

( )

= +∞

( ∞)

∞ ∞

ϕ xμ x p x
x

x p
x

x0 d d 1 d .
0, 0 1

With the same argument as for Corollary 4.3, also note that Remark 5.4 and Theorem 5.5 yield:

Corollary 5.6. �� �� �� �� ��= ∩ { ( ) = } = ⊂ϕ s t ϕ and, . . 0 0 .θ θ θ Θ

Example 5.7. We propose two examples:
(i) If ��∈ϕ Θ, then ��↦ ( ) ∈λ ϕ λα

Θ, for all < ≤α0 1. Indeed,

( ↦ ( )) = ( − ) ( ) + ( )( )λ ϕ λ α ϕ λ ϕ λΘ 1 Θ ,α α α

and the two functions in r.h.s are in �� since they are obtained by the composition with the stable
Bernstein function ↦λ λα.

(ii) Next example is less trivial: the function

��( ) = − +

−ϕ λ e λ1 belongs to .λ
0 Θ

To see that, note that for every ≥λ 0

∫ ∫

= ( − ) − = ( − )

∞

−

/

−

∞

−

− /

/

λ e
π x

x e e e
π x

x1 1
2

d and 1 1
2 2

dλx λ λx
x

0
3 2

0

1 4

3 2

so that ϕ0 is represented by

∫

( ) = ( − )

( )

↦ ( ) = −

∞

−

− /

ϕ λ e p x
x

s x p x x e1 d , 1
2

is nondecreasing.λx
x

0

0
2

1 4









Proof of Theorem 5.5. By Proposition 3.2, observe that ↦ ( )x xμ x̅ is concave and non-negative, hence is

a nondecreasing function. Thus, the function ↦

←

( )/ ≔ ( / )/x μ x x μ x x̅ 1 is nonincreasing.
( ) ⇔ ( )1 2 : The equivalence is due to [3, Lemma 2.2].
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( ) ⇒ ( )1 3 : If ↦ ( ) ≔ ( )x g x xμ x̅ is nondecreasing, then

( ( )) = ( ) − ( )g x μ x x xμ xd ̅ d d (19)

is a positive measure. We deduce that μ admits a density function, which we write in the form ( )/p x x2,
where p is a non-negative measurable function. Observing that g is concave, differentiable and is repre-
sented by

∫

( ) =

( )

∞

g x x p t
t

td ,
x

2

obtain from

∫

↦ ′( ) =

( )

−

( )

∞

x g x p t
t

t p x
x

d is nonincreasing,
x

2

that

(− ′( )) =

( )

−

( )

+

( )

=

( )g x p x
x

p x
x

x p x
x

x p x
x

d d d d d .2 2 (20)

Finally, deduce that the measure dp is a positive, i.e. p is nondecreasing.
( ) ⇒ ( )3 4 : For >x 0, define

∫ ∫

( ) ≔ (

←

) =

( / )

− ( )

( )

−

( )

∞ ∞

μ x
c

θ μ
x

μ x c
c

μ x
c

p t
t

t p t
t

t̅ 1 1 ̅ ̅ 1 d dc c

x
2 2

x
c






















(21)

and by the change variable = /t s c, retrieve the representation

∫

( ) =

( / ) − ( )

∞

μ x p s c p s
s

s̅ d .c

x
2

Since p is nondecreasing, then μc̅ is non-negative and nonincreasing, which is equivalent to the claim

on (

←

)θ μc .
( ) ⇒ ( )4 5 : Recall the form (2) of ϕ and that μc̅ is given in (21). By the change of variable = /x y c, write

∫ ∫ ∫

( ) = ( ) − ( ) = ( − ) + ( ) − ( ) = ( − ) + ( )

∞

−

∞

−

∞

−θ ϕ λ ϕ cλ cϕ λ q c cλ e μ x x cλ e μ x x q c cλ e μ y y1 ̅ d ̅ d 1 ̅ d .c
cλx λx yλ

c

0 0 0

Since μc̅, given by (21), is nonincreasing, then θ ϕc has also the representation (2) of a Bernstein function.
( ) ⇒ ( )5 6 : Just recall that �� ��⊂ and use the definition of the class ��Θ in 5.1.
( ) ⇒ ( )6 7 : This is point (3) of Proposition 5.3.
( ) ⇔ ( )7 8 : Take = ( )/

+∞

d ϕ u ulim , =φ ϕΘ and use inversion formula (11).
( ) ⇒ ( )8 1 : Using representation (2) for ϕΘ , write

∫ ∫

′( ) = + ( ) − ( )

∞

−

∞

−ϕ λ d e μ x x λ e xμ x x̅ d ̅ dxλ λx

0 0

so that

∫

( ) = ( ) − ′( ) = + ( )

∞

−ϕ λ ϕ λ λϕ λ q λ e xμ x xΘ ̅ d .xλ2

0

(22)

By representation (2), conclude that ↦ ( )x xμ x̅ is concave.
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For the last assertion, use representations (1) and (2) of ϕ and write

∫

( ) = + ( ( ) − ( ))

( ∞)

−ϕ λ q λ e μ x x xμ xΘ ̅ d d ,λx

0,

then conclude with (19), (20) and representation (2) for ϕΘ . □

Remark 5.8. Due to the linearity of the operator Θ and due to Proposition 3.1, we retrieve the following
properties for the class ��Θ:
(i) The class ��Θ is a convex cone, i.e. if ( )

∈

ϕu u U is a family of ��Θ and ν is a measure on the indexation set
U, then, modulo the existence of the integral, we have

��
∫

↦ ( ) ( ) ∈λ ϕ λ ν ud .
U

u Θ

(ii) The class ��Θ, like �� , is closed under pointwise limits.

