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Abstract: For a finitely generated tensor norm @, we investigate the a-approximation property (a-AP) and
the bounded a-approximation property (bounded a-AP) in terms of some approximation properties of operator
ideals. We prove that a Banach space X has the A-bounded a, 4-AP (1 < p,q < 00, 1/p + 1/q = 1) if it has
the A-bounded g,-AP. As a consequence, it follows that if a Banach space X has the A-bounded g,-AP, then X
has the A-bounded w,-AP.
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1 Introduction

The main subjects of this paper originate from the classical approximation properties for Banach spaces,
which was systematically investigated by Grothendieck [1]. A Banach space X is said to have the approx-
imation property (AP) if

idy € 71X, X)*,

where idy is the identity map on X, ¥ is the ideal of finite rank operators and 7, is the topology of uniform
convergence on compact sets.

Let X and Y be Banach spaces. We denote by X ® Y the algebraic tensor product of X and Y. The normed
space X ® Y equipped with a norm a is denoted by X ®, Y and its completion is denoted by X &, Y. The
basic two norms on X ® Y are the injective norm € and the projective norm m which are defined as follows.

Y x5y ()

j=1

eu; X,Y) = sup{

:X* € By, y* € By*},
where Z;f:lxj ® y; is any representation of u and we denote by B the closed unit ball of a normed space Z.
n n
m(u; X, Y) =inf{ > 1yl :u=Yx®y,neNg
j=1 j=1
It is well known that a Banach space X has the AP if and only if for every Banach space Y, the natural map
J:Y® X-> Y& X

is injective (cf. [2, Theorem 5.6]). This equivalent statement can be naturally extended to tensor norms. For
basic definitions and general background of the theory of tensor norms, we refer to [2,3]. For a finitely
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generated tensor norm &, a Banach space X is said to have the a-AP if for every Banach space Y, the natural
map

Jo: Y& X > V& X

is injective (cf. [2, Section 21.7]). It is well known that if a Banach space X has the AP, then it has the a-AP for
every finitely generated tensor norm a (cf. [2, Proposition 21.7(1)]).

Some of the well-known tensor norms can be obtained from the tensor norm a, 4 (1 < p,q < 00,1/p +
1/q = 1), which was introduced by Lapresté [4]. For 1 < p < oo, £;(X) stands for the Banach space of all X-
valued weakly p-summable sequences endowed with the norm ||-||;V. Letl <r <ocowithl/r=1/p + 1/q - 1.
Forue X®Y, let

n
ap,g(u) = inf {”(Aj);';l”r NG I Nl s u = Y Axg @y, n € N},

j=1

where p* is the conjugate index of p. Then a,, 4 is a finitely generated tensor norm and the transposed tensor
norm a},,q = agp (cf. [2, Proposition 12.5]). The special cases 8y = p1 and d, == ay, are called the Chevet-
Saphar tensor norms [5,6] and a; = 7. The tensor norm w, := ay,  is also well known. Diaz et al. [7] studied
the ap, 4-AP in terms of certain approximation properties of operator ideals. As a consequence, it was shown
that a Banach space X has the ay, 4-AP if it has the a;, ;-AP.

Let A > 1. A Banach space X is said to have the A-bounded AP if

idy € {S € F(X, X) : [IS] < A}™.

It is well known that a Banach space X has the A-bounded AP if and only if for every Banach space Y, the
natural map

L : Yor X - (Y ®: X*)*

satisfies m(u;Y, X) < A |L(w) iy e.x7y for every u € Y ® X (cf. [2, Corollary 16.3.2]). More generally, for a
finitely generated tensor norm @, a Banach space X is said to have the A-bounded a-AP if for every Banach
space Y, the natural map

In: Y® X - (Y @p X*)*

satisfies a(u;Y, X) < A | Ip(w) ly*s,x7y for every u € Y ® X (cf. [2, Section 21.7]), where &’ is the dual tensor
norm (cf. [2]) of a. Note that ' = ¢.

