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Abstract: We study the modularity of Ramanujan’s function k(1) = r(t)r?(2r), where r(t) is the Rogers-
Ramanujan continued fraction. We first find the modular equation of k(t) of “an” level, and we obtain
some symmetry relations and some congruence relations which are satisfied by the modular equations;
these relations are quite useful for reduction of the computation cost for finding the modular equations. We
also show that for some 7 in an imaginary quadratic field, the value k() generates the ray class field over an
imaginary quadratic field modulo 10; this is because the function k is a generator of the field of the modular
function on I3(10). Furthermore, we suggest a rather optimal way of evaluating the singular values of k(7)
using the modular equations in the following two ways: one is that if j(7) is the elliptic modular function,
then one can explicitly evaluate the value k(t), and the other is that once the value k(t) is given, we can
obtain the value k(rr) for any positive rational number r immediately.
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1 Introduction

Let I be a congruence subgroup of SL,(Z), $ be the complex upper half plane, and $* := Q U {oo} U . We
consider the compact Riemann surface I'\$* and the field K(I') of meromorphic functions which are invar-
iant under I'. If the congruence subgroup I' has genus zero, there is a function f(r) which satisfies K(I') =
C(f(1)). For a positive integer N, we call the function j® (1) a Hauptmodul of level N if it is a generator for
K(Io(N)) which has a simple pole at the cusp at infinity. Clearly, it is unique up to a constant. Note that the
genus of [H(N) is zero only for N =1, 2,..., 10, 12, 13, 16, 18, and 25, and Table 1 describes Hauptmoduln
j™ (1) in terms of n-quotients for the levels N > 2 [1,2], where n(1) = ¢"/*T] " (1 - g") with g = e?™,

Table 1: Hauptmoduln of levels 2,..., 10, 12, 13, 16, 18, and 25

N 2 3 4 5 6 7 8
JM (1) n(@?* n(* @8 1% 1203nE0° n* n(@’nar?
no? [lEloe n(o® (06 n(@3n(6t)? o4 20’04
N 9 10 12 13 16 18 25
J™ (1) (> n(2on(s0° n40*n(60? n(0? n(ty?n(87) n(61)7(91) (0
n(or)3 n(r)n(101)® nQr2n@2r)* n(131)2 n(r)n(61)? n(3r)n(181)3 n(251)
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We consider the following equation:

1 .
— =Xy =™ (1) + oy 1.1)
Xn

with a solution (Xy, cy), where Xy is the modular function and cy is a constant. Then the solutions (r>(7), 11),
(r3(1), 3) and (r(51), 1) are found for N = 5, 13, and 25, respectively. In detail,

— 15(7) = i)
@) r(t) =j°(r) + 11, 1.2)
- n3(1) = jPN(1) + 3, 1.3)
n3(T)
and
1 _ _ .(25)
G0 r(5t) = j)(1) + 1, (1.4)

where r(t) is the Rogers-Ramanujan continued fraction

@) = —tg—=d'[]a- g,

and r3(7) is the level 13 analogue of the Rogers-Ramanujan continued fraction
ny(r) = ¢ [J - g(®)
n=1

with the Legendre symbol (%) Identities (1.2) and (1.4) were stated by Ramanujan [3, pp. 85 and 267] and
proved by Watson [4], and Identity (1.3) was proved by Cooper and Ye [5] and Lee and Park [6].
On the other hand, Cooper [7, Theorem 3.5] showed that (X, co) = (k(1), 0) is a solution to the

following equation:

1 .
— — Xy =j191) + o (1.5)
Xio

by using the following identity:
k(1) = r(1)r¥27). (1.6)

In fact, Ramanujan used the function k(1) as a parameter for expressing r>(t) and r>(27) in [8, p. 326]:

2
if ri(r) = k(ﬂj , then r3Q21) = k2 [ﬂj
1+k 1-k

Therefore, it is clear that there is a significant meaning of the function k(t), but there has been no inves-
tigation yet for k(r) as a modular function. It is thus certainly worthy of studying the modularity of the
function k(). This is one of the motivations for this paper: we study the modularity of Ramanujan’s
function k(1) = r(1)r’(21).

The field of modular functions on I'(5) and I)(13) is generated by r(r) and 1/r3(t) — n3(1), respectively.
Koo and Shin found all the generators of I;(N) whose genus is zero [9, p. 161], and they chose 1/k(t) as
a generator of I3(10). Therefore, the modular function k(7) is a generator of the function field K(I;(10)).
Furthermore, using (1.5), we see that 1/k(t) — k(t) is a generator of K(I5(10)). One can get the relation
between k(1) and k(nt) for any positive integer n using the previous facts as above. For 7/ =1 + 1/2,
2t + 1/2, 371, and 57, the relations of this type were found by Xia and Yao [10]. These relations are called
modular equations which satisfy Kronecker’s congruence.



DE GRUYTER Ramanujan’s function = 1729

In this paper, we investigate the modularity of Ramanujan’s function k(t) = r(t)r*27). We first find
the modular equation of k(r) of “any” level, and we obtain some symmetry relations and some congru-
ence relations which are satisfied by the modular equations; these relations are quite useful for reduction of
the computation cost for finding the modular equations (Theorem 1.1). We also show that for some 7 in
an imaginary quadratic field, the value k(7) generates the ray class field over an imaginary quadratic field
modulo 10; this is because the function k is a generator of the field of the modular function on I3(10)
(Theorem 1.2). Furthermore, we suggest a rather optimal way of evaluating the singular values of k(1) using
the modular equations in the following two ways: one is that if j(7) is the elliptic modular function, then one
can explicitly evaluate the value k(1) (Theorem 1.3), and the other is that once the value k(1) is given, we can
obtain the value k(rt) for any positive rational number r immediately (Theorem 1.4). For any congruence
subgroup I' such that [;(10) c T ¢ SLy(Z), any function f € K(I') can be written as the rational function of
k(t) since k(1) is the generator of K(I3(10)). For example, combining the first formula in [11, Corollary 3.40]
with (1.5), we get the same formula in Theorem 1.3. In Theorem 1.3, we focus on finding the explicit relation
of k(tr) with the modular j-function directly. If one is interested in expressing j(dr) in terms of k(r) for
d =1, 2,5, 10, then one can use the result in [11, Theorems 10.8 and 10.13] in order to write 17(dr) and Q(q9)
in terms of k(r) since j(r) = Q*(q)/n*(t), where Q(q) = 1/240 + Y, m3q™/(1 - q™).

Now we state four theorems, which are our main results in detail:

Theorem 1.1. Let k(T) be a solution to (1.1) for N = 10 and c;o = O.

(1) One can explicitly obtain the modular equation of k(t) of level n for any positive integer n.

(2) For every positive integer n with (n, 10) = 1, the modular equation E(X,Y) of k(t) has the following
symmetry:

E(X,Y) = E(Y, X) if n=+1 (mod 10),
EX,Y) = YE(-Y, X) if n=+3 (mod 10),

whered = n o1+ pH.
(3) For any odd prime p # 5, the modular equation F,(X, Y) of k(1) of level p is congruent to

(XP -Y)(X-YP) modpZ[X,Y] if p=+1 (mod10),
(XP - Y)(XY? + 1) mod pZ[X, Y] if p=+3 (mod 10).

Using the modularity, one can construct some ray class fields over an imaginary quadratic field.
Theorem 1.2 shows that k(1) generates the ray class field modulo 10 over an imaginary quadratic field.

Theorem 1.2. Let K be an imaginary quadratic field with discriminant dx and T € K n § be a root of the
primitive equation ax? + bx + ¢ = 0 such that b> - 4ac = dg and (a, 10) = 1, where a, b, ¢ € Z. Then K(k(t))
is the ray class field modulo 10 over K.

It is mentioned that the value k() is a unit for an imaginary quadratic quantity 7 € $ [9, Theorem 6.7].
We prove that this value k(1) can be written in the following two ways. Theorem 1.3 shows that we can
evaluate the value k() by using its relation with j(7), and the other way is given in Theorem 1.4.

Theorem 1.3. Let k be the modular function k(t). Then j(t) = G;(1/k — k)3/G,(1/k — k), where

Gi(X) = X + 236X° + 1,440X" + 1,920X3 + 3,840X2 + 256X + 256,
Go(X) = XX + 1)5(X — 4)1°

and j(t) is a generator of K(SL»(Z)) with q-expansion q~* + 744 + 196,884q + O(q?).

Theorem 1.4. When k(1) is expressed in terms of radicals, we can express k(rt) in terms of radicals for any
positive rational number r.

We present some examples (Examples 4.4 and 4.5) for Theorems 1.3 and 1.4, respectively, in Section 4.
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This paper is organized as follows. We briefly mention some definitions and lemmas which are used to
prove our theorems in Section 2. In Section 3, we focus on the modular equations of k(7). We use the fact
that k(1) generates the field of modular functions on I3(10), and we find the modular equations which satisfy
Kronecker’s congruence (Theorem 1.1). It is possible to reduce the computation cost for finding modular
equations by using useful properties for the coefficients C; ;’s of modular equations given in Theorem 1.1 (2)
and Proposition 3.5. Modular equations of levels 2, 3, 4, 5, 7, 8, 11, and 19 are found, and they are presented
in Appendix A. The proofs of Theorems 1.2-1.4 are given in Section 4. First of all, the value k() generates
the ray class field modulo 10 over an imaginary quadratic field (Theorem 1.2). Some relation between k(1)
and j(7) is obtained (Theorem 1.3), and it is used to get the value k(1) in terms of radicals (Theorem 1.4).
Using the modular equations, we find an explicit method for evaluating the value k(7) in terms of radicals.
Some calculations in this paper are performed by the MAPLE program.

2 Preliminaries

Ramanujan’s function k(t) can be written as an infinite product

oo (1 _ q10n—9) (1 _ q10n—8)(1 _ qlon—Z)(l _ qlon—l)
k() = q H (1= gionT7)(1 = gion=6)(1 — g1on-4)(1 — qion-3)

by (1.6) and

o a- an—4) a- an—l)
_ /5 )
S S

Hence, in [9, Table 2, p. 161] the generator of K(I1(10)) is Gio(T) = 1/k(T), and we get the following:

Proposition 2.1. The field K(I3(10)) is generated by k(t), that is,
K(T1(10)) = C(k(1)).

We assume that two modular functions fi(7) and f£(1) satisfy the relation F(fi(1), (1)) = 0O, where
F(X, Y) is a two-variable polynomial with complex coefficients. The following lemma which is proved by
Ishida and Ishii [12] provides some information on the coefficients of F(X, Y).

Lemma 2.2. For any congruence subgroup I, let f,(t) and f>(t) be nonconstants such that C(f,(1), f>(1)) =
K(T") with the total degree Dy, of poles of fi(t) fork =1, 2. Let
FX,Y)= Y C;XVeC[X,Y]

0<i<D,
0<j<D,

be such that F(fi(1), fo(7)) = 0. Let Sy be a set of all the inequivalent cusps of T', and for k = 1, 2,
Sk,0 = {s € Sy : fi(1) has zeros at s},

Sk.co = {5 € Sy : fi(T) has poles at s},

a=- Y ordfi(t) and b= )  ordfi(q).
SESLOOHSZ,O SGSLoﬂsZ’O
We assume that a (resp. b) is zero if S, N S2,0 (resp. Si,0 N Sa,0) is empty. Then we obtain the following

assertions:
(1) Cp,q # 0. If further Si,co C Sa,00 U S0, then Cp,j = O for any j # a.

(2) Co,p # 0. If further Si,o C S3,00 U Sy,0, then Coj = O for any j + b.

If we interchange the roles of f; and f,, then we obtain further properties similar to (1) and (2).
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3 Modular equations: Proof of Theorem 1.1

Let I' = [}(N) n Ip(mN) for positive integers N and m. We denote the subgroup A by
A={+x(1+ Nk) e (Z/mNZ)* : k=0,...,m - 1}.

We understand that +1/0 = co. Then we use the following lemmas to obtain useful properties.

Lemma 3.1. Leta, c, a', ¢’ € Z be such that (a, c) = (a’, ¢') = 1. Then with the notation A as above, a/c and
a'/c' are equivalent under I3(N) n To(mN) if and only if there exist 5§ € A c (Z/mNZ)* and n € Z such that
(a', c") = (57a + nc, 5¢) (mod mN).

Proof. See [13, Lemma 1]. O

Let K(I')q be the subfield of K(I') which consists of all modular functions whose Fourier coefficients are

in Q.

Lemma 3.2. Let n be a positive integer. Then we have

Q(k(1), k(n)) = K(1(10) N IH(10n))q.

Proof. Foraconvenience, letI' := I3(10) n I5(10n). Since Q (k(1)) = K(I3(10))q, weknow thatforanya € GL;(Q),
k(at) = k(1) ifand only if a € Q* - I}(10). Let 8 = (g ?J Note that

[1(10) n ﬂ‘1F1(10)ﬁ =T1(10) n IH(10n) =T.

Hence, we get k(1), k(nt) € K(I')q. Now we show that Q (k(1), k(nt)) contains K(I')g. We choose M; € I3(10)
satisfying

L,(10) = UiTM;, (3.1

which is a disjoint union.

Let f(r) bek(nt) = (k o B)(7). For distinct indicesiand j, we assume that f o M; = f o M;. Thenk o o M; =
k o B o Mj;s0,k o BM;M;' B~ = k. This means that SM;M;' ! € Q* - I[;(10) and M;M; " € B~'I3(10)B. Since M; M;*
€ [(10), IVIi]VI]T1 € [1(10) n B'I}(10)B = T, which is a contradiction to (3.1). Therefore, all functions f o M; are
distinct with distinct indices and C(k(t), k(nt)) = K(I3(10) N IH(10n))q. O

The following lemma tells us the behavior of k(t).

Lemma 3.3. Let a, ¢, a’, ¢’ € Z. Then the functions k(t) and k(nt) have the following properties:

(1) k(r)hasapoleata/c € Q U {oco}with(a, c) = lifandonlyif(a, c) = 1,a = +3 (mod 10), andc = 0 (mod 10).

(2) k(nt) has a pole at a'/c' € Q U {oo} if and only if there exist a, c € Z such that a/c = na'/c’, (a, ