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1 Introduction

In this paper, we study the following system in the Heisenberg group H"

E(,u,v)

~Ag pu — A qu + [ulP~2u + Jul@%u = +8(§),

H,p H r({)ﬁ )
~Ag v — Dy qv + VP72V + |v[@ 2y = K&, w,v) + h(&)
”’ ’ r&)? ’

where Q = 2n + 2 is the homogeneous dimension of the Heisenberg groupH™",1<p < Q,0 << Qandg, h
are nontrivial nonnegative functionals in the dual space HW’l’Q'([H") of HWYQH™), which will be
characterized later on. In other words, h, g # 0 and <h, Wygy-1o gyre = 0, (g, Wgy1o gyre = 0 for all
u € HWHQMH"), with u > 0 in H". For brevity in what follows the duality pairing between HW%C(H") and
HW 2 (H") will be denoted simply by {-,-). The function r in (S) is the Kordnyi norm in the Heisenberg
group H", which is defined as

r@€) =r(z, t) = (lzI* + tH)V4,

with = (z,t) e H", z = (x,¥) € R" x R", t € R. From here on, ‘- denotes the natural inner product in any
Euclidean space R for any dimension d > 1 and || the corresponding Euclidean norm.
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We denote by Dy ¢ the horizontal gradient of a regular function ¢, that is,
n
Drg = Y 1Xi9)X; + (@)Y,
j=1
where {X;, Yjli_; is the standard basis of the horizontal left invariant vector fields on H",
9 9 d 9

ALY VIR A
T Y Ty T

for j = 1,..., n. The operator Ay ,, with g € {p, Q}, appearing in system (S) is the well-known horizontal
g-Laplacian on the Heisenberg group, which is defined as

Ay, = divig(IDg @l5 *Dr @),

for all ¢ € CX(H"), where [Dygly = Y [%9) + (Y9)].
Taking inspiration from [1], we assume that the functions F,, F, are partial derivatives of a Carathéodory
function F, of exponential type, and are assumed to satisfy

(Fy) F(&,-,-) € C\(R?) for a.e. E e H", E(é,u,v) =0 forallu <0 andv € R, (&, u,v) =0 forallu € R and
v<0, E(,u,0)=0 for allu € R, and E,(¢,0,v) = 0 for all v € R. Furthermore, there is ay > O with
the property that for all € > O there exists k. > 0 such that

IVF(€, u,v)| < 0% + K, [em“' ~ So_s(cto, g)]

for a.e. x € H" and all (u, v) € R{ x R§, where R§ = [0, c0), @ = Vu? + v2, VF = (E,, E),

Q-2 j.jQ’
Q’:% and Sqoa,0)= Y S a>0,teR;
_ fr

(F,) there exists v > Q such that 0 < vF(¢,u,v) < VF(,u,v)-(u,v) for a.e. £ H™ and for any pair
(u,v) e R* x R+, where R* = (0, 00).

A function satisfying (F;)—(F,) is given for example by F(u, v) = u? (e"*Q _ So-1(1, v,)) for all (u, v) € R x R.

Indeed, F(u, v) = Qu2 (" - Sq_i(1, v.)), B, v) = Qv2 1l (e” - Su_s(1, ) forall (u, v) € R x R and it
is easy to check that condition (F,) is satisfied for any aq > 1. It is not hard to see that also (F,) is verified with
v=Q(1 + Q') > Q. Of course, it is possible to produce an entire class of functions satisfying (F;)—(F,) by taking
F(&,u,v) =a(¢)®(u,v) forall (£, u,v) e H" x R x R, where a is a positive measurable function, a € L*(H")
and ess infzeyn a(€) > 0, while d(u, v) = u? " - So-11,v,)), (U, v) € R x R.

Let us also introduce two alternative assumptions under which it is possible to construct a solution of
(S) with different components
(Hy) if g # h, assume that E,(¢, u, u) = E(&, u,u) fora.e. x e H*and allu € R,
(Hy) if g = h, assume that F(&, u, u) # E(&, u, u) for a.e. £ e H" and all u € R*.

Clearly, the example F(u, v) = u+Q (e"g - So-11, v)), (u, v) € R x R, verifies (H,).

The natural space where finding solutions of (S) is

W = [HWP(H") n HW-QH™) ]2
endowed with the norm
I, VI = llullgwre + VIEwer + lullgwre + IVIgwoe,

where ||ullgywte = (IIuIIZ + ||DHu||g)1/P for all u € HWL#(H") and [-ll, denotes the canonical L(H") norm for
any p > 1. We say that a pair (u, v) is nonnegative if both components are nonnegative in H".
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Existence and multiplicity of nontrivial nonnegative solutions for equations and systems in the entire
Heisenberg group H", involving elliptic operators with standard Q-growth and critical Trudinger-Moser
nonlinearities, have been proved in a series of papers. We refer to [2-6] and to references therein.

On the other hand, in the literature there are few contributions devoted to the study of coupled systems
involving both exponential nonlinearities and nonstandard growth conditions in the Heinsenberg context.
In the Euclidean setting, a similar problem has been studied in [1], where the authors consider coupled
systems involving exponential nonlinearities and (p, N) growth. Other references, again in the Euclidean
setting, are given by [7-11]. We also refer to the recent paper [12], which contains the proof of a non-singular
version of the Moser-Trudinger inequality in the Cartesian product of Sobolev spaces.

In the Heisenberg context, existence of solutions for the equation corresponding to system (S) has been
established in [13]. Let us cite [14-16] for related problems.

In this paper, we solve for the first time in the literature a coupled exponential system in the Heisenberg
group H" driven by a (p, Q) operator and establish the existence of nonnegative solutions for system (S),
which have both components nontrivial and under further reasonable assumptions different.