Point (3) in the next theorem shows a nice fact:

Proposition 5.9. We have the equivalence between the following assertions.
(1) ��∈ϕ Θ;
(2) ��↦ ( ) ≔ ( ) ∈λ ϕ λ ϕ λα

α
Θ for every ∈ ( )α 0, 1 ;

(3) ϕ is differentiable and for every >a 0,

��↦ ( ) ≔ ( ) − ( ( + ) − ( )) ∈λ ψ λ aϕ λ λ ϕ λ a ϕ λ .a

Proof. ( ) ⇔ ( )1 2 : It is suffice to write

( ) = ( ) − ′( ) = ( − ) ( ) + ( )( )ϕ λ ϕ λ αλ ϕ λ α ϕ λ α ϕ λΘ 1 Θ .α
α α α α α

For the converse, conclude by letting → −α 1 and by the closure property of the class ��Θ in Remark 5.8.
( ) ⇒ ( )1 3 By Theorem 5.5, there is no loss of generality to assume that ��∈ϕ Θ has the characteristics

( )

( ) x0, 0, dp x
x2 , with p nondecreasing. Using (2), write

∫

∫

( ) = ( )

( ) ≔

( )

− ( )

( )

( ) ≔

−

∈ ( ) >

∞

−

∞

−

ψ λ aλ e l x x

l x p t
t

t ε ax p x
x

ε x e
x

x

d

d , 1 0, 1 , 0,

a
λx

a

a

x

x

0

2

and by (20), it is clear that
∫

( ) ≥ − ≥

∞

( ) ( )l x 0.a x
p t
t

p x
x2 It remains to show that la is nonincreasing, but this is

easily seen by the fact that

( ) = − ( ) + ′( ) ≥ ∀ >κ x ε x xε x x1 0, 0

and by the differentiation of −la, which gives the positive measure:

− ( )( ) = ( )

( )

+ ( )

( )l x κ ax p x
x

x ε ax p x
x

d d d .a 2

( ) ⇒ ( )3 1 : For the sufficient part, use the closure property of the class �� in Proposition 3.1, and note that
= /

→ +

ϕ ϕ aΘ lim .a a0 □

The class ��� of complete Bernstein functions (resp. ��� of Thorin-Bernstein function) consists in
those Bernstein function ϕ s.t. the associated Lévy measure μ has a density function ��∈m (resp. ( ) ∈xm x
�� ). Let Δ be the operator defined on �� by:
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��
∫

( ) = ( ) ∈

( ∞)

−ϕ λ λ e ϕ x x ϕΔ d , .λx2

0,
(23)

The following nice fact gives an additional interest to the class ��Θ:

Proposition 5.10. The operator Δ is a bijection from �� (resp. ��Θ) to ��� (resp. ��� ).

Proof. In [2, Theorem 6.2], it is stated that the operator Δ is a bijection from �� to ��� . Observe that if
��∈ϕ Θ, then, by Theorem 5.5, there exist ≥d q, 0 and a nondecreasing function p such that

∫

( ) = + + ( − )

( )

≥

( ∞)

−ϕ x d qλ e p u
u

u x1 d , 0xu

0,
2

and elementary computations give that

∫

( ) = + +

+

( )

≥

( ∞)

ϕ λ q λ λ
λ u

p u
u

u λΔ d d , 0,
0,

meets the representation of a ��� -function as given in [2, Theorem 8.2]. The converse is obtained by
reversing the calculus. □

5.3 Stochastic interpretation of the class  Θ

Recall that a non-negative r.v. ∼X ID is embedded into a subordinator ( )

≥

Xt t 0, i.e. =X X1. From this
observation we retrieve a simple characterisation of RD:

Theorem 5.11. Let X be a non-negative random variable with cumulant function ( ) = − [ ] ≥

−ϕ λ e λlog , 0.X
λX�

Then, the following assertions are equivalent.
(1) ∼X RD;
(2) ∼X ID and is embedded into a subordinator ( )

≥

Xt t 0 such that we have the identities in distribution:

= + ∈ ( ) >cX X Z for every c and t, 0, 1 0,t
d

ct c t, (24)

where Zc t, is a non-negative infinitely divisible random variable independent of Xc;
(3) ��∈ϕX Θ.

Remark 5.12. In Remark 5.8, we have noted that ��Θ is a convex cone, i.e. it is stable by mixture of families
of ��Θ by a measure μ. In case where μ is a discrete measure, say = + + ⋯+ν δ δ δn1 2 , the latter is stochasti-
cally interpreted as follows: If … ∼X X X ID, , , n1 2 are independent and associated functions ��… ∈ϕ ϕ ϕ, , , n1 2 Θ,
i.e. there exists an independent family of r.v.’s …Z Z Z, , ,c c n c1, 2, , associatedwith …X X X, , , n1 2 via the identity (24),
then ≔ + + ⋯+ ∈S X X X RDn n1 2 and the r.v.

+ + ⋯+ ( )Z Z Z Sis associated with via 24 .c c n c n1, 2, ,

Another stochastic interpretation is as follows. By Theorem 5.5, we know that the Lévy measure of a func-
tion ��∈ϕ Θ is represented by:

( )

=

( )
μ x

x
p x
x

x pd
d

d , nondecreasing.2

Recall that any Bernstein function ϕ is associated with a subordinator ( ) ≥X 0t t , possibly killed with a rate
= ( )q ϕ 0 . The so-called harmonic and harmonic potential measures are defined by:
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∫ ∫

( ) ≔ ( ∈ ) ( ) ≔ ( ∈ )

( ∞) ( ∞)

U x X x t H x X x t
t

d d d , d d d ,t t

0, 0,

� � (25)

and the exponential functional of the subordinator ( )

≥

Xt t 0 is given by the stochastic integral
∫

=

∞

−I e td .X
0

t

The measure

( ) = ( ) + ( + ( ))W x δ x q μ x xd d d ̅ d0

is also of a particular interest. In [10], it is shown that the measure U is infinitely divisible (in the sense of
the convolution), whereas W is not in general, but we have the following:

Proposition 5.13. For any Bernstein function ϕ, the following assertions are equivalent:

(1) ↦ − ( )

′λ λλ
ϕ
ϕ

1 is completely monotone;

(2) ↦ ( ( )/ )λ ϕ λ λ t is completely monotone for all ≥t 0;
(3) ( )W xd is an infinitely divisible measure;
(4) For every >a 0, ( ) ( )

− −aϕ a e W xdax1 is an infinitely divisible distribution;
(5) The exponential functional I is such that Ilog is infinitely divisible;

(6) The harmonic potential measure H has a density function of the form >

( ) x, 0ρ x
x , with ( ) ∈ [ ]ρ x 0, 1 .

