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1 Introduction

In 1940, S. Ulam [1] posed a problem about group homomorphisms. Suppose that G, is a group, (G,, d) is a
metric group, and € is a positive number. Does there exist a positive number 6, such that if a mapping f from G;
into G, satisfies the inequality

d(foy), FOOf(y) < 6
for each x, y in Gy, then there exists a homomorphism h from G, into G, such that
d(f(x), h(x)) < &

for every x in G? If this problem has a solution, we say that the homomorphisms from G; into G, are stable.

In 1941, D. Hyers [2] answers the question of Ulam’s problem for Banach spaces. Suppose that X, is a
normed space and X, is a Banach space. If f is a mapping from X, into X,, and there exists a positive number €
such that

Ifx+y) - fx) = fll <&
for each x and y in X;, then there exists a unique additive mapping h from X into X, such that
IfC0) = hOO)I < €

for every x in X;. This stability phenomenon is called the Hyers-Ulam stability of the additive functional
equation h(x + y) = h(x) + h(y).

In 1950, T. Aoki [3] generalized Hyers’s theorem. Suppose that X; and X, are two Banach spaces. If f is
a mapping from X, into X,, and there exists a positive number € and 0 < p < 1 such that

IF&x +y) = F&) = fFI < ellixlP + llyllP)

foreach x and y in X,, then there exists a positive number 6 and a unique linear mapping h from X; into X, such
that
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IF G0 = h(Oll < OlIxIP

for every x in X,.

In 1978, Th. Rassias [4] introduced unbounded Cauchy difference and proved the stability of linear
mappings between Banach spaces. Suppose that X, and X, are two Banach spaces. If f is a mapping from X;
into X,, and there exist positive constants € and 0 < p < 1 such that

IfFx +y) = fO) = fFWI < e(lixlP + lylP)
for each x and y in X, then there exists a unique additive mapping h from X, into X, such that

2e

IfG) = OO < ——;

IIxI1P

for every x in X;. Moreover, if f(tx) is continuous int € R for every x in X, then h is a linear mapping, where R
denotes the set of the real numbers. In 1991, Z. Gajda [5] proved that the result in [4] is also true when p > 1,
and Z. Gajda [5] also gave an example to show that the Rassias’s stability result is not valid for p = 1. This
phenomenon is called the Hyers-Ulam-Rassias stability.

On the other hand, J. Rassias [6—8] generalized Hyers’s stability result by presenting a weaker condition
involving a product of different powers of norms. Suppose that X, is a normed space and X, is a Banach
space. If f is a mapping from X, into X, and there exist positive constants € > 0, p; and p, in R with
p =p1 + P2 # 1, such that

fx +y) = fOO = FI < ellxiP lylIP>

for each x and y in X, then there exists a unique additive mapping h from X into X, such that

If(x) = hCOll <

€
IIx11P
12 - 27|

for every x in X;. Moreover, if f(tx) is continuous int € R for every x in X;, then h is a linear mapping.
In this paper, we suppose that A is an algebra over the field of complex numbers C, and all linear
mappings are C-linear mappings.
Let M be an A-bimodule. A linear mapping § from A into M is called a derivation if
6(xy) = x6(y) + 6(x)y
for each x, y in A; and § is called a Jordan derivation if
8(x2) = x6(x) + 6(x)x

for every x in A. In 1996, K. Jun and D. Park [9] considered the stability of derivations from a Banach algebra
C™0,1] into a finite dimensional Banach C"[0,1]-bimodule. In 2004, C. Park [10] gave a characterization of
the stability of derivations from a Banach algebra into its Banach bimodule.

In 1990, M. Bresar and J. Vukman [11] introduced the concepts of left derivations and Jordan left
derivations. Let M be a left A-module. A linear mapping § from A into M is called a left derivation if

8(xy) = x6(y) + y8(x)
for each x, y in A; and § is called a Jordan left derivation if
5(x2) = 2x6(x)

for every x in A. In 2008, Y. Jung [12] characterized the stability of left derivations.