Theorem 1.1. Let 1 < p < Q and 0 < B < Q. Suppose that F verifies (F;)—(F,) and that g, h are nontrivial
nonnegative functionals of the dual space HW "' (H") of HW“Q(H"). Then, there exists o > O such that system
(S) admits at least one nonnegative solution (ug,n, Vg,n) in W, with both components nontrivial, provided that
0 < sg.n = max{lglgw-24n) Ihlgw-ro@m} < 0. Moreover,
lim |(ug p, i =0

im g v (L1
holds true. Furthermore, if one between (H,) and (H,) holds, then the constructed solution (ug,p, Vg 1) has the
property that ug p # Vg p in H™.

Since the solution (i, 1, vg,n), constructed in Theorem 1.1, has both components nontrivial and different,
it is evident that it solves an actual system, which does not reduce into an equation.

The essential tool when dealing with exponential nonlinearities is the celebrated Trudinger-Moser
inequality. The Trudinger-Moser inequality in bounded domains Q of the Heisenberg group was first
established in [17] by Cohn and Lu, using a sharp representation formula for functions of class C°(H™)
in terms of the horizontal gradient. The authors in [17] adapted Adams’ idea in [18] to avoid considering
the horizontal gradient of the rearrangement function, which is not available in the Heisenberg setting.
The situation is more involved when concerning the Trudinger-Moser-type inequalities for unbounded
domains of H", since Adams’ approach does not work any longer. However, Lam, Lu and Tang obtained in
[3], see also [19], a sharp Trudinger-Moser inequality on the whole Heisenberg group H", which is sub-
critical in the sense clarified in Theorem 2.2. This inequality is crucial in the proof of Theorem 1.1.

The proof of Theorem 1.1 is obtained via an application of the Ekeland variational principle and the
Trudinger-Moser inequality on the whole Heisenberg group H". Even if the argument follows somehow
the strategies in [1,13-15,20] and relies on standard variational methods, the extension to this more
general context is pretty involved and leads to new difficulties, arising from the non-Euclidean and
vectorial nature of the problem. In particular, a delicate step is the proof of the fact that both compo-
nents of the constructed solution are nontrivial and different. A similar process to show that solutions of
systems have both components nontrivial and different first appears, under different assumptions, in
[1,15,21].

Theorem 1.1 improves in several directions previous results, not only from the Euclidean to the
Heisenberg setting but also for the presence of the coupled exponential nonlinearities and the (p, Q)
growth. In particular, Theorem 1.1 extends Theorem 1.1 of [1] because of the non-Euclidean context and
the presence of the singularity at zero in the right hand side of (S), and also Theorem 1.1 of [13] from the
scalar to the vectorial case.

The paper is organized as follows. In Section 2, we recall some basic definitions and backgrounds
related to the Heisenberg group H", as well as useful properties of the solution space W and some technical
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lemmas on the Trudinger-Moser inequality in the Heisenberg group. In Section 3, we prove Theorem 1.1,
using a minimization argument based on the Ekeland variational principle.

2 Preliminaries

In this section, we briefly recall some useful notations and preliminaries on the Heisenberg group. For a
complete treatment we refer to [22-26].

Let H" be the Heisenberg group of topological dimension 2n + 1, that is, the Lie group which has RZ*+!
as a background manifold and whose group structure is given by the non-Abelian law

£odl = [z +Z,tHt +2 ) (i - xiyl-’)] @1

i=1

forall &, &' € H", with

E=(2,) = Koy Xy Vppoos Yo ) @nd &' = (2, ) = (X,.cs Xy Vsos Vs U).

The inverse is given by §1 = —¢ and so (& o &)1 = (£/) 1o &L,
We can consider the family of dilations (6g)g, where 8z : H* — H" is defined for any R € R by

5r(€) = (Rz, R%t) forall &= (z,t) € H". 2.2)

It is easy to check that the Jacobian determinant of dilatations 8 is constant and equal to R***2, where the
natural number Q = 2n + 2 is the homogeneous dimension of H".
The anisotropic dilation structure on H" induces the Kordnyi norm, which is given by

r&) =r(z, t) = (z* + t2)Y* forall £=(z,t) e H".
Consequently, the Koranyi norm is homogeneous of degree 1, with respect to the dilations 8, R > 0, that is,
r(6r(8)) = r(Rz, R*) = (IRz* + R**)"* = Rr(¢)

for all £ = (z, t) € H". The corresponding distance, the so-called Kordnyi distance, is

dg(6, &) =r(é 1o &) forall (£,&) e H® x H™.
We denote by Br(§,)) = {{ € H" : dk(£, &,) < R} the Kordnyi open ball of radius R centered at ;. For simplicity
we put Bg = Bg(0), where O = (0, 0) is the natural origin of H".

For any measurable set U c H" let |U| be the Haar measure of U, which coincides with the (2n + 1)-
dimensional Lebesgue measure and is invariant under left translations and Q-homogeneous with respect to
dilations.

The real Lie algebra of H" is generated by the left-invariant vector fields on H"

0 0 0 0 0

AN VICH AR N I
T Ve Ty T ot

for j = 1,..., n. This basis satisfies the Heisenberg canonical commutation relations

[)(}" Yk] = _45jkT’ [ij Yk] = [}(]’Xk] = [Y}’ T] = [}(]’ T] =0.

A left invariant vector field X, which is in the span of {X;, Yj};lzl, is called horizontal.