Corollary 5.14. Any function ��∈ϕ Θ satisfies the assertions of Proposition 5.13.

Proof. Since ��∈Θϕ , then

��↦

( )

=

( ) − ′( )

∈λ ϕ λ
λ

ϕ λ λϕ λ
λ

Θ

and multiplying by the completely monotone function /ϕ1 , we get the result. □

Proof of Proposition 5.13.
( ) ⇒ ( )1 2 : Writing

( )

=

− ( − )

ϕ λ
λ

e ,
t

t λ ϕlog log







note that −λ ϕlog log is an extended Bernstein function, whose derivative is −

′λ
ϕ
ϕ

1 . The assertion stems
from [2, Theorem 5.11, p. 53].
( ) ⇒ ( )2 3 : By representation (1), the Laplace transform of the measure ( )W xd equals

�
∫

( ) = + + ( ) =

( )

>

∞

−λ q
λ

d e μ x x ϕ λ
λ

λ¯ d , 0.W
λx

0

Since for every positive integer n, �( )W n
1
is the Laplace transform of some positive measure Wn, i.e. the

following convolution equation holds:

=

*

⋯

*

W W W n, times.n n

( ) ⇒ ( )3 4 : is justified by the fact that the measure ( ) ( )

− −aϕ a e W xdax1 is a probability measure whose Laplace
transform is

( )

( + )

+

a
ϕ a

ϕ λ a
λ a

.

( ) ⇔ ( ) ⇔ ( ) ⇔ ( )4 5 6 1 : These assertions are stated in [10, Theorem 1.5, p. 715]. □
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5.4 What about 
∘Ξ Θ, 

∘Θ Ξ and  ∩Θ Ξ?

The differential operators Ξ and its companion Θ were defined in (2.1)

( ) = ′( ) = − ( = )ϕ λ λϕ λ I IΞ and Θ Ξ Identity .

Observe that the operators Θ and Ξ commute:

( ∘ )( )( ) = ( ∘ )( )( ) = − ″ϕ λ ϕ λ λ ϕΘ Ξ Ξ Θ ,2

and then, �� ��=

∘ ∘Ξ Θ Θ Ξ. The last class is not void since it contains all stable Bernstein functions ↦λ λ ,α

< <α0 1. By representation (2),

��
∫ ∫

( ∘ )( ) ∈ ⇔ ↦ ″( ) = ( ) = ( )

∞

−

∞

−ϕ λ λ ϕ λ λ e x μ x λ e k x xΞ Θ d d ,λx λx2 2

0

2 2

0

for some concave function k and it is clear that

�� �� ��= = ∈ ( ) =

( )

∘ ∘

ϕ μ x k x
x

x k, s.t. d d , concave .Ξ Θ Θ Ξ 2








On the other hand,

�� �� ��∩ = ∈ ( ) =

( )

↦

( )

↗ ↘ϕ μ x k x
x

x x k x
x

k, s.t. d d , and .Ξ Θ 2








By Proposition 3.2, if a non-negative function on ( ∞)0, , ( ) = ( )k x xl x , is concave, then it is necessarily
nonincreasing and ( / ) = ( / )xk x l x1 1 is also concave, and then nondecreasing. We deduce that

�� �� ��⊂ ∩

∘

.Ξ Θ Ξ Θ

It is then natural to ask the question: whether it is true that �� �� ��= ∩

∘

?Ξ Θ Ξ Θ The assertion fails, and a
counterexample is given by the function ( ) = ( − )

/ −k x x e1 x3 2 , which is not concave but satisfies the require-
ments for �� ��∩Ξ Θ.

6 The class  Θ
1

We now introduce a more refined class than ��Θ, the class �� Θ
1 , that will provide the behaviour of the

transitions of the subordinator behind the involved Bernstein functions.

6.1 Definition of  Θ
1 and analytic results

Definition 6.1. [1] We denote by �� Θ
1 the class of functions [ ∞) → [ ∞)ϕ : 0, 0, , differentiable on ( ∞)0, ,

such that

��( ) ≔ ( + ) ∈ >

− −e e t ϕ tΘ 1 Ξ , for all 0.tϕ tϕ (26)

The class �� Θ
1 has also been considered by Sendov and Shan [1] and denoted there by 	�� . We start by

some enlightenment on the structure of �� Θ
1 . The linearity of Θ leads to the following observation that will

be used several times.

=

( − )

→ +

−

ϕ e
t

Θ lim Θ 1 .
t

tϕ

0
(27)
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Proposition 6.2. Let [ ∞) → [ ∞)ϕ : 0, 0, be differentiable on ( ∞)0, such that ( ) >ϕ λ 0 if >λ 0. Then
(1) ≥ϕΞ 0 and ≥ϕΘ 0 if, and only if, ≤ ( ) ≤

−e0 Θ 1,tϕ for all >t 0;
(2) If ��∈ϕ , then ≤ ( − ) ≤

−e0 Θ 1 1,tϕ for all >t 0.

Proof.
(1) For the sufficiency part, fix >λ 0 and denote ( ) = ( )( )

−ρ t e λΘλ
tϕ . Observe that ρλ is nonincreasing

because its derivative is

′ ( ) = −[ ( ) + ( ) ( )] ≤

− ( )ρ t ϕ λ tϕ λ ϕ λ eΘ Ξ 0λ
tϕ λ

and conclude with the facts that ( ) =ρ 0 1λ and (+∞) =ρ 0λ . For the necessity part, use representation
(26) to deduce that = ( )/ ≥

→∞

− −ϕ e e tΞ lim Θ 0t
tϕ tϕ and use (27) for ϕΘ .