In 2008, J. Vukman [13] introduced the concept of (m, n)-Jordan derivations. Let M be an A-bimodule,
m > 0 and n > 0 be two fixed integers with m + n # 0. A linear mapping § from A into M is called an
(m, n)-Jordan derivation if

(m + n)6(x?) = 2mx6(x) + 2nd(x)x

for every x in A. By simple calculation, it is easy to show that § is an (in, n)-Jordan derivation if and only if
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(m + n)d(xy + yx) = 2mx6(y) + 2né6(x)y + 2myé(x) + 2né(y)x

for each x and y in A. It is clear that the notions of Jordan derivations and Jordan left derivations are
particular cases of (m, n)-Jordan derivations, obtained when m = n = 1 and when m = 1 and n = 0, respec-
tively.

This paper is organized as follows. In Section 2, we study the Hyers-Ulam-Rassias stability of (m, n)-
Jordan derivations.

In Section 3, we give the applications on C*-algebras and some non-self-adjoint operator algebras.

2 Stability of (m, n)-Jordan derivations
In this section, we denote T! = {A € C : |A] = 1}. To prove the main theorem, we need the following results.

Lemma 2.1. [14] Suppose that X and Y are two linear spaces. If f is an additive mapping from X into Y such that
f(Ax) = Af(x) for every x in X and every A in T, then f is a linear mapping.

In [15], P. Gavruta generalized the results in [4] and [6] with the admissible control function as follows.

Lemma 2.2. [15] Suppose that (G, +) is an abelian group and X is a Banach space. Let ¢ be a mapping from
G x G into [0, co) such that

P(x,y) =271 §2f"<p(2"x, 2ky) < 00
k=0
for each x and y in G. If f is a mapping from G into X such that
Ifx +y) = f&) = fWI < X, y)
for each x and y in G, then there exists a unique additive mapping h from G into X such that
If (x) = hOOIl < @(x, x)
for every x in G.
Let A be a normed algebra, M be a Banach A-bimodule, and m, n be two fixed non-negative integers

with m + n # 0. For the sake of convenience, we use the same symbol | - | to represent the norms on A and
M. A mapping ¢ from A x A into [0, co) is said to have property P if

Plx, y) =271y 27kp(2kx, 2ky) < oo (2.1)
k=0

for each x, y in A. A mapping f from A into M is said to have property Q if f satisfies the following two
inequalities:

If(x +y) = Af00) = FDIl < 9(x, y) (2.2)
and
tm + mf(xy + yx) — 2mxf(y) - 2nf(x)y - 2myf(x) - 2nf(y)x| < (x, y) 23)
for each x, y in A and every A in T'. Depending on f, we define a mapping & from A into M such that

6(x) = lim 27K (2kx) Q2.4)

for every x in A. The definition of 6 will be used in most of the theorems and corollaries of the paper.
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Theorem 2.3. Let A be a normed algebra, M be a Banach A-bimodule, and m, n be two fixed non-negative
integers withm + n + 0. Suppose that ¢ is a mapping from A x A into [0, co) satisfying the property P and f
is a mapping from A into M satisfying the property Q. Then there exists a unique (m, n)-Jordan derivation &¢
from A into M such that

If () = 6,0l < Plx, x)

for every x in A.

Proof. First we prove that there exists a unique linear mapping 6y from A into M such that
If () = 80Nl < Plx, x)
for every x in A. Let A = 1 in (2.2), it implies that
If(x +y) = fOO) = fFWI < @(x, y) (2.5)

for each x and y in A.

Define a mapping 6; from A into M as in (2.4). By the proof of Lemma 2.2 in [15] and (2.5), and also that
the sequence {27%f(2%x)} is convergent, we know that & is a unique additive mapping from A into M such
that

If %) = 80Ol < P(x, x)
for every x in A. Replacing x, y by 2%x, 2y in (2.2), respectively. It follows that
IFQAx + y)) — Af %) — FRY)I < p(2¥x, 2ky) (2.6)

for each x, y in A, and every A in T!. Multiplying 27 from the left of (2.6), we can obtain the following
inequality