The main goal of this paper is to study the a-AP and the A-bounded a-AP in terms of operator ideals. In
Section 2, we extend the result of Diaz et al. [7], and in Section 3, we obtain some bounded versions of the
results obtained in Section 2. As an application, it is shown that a Banach space X has the A-bounded
@, q-AP if it has the A-bounded ay,;-AP. Consequently, if X has the A-bounded a, ;-AP, then X has the
A-bounded a,, ,+-AP.

2 The a-approximation property

We denote by [L, ||-||] the ideal of all operators and refer to [2,8-10] for operator ideals and their some
information. A tensor norm «a is said to be associated with a Banach operator ideal [A, | -||#] if the canonical
map (AM, N), ||-la) = M* ®, N is an isometry for all finite-dimensional normed spaces M and N. Let X and
Y be Banach spaces. For T € L(X, Y), let

ITlzmax = sup {llg Thill : dim M, dim Y/L < oo},

where I : M — X is the inclusion map and g} : Y — Y/L is the quotient map, and

AKX, Y) ={T € LX, Y) : [T|lam> < oo}.
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We call [A™X, ||| gmax] the maximal hull of [A, ||-|a]. [A, ||-|a] = [A™X, ||| #mx], then [A, |- |«] is called
maximal. If a is a finitely generated tensor norm, then its associated maximal Banach operator ideal is
uniquely determined (cf. [2, Sections 17.1, 17.2 and 17.3]). For a finitely generated tensor norm a, the adjoint
ideal [A2Y, Il l.z201] is the maximal Banach operator ideal associated with the adjoint tensor norm a* =
(@) = (af).

Lemma 2.1. [2, Theorem 17.5] Let [A, ||-|l#] be the maximal Banach operator ideal associated with a finitely
generated tensor norm a. Then for all Banach spaces X and Y, A(X, Y*) is isometric to (X ®, Y)* and AX, Y)
is isometrically imbedded in (X ®y Y*)* by the natural dual actions.

Let a be a finitely generated tensor norm. According to [2, Proposition 21.7(4)], a Banach space X has the
a-AP if and only if for every Banach space Y, the natural map

Jo: Y& X > V& X L(Y,X)
is injective.
Theorem 2.2. Let [A, |||« ] be the maximal Banach operator ideal associated with a finitely generated tensor
norm a. Then the following statements are equivalent for a Banach space X.

(a) X has the a-AP.
(b) For every Banach space Y, F(X, Y) is dense in A2N(X, Y) with the weak* topology on (X Rat Y*)*.

(c) For every Banach space Y, F(X, Y*) is dense in AN(X, Y*) with the weak® topology on (X Rat Y)*.

Proof. (a) = (b): Let Y be a Banach space. Since [A%Y, ||-| 4201] is associated with a* and (a*) = ((a!)) = a,
by Lemma 2.1, A24(X, Y) is isometrically imbedded in (X Rat Y*)*. Let T € A2(X, Y). Suppose that T ¢
FX, Y)", Then by the separation theorem, there exists a u € X 8, Y* such that for every S ¢ F(X, Y),
(S,u) =0 but (T,u) +0,
where(-,-) is the dual action on (X Oyt Y*)*. We will show thatu = 0in X ®,¢ Y*, which is a contradiction. Let
Jut : X &g V¥ - X & V' = L(X*, YY)

be the natural map. To show that Jyu = 0 in X ®; Y*, let x* € X* and y € Y. For every v = Zﬁ] Xk ® Y, €
X®Y,

m

X @y, vy = Y X0)yy) = (V)X ().
k=1

Let (u,) be a sequence in X ® Y* such that lim,_ .af(u, — u) = 0. Then

lim (xX* @y, uyy = (X* @y, w.

Since
[(Uattn)X*) (y) = (U x| < Ix*MylleUat(un — w)s X, Y*) < Ix*llylla’(wn, — u) — 0
asn — oo, and for every n, (x* ® y, uy) = ((Jun)x*)(¥),
0=y, w) = (Ug)x?)(y).