(2) Certainly ≥ϕΞ 0 and Proposition 5.2 ensure that ≥ϕΘ 0, so point (1) applies. □

Proposition 6.3. We have the (strict) inclusion �� ��⊂Θ
1

Θ, and the equivalence between the following
assertions:
(1) ��∈ϕ Θ

1 ;
(2) ��( ∘ ) ∈f ϕΘ , for all ��∈f ;

(3) ��( − ) ∈

−eΘ 1 ,tϕ for all >t 0;
(4) ��( ∘ ) ∈φ ϕΘ , for all ��∈φ .

Proof. The inclusion is obtained by (27) and by Proposition 3.1. The inclusion is strict because the identity
function belongs to ��Θ but not to �� Θ

1 . For the equivalences, use Proposition 3.3:

�� �� ��∈ ⇔ ( ) ∈ ∀ > ⇔ ( − ) = − ( ) ∈ ∀ >

− − −ϕ e t e e tΘ , 0 Θ 1 1 Θ , 0,tϕ tϕ tϕ
Θ
1

then use the fact that kernels −e tx and − ≥

−e t x1 , , 0tx , respectively, generate the convex cones �� and
�� in order to retrieve the stability property of �� Θ

1 by composition on the left. □

Remark 6.4.
(i) Due to the linearity of the operator Θ, it is not difficult to see that the class �� Θ

1 inherits from �� its
closure property by pointwise limits given by Proposition 3.1.

(ii) Assume ��∈ ( )

/ϕ α1
Θ
1 for ∈ ( )α 0, 1 . Proposition 6.3, applied with the composition with the Bernstein

function ↦λ λα, gives that necessarily ��∈ϕ Θ
1 .

Next result gives a simple sufficient condition for a function to belong to the class �� Θ
1 :

Proposition 6.5. If ��∈ϕ Θ and ��( ) ∈ϕΞ 2 , then ��∈ϕ Θ
1 .

Proof. First note that ��↦ ( ) ≔ − ( + ) ∈λ φ λ λ λlog 11 because its derivative ′

( ) = ( ( + ))

−φ λ λ2 11
1 is

completely monotone. Also,

( ) = ( + ) = = − ( + )

− − −e e t ϕ e tϕ t ϕΘ 1 Ξ , Φ log 1 Ξtϕ tϕ
t

Φt

and by Proposition 3.1 on the compositions, obtain

�� �� ��= + (( ) ) ∈ ∀ > ⇒ ∈ ∀ > ⇔ ∈

−t ϕ φ t ϕ t e t ϕΦ Θ Ξ , 0 , 0 . □t 1
2 Φ

Θ
1t

Example 6.6. For every ∈α 0, 1
2









, the stable Bernstein function ↦λ λα satisfies Proposition 5.5, and hence

belongs to �� Θ
1 . Certainly, this not true for =α 1, and this motivates the investigation made in Section 6.4

on the determination of the maximal value ∈ [ / )α 1 2, 10 for which ��↦ ∈λ λα
Θ
1 .
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6.2 A stochastic result closely related to the class  Θ
1

The following result is very close to the requirements on functions in �� Θ
1 :

Proposition 6.7. Let X be a positive random variable with cumulant function ( ) = − [ ] ≥

−ϕ λ e λlog , 0λX� , and
define for every >c 0, the functions

( ) = ( ≤ ) ( ) =

−

( > ) >

( ) −

( )

( )

−f x ce e X x and g x c e
e

e X x x
1

, 0.c
ϕ c cx

c

ϕ c

ϕ c
cx� �

(1) The functions fc and gc are probability density functions associated with two independent random vari-
ables, say

( )

X c and
( )

Y c , satisfying the identity in distribution:

= + ( − )

( ) ( )c
X YE B B1 ,d

c c c c

where E has the standard exponential distribution and Bc is Bernoulli distributed, with parameter − ( )e ϕ c

and is independent of
( )

X c and
( )

Y c .

(2) Assume X is infinitely divisible with Bernstein function ϕ, and let ( )

≥

Xt t 0 be its embedding subordinator, i.e.

=X Xd
1. Then, the r.v. ( )

X c is always infinitely divisible for every >c 0 and we have the equivalence between
the following assertions:
(i) the r.v.

( )

Y c is infinitely divisible for every >c 0;

(ii) the function ↦ = −

( − )( )

−

′ ( )

−

−

− ( ) ( )

λ λ
e λ
e λ

ϕ λ
e

1 Θ 1
1

1
1

ϕ

ϕ λ ϕ λ is completely monotone;

(iii) the harmonic renewal measure ν of the random walk ( )

≥

Xk k 1 has a density κ on ( ∞)0, with respect to
the measure dx/x:

∑

( ) ≔ ( ∈ ) =

( )

≤ ( ) ≤

=

∞

ν x
k

X x κ x
x

x and κ xd 1 d d 0 1.
k

k
1

�

Proof.
(1) It is not difficult to check that fc and gc are probability density functions. The main assertion is based on

the following remark: Let Bp be a Bernoulli distributed random variable with parameter ∈ ( )p 0, 1
independent of two independent real random variables X and Y, then the probability measure

( ∈ ) + ( − ) ( ∈ )p X x p Y xd 1 d� � is the distribution of the random variable

+ ( − )X YB B1 .p p

It is suffice to take =

− ( )p e ϕ c and to note that

= ( ) + ( − ) ( ) >

−ce pf x p g x x1 , 0.cx
c c

(2) ∼

( )

X IDc is due to the form the Laplace transform of
( )

X c is given by

[ ] =

+

[ ]

[ ]

=

−

−( + )

−

− ( )

( )e c
λ c

e
e

eλX
λ c X

cX
ϕ λc c�

�

�
(28)

and ��↦ ( ) ≔ ( + ) − ( ) + + ∈λ ϕ λ ϕ λ c ϕ c log 1c
λ
c









 . The statements on

( )

Y c are justified as follows:

let φ be defined by

∫

≔ ( > ) =

−

= − [ − ( − )] >

− ( )

∞

−

− ( )

− ( )e e X x x e
λ

λ e λd 1 exp log log 1 , 0.φ λ λx
ϕ λ

ϕ λ

0

�

Then

′( ) = −

′( )