We define the horizontal gradient of a C! functionu : H™ — R by

n
Dyu = Y [(Xu)X; + (Gu)Y).
j=1
Clearly, Dyu is an element of the span of {X;, Y}}]_;, denoted by span{X;, ¥}}}_;. In span{X;, V}}i_; = R", we
consider the natural inner product given by
n
X, V)i = Y (dyl + 2iy))
j=1
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for X = (X)X; + X’Y}}_; and Y = {y/X; + y/Y;}i_,. The inner product (-, )y produces the Hilbertian norm

1Xlg = VX, X)n
for the horizontal vector field X.
For any horizontal vector field function X = X(¢), X = {x)X; + X'Y}}]_,, of class C}(H", R*"), we define the

horizontal divergence of X by

n
divgX = Y [X00) + Yi(%)].
j=1
Let us now review some classical facts about the first-order Sobolev spaces on the Heisenberg groupH™.
We just consider the special case in which 1 < g < co and Q is an open set in H". Denote by HW#(Q) the
horizontal Sobolev space consisting of the functions u € L#(Q) such that Dyu exists in the sense of distribu-
tions and |Dyuly € L¥(Q), endowed with the natural norm

1/p
”u”HWl'W(Q) = (”u"(fW(Q) + "DHu"%O(Q) )I/P’ ||DHU"LF(Q) = IDHH|% d§|
Q
When Q = H" the notation will be simplified into |-, = I lz#@m and |- |gwte = |- lgwte@n. For a complete

treatment on the topic we refer to [27-29] and we just recall that, if 1 < g < Q, then the embedding
HW$(Q) — L9(Q) is continuous for all g € [p, p*], being p* = PQ/(Q - p), while HW-(Q) — LI(Q) is
continuous for all g € [Q, co0). As a consequence, we get a simple lemma for the real separable reflexive
Banach space W, which is the solution space for (S) defined in Section 1. Before stating this result, let us
introduce some useful remarks concerning the vectorial Sobolev norms.

If (u,v) € [HWLQHM) 2, then o = |(u, v)| = Vu? + v2 € HWLQHM) and
lellwe < 2%l Vligwe. 23)
The above inequality is trivial when p = 0. Otherwise, in the case in which p(¢) # 0 ata point ¢ € H", we have
Dyo = EDHu + ZDHV.
e e
This implies that [Dgp| < [Dyulg + |Dgvly in H". Consequently,

lel < 2@22(uld + IvI},  IDseI < 22Dy uld + 1D VIZ).

Both estimates give (2.3).

Combining the classical results in the Sobolev space theory, we easily get the next lemma, where we
endow [L¢(H™)]?, with the norm ||(u, Wl = lully + lIvll,, whenever 1 < p < co.

Lemma 2.1. The embedding W—[LI(H"))? is continuous for all q € [p, p*] U [Q, 00), and

I, Vlig < Collu, VI for all (u,v) e W, (2.4)
where C; depends on g, p and Q.

Clearly, when in particular Q/2 < p < Q, the embedding (2.4) is continuous for all g € [p, co0).

Throughout the paper, HW'l’Qr([H”) denotes the dual space of HWLQ(H™). It is well known, see for
example [30], that

n
HW O H) = {ho + Y (WX + BY) : hO B, W e LYMM), j= 1,...,n}, (2.5)
j=1
where the pairing between a function u € HW»Q(H") and a distribution h = h°® + Z;.':l(h}X,- + h’Y;) is given
as usual by
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¢hyu) = J.{hou + Z(h}Xju + h]»zY,-u)}df. (2.6)
[’_In

j=1

The corresponding norm is

n n
IRl -0 = inf{uhono/ + Y (il + K llgr) = b= KO + Y (W1 X; + W} Y,~)}. .7)

j=1 j=1

Let us now report the next result obtained by Lam et al. in [3], see also [19].

Theorem 2.2. (Trudinger-Moser inequality in H" [3]) There exists a positive constant

_ Q(Zﬂ"r(lmr«a - 1)/2)}"’1
r(@/2)rm)

such that for B, with0 < B < Q, and for any a, with0 < a < ag(1 — B/Q) = aq,p, there exists a constant Co g > 0
such that the inequality

e _ g, a, u _
| 0@ W g, sl

r(é)P
holds for allu ¢ HW“QM"), with |Dyullg < 1.

The Trudinger-Moser inequality in Theorem 2.2 is subcritical, since @ cannot reach the sharp threshold
aq,p. For later purposes, let us introduce for all g € [Q, co), the singular eigenvalue defined by

A= in ||¢||q
¢eHW1 Q([H") |¢| (2.8)
¢+0 ’(é’)lg

see also [3,4,6]. By the continuity of the Sobolev embedding and by the Hélder inequality, we get that
Ag > O for any g € [Q, c0), see [13]. Let us now state Lemma 4.1 of [4] and prove in Lemma 2.4 an extension
of this result, which is crucial in the proof of Theorem 1.1.

Lemma 2.3. (Lemma 4.1 of [4]) Let a > 0 and s > Q. Assume that u € HWQ(H") is such that ||u|gyre < M,
with M = M(a, Q, s) > O sufficiently small. Then, there exists a constant C= C(a, Q, s) > 0 such that

{e“'““ - So_s(a, u)}|u|s

&P dg < Cllulf

HW-2*

H"

Lemma 2.4. Leta > 0, s > Q and let M = M(a, Q, s) > O be the constant determined in Lemma 2.3. Assume
that (u, v) in [HWYQMH™) ]2 is such that

Iy Ve < 27Y9M.

