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Abstract: A map is called edge-regular if it is edge-transitive but not arc-transitive. In this paper, we show
that a complete graph K, has an orientable edge-regular embedding if and only if n = p? > 3 with p an odd

prime such that p¢ = 3 (mod 4). Furthermore, K pd has % ¢[$J non-isomorphic orientable edge-regular

embeddings.
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1 Introduction

An orientable map is a 2-cell embedding of a finite graph in an orientable surface, and thus a map is an
incident triple of vertex set V, edge set E, and face set F, denoted by M = (V, E, F). The finite graph is called
the underlying graph of the map, and the surface is called the supporting surface of the map. In this paper,
we focus on the orientable supporting surface.

An automorphism of a map M = (V, E, F) is a permutation of V U E U F that preserves the incidence
relation between vertices, edges, and faces. A map M is called edge-transitive (or an edge-transitive
embedding of its underlying graph) or arc-transitive if the automorphism group AutM is transitive on
the edge set or the arc set, respectively. Sometimes, the arc-transitive map is called a rotary map or a
symmetrical map. For convenience, a map M is called edge-regular if M is edge-transitive but not arc-
transitive.

The purpose of this paper is to give a classification of orientable edge-regular maps with underlying
graphs being complete graphs. For convenience, a map with underlying graph being a complete graph is
called a complete map.

In general, a flag of a map is an incident triple of vertex, edge, and face. A map M is called flag-
transitive if AutM is transitive on the flag set. Since the action of AutM on the flag set is always semi-
regular, a flag-transitive map is flag-regular, and it is simply called regular. It is easy to see that if a
subgroup G < AutM is transitive on the edge set of M, then the index of G in AutM is not more than
four. Thus, an edge-transitive map is highly symmetrical.

The literature studying “symmetrical” maps is rich, refer to [1]. Recent investigation began with Biggs’
study in [2,3] of arc-transitive complete maps. Among the arc-transitive embeddings of K, constructed by
Biggs, the unique embeddings for n = 2, 3, and 4 are flag-regular, others with n > 5 a prime power are all
arc-regular. In the past four decades, plenty of results about symmetrical maps have been obtained, see
[4-10] and references therein. In particular, arc-transitive complete maps are classified in [3,7,11]; vertex-
transitive complete maps are characterized in [12]. Very recently, some special families of edge-transitive
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maps with underlying complete bipartite graphs are classified in [13-16]. In this paper, we study the edge-
regular complete maps. The main result of the paper is stated in the following theorem.

Theorem 1.1. A complete graph K, has an orientable edge-regular embedding if and only if n = p?, where p is

4d 2
isomorphic edge-regular embeddings, where ¢ is Euler’ s function, and each of the maps has full auto-

an odd prime and d is a positive integer such that p? = 3 (mod 4). Furthermore, K 4 has p3 q.')[p ’ _IJ non-

morphism group isomorphic to Z : Z ,«, < AGL(1, p?).
2

Remarks on Theorem 1.1.

(1) The main results of Theorem 1.1 were obtained by James [17] and Jones [18], both of which used the
methods of group theories. However, the research approach adopted in the present paper is more
concise and easier.

(2) Amap M is called a Cayley map if Aut M contains a subgroup G which is regular on the vertices. Further-
more, if G < AutM, then M is called a normal map. Thus, all the maps in Theorem 1.1 are normal maps.

(3) A Cayley map M is called balanced if each generated element s and its inverse element s~ of s are
placed on the antipodal points, see [10]. It is known that an arc-transitive Cayley map M is balanced if
and only if M is a normal map. Thus, the maps in Theorem 1.1 are not necessary balanced.

We end this section in the following corollary, the result can also be deduced from [19, Corollary 2].

Corollary 1.2. A normal edge-regular Cayley map is not necessarily a balanced map.

2 Construction and enumeration

Let p be an odd prime and d a positive integer. Let F = GF(p?) be a field of order p?. Let F* and F* be the
additive group and the multiplicative group of F, respectively. Then F* = Z‘}, and F* = Z a_;. Furthermore,
F* naturally acts on F* by multiplication. This defines a group

X = F+: F* = AGL(1, p%),

which is an affine group. Let k = p4 — 1. Since p is odd, k is even.
Assume that p4 = 3 (mod4). Then g is odd, and d is odd too. Let F* = (£{), and let p = {2 and 0 = ¢ 5.
Then (&) = (p) x (o) = Zg x Z,. Let

G = F+:{p) EZ‘},:ZIZ(.

We now construct edge-regular embeddings of the complete graph I' = K ,«. Let 0 be the identity of F*.

Then T = Cay(F*, F*\{0}), and in the case where p? = 3 (mod 4), G is edge-transitive but not arc-transitive
onT'. Noting that the group {p) partitions I'(0) = F*\{0} into two orbits, say A and A;. We make labelings for
the elements of Ay and A; as follows.