−

=

( − )( )

( − )

− ( )

− ( ) ( )

φ λ
λ

ϕ λ e
e

e λ
λ e

1
1

Θ 1
1

.
ϕ λ

ϕ λ

ϕ

ϕ λ
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Observe that ��( − ) ∈eΘ 1 ϕ implies ��− ∈

−e1 ϕ , ��↦ ( − )( )/ ∈λ e λ λΘ 1 ϕ and ��( − ) ∈

− −e1 ϕ 1 .
Then ′φ , as the product of the two last functions, is also completely monotone. The argument for
( ) ⇔ ( )i ii is finished because

[ ] =

−

− [ ]

+

=

−

− ( )

−( + )

−( ( + )− ( ))

( )e c
e

e
λ c

e
1

1λY
ϕ c

λ c X
φ λ c φ cc�

�

and �� ��′ ∈ ⇔ ↦ ( + ) − ( ) ∈ϕ λ φ λ c φ c for every >c 0. For the equivalence ( ) ⇔ ( )ii iii , just write

∫
∑ ∑

−

′( )

−

= − ′( ) = − [ ] = ( − ( ))

( )

=

∞

− ( )

=

∞

−

( ∞)

−

λ
ϕ λ

e λ
ϕ λ e

λ k
X e e x xν x1

1
1 1 1 d d . □ϕ λ

k

kϕ λ

k
k

λX λx

1 1 0,

k�

Remark 6.8. The Esscher transform
[ ]

X c of >X c, 0, whose distribution is given by

( ∈ ) = ( ∈ )/ [ ]

[ ]

− −X x e X x ed d ,c
cx cX� � �

is also infinitely divisible because

[ ] =

− −( ( + )− ( ))

[ ]e eλX ϕ λ c ϕ cc�

and ��( + ) − ( ) ∈ϕ c ϕ c. . Take an r.v. E independent of
[ ]

X c and exponentially distributed. By (28), we have
the identity in law

= +

( ) [ ]

X
c

XE .c
d

c

Corollary 6.9. Assume ��∈ϕ , ( ) =ϕ 0 0, be associated with the subordinator ( )

≥

Xt t 0 and adopt the notations
of Proposition 6.7 on the random variables Xt. Then, ( )

( )

Xt c is always infinitely divisible for all >t c, 0 and we
have ( ) ⇒ ( ) ⇔ ( ) ⇔ ( )4 3 2 1 :
(1) tϕ satisfies the conditions of Proposition 5.13 for every >t 0;
(2) ( )

( )

Yt c is infinitely divisible for every >t c, 0;

(3) ��↦ = − ∈

( − )( )

−

′ ( )

−

−

− ( ) ( )

λ λ
e λ
e λ

tϕ λ
e

1 Θ 1
1

1
1

tϕ

tϕ λ tϕ λ every >t 0;

(4) ��∈ϕ Θ
1 .

Proof.
( ) ⇒ ( )4 3 : Observe that ( )ii in Proposition 6.7 is implied by ��( ) ∈

−eΘ tϕ or, equivalently, by ��( − ) ∈

−eΘ 1 tϕ .
( ) ⇔ ( )3 2 and ( ) ⇔ ( )2 1 : immediately follow by Proposition 6.7. □

Conjecture. Let ( )

≥

Xt t 0 be the gamma subordinator, i.e. Xt has the density and Bernstein functions ft and ϕt:

( ) =

( )

> ( ) = ( + ) ≥

−

−f x x
t

e x ϕ λ t λ λ
Γ

, 0 and log 1 , 0.t
t

x
t

1

Observe that Corollary 6.9(iv) does not apply on =ϕ tϕt 1 because ϕt is not even in ��Θ:

��↦ ( )( ) = ( + ) −

+

∉λ ϕ λ t λ λ
λ

Θ log 1
1

.t






Elementary calculus gives that the associated κ-function in Proposition 6.7 is given by

∑

( ) ≔

( )

= ( ( ) − ) >

≥

−κ x x f x
k

te E x x1 , 0,t
k

tk x
t

t

1

where ( )E ut stands for the Mittag-Leffler function. Also observe that ( ) = − ∈ [ ]

−κ x e1 0, 1x
1 and then

Theorem 6.7 applies. Due to the asymptotic [11, (3.5.7) p. 32], we surmise that

( ) ≤ ∀ ≥ ⇔ ≤κ x x t1, 0 1.t
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6.3 Stochastic interpretation of the class  Θ
1

The class �� Θ
1 is related to harmonic concavity property of the finite-dimensional distributions of sub-

ordinators by the following corollary, which makes [1, Lemma 7.4] a straightforward consequence:

Corollary 6.10. Let ��∈ϕ , ( ) =ϕ 0 0, associated with the subordinator ( )

≥

Xt t 0. Then the following assertions
are equivalent.
(1) ��∈ϕ Θ

1 ;
(2) There exists a family ( )

≥

pt t 0 of nondecreasing functions on ( ∞)0, s.t. such that, the distribution of X ,t
>t 0, admits a density function represented by

( ∈ )

=

( )

>

X x
dx

p x
x

xd , 0.t t
2

� (29)

Proof. Using the representation

∫

− = − [ ] = ( − ) ( ∈ )

− ( ) −

( ∞)

−e e e X x1 1 1 d ,tϕ λ λX λx
t

0,

t� �

and consider the probability measure ( ∈ )X xdt� as the Lévy measure associated with the Bernstein func-
tion −

−e1 tϕ. Theorem 5.5 and Proposition 6.3 entail

�� ��∈ ⇔ ( − ) ∈ ∀ > ⇔ ( ) >

−ϕ e t tΘ 1 , 0 29 is true for every 0. □tϕ
Θ
1

Corollary 6.11. Let ��∈ϕ Θ
1 , associated with the subordinator ( )

≥

Xt t 0 and with the potential measure and
harmonic potential measure U H, given by (25). Then,
(1) The measures U and H are absolutely continuous such that

( ) =

( )

( ) =

( )U x u x
x

x H x h x
x

x where u h are nonincreasingd d , d d , , .2 2

In particular, the ρ-function given by Proposition 5.13 is s.t. ↦ ( )x xρ x is nondecreasing.
(2) Both functions ( / )ϕΘ 1 and ( ′/ )ϕ ϕΘ are completely monotone.

Proof.
(1) By Proposition 6.10, we have the representation

∫ ∫

∫ ∫

( ) = ( ∈ ) =

( )

=

( )

( ) = ( ∈ ) ≔

( )

≔

( )

( ∞) ( ∞)

( ∞) ( ∞)

U x X x t p x
x

t u x
x

x

H x X x t
t

p x
x

t
t

h x
x

x

d d d d d ,

d d d d d ,

t
t

t
t

0, 0,
2 2

0, 0,
2 2

�

�

where for every >t 0, pt is nondecreasing. It is then obvious ↦ ( ) ( )x u x h x, are also nondecreasing.
(2) The assertion stems from

∫ ∫

( )

= ( )

′( )

( )

= ( ) >

[ ∞)

−

( ∞)

−

ϕ λ
e U x ϕ λ

ϕ λ
e xH x λ1 d and d , 0,λx λx

0, 0,

which entails

∫ ∫

( ) =

+

( )

′

( ) =

+

( )

[ ∞)

−

( ∞)

−

ϕ
λ e x

x
u x x ϕ

ϕ
λ e x

x
h x xΘ 1 1 d and Θ 1 d . □λx λx

0,
2

0,
2




















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6.4 Answer to the problem of Sendov and Shan [1]: for which α does ∈λα
Θ
1 ?

In this section, we give a partial answer to an open problem raised by Sendov and Shan, [1, Open Problem
4.1], which is in strong relation with positive stable laws: what is the value < <α0 10 for which it holds that

��↦ ∈ ≤λ λ α α, for all ?α
Θ
1

0 (30)

The authors proved that (30) holds for ≤ /α 2 3 and conjectured that

= =α 1
2

0.70710678118.0

The importance of this problem is that the function ( ) = ≥ϕ λ λ λ, 0α , is the Thorin-Bernstein function
associated with the positive stable r.v. Sα through the following representations:

∫ ∫

= ( − ) =

( − )

= ( + )

( )

= [ ] = ( )

∞

−

+

− −

∞

−λ e c
x

x c α
α

α πα
π

e e e f s s1 d ,
Γ 1

Γ 1 sin , d ,α λx α
α α

λ λS λs
α

0
1

0

α
α� (31)

where fα is the probability density function of the r.v. Sα. Note that fα is explicit only for the value = /α 1 2
and that

( ) = >

/

− /

/

f x e
π x

x
2 2

, 0,
x

1 2
1 4

3 2

corresponds to the inverse-Gaussian distribution. In general, fα is only evaluated by the series expansion
given by [12, formula (2.4.8), p. 90]:

∑

( ) = (− )

( + )

( + )

( )

=

+∞

− −( + )f x
π

nα
n

πnα x1 1 Γ 1
Γ 1

sin .α
n

n nα

1

1 1 (32)

Note that (30) is equivalent to

��↦ ( + ) ∈ ≤ >

−λ e αtλ α α t1 , for all and 0tλ α
0

α

and also to

��↦ ( + ) ∈ ≤

−λ e αλ α α1 , for all .λ α
0

α

Based on the result found in Simon [13], we assert that:

Theorem 6.12. Let =α 0.6884835046971 be the root of the function ↦ ( ) − ≤ ≤x πx x xsin , 12 1
2 . If ≤α α1,

then ��↦ ∈λ λα
Θ
1 .

Proof. In [13, Lemma 2.3], it was shown that there exits an increasing function [ ] → [ ∞]R : 0, 1 0, such that

��↦ ( + ) ∈ ⇔ ≤ / ≥ ( )

−λ e s αλ α s R α1 2 or ,λ αα

where ( ) =R α α if ∈ [ / ]α 0, 1 2 and / ( − ) ≤ ( ) ≤ / ( )α R α α πα1 4 1 sin2 if ∈ [ / ]α 1 2, 1 . Taking =s 1, it is clear that
(30) holds true if ∈ [ / ]α 0, 1 2 or if ∈ [ / ]α 1 2, 1 and ≥ / ( )α πα1 sin2 . Thus, for ∈ [ / ]α α1 2, 1 , we always have

≥ / ( )α πα1 sin2 . □

Recall that α1 is given in Theorem 6.12 and that the density function fα is given by (32). Theorem 6.12
immediately gives the following consequence.

Corollary 6.13. If < ≤α α0 1, then the following function is nondecreasing:

∑

↦ ( ) = (− )

( + )

( + )

( ) >

=

+∞

− −( − )x x f x
π

nα
n

πnα x x1 1 Γ 1
Γ 1

sin , 0.α
n

n nα2

1

1 1
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7 The class  Θ
2

Definition 7.1. We denote by �� Θ
2 the class of functions [ ∞) → [ ∞)ϕ : 0, 0, , such that

��↦ − + ∈ >

−λ e tϕ t1 for all 0.tϕ
Θ

Proposition 7.2. With the notation = { ∈ }B f s t f B, . . 2 , we have the inclusions

�� �� �� ��⊂ ⊂ ∩ .Θ
1

Θ
2

Θ Θ

The first inclusion is strict because ��∈λ Θ
2 but ��∉λ Θ

1 .

Proof.

(1) Example 5.7 ensures that ��↦ ( ) = − + ∈

−λ ϕ λ e λ1λ
0 Θ and hence in �� . Thus, if ��∈ϕ2

Θ
1 , then

point (2) of Proposition 6.3 completes the first inclusion: ��( ) = − + ∈

−ϕ t ϕ e tϕ1tϕ
0

2 2
Θ. The inclusion

is strict and a counter-example is given by ��( ) = ∈ϕ λ λ Θ
2 because

��↦ − + = ( ) ∈ ∀ >

−λ e t λ ϕ t λ t1 , 0,t λ
0

2
Θ

but ��( ) = ∉ϕ λ λ2
Θ
1 . The latter is true since the first derivative of ( − ) = − ( + )

− −e e λΘ 1 1 1λ λ equals to
the noncompletely monotone −λe λ.

(2) Assume ��∈ϕ Θ
2 , i.e. ��( − + ) ∈

−e tϕΘ 1 ,tϕ for all >t 0. From Proposition 3.1, and from next limits
deduce the second inclusion:

�� ��( ) = ( − + ) ∈ ( ) = ( − + ) ∈

→∞

−

→ +

−ϕ
t

e tϕ ϕ
t

e tϕΘ lim 1 Θ 1 and Θ lim 2 Θ 1 . □
t

tϕ
t

tϕ2
0 2

Next proposition gives a stochastic interpretation of the class �� Θ
2 .

Proposition 7.3. Let ��∈ϕ be associated with a subordinator ( )

≥

Xt t 0. Then, the following assertions are
equivalent.
(1) ��∈ϕ Θ

2 ;
(2) the measure ( )μ xd and ( ∈ ) >X x td , 0,t� are absolutely continuous and the function

↦

( )

−

( ∈ )

>x x t μ x
x

X x
x

xd
d

d
d

, 0,t2 







�

is non-negative and nondecreasing;
(3) the function ↦ ( ) ≔ ( ) − ( > )x l x tμ x X xt t� is non-negative nonincreasing and ↦ ( )x xl xt is non-negative

nondecreasing;

(4) the function
∫

↦ ( ) − [ ]

( ≤ )

x t u μ u X ıd
x

t X x0
2 2

t� is non-negative and concave.

Proof. Without loss of generality, we may assume that ϕ has triplet of characteristics ( )μ0, 0, . By (2) and
(22), we have the following representation valid for all ≥λ 0 and >t 0:

∫

( − + )( ) = ( )

−

∞

−e tϕ λ λ e l x x1 d ,tϕ λx
t

0

(33)

∫

( − + )( ) = ( )

−

∞

−e tϕ λ λ e xl x xΘ 1 d ,tϕ λx
t

2

0

(34)

where ↦ ( ) ≔ ( ) − ( > )x l x tμ x X x̅t t� .
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( ) ⇒ ( )1 2 : Theorem 5.5 and representation (34) entail that (− )( ) = ( ) − ( ∈ )l x tμ x X xd d dt t� is a positive
measure which is absolutely continuous and

( ) − ( ∈ ) =

( )

-tμ x X x q x
x

x qd d d , with non negative and nondecreasing .t
t

t2� (35)

By Proposition 7.2, necessarily ��∈ϕ Θ and ( )μ xd is absolutely continuous, and then, so is ( ∈ )X xdt� .

( ) ⇒ ( )2 3 : Using (35), we have

∫

↦ ( ) =

( )

-

∞

x l x q y
y

yd is non negative and nonincreasingt

x

t
2

and by the change of variable ↦y xy, we see that

∫

↦ ( ) =

( )

-

∞

x xl x q xy
y

yd is non negative and nondecreasing.t
t

1
2

( ) ⇒ ( )3 4 : By Theorem 5.5 and Corollary 6.10, we know that the measures μ and ( ∈ ) >X x td , 0,t� have
density functions of the form

( ) =

( )

( ∈ ) =

( )μ x p x
x

X x p x
x

d and d ,t
t

2 2�

where both p and pt are nondecreasing and, by representation (18), ( )/p x xd and ( )/p x xd t are, respectively,
the Lévy measures of ( )ϕΘ and of ( − )

−eΘ 1 tϕ . Because ��∈ϕ Θ
2 and by representation (33), we obtain

��
∫

( − + ) = ( − )

( ) − ( )

∈ ∀ >

−

( ∞)

−e tϕ e t p x p x
x

tΘ 1 1 d d , 0,tϕ λx t

0,

and the latter ensures that the measure ( ) − ( )t p x p xd d t is positive, hence the function ↦ ( ) − ( )x tp x p xt is
nondecreasing.

( ) ⇒ ( )2 1 is obtained by reading the last arguments from bottom upwards. The other equivalences are
obtained by integration. □

Recall the constant cα and the density function fα are, respectively, given by (32) and (32). A straight-
forward consequence of Proposition 7.3 is the following result.

Corollary 7.4. Let ∈ ( )f α, 0, 1 ,α be the density function of a positive stable distribution. Then, the following
assertions are equivalent.
(1) < ≤ /α0 1 2;
(2) The following function is non-negative and nondecreasing:

∑

↦ − ( ) = (− )

( + )

( + )

( ) >

+

=

+∞

− −( − )x x c
x

f x
π

nα
n

πnα x x1 1 Γ 1
Γ 1

sin , 0.α
α α

n

n nα2
1

1

1 1






8 Generalisation of reverse decomposability:
convex decomposability

A natural extension of the class ��θ is given by the class ��υ, which is described as follows.
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8.1 The class  υ and its analytic properties

Definition 8.1. The class of convex decomposable cumulant functions, denoted by ��υ, is defined by

�� �� ��≔ { ∈ ∈ ∈ ( )}ϕ υ ϕ cs.t. , for every 0, 1 ,υ c

where υc is the operator given in Definition 2.1.

Proposition 8.2. If [ ∞) → [ ∞)ϕ : 0, 0, is such that ��∈υ ϕc for some ∈ ( )c 0, 1 , then ��∈ϕ . We actually
have �� �� ��⊂ ⊂ .υΘ

Proof. Note that �� ��⊂ υΘ because = +

−

υ θ θc c c1 . Since ��= + ∈

−

υ ϕ θ ϕ θ ϕc c c1 for any ∈ ( )c 0, 1 , then

��= ∈

/

υ ϕ θ ϕ2 .1 21
2

By Proposition 5.3 point (2), we deduce that ��∈ϕ . □

Unfortunately, we were not able to derive a differential operator associated with ��υ, as we did for the
identification �� ��=θ Θ in Theorem 5.5, nevertheless we propose the following characterisation of ��υ:

Theorem 8.3. Letϕ be a Bernstein function represented by (2) and associated with a Lévy measure μ. Recall μ
and ←μ are given by (17). Then, we have equivalences:
(1) ��∈υ ϕc υ;

(2) ←υ μc is positive and nondecreasing for all c ∈ (0, 1);
(3) The measure μ has the form

( ) =

( )

↦μ x p x
x

x such that x xp
x

is subadditived d 1 ;2 






(4) ��( ) + ⋯+ ( ) − ( ) ∈ϕ c λ ϕ c λ ϕ λn υ1 for all … ≥c c, , 0n1 s.t. + + ⋯+ =c c c 1n1 2 .

Proof. ( ) ⇒ ( )1 2 : Use representation (2) of ϕ, make the appropriate changes of variable and use the operator
υc in order to write

∫

( ) = ( ) + ( ) − ( ) = + (

←

)( / )

( ∞)

−υ ϕ λ ϕ cλ ϕ cλ ϕ λ a λ e υ μ x x̅ 1 d ,c
xλ

c

0,

where

(

←

)( / ) = ( / ) + ( / ) − ( )υ μ x μ x c μ x c μ x1 ̅ ̅ ̅ ̅ .c

Since ��∈υ ϕc , then using representation (1) for ( )υ ϕ λc , deduce that ↦ (

←

)( / )x υ μ x1c is right queue of
a Lévy measure and hence ←υ μc is positive and nonincreasing, so that ↦ (

←

)( )x υ μ xc is positive and non-
decreasing.

( ) ⇒ ( )2 3 : It is clear that ( / ) =

→

μ xlim ̅ 1 0x 0 and by the assumption that ↦ ( / )x μ x̅ 1 subadditive nonde-
creasing. Deduce from [14, Theorem 16.2.1, p. 460] that ↦ ( / )x μ x̅ 1 is continuous on ( ∞)0, , and then μ ̅
is absolutely continuous. Thus, the measure μ can be represented in the form ( ) = ( )

−μ x x p x xd d2 with some

measurable function p. Furthermore, since (

←

)( / )υ μ x1c is nonincreasing and since

∫ ∫ ∫

∫

(

←

)( / ) = ( / ) + ( / ) − ( ) =

( )

+

( )

−

( )

= ( / ) + ( / ) − ( )

∞ ∞ ∞

∞

υ μ x μ x c μ x c μ x p t
t

t p t
t

t p t
t

t

c
s

p s c c
s

p s c
s

p s s
s

1 ̅ ̅ ̅ ̅ d d d

̅ ̅ 1 d ,

c

x

x

2 2 2
x
c

x
c







(36)

deduce that the last integrand is positive for any s, and then ↦x xp x
1







 is subadditive.
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( ) ⇒ ( )3 4 : As in the first implication of this proof, make the appropriate changes of variables in order to write

∫

( ) + ⋯+ ( ) − ( ) = ( − ) + [ ( / ) + ⋯+ ( / ) − ( )]

∞

−ϕ c λ ϕ c λ ϕ λ q n λ e μ y c μ y c μ y y1 ̅ ̅ ̅ d .n
λy

n1

0

1

By the same argument as in (36), deduce that ��↦ ( ) + ⋯+ ( ) − ( ) ∈λ ϕ c λ ϕ c λ ϕ λ .n υ1

( ) ⇒ ( )4 1 : Just take =n 2. □

Remark 8.4. The last results bring us to the following comments:
(i) If ��∈ϕ υ, then ′( ) = +∞

→ +

ϕ λlimλ 0 . To see this, do as in the proof of Proposition 5.3: if ′( ) =ϕ 0
′( )

→ +

ϕ λlimλ 0 was finite, then Proposition 3.1 would give

��↦

−

−

= ( ′( +) − ′( )) ∈

→ −

− ( )

λ e
c

λ ϕ ϕ λlim 1
1

0 ,
c

υ ϕ λ

1

c

and then, ��′( +) − ′ ∈ϕ ϕ0 , so that ��″ ∈ϕ , which is impossible.
(ii) Assume p is nondecreasing. Then, [15, Remark 2.19] ensures that ↦ ( / )x xp x1 is subadditive and this

comforts the inclusion �� ��⊂υ Θ obtained in Proposition 8.2.

8.2 Stochastic interpretation of the class  υ

Let X be a non-negative random variable associated with a cumulant function ��∈ϕ υ. Proposition 8.2
shows that X is necessarily infinitely divisible, and Theorem 8.3 shows that ��∈ϕ υ is equivalent to the
identity in law:

+ ( − ) ′ = + ∈ ( )cX c X X W c1 , for every 0, 1 ,d
c (37)

where, in the r.h.s, X and ′X are i.i.d random variables and in the l.h.s, the random variableWc, independent
of X, is necessarily infinitely divisible because its cumulant function is the Bernstein function υ ϕc given in
Definition 2.1. It is then legitimate to introduce the subclass CRD of convex reverse distributions of random
variable satisfying (37). A straightforward stochastic reformulation of Theorem 8.3 is as follows:

Proposition 8.5. Assume ∼X CRD and …X X, , n1 are independent copies of X. Then, for all = ( … ) ∈c c c, , n1
( )0, 1 n such that + ⋯+ =c c 1n1 , there exists a non-negative random variable in ∼W IDc , independent from X
such that

+ ⋯+ = + ∀ ∈c X c X X W n, .n n
d

c1 1 �

9 Conclusion

We have revisited the class SD of self-decomposable distributions, introduced its dual class RD and then
extended RD to the class CRD. We would like to stress that the idea of this work is inspired by the original
idea of Sendov and Shan [1], who were the first to exhibit the analytic interest of the operator Θ in the
context of completely monotone functions and Bernstein functions. Our work completes theirs with further
analysis and essentially, it provides the stochastic interpretation and comparison between the Lévy mea-
sure of transitions of the related subordinator. We are confident that the classes RD and CRD will find their
way, like SD, in the applications of the theory of Lévy processes and infinite divisible distributions.
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