127K (25 (Ax + y)) — 27FAf (k%) — 27KF(2%y)Il < 27K(2kx, 2ky) (2.7)
for each x, y in A, and every A in T!. Taking the limit in (2.7) as k — oo and by (2.4), we have that
Sp(Ax + y) = Abp(x) + 6¢(y)

for each x, y in A, and every A in T!. By Lemma 2.1, we know that & is a linear mapping.
Next we show that & is an (m, n)-Jordan derivation. Replacing x, y by 2%x, 2%y in (2.3), respectively, we
can obtain that

l(m + n)fQ%*(xy + yx)) — 2m2kxf (2ky) — 2nf (2kx)2ky

(2.8)
- 2m2kyf(2kx) — 2nf(2ky) 2]l < (2%, 2ky)
for each x and y in A. Multiplying 2-% from the left of (2.8), we have that
I(m + n) 272 2% (xy + yx)) - 2m27*xf (2%y) - 2nf (2%) 271y 2.9)

- 2m27kyf (2%) - 2nf(2ky) 27*x|| < 27 % (2kx, 2ky)

for each x and y in A. By the convergence of (2.1), it follows that lim 2-2¢@(2*x, 2ky) = 0. Taking the limit as
k — oo in (2.9) and by (2.4), we have that (oo

(m + n)6p(xy + yx) = 2mx6p(y) + 2ndp(x)y + 2mybs(x) + 2nds(y)x
for each x and y in A. It means that §; is an (m, n)-Jordan derivation. O
Corollary 2.4. Let A be a normed algebra, M be a Banach A-bimodule, and m = 1, n = 1. Suppose that ¢

is a mapping from A x A into [0, co) satisfying the property P and fis a mapping from A into M satisfying
the property Q. Then there exists a unique Jordan derivation & from A into M such that

If(x) = 6,0l < P(x, x)

for every x in A.
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In the following, we assume that A is a unital normed algebra with a unit element e and M is a unital
Banach A-bimodule, that is,

em=me=m

for every m in M. A mapping ¢ from A x A into [0, co) is said to have the property P if ¢ satisfies the
property P and the following equation:

lim 2%p(2ke, x) = 0 (2.10)

k—o0

for each x in A.

Lemma 2.5. Let A be a unital normed algebra, M be a unital Banach A-bimodule, and m, n be two fixed
non-negative integers with m + n # 0. Suppose that ¢ is a mapping from A x A into [0, co) satisfying the

property P and f is a mapping from A into M satisfying the property Q. Then f(Ax) = Af(x) for every x in A
and AinC.

Proof. Define a mapping 6 from A into M as in (2.4). By Theorem 2.3, we know that &; is a unique
(m, n)-Jordan derivation from A into M such that

IF(x) = 8l < 271 ) 27ip(2ix, 2ix) (2.11)
i=0
for every x in A. Let e be a unit element of A and A be in C, we have the following inequality:
l(m + n)8p(2%e) (Ax)) — A2m(2*'e)f(x) + 2nf(2k1e)x + 2mxf(2k-e) + 2nf(x)(2k'e)]||
< AI(m + n)fkex) — 2m2*lef(x) - 2nf(2ke)x (2.12)
- 2mxf(2k-1e) — 2nf (x)2*"le|| + |AI(m + n)||6(2ex) — f(2kex)|
for every x in A and every k in N. By (2.3), (2.11), and (2.12), it follows that
l(m + n)8((2ke) (Ax)) — A[2m(2K"e)f(x) + 2nf(2X"e)x + 2mxf(2k"e) + 2nf (x) (2*e)]|

< Alp2¥te, x) + |A|(m + n)2! ZZ*"go(z”"ex, 2itkex) @213)
i=0
for every x in A and every k in N. By (2.11) and (2.13), we can obtain the following inequality:
l(m + n)f(2%e) (Ax)) — A[2m(2¥-le)f(x) + 2nf(2*e)x + 2mxf(2k-1e) + 2nf(x) 2k~ le)]|
< l(m + n)8¢((2%e) (Ax)) — A2m(2%"'e)f(x) + 2nf(2kle)x
+ 2mxf(2k-le) + 2nf(x) (2K le) ]|l + (m + n)[f(2*e) (Ax)) - &p((2ke) ()|
(2.14)