Let v € Ag be a non-identity element of F*, and set

.k
By =v and By, = B;, where0 < i< - 1;

By € F\{0, By, Byr..r Bo} and By, = B2, where 1< i < &,
Then the orbits Ao = B¢ and 4, = .

For a vertex a, a cyclic permutation of the neighbor set I'(a) of a is called a rotation at a and denoted by
R,. A rotation system R(T') of a graph I is the product of rotations at all vertices, that is, R(T') = [, Ra-
Then each rotation system R(I') defines an orientable embedding of ', refer to [1, pp. 104-108].
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Construction 2.1
Use the aforementioned notations.
(1) Label the end points of the arcs emitting from the vertex 0 € F* as

ﬁO’ ﬁl’ ﬁ2’ 133" T ﬁk—l'
(2) For each vertex x € F*, label the end points of the arcs emitting from x as
Box, Bix, ByX, B3X,..., Bi_1X.
(3) Define a rotation of the end points of arcs emitting from x by
Re = (Byx, Bix, ByX, B3X,..., Bi_1X),

where x € V = F*, and let R(I') = [, ;- Rx.
(4) Observing that the rotation system R(I') is uniquely determined by S, B, and p, we denote the orien-
table map defined by the rotation system as follows:

M(Bos Bys P)-

We next study the maps M(B,, B;, p). The first lemma determines the relation between f’s and their
inverses.

Lemma 2.2. There exist positive integers ¢ and m such that B, = (B;)" = B;} and B3' = Byy.1» Where

d
_p-1
m="—— L.

Proof. Assume that ; and ﬂi‘l lie in the same orbit of {p), where 0 <i < p? — 1. Then ﬁlfl = ﬁlp[ with
1<t< ?, and (ﬁipt)f’t = (B = (ﬁll.pt)‘1 = (B! = B. Thus, (p/)? = 1. A contradiction occurred since

lol = # is odd. So B; and ﬁi’l lie in different orbits of (p), where 0 < i < p? — 1. Hence, By ! lies in the

orbit of B, under {p). It follows that there exists a positive integer ¢ such that B, = (8; et = (/3(§’£)*1 = 2‘61.

. plo a_
Furthermore, ﬁ(;l _pp ¢ _ Br e _ ﬂz[ ]+1' Thus, letting m = pTl - ¢, we have B(;l =Bomsr O

d
Pl
For a vertex v € VT, noting that the vertex rotations R, can be regarded as permutations not only of
the set I'(v) but also of the generating set S. So Cayley maps have another equivalent definitions, see [19].
A map with underlying graph being Cayley graph I' = Cay(G, S) is a Cayley map if the induced local cyclic
permutations of S are all the same. The next lemma shows the edge-transitivity of M(8,, B;, p).

Lemma 2.3. Let M = M(B, B, p) and G = F* : {p), as defined above. Then the following statements hold.
(i) G < AutM, and G is transitive on the edges of M;
(i) M is a Cayley map of F*.

Proof. By the definition of the rotation system [ |, .+ Ry, each element of F* is an automorphism of M. Since
F* acts regularly on the vertices of M, M is a Cayley map of F*, and the underlying graph of M is a
complete graph of order p9. Furthermore, for each element x ¢ F*, the conjugation p* is such that, for
O<i<k-1,

(ﬁiX)Px = (ﬁix)x’lpx = Bipx = i):z = BHZX’

reading the subscripts modulo k. Thus, p is an automorphism of the map M, refer to [1, pp. 109-110]. Since
G is transitive on the edges of the underlying graph I', we have that the map M is G-edge-transitive. [

The Cayley map M (B,, B;, p) is balanced if s and s7! = —s are placed on the antipodal points for all
elements s € F*\{0}. Let p, be the unique involution of GL(1, p?). Then
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Py : X+ —x, for all x € F*,

which is an automorphism of M.
Lemma 2.4. A map M (B, B,, p) is balanced if and only if B;" = B, and B;" = B,a,..
2 2

Proof. Assume that M (B, 8, p) is balanced. Then for every i with 0 < i < ?, the vertex ﬂi‘l is placed at
the antipodal position of the vertex f,. Thus, B;"' = B, and ;" = B,q...
2 2

Conversely, assume that B;' = B,«, and B;* = B,¢,,. Then we have
2 2

1

i 4
= (B = (B#J =By

5 +2i+1

i P
Bl = By =[ﬁ7) By,

So /3]7 = ﬁpd_1+j is at the antipodal position of ;, for all j with 0 <j < #, and therefore, M(B,, B;, p) is
balanced. ° O

The mirror-image M of an orientable map M is given by reversing the cyclic order of the edges at each
vertex. An orientable map M is called reflexible if it has an automorphism that reverses the orientation of
the supporting surface, equivalently, M = M, see [20, Chapter 16].