Then, there exists a constant C = C(a, Q, s) > 0 such that

{e"@o, - Sq-aa, Q)}Qs
| 5 4 < CIw VIE, 1o,

where @ = |(u, v)| = Vu? + v2.
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Proof. From (2.3) it is clear that p € HWLQH") and [|llgyre < 2Y Q'Il(u, V)llgwte < M. Then, we can apply
Lemma 2.3 to the nonnegative function p, getting the existence of a constant C such that

{e“QQ/ - So-2(a, Q)}QS
_[ Y d¢ < Cllell e < 2% u, VI e = Cl@ VI o

where C = €2°/?, and so the proof is complete. O

3 Existence of solutions

This section is devoted to the proof of the main result. From now on we assume, without further men-
tioning, that the structural assumptions required in Theorem 1.1 hold. From here on we adopt the notation

Ao, ) = j<<|DHu|z'2 + IDyul% ) Dy, Dy de,  Bypou, @) = j(|u|p*2 + ul22)upde
H" H"

for all (u, ) € W.

We say that the couple (u, v) € W is a (weak) solution of system (S) if

VF(g’ u, V)'(‘P, ¢)
r§)*

Ap,qu, @) + Ap,ov, ) + By o(u, @) + By ov, ) = I d§+ <8, @) + Yy (379
[HYI

for any (¢, ) € W. Evidently, system (S) has a variational structure. Indeed, the functional I : W — R,

defined by

F(&, u,
Iu,v) = %{uungwl,p . ||v||gwl,p} + %{uungwl,a . ||v||gwl,o} - %dg- (&) — (B, V)
Hn

for all (u, v) € W is the Euler-Lagrange functional associated with (S). Clearly, I is well defined and of class
CY(W) by (F,) and the assumptions on g and h, and the (weak) solutions of (S) are exactly the critical points
of I. Here and in the following we denote by W’ the dual space of W and by (-, )w',w the dual pairing
between W’ and W.

We first prove in Lemma 3.1 the geometric properties of the functional I, necessary to apply a mini-
mization argument. The next lemma is an extension of Lemma 3.1 of [1].

Lemma 3.1. (Geometry of the functional I).
(i) Any solution (u,v) € W of (S) is nonnegative.
(ii) There exists p € (0, 1] and two positive numbers 0. and j, depending on p, such that I(u, v) > j for all

(u,v) € W, with ||(u, v)| = p, and for all nontrivial nonnegative functionals h, g € HW’l’Q'([H") such
that O < sg p = max {lglgw-—ro, lAlgy-re} < o

(iii) For all nontrivial nonnegative functionals g, h € HW"I’Q’([H") with 0 < Sg j < 0w, it results
g,

mg = inf{I(u, v) : (u,v) € By} <0,

where B, = {(u, v) € W : |(u, v)|| < p}. Finally, there exist in B, a sequence {(ux, i) }i of nonnegative pairs
and some nonnegative pair (Ug,pn, Vg,n) such that for all k € N

1
U, Violl < p, Mo p < I(Ug, Vi) < Mg + —,
| (e, vidll < p o < I(ug, vi) eh Ty (3.2)

(Ui, Vi) = (Ug,h, Vo) in W, (i, Vi) = (Ug,ns Vg,n) a.e. in H" and I'(ug, vi) — 0

as k — oo.
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Proof. Let g, h be fixed nontrivial nonnegative elements of H W (") and let (u, v) be any solution of (S)
in W. Sinceu = u, — u_, v =v, — v., we have that (u,, v,) and (u_, v.) are in W and that

Ap,ou, u2) + Ap ov, V) + By olu, u) + By ov, v) = —|lu- P — Jlu_|¢

P = IS 0 = IIE = T2, -

Thus, by the definition of solution for (S), we get taking as test pair (u_, v.)

VF(, u,v)-(u_, v.)
r(&)f

0>~y = Nl e = B = S0 = <8y ud + Chyvy + _[ d¢= 0,

by (F) and the fact that g and h are nonnegative. Hence, u_ = 0 and v. = 0 a.e. in H" and so (4, v) is a
nonnegative pair in W, as stated.
Fix € > 0. Assumption (F;) gives

0<F(&, uv) < %QQ + xgg[e“wo' ~ So_s(ao, g)j (3.3)

for a.e. £ e H" and all (u, v) € R x R§, where p = vu? + v2. Indeed, by (F;) arguing as in [1] we get

1
d
EF({’ tu, tv)dt = !VF(.{, tu, tv)-(u, v)dt

F,u,v) =

IN

O e~ O C—

{etQ‘lgo + 107" — So (o, tQ))}dt

1 U U
altlQ jQ'+1
= —QQ +K J ————dt,
0

j=Q-1

from which (3.3) follows directly.
Furthermore, (F;) yields

glilg '"9VF(, u,v)| =0 uniformlyin &€ H". (.4)
Thus, using the argument above, we get that for all £ > 0 there exists § = 6(¢) > 0 such that
0<F¢,u,v) < %QQ fora.e. £ € H" andall (u,v), with |(u, v)| = p € [0, 6]. (3.5)
Take now s > Q and a > ag. Then by (F;) there exists k. = K(ao, S, €) > 0 such that

F(&,u,v) < kggs(e“‘?a’ — So_aa, ) for a.e. & € H" and all (u,v), with |(u, v)| = o € [, 00). (3.6)

In conclusion, (3.5) and (3.6) give
€ Q Z S O‘QQ/ n 2
F(,u,v) < ag + K.p%(e"™® — Sg_a(a, p)) fora.e. £ € H" andall (u,Vv) € R (3.7)

By (2.8) and (3.7) and taking § € (0, 1] sufficiently small to apply Lemma 2.4, we get for all (u, v) € W, with
(w, V)|l <6,

1
Iu,v) = 5(Ilullgwl,p + VIS + Ul 0 + “V"%ij — Sen (Iullgmre + [Vllgmie)

- —ueuHWm ~ Rl VI o

4170
> Tll(u, VI = sgnll @, V)ligwre - II(u WIS 0 = ReCl VI 0

1(,1o €2%! 0 x s
> —[47C - [(u, VI® = sgnllw, VI = Cll(u, VI,
Q Ag
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where C = k.C and sg ;, = max {lgll1., [hllgw-10}. Finally, choosing & = 31¢/23¢~! we obtain

1 .
I(u,v) = %Il(u, I = sgall, VIl = Cli(u, v)IS.

