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1 Introduction and preliminaries

The theory of I'-semigroups has been around for more than three decades and counts hundreds of research
papers and many PhD theses. Along with I'-semigroups, other structures such as ordered I'-semigroups and
fuzzy I'-semigroups have been studied in recent years. The majority of the results proved so far are I'-ana-
logues of the well-known results of ordinary semigroups which their authors pretend to be genuine general-
izations of their semigroup counterparts. It should be noted that there is a striking similarity between the
proofs of the original semigroup theorems and their I'-semigroup analogues. It is this similarity that is
causing a growing concern among I'-skeptics that many of the results in I'-semigroup theory are logically
equivalent with their counterparts in ordinary semigroups. But so far there has been no evidence that this
concern is mathematically based. The aim of this paper is to develop a technique whose purpose is to
demonstrate the equivalence for a pair of analogue results from the two theories. This technique is a
refinement of that developed in [1] and has the advantage that it works for regular I'-semigroups endowed
with a partial order. More specifically, given an ordered I'-semigroup (S, I, <s), we construct an ordered
semigroup (Qy,, -, <o, ) and prove that S is regular if and only if Q, is regular. This shows that regularity in
the theory of I'-semigroups can be interpreted as the usual regularity of semigroups. We go on further to
prove that two characterizations of regularity, one for ordered I'-semigroups and the other for ordered
semigroups are logically equivalent. The characterization of the regularity of ordered I'-semigroups is
Theorem 8(iii) of [2] and also Theorem 3 of [3], which states that an ordered I'-semigroup (S, T, <s) is regular
if and only if one-sided ideals of (S, T, <s) are idempotent, and for every right ideal R and every left ideal L of
(S, T, <s), (RTL] is a quasi ideal of (S, I, <5). On the other hand, the characterization of the regularity of
ordered semigroups is Theorem 3.1(iii) of [4], which states that an ordered semigroup (S, -, <s) is regular if
and only if, one-sided ideals of (S, -, <s) are idempotent, and for every right ideal R and every left ideal L of
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(S, T, <g), (RTL] is a quasi ideal of (S, -, <s). Proving that the above analogue theorems are equivalent gives
points to the idea that producing I'-analogues of known results from the semigroup theory brings nothing
new to the theory as pretended, but simply replicates those results in a new setting.

In what follows, we give a few basic notions that will be used throughout the paper. Let S and I be two
nonempty sets. Any map from S x I' x S to S will be called a I'-multiplication in S and is denoted by (-)r. The
result of this multiplication fora, b € S and y € T is denoted by ayb. In 1986, Sen and Saha [5,6] introduced
the concept of a I'-semigroup S as an ordered pair (S, (-)r), where S and I' are nonempty sets and (-)r is a
I'-multiplication on S, which satisfies the following property:

Y (a, b, c, a, B) € S? x T2, (aab)Bc = aa(bBc).

Here we give some necessary definitions from ordered semigroup and ordered I'-semigroup theory. An
ordered semigroup S is a semigroup (S, -) together with an order relation < such that a < b implies ac < bc
and ca < cb for all ¢ € S. An ordered semigroup S is called regular if for every a € S there exists x € S such
that a < axa. Equivalently, if a € (aSa] for every a € S or if A ¢ (ASA] for any subset A of S. A nonempty
subset Q of an ordered semigroup S is called a quasi-ideal of S if (1) (Q] = Q and (2) (QS] n (SQ] < Q.

An ordered I'-semigroup (shortly po-I'-semigroup) defined by Sen and Seth in [7] is a I'-semigroup
together with an order relation < such that a < b implies ayc < byc and cya < cyb forallc € Sandally € T.
A nonempty subset A of a po-I'-semigroup S is called a right (resp. left) ideal of S if (1) AI'S € A resp.
(STAcA) and (2) ifae A and S>b < a, then b € A. A right (left) ideal A can be obviously written as
(A] = A. An ordered I'-semigroup S is called regular if for every a € S there exist x € S and y, y, € I' such
that a < ay,xy,a. A po-I'-semigroup S is regular if and only if a € (aI'STa] for all a € S, equivalently, if
A € (ATSTA] for all A ¢ S. A nonempty subset Q of an ordered I'-semigroup S is called a quasi-ideal of S
if (1) (Q] = Q and (2) (QT'S] n (STQ] < Q.

2 Construction of Qyo

Given an ordered I'-semigroup (S, I, <s), we define an ordered semigroup (Qyo’ . st). To define Q, we use
the fact that we can always define a multiplication ® on any nonempty set I in such a way that (I';®) becomes
a group. This in fact is equivalent to the axiom of choice. Also, we use the concept of the free product of two
semigroups. Material related to this concept can be found in [8, pp. 258—261]. Furthermore, let (F;-) be the
free semigroup on S. Its elements are finite strings (x,..., X,), where each x; € S and the product - is the
concatenation of words. Now we define Q, as the quotient semigroup of the free product F=I' of (F;-) with
(T, *) by the congruence generated from the set of relations

(X, ¥), xyp¥), (X, ¥, ¥), Xyy)

forall x,y € S,y € I and with y,, € I a fixed element. The following is Lemma 2.1 of [9]. We have included
here for convenience. Readers unfamiliar with rewriting systems can find anything necessary to understand
the proof in the monograph [10].

Lemma 2.1. Every element of Qy, can be represented by an irreducible word which has the form (y, x, y'),
(v, x), (x, ),y or x, where x € S and y,y' € T.

Proof. First, we have to prove that the reduction system arising from the given presentation is Noetherian
and confluent, and therefore any element of Q, is given by a unique irreducible word from S u T'. Second,
we have to prove that the irreducible words have one of these five forms. So if w is a word of the form
w=WxvYy,v)fory el,x,y € Sandu, v possibly empty words, then w reduces to w’ = (u, xyy, v). And if
w = (u, x,y,v), thenitreduces tow’ = (u, xy,y, v). In this way, we obtain a reduction system which is length
reducing and therefore it is Noetherian. To prove that this system is confluent, from Newman’s lemma, it is
sufficient to prove that it is locally confluent. For this, we need to see only the overlapping pairs.
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1. (x,y,2) = (Xyy, z) and (x, y, z) — (X, yy,z) which both reduce to (xy,yy,2);

2. x,y,¥,2) = (xyy,z) and (x, y, ¥, z) — (X, ¥, y¥,2) which both reduce to (xyyy,z);

3. 0, ¥,¥,2) = XYY, ¥, 2) and (x, Y, ¥, z) — (x, yyz) which both reduce to (xy,yyz);

4. (x,y,y,¥',2) » (xyy,v',z) and (x, ¥, Y, V', z) — (x, ¥, yy'z) which both reduce to (xyyy'z);
5. Vo V) = (B * Vs v3) @and (1, V5, ¥3) — (145 ¥, ® v3) Which both reduce to y, oy, @ ys.

To complete the proof, we need to show that the irreducible word representing the element of Q, has
one of the five forms stated. If the word which has neither a prefix nor a suffix made entirely of letters from
T, then it reduces to an element of S by performing the appropriate reductions. If the word has the form
(a, w, a'), (a, w) or (w, a'), where w is a word which has neither a prefix nor a suffix made entirely of letters
from I', and a, a’ have only letters from I', then it reduces to an element of one of the first three forms. [

Definition 2.1. We define an order relation <q, in terms of <s as follows:
(1) For every x,y € S, we let x <q, YV ©X<s5Y;

(2) Foreveryx,y e S,andy e weletyx <o yy © X <sy;

(3) Foreveryx,y € S,andy e I weletxy <o, yy © X <s y;

(4) Foreveryx,y € S,andy € I' we let, yxy’ <o yyy' © X <5 ¥;
(5) The restriction of the relation in I is taken to be the equality.

Using the fact that < is an order relation in the I'-semigroup S, we can prove that <o, is an order
relation in the semigroup Q,,. It is obvious that<q is reflexive, and very easy to see that it is antisymmetric.
We check for convenience the transitivity.

(1) Ifx,y, z € S are such that x <q,, ¥ and y <q,,%> then by the definition, x <5 y and y <s z, hence x <5 z
because <; is transitive, and then x <q,, Z-

(2) Ifx,y,z € Sandy € I are such that yx <o, yy and yy <o, yz, thenx <g y and y <s z, hence x <5 z and
as aresult yx <o yz.

(3) Ifx,y,z€ S and y € I are such that xy <q, yy and yy <q, 2y, then similarly with above x <5 y and
Yy <s z, hence x <s z, consequently xy <q, zy.

(4) If x,y,z € S and y € T are such that yxy’ <q, yyy' and yyy' <q  yzy', then x <5 y and y <s z, hence
X <s z, consequently yxy' <o, yzy'.

(5) Ifa, B,y € T are such thata <o, and B <q  y, thena =B =y.

Next we prove that the compatibility of <5 in S implies that of <o in Q, . We obtain the proof only for
relations of type (4) of Definition 2.1 since the proofs for the other types are analogous. So let yxy’ <q yyy',
and want to prove that the inequality is preserved after multiplying both sides of the above on the left
(resp. on the right) by one of the following elements: a € T, z € S, az € TS, zB € ST, azf8 € TST. Since the
proofs for the compatibility on the right are symmetric to those on the left, we obtain them only for the left
multiplication.

(D) alyxy') <q,, alyyy') © (@ey)xy' <q, (@®y)xy' © x <5y © yxy' <q, vyy'

) z(yxy') <q,, z(yyy") & (2yx)y' <q,, (2yy)y' © zyx <s zyy, where the latter is true since x <s y.

(3) (az2)(yxy") <q,, (@2)(yyy") & alzyx)y' <q,, a(zyy)y' & zyx <q, zyy, where the latter is true since x <s y.

&) @B (yxy') <q,, @B)yyy) = zB o y)xy' <o, zBey)yy' © z(B*y)x <o, z(B*y)y, where the last inequality
is true since x <g y.

(5) (azB)(yxy') <q,, (azB)(yyy") & az(B*y)X)y' <q, alzB*y)y)y' & z(B*y)x <q, z(B *y)y, where the last
inequality is true since x <g y.

Therefore, <a,, is compatible with the multiplication of Q, . Summarizing, we have the following.

Proposition 2.1. The triple (Qy,, -, <q,) is an ordered semigroup.
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Since in Section 3 we deal with ordered ideals in both structures, (S, I, <s) and (Qy,, -,<q,,), we will not

use the standard notation (X] to indicate the ordered ideal, but we introduce a new one as in the following
definition.

Definition 2.2. For C ¢ S, we define Ls(C) = {x € S: 3c € C such that x <5 ¢}, and for every D ¢ Q,,
Lq, (D) = {w € Qy : 3d € D such that w <q, d}.

We remark by passing the following.
Lemma 2.2. LQyo(C) =Ls(C) forC c S.

Proof. First, we prove that Ls(C) < LQYO(C). If y € Ls(C), theny <s c forc € C. Since y, c € S, theny <5 c by
Definition 2.1 is equivalent to y <q,,C, hence y € LQYO(C).

Conversely, if w € LQYO(C ), then w <q,,C for ¢ € C and by Definition 2.1 we must have that w € S, and
that w <s c, proving that w € Lg. O

The following lemma gives a relationship between the principal ordered ideal in S generated by some
x € S and the principal ordered ideal in Q) generated by the same element x.

Lemma 2.3. Let x € S by an arbitrary element. The following hold true.

(i) The principal left ordered ideal of Q,, generated by x is the set (x)f“y" = (0 U T(X)[®, where (X)* =
Ls(x U STx) is the left ordered ideal of S generated by x and F(x)fs ={yyly e I,y € Ls(STx U x)}.

(ii) The principal right ordered ideal of Q, generated by x is the set (x)fﬂy0 = ()5S U (X);ST, where (x)5$ =
Ls(xTS U x) is the right ordered ideal of S generated by x and (x):5 T = {yyly € T,y € Ls(xTS U x)}.

Proof. We obtain the proof for (i) since the proof for (ii) is dual to that of (i). So we have to prove that
A € (0, ifand only if A € (0)f U T(x);". Indeed, if A € (x);™, then A <o, B, where B € Lg (Q,x U X). If
B = x, we have A <, x and by Definition 2.1 A <5 x, s0 A ¢ (X)S. 1fB € Q,,x, then B may have these forms:

(1) B = (ayB)x = a(yBx). In this case, A <q,, a(ypx) which forces A = az, where z <g yfx, hence z ¢ (x)fs
and then A € T(x);*.

(2) B = (ay)x = a(yy,x). In this case, A <q, a(yy,X). One can see that in the same way as above, A € ().

(3) B=(ya)x =yax. In this case, A <q yax and by definition 2.1 we have that A <syax, there-
fore, A € (x);%.

(4) B = (0)x = ax. In this case, A <q, ax, then A = az, where z <5 x, hence z ¢ (x);* and then A € T(x);*.

Conversely, if A € (X)[* U I'(x);%, then either A <¢ Bwhere B € (x);s or A <q,, B, where B = aC witha € T

and C ¢ (x)fs. In the first case, it follows at once that A € (X)ISQVO. In the second case, when B = aC and
C € (x);%, the inequality A <q,, @C implies that A = aA’ with A’ < C, and as a consequence A’ € (x);. Thus,
A e T(X)*. O

3 Regularity in ordered I-semigroups as a consequence of
regularity in ordered semigroups

The following proposition shows that the regularity of an ordered I'-semigroup can be completely char-
acterized as the regularity of an ordered semigroup.
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Proposition 3.1. S is a regular ordered I'-semigroup if and only if Q, is a regular ordered semigroup.

Proof. If S is a regular ordered I'-semigroup, then foralla € S, 3x € S and y,, y, € T, such that a <g ay,xy,a.
To prove Q, is a regular ordered semigroup, we have to prove that every element of Q, have an ordered

inverse in Q, . By Lemma 2.1, we have that the elements of Q, can be represented by an irreducible word
which has only five forms. We prove regularity for elements of each of these five forms. So let first
aam; € Qy. To find its ordered inverse we take a <s ay;xy,a and then by Definition 2.1 we have qjam <o,
a(ay,xy,a) e = (mam) (e 'y, xy,a; ") (@ ac) which tells us that aaa, is regular in Q, and a;'y,xy,a;" € Q,
is its ordered inverse. Second, for showing that aa € Q, is regular, we take a <s ay,xy,a and then by
Definition 2.1 we can write aa <o, a(ay,xy,a) = (aa) (v, xy,a7Y) (aa). This tells us that aa is regular and as
its inverse we can take y;xy,a”! € Q, . In the same way, one may prove that aa € Q, is regular with inverse
a'y,xy, € Q,,. Furthermore, we prove that a € Q, is regular with inverse y,xy, € Q,, since by Definition 2.1,
a <s ay,xy,a and thena <q ay,xy,a. And finally, y € Qy is regular sincey <q yy~ly. Hence, we showed that
Q,, is a regular ordered semigroup. Conversely, if Q, is regular ordered semigroup, then every a € S has an
inverse in Q. To show that S is a regular ordered I'-semigroup, we show that very a € S has an inverse in S.
For this, we distinguish between the five following forms. First, if the inverse of a in Qy, has the form
axf € Qy,, for x € S, then a <q,, aaxfa by Definition 2.1 implies that a <5 aaxfa, showing that a is regular
in S. Second, if the inverse of a in Q) has the form ax, then a <q,, a(ax)a = aaxy,a and then Definition 2.1
implies that a <s aaxy,a, which means that a is regular in S. Third, the inverse of a in Q, has the form xa, this
case is similar to the second case. Fourth, the inverse of a in S is x, then a <q, axa = ay,xy,a and by
Definition 2.1 a <s ay,xy,a, which means that a is regular in S. Finally, if the inverse have the form a € T,
then a <o, aya <q, ayaya and by Definition 2.1 we have that a <s ayaya and a is regular in the ordered I
semigroup S. O

Before we prove our main theorem we need this technical lemma which is the analogue of implication
(iii) = (ii) of Theorem 9.4 of [11].

Lemma 3.1. If (S, T, <s) is an ordered I -semigroup such that one-sided ideals of (S, T, <s) are idempotent, and
for every right ideal R and every left ideal L of (S, T, <s), Ls(RTL) is a quasi ideal of (S, T, <s), then for every
aeS, (@7 n(a) = Ls((@)7T(a)).

Proof. Observe first that
()5 = Ls(a U aT'S) = Lg(a u aT'S)TLs(a U al'S) < Lg(aTlS) < (a):s,

from which we derive that (a):s = Ls(aT'S). In a similar fashion, one can get that (a)fs = Lg(STa). Further-
more, since

Ls((@)7*T(a);*) = Ls(Ls(aTS)TLs(STa))
is a quasi ideal, we have
Ls(Ls(Ls(al'S)TLs(STa))TS) N Ls(STLs(Ls(al'S)TLs(STa))) < Ls(Ls(al'S)TLs(STa)).
From this and the previous assumptions, we obtain
(@5 n (@) =Ls(al'S) n Ls(STa)
= (Ls(aT'S)T'Lg(al'S)T'Lg(al'S)) n (Ls(STa)T'Ls(STa)TLs(STa))
€ Lg(Ls(Ls(al'S)TLg(STa))T'S) N Ls(STLs(Ls(aT'S)TLs(STa)))

€ Ls(Ls(aT'S)TLs(STa))
= Ls((@)7*T(a)®),

proving thus the nonobvious inclusion (a);s N (@) < Ls((a);sT(a)®). O
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Theorem 3.1. The following are logically equivalent.

(i) An ordered T'-semigroup (S, T, <g) is regular if and only if, one-sided ideals of (S, T, <s) are idempotent,
and for every right ideal R and every left ideal L of (S, T, <s), Ls(RTL) is a quasi ideal of (S, T, <s).

(ii) An ordered semigroup (S, -, <s) is regular if and only if, one-sided ideals of (S, -, <s) are idempotent, and
for every right ideal R and every left ideal L of (S, T, <s), Ls(RTL) is a quasi ideal of (S, -, <s).

Proof. (i) = (ii) is trivial since any regular ordered semigroup can be regarded as an regular ordered
I'-semigroup, where I' is a singleton. Also, one-sided ideals and quasi ideals in ordered semigroups are
the same as those in ordered I'-semigroups when I is a singleton.

(ii) = (i). Assume first that the ordered I'-semigroup S is regular. Then by Proposition 3.1, Qy is a
regular ordered semigroup. Theorem 3.2 of [4] implies that for every right ideal R and every left ideal L
ofQ,,RNL= LQYO(RL), LQYO(RL) is a quasi-ideal of Q, , and also every right and left ideal of the semigroup
Qy, is idempotent. Let A now be an ordered right ideal of S and consider the subset R = LQVO(A U AD) of Q.
We show that R = Lo, (A U AT) is a right ideal of the ordered semigroup Qy,. To this end, we have to prove
that it satisfies the two conditions of right ideals: (1) Lo, (A U AI)Q, < Lo, (A U AD), (2) ifa € Lo, (A U AT)
and b <o, 4 then b € Lo, (A U A). To show the first we have to show that for every b € Lq, (A U AT)
and every C € Qy, bC € Lo, (A U AT). Since b € Lq, (A U AT), either b <5 a where a € A, or b <q,, @y, in
which case b = a'y and a’ <s a. In the first case, when a, b € S and b <s a, it follows immediately that
bC <o, aC whatever the value of C is, since <o, is a compatible relation. But still we have to prove that
aC e LQYO(A U AT) and this depends on the value of C. Since

CeSUTSUSTUTISTUT,

then
aCeaSualSuaSTualSTual cal'Su alSTuaTc LQYO(A U AT),

where the last inclusion comes from the fact that A is an ordered right ideal of (S, T, <s). It remains to prove
that the same holds true in the second case when b = a'y witha' € S and a’ <s a, and y € I'. Depending on
the value of C we have to prove that ayC ¢ LQYO(A U AT). Indeed,

ayC € (ay)S U (ay)TS U (ay)ST U (ay)TST U (ay)T cal'S U al'STuU aTl ¢ LQYO(A U AI).

All the above verifications prove the first condition, while the second condition is obvious. So R = LQYO
(A U AT) is a right ideal of the ordered semigroup Q,, and from [4] it follows that R = LQYO(A U Al is an
idempotent. Passing now from the ordered semigroup Q, to the ordered I' semigroup S, we show that if
every right ideal of the ordered semigroup Q,, is idempotent, then so is every right ideal of the ordered
I'-semigroup S. Let A be a right ideal of the ordered I semigroup S, we have to prove A is an idempotent in S,
that is, Ls(AT'A) = A. Since A is a right ideal, Ls(ATA) < Ls(ATS) < A. To prove the converse, we utilize the
fact that LQYO(A U AT) is an idempotent in Q, , thus

A<Lg, (AUAT) = (Lg, (A UAT))? < Lg, (AA U AAT U ATA U ATAT) € Lg, (ATA U AT).

This implies that every a € A is lower with respect to <o, than some element of A or some element of AT
The second case is impossible from the way we have defined <, so it remains that there is somey € T, and
a',a" € A such that a <o, a'ya”. But this is the same as to say that a <5 a’ya”, so a € Lg(ATA), and as a
result A ¢ Lg(AT'A). One can show that left ideals of S too are idempotent by first proving in a similar fashion
to above that for every left ideal B of S, the set Lgyo(B U I'B) is a left ideal of Qy,. Finally, if A is a right ideal
and B a left ideal of the ordered I' semigroup S, we have to prove that Ls(AT'B) is a quasi ideal of (S, T, <s),
which means that:

Ls(Ls(ATB)TS n STLs(ATB)) < Ls(ATB) o))
and

Ls(Ls(AT'B)) = Lg(AT'B). 2
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From [4] we have that for the right ideal LQYO(A U AT') and for the left ideal LQYO(B U IB) of Qy,, the set
Lo, (Lq, (A U AD)- Lo, (BUTB)) = Lq, ((A U AT)-(B U I'B)) is a quasi ideal of Q. To prove the first condition
(1), we see that

Ls(Ls(ATB)TS n STLs(ATB))
¢ Lo, (Lo, (A U AD)- Lo, (B UTB))- @, N Qy - Lo, (Lo, (A U AL)- Lo, (B U TB))
¢ Lo, (Lo, (A U AD)- Lo, (B U TB))
= Lo, ((A U AD)-(B U TB)) = Lo, (ATB) = Ls(ATB),

where the last equality follows from Lemma 2.2. The second condition (2) is obviously true since Ls(AT'B) is
an ordered ideal.

Conversely, we assume that every right and left ideal of S is an idempotent, and for every right ideal A of
S, and every left ideal B of S, the set Ls(AT'B) is a quasi ideal of S, and want to prove that S is regular. The
strategy is to prove that under the given conditions, Q, is a regular ordered semigroup, and then from

Proposition 3.1 we obtain straightaway that S is a regular I'-semigroup. To prove the regularity of Q,, it is
enough to prove that all right ideals R and all left ideals L of Q, are idempotent, and Lo (R - L) is a quasi
ideal of Q, . Let R be a right ideal of Q, and want to prove that RR = R. The inclusion RR ¢ R is trivial. To
prove the reverse inclusion R € RR, we need to prove that every x € R is of the form x = %, where
X1, X, € R. There are several possibilities for x € R.

(i) x € S. Then, from Lemma 2.3 we have that (x)f“yO = ()5 U (x);5T. Recalling that (x);s is idempotent
from the assumption, so (x):5 = (x)ST(x);:S, hence x = xyx, where x,x € (x);$ and y € I'. Now
xy € ()3T and x € (x)55, consequently

X = (ay) % € (0;- (x);™ cR-R.
(ii) Let the element of R be of the form xa with x € S and a € T'. Since R is a right ideal of Q,,, then
xT = x(ael) = (xa)T € (xa)Qy, € RQ, <R,
and then we also obtain that

xI'S = xITS € RTS ¢ RQ, CR.