Thus, Jyu = 0 in X &, Y*.
The aforementioned argument also shows that

x(Ja)y) = (Jgew)x?)(y)

for every x* € X* and y € Y, where J, : Y* & X —» Y* & X — L(Y, X) is the natural map. Consequently,
Jout =0inY* ®, X. Since X has the a-AP, uf =0inY* ®, X and sou = 0 in X ®y Y*.



DE GRUYTER Approximation properties of tensor norms and operator ideals for Banach spaces =— 1701

(b) = (c): Let Y be a Banach space. By Lemma 2.1, A24(X, Y*) is isometric to (X @atY)*. Let T ¢ A(X, Y*).
Then by (b),
T ¢ (X, Y)" on (X Bt Y* )*
Since the canonical imbedding from X &, Y to X &, Y** is an isometry,
T ¢ FX, )" on (X @atY)*.
(c) = (a): Let Y be a Banach space. We show that the natural map
Jo: Y8 X—> Y& X — L(YX)
is injective. Assume that J,u = 0inY &, X. To show thatu = 0inY &, X, we will show thatu! = 0in X &, Y,
that is, (T, ut) = 0 for every T ¢ A(X, Y*). Let T ¢ A(X, Y*) be fixed. Since J,u = 0 in Y & X, for every
x* e X*and y* € Y*,
Y (Uau)x*) = x(UJaw)y*) = 0,
where Jy : X8y Y —» X8, Y — L(X*, Y) is the natural map. As in the proof of (a) = (b), we see that
eyt uy =y (Jpu)x) =0
for every x* € X* and y* € Y*, and so
S,ufy =0
for every S € F(X, Y*). Since T € (X, Y on (X &Y ), (T, uf) = 0. O

Letl1<p,g<ocowithl/p+1/g<landletl<r<ocowithl/p+1/q+ 1/r*=1, where 1/r + 1/r* = 1.
Alinear map T : X — Y is called (p, q)-dominated if there exists a C > 0 such that

1 (Txa)nlly < C Nl 1Y nlly

for every (x,), € %"(X) and (y;)n € GZV(Y*). We denote by D, 4(X, Y) the collection of all (p, g)-dominated
operators from X to Y and for T € D, (X, Y), let [Tllp,, be the infimum C satisfying all such inequalities.
Then [Dy 4, |Illp,,] is @ Banach operator ideal (cf. [2, Section 19]). #, = D), «, is well known as the ideal of
absolutely p-summing operators (cf. [2,8-10]) and D, = D), is the ideal of p-dominated operators. For
1/p +1/q 21, let[Ly 4 |I-llz,,] be the maximal Banach operator ideal associated with the tensor norm ap, 4.
L, 4 is well known as the ideal of (p, q)-factorable operators. Then

(Lp.g> 112, 7Y = Dy s Il - ]

(see [2, Section 17.12] and [9, Section 17.4]).
Theorem 2.2 applied to the tensor norm a, 4 covers [7, Theorem 1].

Corollary 2.3. Let 1 < p, g < co with 1/p + 1/q > 1. The following statements are equivalent for a Banach
space X.
(a) X has the ay 4-AP.

(b) For every Banach space Y, F(X, Y) is dense in D ,» (X, Y) with the weak™ topology on (X @Jaw Y*)*.
(c) For every Banach space Y, F(X, Y*) is dense in D p (X, Y*) with the weak™ topology on (X @aw Y)*.

Recall that a Banach space X has the AP if and only if X has the 7-AP. Then the most special case of
Corollary 2.3 is the following.
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Corollary 2.4. The following statements are equivalent for a Banach space X

(a) X has the AP.

(b) For every Banach space Y, F(X, Y) is dense in £L(X, Y) with the weak” topology on (X &,Y*)*.
(¢) For every Banach space Y, F(X, Y*) is dense in L(X, Y*) with the weak™ topology on (X 8,Y)*.

Proof. It is well known that 77 is associated with the ideal 7 of integral operators and 72% = £ holds
isometrically (cf. [2]). Since 7! = 71, we have the conclusion. O

Theorem 2.5. Let [A, ||-||4] be the maximal Banach operator ideal associated with a finitely generated tensor
norm a. Then a Banach space X has the al-AP if and only if for every Banach space Y, F(Y, X*) is dense in

ARd(Y, X*) with the weak™ topology on (Y ®at X )*

Proof. Assume that X has the af-AP. Let Y be a Banach space. By Lemma 2.1, A2d(Y, X*) is isometric to
(Y Sat X )* Let T € A2d(Y, X*). Suppose that T ¢ F(Y, X" Then there exists a u € Y &, X such that for
every S € F(Y, X*),

{(S,u) =0 but (T, u) + 0.

Then as in the proof of Theorem 2.2, we can show that the natural map Jy : Y &¢ X — Y &: X is not
injective. This contradicts the assumption that X has the af-AP.
To show the converse, let Y be a Banach space. We want to show that the natural map

Jo : Y& X > Y& X — L(Y,X)

is injective. Assume that J,cu = 0 in Y ®; X. Let T € A24(Y, X*). Since J,u = 0 in Y ®; X, we see that for
every y* € Y* and x* € X*,

y* @ x*, uy = x"((Jgpu)y*) = 0.
Thus, ¢S, u) = 0 for every S € F(Y, X*). Since T € F(Y, X)"eak (T u) = 0. Hence, u = 0 in Y & X. O

Corollary 2.6. Let1 < p, g < co with1/p + 1/q > 1. Then a Banach space X has the a4 ,-AP if and only if for
every Banach space Y, F(Y, X*) is dense in D 7 (Y, X*) with the weak™ topology on (Y @aq,p X)*.

3 The bounded a-approximation property

Let a be a tensor norm and let X and Y be Banach spaces. Recall from [2, 12.4] that for everyu ¢ X ® Y, let
?(u; X,Y) = infla(u; M,N) : u e M® N, dimM, dim N < oo}
and
aw; X, Y) = sup{a((g¥ ® qf)(w); X/K, Y/L) : dimX/K, dimY/L < oco}.
It follows that @ < a < . A tensor norm a is called totally accessible if & = a'.
From [2, Proposition 21.7(2)], a Banach space X has the A-bounded a-AP if and only if for every Banach

space Y,

a(u; Y, X) < Aa(u; Y, X)

-

for everyu € Y ® X. Since af = (@), it follows that a Banach space X has the A-bounded at-AP if and only if
for every Banach space Y,

au; X, Y) < Aa(u; X, Y)

foreveryueX®Y.
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Lemma 3.1. [2, Theorem 15.5] For all Banach spaces X and Y, and a tensor norm a, the natural maps

AT

:Xeog Vo (X oy '),
7:X ez Yo (Xog V')

’?

are isometries.
The following lemma is a reformulation of [2, Lemma 16.2].

Lemma 3.2. Let a be a tensor norm and let X and Y be Banach spaces. Let A > 1. Thena < Aa on X ® Y if and
only if for every ¢ € Bxe,yy, there exists a net (T, in }LBX*®a,y* such that forevery x e X andy € Y,

li;n(ThX)()/) ={(p,x®Y).

Proof. Suppose thata < A@ on X ® Y. Let ¢ € Bye,yy C (X ®z Y)*. By Lemma 3.1, we can choose a Hahn-
Banach extension (;13 € (X* ®, Y*)** of ¢. By Goldstine’s theorem, there exists a net (Tyy in X* ® Y* with

a (s X, Y*) < IPllxe, vy such that

lim <f, ) = (@,
for every f € (X* ®y Y*)*. Thus, for every x e X and y € Y,

lim(Tyx) () = limcx 8y, T) = (6, x ©y) =, x 0 ).

Also, since
Pl sy = 1Pl xozvy <A IPlxe,ry <A,

the net (Tp) is in ABx+g,y".
To show the converse, letu = kazlxk ® ¥, € X ® Y. Then there exists ¢ € B(xq,yy such thata(u; X, Y) =
{¢, uy. By assumption, there exists a net (T;) in ABx*e, v+ such that

limu, ;) =1lim Y (Tyx) () = {$, u).
1 T k=1
Hence,

a(u; X, Y) = (¢p, up < Asup{|<u, v)| : v € Bxauy} = A lullxropry = A0 W; X, Y). O

Lemma 3.3. [2, Proposition 21.8] Let [A, |-|a] be the maximal Banach operator ideal associated with a

finitely generated tensor norm a and let A > 1. Let X and Y be Banach spaces. Then a < Aa onY* ® X if and
only if for every T € B zaiix y++), there exists a net (T)y in ABx:s,y Such that for every x € X and y* € Y*,

lirle*(TnX) = (T (y").

We denote the strong operator topology and the weak operator topology on L, respectively, by 75, and
Two. FoOr a net (T), in L(X, Y*), we say that T, — 0 in the weak” operator topology if

lim(T,x)(y) — O
n
for every x € X and y € Y. We denote the weak* operator topology by .

Theorem 3.4. Let [A, ||-|l#] be the maximal Banach operator ideal associated with a finitely generated tensor
norm & and let A > 1. Then the following statements are equivalent for a Banach space X.
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(a) X has the A-bounded a-AP.
(b) For every Banach space Y and every T € A(X, Y),

Te {S c 7—'(X, Y) . a*(S; X, y) < A||T||ﬂadj}rso.

(c) For every Banach space Y and every T € Ad(X, Y*),

Te{Ser(X, V) :a(S; X, V") < ATl } .
Proof.
(b) = (c) is trivial.

(a) = (b): This proof is essentially due to [11, Theorem 4.1]. Let Y be a Banach space and let T € A2Y(X, Y).
Consider iy T € A2d(X, Y**), whereiy : ¥ — Y** is the canonical isometry. Since X has the A-bounded a-AP,
by Lemma 3.3, there exists a net (T), in (X, Y) with a*(Ty; X*, Y) < A such that for every x € X and y* € Y*,

linm)’*(llinllﬂadiTqX) = (iy ) (y") = y*(Ix).

Since a*(lliy Tl g2ai Ty; X*, Y) < A || Tl a0,

Te{SeF(XY):a(S;X,Y) < MTlga}™ = {SeF(X,¥) : (S X, Y) < AT e} .

(c) = (a): Let Y be a Banach space. Since <o? = (@), a<Aad onY ® X if a@ only if af < /\; onX® Y. So, in
order to show that X has the A-bounded a-AP, we will show that a! < Aa’ on X ® Y using Lemma 3.2.

Now, let ¢ € B(xe,vy. By Lemma 2.1, we can choose the representation Ty € A*N(X, Y*) of ¢ with
[Ty ll 4201 < 1. Then by (c), there exists a net (S;), in ABx-e,y* such that for every x e X and y € Y,

lirfn(SHX)(y) = (Tpx)(y) =<, x @ y). O
Hence by Lemma 3.2, we complete the proof.

Corollary 3.5. Let1 < p, g < oo with1/p + 1/q > 1 and let A > 1. The following statements are equivalent for
a Banach space X.
(a) X has the A-bounded ay, 4-AP.

(b) For every Banach space Y and every T € Dy (X, Y),

TeSe7X, Y): Slo, . <AMlo, J*

(c) For every Banach space Y and every T € D, (X, Y*),

TeSeFX, Y : Slo, . <Alllp, )"

Proof. If [A, ||-|4] is the maximal Banach operator ideal associated with a totally accessible finitely gen-

erated tensor norm «, then by Lemmas 2.1 and 3.1, a = ||-|# on ¥ . Since a; , is totally accessible (cf. [2,
Theorem 21.5]), by Theorem 3.4, we have the conclusion. The equivalence (a) & (b) is also a consequence of
[11, Theorem 4.1]. O

For the following result, we will need [11, Corollary 2.14], which can be reformulated as follows.

Lemma 3.6. Let 1 < p < oo and let A > 1. The following statements are equivalent for a Banach space X.
(a) For every Banach space Y and every T € Py(X, Y),

Te{SeFX, V) : ISy, < XlTlp,}™.

(b) For every Banach space Y and every T € Py(X, Y),

idx € {S € FX, X) : [TSllp, < A [Tl } ™.



DE GRUYTER Approximation properties of tensor norms and operator ideals for Banach spaces =— 1705

According to [11, Definition 1.2], for a Banach operator ideal A, a Banach space X is said to have the
weak A-BAP for A if for every Banach space Y and every T € A(X, Y),

idy € {S € FX, X) : [TSa <A [Tla}™.

Theorem 3.7. Let 1 < p,q < oo with 1/p + 1/q > 1 and let A > 1. If a Banach space X has the A-bounded
8,-AP, then X has the weak A-BAP for D ;.

Proof. By Corollary 3.5 and Lemma 3.6, if X has the A-bounded g,-AP, then for every Banach space Z and
every T € P (X, Z),

idy € {Se FX, X) : I TSllp » <A ||T||qnp*}rs°.

Now, let Y be a Banach space and let T € D, 4.(X, Y). Let § > 0. Then by Kwapiefi’s factorization
theorem (cf. [2, Theorem 19.3]), there exist a Banach space Z, R € P X, Z) and U* € P »(Y*, Z*) with
I U*Ilpq* ||R||pp* <(1+96) ||T||Dp*yq* such that the following diagram is commutative.

T

N

Z.

By the aforementioned statement, for every finite x, ..., x,, € X and every € > 0, there exists an S € F(X, X)
with ||RSII¢>p* < /\||R||¢>p* such that

X Y

ISx; — xill < &
for everyi =1, ..., m. Since

1Slp . < U, IRSlp . < (1 + O)A I Tlo s

we have shown that for every 6§ > O,

idy € {Se FX, X) : ITSlp . . < A+ 6AITlp ;- 5o,
Let x, ..., X, € X and let € > 0. Choose a § > O so that

(6A/(1 + 8)A) max x| < €/2.
1<k<m

Then, there exists an S € {S € F(X,X) : [TSlp,. - < (1 + 6)/1||T||Dp*,q*} such that for every i=1,...,m,
ISx; —x;|| < €/2. Consider

A/ + &S € {S € FX, X) : |TSlp,. . <A ITlp . . }-

Then for everyi =1, ..., m,

A A
Sxi — x;i || < [ISx; — x|l + max | x| < €.
1+ 1+6)A (1 + 6)A1zksm
Hence, idx € {S € F(X, X) : ||TSIIDp*,q* < AIITIIDP*,q*}TS". O

In [7, Proposition 2], it was shown that if a Banach space X has the 8,-AP, then X has the aj, 4-AP. From
Theorem 3.7 and Corollary 3.5, we have:

Corollary 3.8. Let 1 < p,q < co with 1/p + 1/q > 1 and let A > 1. If a Banach space X has the A-bounded
8,-AP, then X has the A-bounded ay, 4-AP.
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Theorem 3.9. Let[A, |-« ] be the maximal Banach operator ideal associated with a finitely generated tensor
norm a and let A > 1. Then a Banach space X has the A-bounded a'-AP if and only if for every Banach space Y
and every T € A(Y, X*),

Te{SeFY,X):a*S; Y, X) < A||T||ﬂadj}rw*°.
Proof. Let

1: X0, Y > YeusX
be the isometry defined by i(u) = u'.

Suppose that X has the A-bounded a!-AP. Let Y be a Banach space and let T € A24(Y, X*). By Lemma 2.1,
we can choose the representation ¢, € (Y ®4X)* of T. Consider ¢;i € (X ®Y)*. Since X has the A-bounded

al-AP, a <A@ on X ® Y. Then by Lemma 3.2, there exists a net (uy), in ABx-g,y- such that for every x € X
andy e,

lim{xe®y,up = <L x®y>.

1 Iprillxeery
Let us consider the net (|| ¢y ilxe,vyuy)y in ¥* ® X* = F(Y, X*). Then
(| prilxe,yyiys Y X*) = |@rillxe,yy@ Uy X, ¥*) < A || T g

and for every y € Y and x € X,

linm( Iprillxe, vy ugy) (O = li;n lrillxs,yy <X ® Y, Up) = <pri, x ® y) = (Ty) (x).

Hence, T € {S € F(Y, X*) : a*(S; Y*, X*) < A ||| gaar} ™.

To show the converse, we also use Lemma 3.2. Let Y be a Banach space and let ¢ € B(xe,yy. Consider
pile B(ye xy. By Lemma 2.1, we can choose the representation T+ € AN(Y, X*) of i~ with || Tyitll geai < 1.
By assumption, there exists a net (S,), in ABy-s.x- such that for everyy € Y and x ¢ X,

liﬂm(S,ly) () = (Tyi1y) (X).
Consider the net (S)), in X* ® Y*. Then &'(Sy; X*, Y*) = a*(Sy; Y*, X*) < A and for every x e X and y € Y,
linm(S,§X)(y) = lirrln(Sny) x) = (Tpiy)(x) = {pi, y @ x) = (P, x ® Y).
Thus by Lemma 3.2, a < Ad onX®Y. Hence, X has the A-bounded a‘-AP. |

From Theorem 3.9, we have:

Corollary 3.10. Let 1 < p,q < 0o with 1/p + 1/q > 1 and let A > 1. A Banach space X has the A-bounded
aq,p-AP if and only if for every Banach space Y and every T € Dy (Y, X*),

Te{SeF(¥,X): Slo,, <AlTlp,

4 Open problems
The following question is a well-known problem (cf. [2, Section 21.12]).

Problem 1
Is the tensor norm w;, (1 < p < oo, p # 2) totally accessible?
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Since a finitely generated tensor norm «a is totally accessible if and only if every Banach space has
the 1-bounded a-AP, the problem can be reformulated as follows.

Problem 1
Does every Banach space have the 1-bounded w,-AP (1 < p < 0o, p # 2)?

According to Corollaries 3.5 and 3.10, a Banach space X has the 1-bounded w;,-AP if and only if for every
Banach space Y and every T € D (X, Y),

TeSe7X V) : Slo, <Mlo,}™

if and only if for every Banach space Y and every T € D,(Y, X",

Te{SeF(Y,X) :1Slp, <MTlp, ™.

Therefore, the problem can be reformulated as follows.

Problem 1
Let1 < p < 0o, p # 2. For all Banach spaces X, Yand every T € D (X, Y),

Te{SeFX,Y):ISlp, <ITlp,}>?

Or, for every T € Dp(Y, X¥),

Te{SeF(Y,X) : [Slp, <MTlp,}™"?

Reinov [12] constructed Banach spaces failing to have the g,-AP and the d,-AP (1 < p < 0o, p # 2). From
[7, Proposition 2], if a Banach space has the g,-AP, then it has the w;,-AP. It is not known whether every
Banach space has the w,,-AP (1 < p < 00, p # 2). According to Corollaries 2.3 and 2.6, a Banach space X has
the w,-AP if and only if #(X, V) is dense in D (X, Y) with the weak™ topology on (X ®w, Y*)* for every

Banach space Y if and only if 7(Y, X*) is dense in D,(Y, X*) with the weak* topology on (Y Bw, X )* for every
Banach space Y. We ask:

Problem 2
Let1 < p < oo, p # 2. For all Banach spaces X and Y, is the space 7(X, Y) dense in D j+(X, Y) with the weak*

topology on (X Bw, Y*)*?
Or, is the space 7(Y, X*) dense in D,(Y, X*) with the weak* topology on (Y @Wp X)*?
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