Lemma 2.5. The orientable map M(B,, B,, p) is not reflexible, and the automorphism group AutM is a
subgroup of AGL(1, p?).

Proof. Let M = M(B,, B;, p), and let A = AutM. Let A* be the group of elements of A which preserves
the orientation of the supporting surface of M. Then G is of index at most 2 in A*, and A" is of index at most
2in A. Thus, G < A* < A, and the index |[A : G| = 1, 2, or 4. Since G is of odd order, it follows that G is a
characteristic subgroup of A. As G is primitive on the vertex set V, so is A. Hence, Cy(G) < G, and
A < Aut(G) = ATL(, p9) = (F* : F¥):Z4. By Frattini’s argument, A, < F*: Z, for any a € V = F*. Since
Ay < Dy qyand d is odd, it follows that A, < F* = Z .« , and A < AGL(1, p?).

If M is reflexible, then there exists an involution T € A\A* which reverses p. However, note that d is
odd, then this is not possible. So M is not reflexible. O

An orientable map is called chiral if it is arc-regular, and each of its automorphisms preserves the
orientation of the supporting surface. However, chirality does not always require arc-regularity, sometimes
chiral simply means “not allowing reflections.” The next lemma determines the chirality of the maps

M(ﬂo’ B> ).

Lemma 2.6. Let M = M(B,, B, p), a map as constructed in Construction 2.1. Then either
(i) M is chiral (arc-regular), B, = B(f, and AutM = AGL(1, p?); or
(i) M is edge-regular, and AutM = G.

Proof. Assume that M is arc-transitive. Then AutM = AGL(1, p?) = F* : F* = F* : (¢) by Lemma 2.5. Since
B, and B, lie in different orbits of {p) = (£2), there exists an odd integer ¢ with 1 < € < p4 — 1 such that
B, = ﬁge, Thus, ﬁoz =B =P, = ,Bls‘e = ﬁgm. Since (&) is regular on F*\{0}, it follows that ¢ = 1, and so 3, = ﬁg.

Assume that M is not arc-transitive. Then by Lemma 2.5, Aut M = G, which is regular on the edge set
of M. O
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Noting that the rotation R, = (8,x, B,x, B,X, B5X,..., B;_yx) for all x € V = F* is a circular permutation,
namely,

(BoXs Bix, ByX, B3X,.s Bie_1X) = Re = (BiX, Bii X, BiiaXo BiysXons Brigo1X)s
where 0 < i < k — 1 and the subscripts are modulo k, we have
M By, By> p) = M(B;s Bi.ys P)-
Therefore, to enumerate different edge-transitive embeddings of K pds We may fix the first element f3,.

The following lemma gives a counting formula of the maps M(B,, f;, p).

Lemma 2.7. A complete graph K ,« with p? = 3 (mod 4) has precisely % gb{EJ non-isomorphic orientable

edge-regular embeddings, and X (;b{ J non-isomorphic orientable chiral embeddings.

Proof. As argued above, we may fix §,. Then there are precisely E choices for B,, and there are precisely

q,')[p ‘ J choices for p, where ¢ is Euler’s function. Thus, there are exactly = ¢[E] different triples for

(Bys Bys p), S0 the number of different maps of the form M (B,, B,, p) is equal to ~— ¢[p > 1}.

By Lemma 2.6, a map M(B,, B;, p) is arc-transitive if and only if B, = B(f , and if and only if it is
arc-regular. Thus, the number of different arc-transitive embeddings of the form M(B,, Bg ,p) of Ky

equals the number of choices of & with || = p? — 1, which is equal to (;b[ ] since —1 is odd and
Pp(p? -1) = ¢[$] x ¢2) = ¢[$J. The others are all edge-regular, and the number of them equals
pi-1 ,(p?-1 pi-1) _ pi-3 ,(p?-1

el el

Now, we determine isomorphism classes of the pio1 ¢[p - 1} different maps described above. Let

S= {M(ﬁO’ﬁppi) | B, € F*\{0, By, Bys--s By o), 1 < i < % and (i, %} = 1}.

Let Mj, M, € S which are isomorphic, and let ¢ be an isomorphism from M; to M,. Then ¢ induces an
isomorphism from AutM; to AutM,.