Now we prove that the element x above is necessarily in R. For this, we use again the fact that (x);*
is idempotent. It follows from this assumption that x = x’yx”, where either x’ <g x or x' <5 xBs with
s € S. In the first case,

x =x'yx" <g xyx" € xI'S C R,

from which it follows that x € R. Similarly, in the second case we see that
x = x'yx" <g xBsyx" € xI'S € R,
and then x € R. From the proof of (i) above we have that x = (xy) - x5, where x;y € R and % € R. Then

xa = (qy)-(ea), where again xjy € R and xa € R. Thus, we proved that xa is expressed as a product of
two elements from R as desired.

(iii) The element of R is of the form ax with a € T and x € S. In this case, we have to show first the equality
(), ™ = a(x);™. Indeed,

Fe (@)™ oie Lo, (ax U axQy )
o &= ax', where x' € Lq, (x U xQy)
& &eak),™,
which proves that (ax);™ = a(x);. From Lemma 2.3, we derive that

(@0); ™ = a((x)S U (X)ST).
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Now the right ideal (x):5 is idempotent, which means that (x)55 = (x);T(x):S, hence
(@)™ = a((OFTEOS U (0FT). 3)

It follows from (3) that ax = ax;yx;, where x;, x, € (x):5. Now if we rewrite this term as ax = (wq) (ya™) (ax),
we see that

ax = (awq) (ya ™) (o)
e a((0)7* U ()P T)a(x)F U ()FT)
= (0™ ()™,
which proves the claim.
(iv) The element of R is of the form axf. We first note that
(oocﬁ)fay0 =Lg, (axf U axB(TUS U TS U ST U IST))
= Lgyo(axl" U axT'S U axI'ST).
Since (x):5 is idempotent, x = xyx where x, % € (x);3. It follows that

wqya ! € Lo, (axT U axT'S U axTST)

and similarly,

axof € Lo, (ax TU axTS U axTST),
hence
axp = (wqya ) (axp) € (Lgyo(ax Tu axI'S U axl"Sl"))2 = ((axﬁ)f“y")2 C R2,
This shows that axf is expressed as a product of two elements of R.
(v) The final case is when the element of R is some y € I'. Observe that
I=yTcRQ, cR
Now letting 1 be the unit element of (T, ) we have that
y=y-1€RR,
and once again, y € R is expressed as a product of two elements in R, namely, y and 1.

Recollecting, we have proved that any right ideal R of Q) is idempotent. Similarly, we can show that
any left ideal L is idempotent in Q, . Now if R is a right ideal and L a left ideal of the ordered semigroup Q,,
we have to prove that Lo (RL) is a quasi ideal of Q. This would follow immediately if we prove that
RnNnLc LQVO(RL), since on one hand, R n L is a quasi-ideal, and on the other hand, LQYO(RL) CRNL. Let
axB € Rn L where a, B € T are operators from I', and x € S such that ax <q, aaB where aap € Rn L and
a € S. From Definition 2.1, we have that x <5 a. Consequently,

x € (@7 n (@) = Ls(@FT(@)7),

where the equality follows from Lemma 3.1. Then there are ¢,¢,, & €T’ and s,t € S such that x <
aé; s&,t§ a. Furthermore, we have that

axp <q,, (@aP)(B'4)(s§,t)(§a") (aap)) € Lq, (RL)

since (B71&)) ((s&,t) (& ") (aaP)) € L. The remaining cases for an element from R n L include elements of the
form ax, xf or simply x, where a, 8 € I and x € S. These cases are dealt similarly as above. O
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The following is straightforward.

Corollary 3.1. Any of the characterizations of the regularity of an ordered I'-semigroup given in Theorem 8 of
[2] is logically equivalent to its corresponding characterization of the regularity of an ordered semigroup given
in Theorem 3.1 of [4].
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