<Ap@<Te, x) + [Al(m + n)271 Y 27Ip(2ikex, 2itkex)
i=0

+(m + n)21 Dﬁr@(z”%h, 2i+kex)
i=0
for every x in A and every k in N. Since
12m2%2(f (Ax) = Af (Ol

= [2m2*e(f(Ax) - AfCO)I

< I2m2x-lef (Ax) + 2nf(2k-le)Ax + 2mAxf(2k-1e) + 2nf(Ax) 2% e — (m + n)f(2%e) ()| (2.15)
+ [(m + n)f(2%e) (Wx)) — 2mA2x-lef(x) — 2nAf(2k-1e)x — 2mAxf(2k-1e) — 2nAf(x)2k-le|
+ 12025 (f(Ax) = AfCO)I
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for every x in A and every k in N. By (2.3), (2.14), and (2.15), we can obtain the following inequality:
@m + 2n) 25 Yf (Ax) - Af (o)l
< [l2m2¥-1ef (Ax) + 2nf 2k le)Ax + 2mAxf(2k-te) + 2nf (Ax)2k-le — (m + n)f((2ke) (Ax))||
+ [|(m + n)f(2%e) (Ax)) — 2mA2¥1ef (x) — 2nAf 2k le)x — 2mAxf(2¥1e) — 2nAf(x)2k1¢|

<P2kle, x) + Alp(2 e, x) + [Al(m + n)271 Y 27lp(2itkex, 2i+kex) + (m + n)271 Y 2-lp(2i+kex, 2i+keAx)
i=0 i=0

for every x in A and every k in N. This means that
(m + n)If(Ax) - Af ()

< 27K (@ e, M) + Np(@ke, x) + Wi(m + m) 21 Y, 2-ip(2i+kex, 2kex) (2.16)
i=0 '

+(m+ n)2’1 z 2’i<p(2i*"e/1x, 2”"e/1x)
i=0
for every x in A and every k in N.
Taking the limit in (2.16) as k — oo, by the convergence of (2.1) and the property P, we have that
(m + n)(f(Ax) - Af(x)) =0
for every x in A and A in C. Since m + n # 0, f(Ax) = Af(x) for every x in A and A in C. O

The following theorem is the main result in this section.

Theorem 2.6. Let A be a unital normed algebra, M be a unital Banach A -bimodule, and m, n be two fixed
non-negative integers with m + n # 0. Suppose that ¢ is a mapping from A x A into [0, co) satisfying the
property P and fis a mapping from A into M satisfying the property Q. Then fis an (m, n)-Jordan derivation.

Proof. Define a mapping 6 from A into M as in (2.4). By Theorem 2.3, we know that & is a unique
(m, n)-Jordan derivation from A into M such that

IF(x) = 80Ol < 271 ) 271gp(21x, 2ix)
i=0
for every x in A. By Lemma 2.4, it follows that f(Ax) = Af(x) for every x in A and A in C. Hence, we have the
following inequality:

IF00) = 8001 = 127K k%) — 27K8:2R0)l| < 2781 Y 27 (2i+kx, 27kx) (2.17)

i=0
for every x in A and every k in N. Taking the limit in (2.17) as k — co and by the convergence of (2.1), we
have that f(x) = 6¢(x) for every x in A. It means that f is an (m, n)-Jordan derivation. a

By Th. Rassias [4], we have the following result.

Corollary 2.7. Let A be a unital normed algebra, M be a unital Banach A -bimodule, and m, n be two fixed
non-negative integers with m + n # 0. Suppose that f is a mapping from A into M such that

IfAx +y) = AfC0) = FI < 6(lIxlP + llylP)
and

Im + n)f(xy + yx) - 2mxf(y) - 2nf(x)y - 2myf(x) - 2nf(y)x| < O(Ix[I” + [yl")

for each x, y in A and every A in T!, where 8 > 0 and O < p < 1. Then f is an (m, n)-Jordan derivation.
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Proof. Suppose that ¢ : A x A — [0, co) is defined by
PO, y) = 6P + llyllP)

for each x, y in A, with 8 > 0 and O < p < 1. In the following we show that ¢ satisfies the property P. Since
0 < p < 1, it follows that

PO, y) =271 Yy 2kpkx, 2ky) = 271 3 2kG(I2kx|IP + [12%ylIP) = 271 Y 2KPDE(IxP + flylP) < oo (2.18)

k=0 k=0 k=0

and
lim 2% (2ke, x) = lim 27%9(||2%e||P + |x||P) = lim 6(2*®-D + 27¥|x||P) = 0. (2.19)
k—oo k—o00 k— 00

Thus by (2.18), (2.19), and Theorem 2.5, we can conclude that fis an (m, n)-Jordan derivation. O

By J. Rassias [6], we have the following result.

Corollary 2.8. Let A be a unital normed algebra, M be a unital Banach A-bimodule, and m, n be two fixed
non-negative integers with m + n + 0. Suppose that f is a mapping from A into M such that

If (Ax +y) = AF(x) = F I < OxlP lylIP2)
and

I(m + m)f(xy + yx) = 2mxf(y) - 2nf(x)y — 2myf(x) — 2nf(y)x| < 6(IxIP* [ly[IF>)

for each x, y in A and every A in T!, where 6 > 0, and p., p, € R with p = p; + p, < 1. Then f is an (m, n)-
Jordan derivation.

Proof. Since p = p; + p, < 1, without loss of generality, we can assume that p; < 1. Suppose thatp : A x A
— [0, 00) is defined by
o, y) = 0(IxIIP yllP2)

for each x, y in A. In the following we show that ¢ satisfies the propertyP. Since p = p; + p, < land p; < 1,
it follows that

PO, y) =271 Y 27kp(2kx, 2ky) = 271 Y 2kG(| 2k 2Ky |IP2) = 271 Y kPP D ([P lylP) < 00 (2.20)
k=0 k=0 k=0
and
klim 27kp(2ke, x) = klim 27kg(||2%eP |x|P2) = lim 2KP1-Dg|x|P> = 0. (2.21)
—00 —00 k—o0
Thus by (2.20), (2.21) and Theorem 2.5, we can deduce that fis an (m, n)-Jordan derivation. O

Corollary 2.9. Let A be a unital normed algebra, M be a unital Banach A-bimodule, and m =1,n = 1.
Suppose that ¢ is a mapping from A x A into [0, co) satisfying the property P and fis a mapping from A into
M satisfying the property Q. Then f is an Jordan derivation.

Remark 1. Suppose that ¢ is a mapping from A x A into [0, co) satisfying the property P and fi, f; are two
mappings from A into M satisfying the property Q. It is obvious that the mapping |u|¢ is also a mapping
from A x A into [0, co) satisfying the property P, uf, and f; + f, are two mappings from A into M
satisfying the property Q. Moreover, we have that

]J5f = 6}4f and 6f1 + 5f2 = 5f1+fz
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are (m, n)-Jordan derivations. Let V = {6¢| f : A — M with the property Q} and Vo= {6 =0|f: A - M
with the property Q}, it follows that W = V/Vj is a linear space and it is interesting to consider the structure
of Vo and W.

Remark 2. We should notice that if A is an algebra and a mapping ¢ from A x A into [0, co) satisfying the
property P:

Px,y) =271 ) 22, 2ty) < 0o
k=0

for each x and y in A, then we cannot deduce the following equation

lim 2*p(2ke, x) = 0
k— o0

for each x in A. Indeed, suppose that A = R and define a two-variable non-negative function ¢ by

xy|
y2+1

o, y) =

for each x and y in R.. It is clear that $(x, y) is a convergent series for each x, y in R, but klim 27kp2k, x) + 0
when x # 0. It means that (2.10) is not a consequence of (2.1). o

Remark 3. In 2010, J. Vukman [16] gave the definition of (m, n)-Jordan centralizer. Let A be an algebra and
M be an A-bimodule, m > 0 and n > 0 be two fixed integers with m + n # 0. A linear mapping § from A
into M is called an (m, n)-Jordan centralizer if

(m + n)6(x?) = mx6(x) + né(x)x
for every x in A. It is clear that § is an (m, n)-Jordan centralizer if and only if
(m + n)é(xy + yx) = mx6(y) + né(x)y + myb(x) + né(y)x

for each x and y in A.
Similarly, via the same technique used in the proof of Theorem 2.3, we can characterize the stability of
(m, n)-Jordan centralizers.

3 Some applications

In [17], G. An and J. He proved that every (m, n)-Jordan derivation from a C*-algebra A into its Banach
A-bimodule is zero. Thus, by Theorem 2.5, we have the following result.

Corollary 3.1. Let A be a unital C*-algebra, M be a unital Banach A-bimodule, and m, n be two fixed non-
negative integers withm + n # 0. Suppose that @ is a mapping from A x A into[0, co) satisfying the property

P and f is a mapping from A into M satisfying the property Q. Then f = 0.

Let H be a complex Hilbert space, and B(H) be the set of all bounded linear operators on 4. By a
subspace lattice on H, we mean a collection £ of subspaces of H with (0) and  in £ such that, for every
family {M,} of elements of £, both n M, and VM, belong to .L, where VM, denotes the closed linear span of
{M,}. For a Hilbert space H, we disregard the distinction between a closed subspace and the orthogonal
projection onto it. Let £ be a subspace lattice on H, L is called a commutative subspace lattice (CSL) if it
consists of mutually commuting projections.

Let 8 be a von Neumann algebra on H, and £ <€ 8 be a CSL on H. Then A = B n AlgL is said to be
a CSL subalgebra of the von Neumann algebra B.
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In [17], G. An and ]. He proved that if 8 is a von Neumann algebra on a Hilbert space H and £ < 8B is
a CSL on H, then every (m, n)-Jordan derivation from 8 n AlgL into B(H) is zero. Thus by Theorem 2.5, we
have the following result.

Corollary 3.2. Let B be a von Neumann algebra on a Hilbert space H, L < B be a CSL on ‘H, and m, n be
two fixed non-negative integers withm + n + 0. Suppose that ¢ is a mapping from (8 n AlgL) x (8 n AlgL)
into [0, co) satisfying property P and f is a mapping from B n AlgL into B(H) satisfying the property Q.
Then f = 0.

Let A be a unital algebra and M be a unital A-bimodule. Suppose that 7 is an ideal of A, we say that
J is aright separating set (resp. left separating set) of M if for every min M, Jm = {0} implies m = O (resp.
mJ = {0} implies m = 0). We denote by J(A) the subalgebra of A generated algebraically by all idempo-
tents in A.

Let £ be a subspace lattice on a Hilbert space H, define P, ={E € L : E. » E}, where E. = V{F € L:
F 2 E}landlet E, =n{Fe L:F ¢ E}. A subspace £ is called a completely distributive if L = V{E € L:
E_ 3 L} for every L € L; L is called a P-subspace lattice if V{E : E € Py} = H or n{E_ : E € P} = (0).
For some properties of completely distributive subspace lattices and #-subspace lattices, see [19,18].
A totally ordered subspace lattice N is called a nest.

By [18,20], we know that if A and M satisfy one of the following conditions:
(1) A =8B n AlgN and M = B, where N is a nest in a factor von Neumann algebra B;
(2) A = AlgL with (0), # (0) or H_ + H, M = B(H);
(3) A =AlgL with {E : E € P} = H orn{E_: E € P} = (0), M = B(H);
(4) A = AlgL and M is a dual normal Banach A -bimodule, where £ is a completely distributive subspace

lattice on a Hilbert space 7
then M has a right or a left separating set J with J € J(A).

In [21], G. An and J. Li showed that if A is a unital algebra and M is a unital A-bimodule with a right
(left) separating set generated algebraically by idempotents in A, then every (m, n)-Jordan derivation from
a A into M is zero. By Theorem 2.5, we have the following result.

Corollary 3.3. Let A be a unital algebra, M be a unital A-bimodule, with a right (left) separating set
J € J(A), and m, n be two fixed non-negative integers with m + n # 0. Suppose that ¢ is a mapping from
A x A into [0, co) satisfying the property P and f is a mapping from A into M satisfying the property Q.
Then f = 0.
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