Case 1. First, assume that M; is edge-regular. Then so is M,. By Lemma 2.6, we have
AutM; = AutM, =F*: {p) = G

Hence, G? = (AutM,)? = AutM,; = G, namely, ¢ is an automorphism of G. Since F* is a normal Sylow
p-subgroup of G, it follows that F* is a characteristic subgroup of G, and ¢ normalizes F* = Z‘f,. Thus,
Qe Aut(Zﬁ) = GL(d, p), and ¢ € Ng1(4,p)({p)). We may choose ¢ to normalize {p). By [21, Theorem 7.3 (a) of
Chapter 2],

@ € NoLapp) =TL(L, pd) = Z ja 4 : Zg = (&) : (1),

where 7 : £ — &P is the Frobenius automorphism of GF(p?).
Since p = &2 is an automorphism of M € S, it fixes all maps in S. Let S; be the subset of S which
consists of edge regular maps. So p = &2 fixes each element of S;. It follows that (&) : (1) /<{&?) = (o) x (1),

where ¢ = { - . Thus, Nia,p)({p>) = (&) : (1) acting on S; is isomorphic to (o) x <T). As AutM = G, the
group{o) x {T) acts semiregularly on S;. Obviously, two maps M1 and M, are isomorphic if and only if they

lie in the same orbit of (o) x {T) acting on S;. Since |S;| = 2 -3 (,b[p—], it follows that there are exactly

i . 42 3 q,')[ J non-isomorphic edge-regular maps in S.
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Case 2. Assume now that M; and M, are arc-regular. By Lemma 2.6, we have
AutM; = AutM, = F*: (&) = G.{0),

d_q
where o = ¢ ", So (G.{0))? = (AutM,)? = AutM,; = G.{0), namely, ¢ is an automorphism of G. Arguing
as in the previous case shows that ¢ € T'L(1, p?) = Zy :Zq= (&) : (1), where T : £ — &P. Since for any

M(By, Bys p1) € S,

M By, By, pO¥ = MBS, B, (01)%) = M(By, By, P,
M(Bys By PT = MBZ, B, (0D = M(BF, BY, p¥),

and M(B,, B, p') € S and M@BE, B, pP) € S, it follows that each element of (¢) : (1) is an isomorphism
among maps in S. Let S, be the subset of S consisting of arc-regular maps. As ¢ is an automorphism of each
map in S,, the induced action of (¢) : (t) is isomorphic to{r) = Z,; and (7) is semiregular on S,. It follows

that there are precisely % qb{%] non-isomorphic arc-regular maps in S. O

3 Proof of the main theorem

Let T = (V, E) = K,, be a complete graph of order n. Then the edges of I are precisely the 2-subsets of the
vertex set V, and the arcs of I' are the ordered pairs of distinct vertices. Recall that a permutation group
G < Sym(V) is said to be 2-homogeneous on V if G is transitive on the set of all 2-subsets of V.

Lemma 3.1. Let T' = (V, E) = K, and G < Autl'. Assume that G is edge-transitive but not arc-transitive on T,
then the following statements hold:

(i) n = p9 = 3 (mod 4), where p is an odd prime and d is a positive integer;

(i) G=279: z$ < AGL(1, p%).

Proof. Since G is edge-transitive, but not arc-transitive, we have that G < S, is a 2-homogeneous, but not
2-transitive permutation group on V. Noting that G, is a cyclic group or a dihedral group. By Kantor’s
classification (see [22, Theorem 9.4B]), G has a unique minimal normal subgroup N = Z‘f, for some odd

prime p and positive integer d such that p? =3 (mod 4), and G, = Z »i, where a is a vertex. Thus,

2

G=N:G,=2%:7,,<AGL(, p?). O
2

Now we are ready to prove our main theorem.

Proof of Theorem 1.1. Let M = (V, E, F) be a 2-cell embedding of ' = K,,, and let G = AutM. Then, for
a vertex a € V, the stabilizer G, is a cyclic or dihedral group. Assume that G is edge-transitive but not arc-
transitive on M. We need to prove that M is a map as given in Construction 2.1.

By Lemma 3.1, there exist an odd prime p and a positive integer d such that G = N : G, = Zg 2 Z sy,
2

where n = p? = 3 (mod 4), and N is regular on the vertex set V. Thus, we may identify the vertex set V with

N. Furthermore, we identify N with the additive group F* of the field F = GF(p4). Let the multiplicative

group F* of F be generated by &, namely, F* = (&) = Z q_,. Let p = &2, and let a be the vertex of M
2

corresponding to 0 € F*. Then Gy = {p) = Z ¢ ,.
2

The action of G, = {p) on V\{a} is semiregular and divides V\{a} into two orbits. Since p fixes the vertex
0 and preserves the supporting surface, the rotation of the end points of the arcs emanating from 0 has
the form

Bos Bis Bas Bys--+s Bi-as B>
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where k = p? - 1 such that
Bf =B, for 0<i<k-1,

reading the subscripts i + 2 modulo k. Thus, the two orbits of {p) acting on I'(a) are {8, B,,..., B_,} and
{81 Bss---» By_4}. Therefore, the rotation system for M is the same as the one constructed in Construction 2.1,
and so the map M is as constructed in Construction 2.1. O
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