Consider now the function

1

_ - __¢ -1/Q'
Sragtt Ot tel0,27/78).

P(t) =

Then ) admits a positive maximum j in [O, 2‘1/0/6] at a point p € (0, 2719's], since s> Q and 6 < 1.
Consequently, for all (u, v) € W, with ||(u, v)|| = p, we get

~ 1 ~
I(u,v) = 22QQPQ — Sgnp — Cp° 2 mpa -Cp*=y(p)=j>0,

1 Q*l
forall g, h ¢ HW ¢ (H") such that Sg,n < Oy, Where o* = Zﬁ 0"

This completes the proof of the geometry of the functional I.

Fixg,h ¢ HW>%(H") nontrivial and nonnegative such that sg , = max{llglgwe, [hlgy-1e} < ox, and
a pair of functions (u, v) € C(H™) x C(H™M), with ||(u, v)|| = 1. Thus,

I(tu, Tv) < lTQ - 1{g,u) — t¢(h,v)
p
for all T € (0, 1] sufficiently small. Hence,

mg , = inf{I(u, v) : (u,v) € By} < 0.

An application of the Ekeland variational principle in B, yields the existence of a sequence {(u, vi)}x < B,
such that

1 1
Mg p < I(ug, vi) < mgp + m and I(u,v) = I(u, vi) - Ell(u, v) — (Ui, vill (3.8)

for all k € N and for any (u, v) € E. Set Sy = {(U, V) € W: ||(U, V)| = 1}. Fixed k € N, for all (U, V) € Sy
and for all T > 0 so small that (uy + tU, v + TV) € B,, we have

I(ug + tU, vi + TV) — I(ug, vi) = —%

by (3.8). Since I is Gateaux differentiable in W, we get

Iug + TU, v + TV) — I(uy, vi) - 1

T Tk
for all (U, V) € Sy. Consequently, |<I'(u, vi), (U, V))w.wl| < 1/k, being (U, V) € Sy arbitrary. Thus,
I'(ug, vi) — 0 in W' as k — oo. Of course, the sequence {(ug, vi)}x is bounded in W so that, up to a
subsequence, it weakly converges to some (ug 4, Vg,1n) € E and (ug, vk) — (Ug,n, Vg,n) a.e. inH™. In particular,
Up,— — Ug h—, V- = Vg,h— U+ — Ugp+ and Vi . — Vg . a.e. in H™. Moreover, as shown in the first part of
the lemma, by (F;) and the nonnegativity of g and h, as k —» oo

<I/(uk’ Vk)’ (U’ V)>W’,W = ‘}lng

o(1)

=" (uge, vio)s (Ug—, Vi) dwr, w
—Ap, Ui, Uk,-) = Ap, ok, Vi,-) — Bp,o(Ui, Uk,-) — Bp,oVis Vi,-) + {8, Ui,y + <h, Vi)

2 N2+ Bt NG+ Wi W + Vi -

Therefore, {(u,-, vk,-)}x strongly converges to (0, 0) in W and so u,,_- — 0, vk, — 0 a.e. in H". Thus,
Ugp- = 0 and vg 5, = 0 a.e. in H". Hence, (ug n, V,») is a nonnegative pair in H". Consequently, without
loss of generality, we can assume that (ux, vi) = (Ug,+» Vi,+), Since (U, -, Vi) — (0, 0) in W. This completes
the proof of (3.2). O

Taking inspiration from [1], we are now ready to prove the main result of the paper.
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Proof of Theorem 1.1. Let g and h be two fixed nontrivial nonnegative functionals in HW ?'(H") such that
0 < Sg,n = max{lglgw-12, lhllgy-1e} < 0., where o. is given in Lemma 3.1. Then, again Lemma 3.1 gives the
existence of the sequence {(uy, vi) }x of nonnegative pairs in B,, satisfying (3.2). Consequently,

(Ui, i) = (Ug,ns Vg,n) in LE (H™) x L (H"), g € [1, 00),

loc loc (3 9)
|(uk, vi)| < gr  a.e.inH", for some gz € L%(Bg) and all R > 0. )

Take R > 0 and ¢ € C°(H") such that 0 < @ <1in H", ¢ =1 in Bg and ¢ = 0 in Bs;. Now, by convexity
(IDyug |52 Dyug — |Dyug nl¥ ?Dyug n, Dyux — Dyugp)y =0 ae. in H" and for all k. Then, since
Q = 2n + 2 > 2, an elementary inequality, see [31], yields the existence of a constant ¢y > 0 such that

Co j|DHuk - Dyug pl%dé < I(|DHuk (%2 Dyuy — |Dpug nl% > Dyug n, Dyux — Dyug p)udé
By By
-2 -2
< jaDHuk 1872 Dyuy — |Dyrttg l? > Dyrttg s Diguic — Digtg n)irdé
By
+ j(mguk 192Dy — Dygttg nl% > Dysttg s Dy — Digutg n)irdé
Bg

IA

j(|DHuk 872Dy — Dyrttg nl?* Dysttg.ns Dt — Druig @€ (3.10)
Hn

+ f (s l% 2 Dyt — 1Digug 119 Digtg s Drthc — Digitg )y 9l
IHVI

jgouDHuk B+ IDuld)dé

H"

- I¢((|DHUk 2-% + |Dgul%2) Dyuk, Dyug p)adé + 0(1)
I]_IVI

as k — oo, since (ux, vi) — (Ug,n, Vg,n) in W. Similarly, we can obtain (3.10) also in the v variable, that is, as
k — oo

co wavk  Dyvealldé < jgoﬂDHmz + IDpvild}de
HYI

Br (3.11)
- j (1D Vi ? + 1D Vil ) Digvie Digve wird€ + 0(1).
I}'In
Now, (3.2) gives
' (uge, vio)s @i, Vi) dwrw — I (Ui, Vi), @(Ug s Vg, n) dwr,w = 0(1)  as k — oo. (3.12)
Moreover,
jgoﬂDHuk B + Dy g€ jgomDHuk 1872 + |Dyuil%) Dyt Dyrttg g
H" H"
+ j¢{|DHVk % + |Dyvi[$1dE - J¢((|DHVk %72 + |Dgvi|% ?) Dy vi, Dy vg,n)pdé
H" H"
= I'(ug, vi), @i, Vi yw,w — <I' (Ui, Vi), (Ug,h, Ve, n) Y, w (3.13)

- I(IDHuk %72 + IDgul%2) (ux — ug,p) (Dgug, Dy @)gdé
IHH

- I(IDHvk 272 + IDgviI%2) (Vi = Ve,n) Dk, Dp)ndé
[HH
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- I¢{(|uk|p’2 + U weure — ug,p) + (VP2 + Vil 22)vi(vie — vg,p) }d&
[Hn
. J‘ VF(&, ug, vi)-(Ux — Ug,hy Vk — Vg,1n)
r(é)P

dé +<g, pux — ug,p)> + <h, (Vi — Vg.p)>.

H"

The Holder inequality gives

j (Dauel? + 1Dgueld) (i — g ) Drttes Dy @) dé
[Hn

1/p 1/Q

-1 —
< ID5lloo | 1Dsr e 12 f|uk—ug,h|1’d§ + IDgu 3! j|uk—ug,h|0df ,
By By

and similarly the v component. Thus, the above inequality yields, by (3.2) and (3.9), that

klim I{(|DHUI< 1772 + |Dgui972) (uk — ug,n) Dyuk, Dy
—00
[l'ln

(3.14)
+ (IDuvil ™ + 1Dy vil%2) (vic = Vg,n) P vio Dy )y}dé = 0,
being {(u, vk) }x bounded in W. Likewise, again by the Holder inequality
1/p 1/Q
Jootute 2 + el 2pucton - g | <l !| [ - ugndg |+ had?] - wealdg |
Ho By Bor
which implies, also in the v component, by (3.2) and (3.9) that
klim J‘P{(Wk P2 + w22 wie(u — ug,n) + (VielP=2 + Vil T2 vievie = vg, ) Y€ = 0. (3.15)

H

Clearly, by (3.2) the sequence (@(ux — ug »))i in W weakly converges to 0. Indeed, (@(ux — ug,n) )k is bounded
in the reflexive Banach space HW9(H™") and converges to 0 a.e. in H". Consequently, the entire sequence
(@(ux — up)) weakly converges to 0 in HWLQ(H™). Similarly, (p(vy — Ug n)) weakly converges to O in
HWYQMH™M). Thus, as k — co

g, pux —ugn)y — 0, <h, (Vi — Ugp)> — O. (3.16)
Therefore, (3.10)—(3.15) imply at once that as k —» oo

VF((S, U, Vi) (U — Ug hy Vic — Vg,h)

r§)>F

co I{IDHuk — Dyug pl? + |Dyvk — Dyvg,pl?dé < J-<p d¢ + o(1). (3.17)

By H"
Now, using the notation of Lemma 3.1, thanks to (3.2) and (F,) we get as k — oo

1
0>mgp =I(ug, vi) - ;<I,(uk’ Vi), (Ui, Vi) Jw,w + 0(1)

1 1 1 1
- _ = p p L 1 Q Q
> (p Vj(uuk I oo + WAl ) + (Q V](Muk 12,0+ 1612, 0)
1
~ Sg,h (1 - ;)(”uk [lgwre + Ivllgwie) + o(1)

1 1 1
> 21-0(6 - ;ju(uk, VW = Se1 = 5 ks Wl + 000,
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where as usual sy, = max{lgllgw-12, llhly-1e}. Therefore, as k — co we obtain

1 1 1
210[5 - ;j @t VOIS 10 — sg,h(l - ;j @t VOl + o(1) < 0,

and so

. oW -1 1/(Q-1)
lim sup [|(uk, vi)llgwre < Z[QSM} .
k— o0 V- Q

Then, choosing o0 = min{o., 6}, where

Q-1/Q'
G = 201(_“@[3 _V — Q )
200 Qv -1

we obtain for any g, h € HW % (H") with s, < 0 that

an Qg N
lim sup [lg; e < 22 lim sup ||(ug, vi)lgyre < 2V/¢ [ZLBJ - [Lﬁj ,
Qo Qo

k—o0 k—o0

where again o, = |(uk, vi)|. Therefore, passing if necessary to a subsequence, still labeled {(uy, vi)} for
simplicity, we obtain

1/Q’
a
1/Q’' Q.
sup [lgllgwre < 2 /e sup [|(ux, vidllgwre < (—j .
keN keN Qo

Thus, arguing as in the proof of Lemma 2.3 of [13], we get the existence of a constant C = C(Q, &, 8) > 0 and
an exponent s > Q such that

{eaeg ~ Sous(a, Qk)} 1/s
&P | — Ug p, Vi — Vg,n)|dE < C I|¢(uk — Ugn, Vi — Vg,n) [°dE
H’ H' (3.18)
1/s
=C I|(uk — Ug h, Vi — Vg,n) [FdE
Br
Now, by (F,) there exists ¥ = K(ag, 1) > O such that
VF(E, u,v)] < 021 + 7 (e — So_x(a, 0)) (3.19)

for a.e. £ e H" and all (4, v) € R§ x R{, with p = |(u, v)|.
Choosel <t < Q/Band1 < p < Q/tB and putq = (Q — 1)ts'. Then, by the Holder and the choices of the
exponents ¢, p and q we have

1/t 1/s

) dé¢
dé < lleg ”1L{'fBzR) W < d, (3.20)
Bor

Q§<Q—1)[
r()*
Bag

since {(ux, vi) Jx is bounded in W, and so (o, )i is bounded in every L(B,g). Hence, the Holder inequality, (3.9)
and (3.18)—(3.20) yield, as k — co

VF ’ s : - ) -
J‘(p (&, uk, vio)- (U — Ug,p, Vi Vg,h)df

r(§)P

u_lll
[ e s
< J r({)ﬁ

lo(ui — Ug p, Vi — Vg,n)|dE
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1/t 1/t 1/s

d¢ j|(uk,vk)—(ug,h,vg,mlf’d{ +RC j|(uk,vk>—(ug,h,vg,h)|5d§
Bag

By
1/t 1/t

<d, f i V) — g ven) A6 |+ f|<uk,vk>—(ug,h,vg,h)vds :

B Bag

3 Q%Q—l)[
T e
Br

where d; is defined in (3.20), while d, = KC. Therefore,

lim VE(&, u, vi)-(Ux = Ug,h, Vi = Vg,n)
k—oo r({)ﬁ

H"

dé=0. (3.21)

Thus, combining (3.17) with (3.21), we obtain
J(|DHuk ~ Dyugal? + IDyvi - Duvenld)dé < o(1) as k — oo.
Bg

Consequently, Dyux — Dyug,, and Dyvy — Dy, in LO(Bg, R? for all R > 0. Therefore, up to a subse-
quence, not relabeled, we get that

Dyuy — Dyugy and Dyvi — Dyvep a.e.in H™, (3.22)

and for all R > 0 there exists a function hg € L%(Bg) such that |Dyuy| < bg and |DgVvi| < by a.e. in Bg and for
allk e N,

Fix ¢p and ¢ in C°(H™) and let R > O be so large that supp ¢ c Bg and supp ¥ c Bg. By the above
construction we have a.e. in By

|((IDrukl?? + IDgu %) Dy, D)y + ((IDgvicl%? + |Dyvicl%?) Dy, Dy )yl
<2+ 68 ) (IDuly + IDaly) = Hr € L'(Bg).

Thus, the dominated convergence theorem and (3.2) yield as k — oo
Ap, (Ui P) + Ap,oVis Y) = Ap,alUg,n, P) + Ap,o(Ve,ns P).
Likewise, (3.9) yields a.e. in By that
@™ +ud e + P+ vl < g+ 203 D)1l + 1Y) = B € L'(Bp),
and so the dominated convergence theorem and (3.2) give at once as k — co
Bp,olUi §) + Bp,oVi, Y) = Bp,qlUg,n, P) + Bp,a(Ve,n, Y)-

Similarly, by Theorem 2.2 and by (3.2), (3.18) and (3.19)

VF(&, uge, vi)- (¢, )
r(§)P

Thus, a further application of the dominated convergence theorem gives as k — oo

J'VF(& Uy, vi)- (P, ) dg - J‘VF(f, Ug b Vo,1)- (P, )
r(é)P ()P

< 38r € Ll(BR)

d¢g

and so, since {I'(u, vi), (¢, Y))w.w = 0(1) as k — oo by (3.2), eventually we have

VF(, ug, vi)- (¢, ¥)
r(é)"

Ap,olUic, §) + Ap,oVie Y) + By, ok, P) + By oV, P) = _[ dé&+ (g, ) + <h, Py + o(1).
[Hn
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Finally, letting k — oo and using the above arguments together with (3.2), we get at once that

ﬂp,Q(ug,h, ¢) + ﬂp,Q(Vg,h, llj) + Bp,Q(ug,h, ¢) + Bp,Q(Vg,hy ')[))

_ J‘VF(é‘; ug,h, Vg,h)'(¢’ l/’)d{_‘_ <g ¢> + <h l/)> (3.23)
r(f)ﬁ ) ]

H"

for all (¢p, ) in CP(H™) x C°(H™). Now, fix a function { € C°(H") such that 0 < {< 1, {=1 in B; and
supp{ c B,. Define now the sequence of cutoff functions

G(&) = C(61/x(&)), §eHM, (3.24)

where 8y is the dilation of parameter 1/k, as introduced in (2.2). Now fix (@, ¥) in W. Then the sequences
(P and (P ) in C°(H™), defined by ¢, = { (0, *®) and 1, = {, (o, *¥), where (o, ) is a sequence of mollifiers
constructed as in [13] and ({; ) is the sequence of cutoff functions defined in (3.24), have the properties that
¢, — ®and y, — ¥ in Wand, up to subsequences, ¢, — @, Y, = ¥, Dy, — Dy®, Dy, — DyV¥ a.e.in
H" as k — oo, and there exist functions g € LP(H") and h € L2%H") such that|¢, | < g, [, | < g, 1D, | < g,
Du,| < gand|p,| < b, [ | < b, |1Dgp, | < b, |Dgp,| < ha.e.inH" and for all k. Clearly, (3.23) holds along
{(¢)> ¥;) }i for all k € N. Hence, passing to the limit as k — co under the sign of integrals by the dominated
convergence theorem, we obtain the validity of (3.23) for all (®,¥)e W. In conclusion,
I'(ug,n, Vg,n)s (D, V) )w,w = 0 for all (D, ¥) € W, that is, (ug,n, Vg,») is a solution of (S).

Let us now prove that the constructed solution (ug,s, V) is nontrivial. By (3.2), up to a further sub-
sequence, there exist ¢, > 0, ¢ > 0, 1, = 0, 1o = O such that as k — oo

luklgwre — €, lukllgwre — Loy Wkllawtr = s IVkllgwre — o, (3.25)
<g’ uk> 4 <g’ ug,h>’ <h’ Vk> - <h’ Vg,h>- ’
Moreover, (3.2), (F,) and the Fatou lemma yield
lim inf VF(&, ug, vi)- (g, vi) — VF(&, u, vi) de > J'VF(f, Ug, s Ve,n)* (Ug,hs Vg,n) — VF(&, Ug ns Vg,n) dé. (3.26)
k—oo o r(é’)ﬁ nn r(g)ﬁ

Consequently, the weak lower semicontinuity of the norms, (3.2), (3.25) and (3.26) give at once that

. 1
Mg = lim (I(uk, W - L, w, vk>>w',wj

1 1 1 1 1
= (; - ;j(ﬁz + 1)) + (5 - ;](28 +1d) - (l - ;J(<g, Ugny + <hy Vg n)
+ lim 1nfl I VF({: Uy, Vk)'(uk’ Vk) - VF({’ Uk, Vk) df
koco vV r(¢)p

[Hn
1 1 1 1
14 14 Q Q
(; - ;j(”ug,h”le,p + ”vg,h”le,p) + [Q - ;J("ug,h"HWLQ + "Vg,h"HWl,Q)

v

1
_ (1 , ;j(ﬂguHW-l,awmg,h||wa + Wl v )

N l I VF({) Ug, hy Vg,h)'(ug,h, Vg,h) - VF(f, Ug hs Vg,h
v (&)

H"

) gt

1
= I(ug,h’ Vg,h) - ;(I,(ug,h’ Vg,h)’ (ug,h: Vg,h)>W’,W = I(ug,h’ Vg,h) 2 Mg p,

since (ug,n, Vg,n) € B,. Therefore, the solution (ug,p, vg,n) is also a minimizer of the functional I in B, and
I(ug,n, Vg,n) = Mg, < 0 < <I(u,v) for all (u, v) € 0B, by Lemma 3.1. This implies that (ug », vg,») € B, and
that (ug,n, Vg,n) is a nontrivial nonnegative solution of (S), since the couple of nontrivial nonnegative
functionals g, h in HW"LQ/([H ") has the property that sg , = max {|glgw-12, lhllgw-1e} € (0, ol.
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In order to prove the asymptotic property (1.1), let us observe that from Lemma 3.1 it is evident that
p > 0 is independent of . Therefore,

{(ug,h’ Vg,h) }sg,hz(o,a] C Bp (3.27)

is uniformly bounded in W. Thus, by (3.2) and (F,) we have

1 1 1 1
Mg 2 [E - ;j(uug,hugwl,p + WVl ) + (6 - ;j[uug,hugwl,o ' ||vg,h||gwl,o]

1
_ sg,h[l . ;j(uug,huHWm + Wgnllgwie) + o(1)

1 1 1 1
> (; - ;j(uug,hugwl,p + Wl ) + (6 - ;j(uug,hugwl,a v ||vg,h||gwl,aj ~ Se1Cpr

where C, = p(1 - 1/v) and the last inequality holds by (3.27) and the fact that p is independent of o.
Therefore,

. . 1 1 1 1
0 > lim supmg , > lim sup {[; - ;J(Ilug,hllgwlyp + Vg nll} ) + (—

- — |(lug al® 1o + Ve nl® 10)t = O.
Sg,n— 0" Sg,n— 0" Q vj HW HW

This implies at once

lim |lugyll = lim |vgnll =0
S0t O gm0 ’ (3.28)

and so the validity of (1.1).

Of course by (3.28), possibly shrinking 0, we can assume that |lug || < p/2 and ||vg x|l < p/2. Then, we
claim that (ug,n, vg,n) € W has both nontrivial components. Otherwise, if for example v, , = 0, then (F;) and
(F,) give that F(, ugy, 0) = F(§, 0, ug,p) = 0 a.e. in H". Therefore, mg , = I(ug 1, 0) = I(0, ug,5), since by
construction (ug,x, Ug,n) € By, and so

F({) Ug h» ug,h)

r(§)F %

Mg < g thg) = Ittgn 0) + 100, ug.) - j
[I_I'l

F({) ug h»s ug h)

=2mg p — J‘%dig 2Mmg p < Mg p,

8 r((f)ﬁ g g

since mg » < 0. This contradiction proves the claim.

Finally, assume that one between (H,) and (H) hold and suppose by contradiction that ug , = vg 5, that
is, the solution is (ug x, Ug,pn), With ug , > 0 a.e. in H" and ug , # 0. Let us divide the proof in the two cases
covered by the theorem.

First, assume that (H;) holds, that is, E,(&, u, u) = E(¢, u, u) for a.e. £ € H" and any u € R, but g # h.
Then (10), with (¢, ) = (@, —p) and ¢ € C(H"), gives (g — h, ¢) = 0. In other words, g = h since ¢ is
arbitrary. This is impossible, as required.

Let us finally consider the remaining case (H,) in which g = h, but E(¢, u, u) + F,(¢, u, u) fora.e. £ € H"
and any u € R*. Again (3.1), with (¢, ) = (p, —p) and ¢ € C(H"), gives

J El({! Ug h, ug,h) - E/(f: Ug,hy ug,h)

&P dé = 0.

[Hn
Consequently, F,(¢, ug n, Ug,n) = F(, ug,n, ug p) a.e. in H", since again ¢ € C°(H") is arbitrary. But this is
impossible by (F), since ug,, > 0 and ug » # 0. The proof is now complete. O
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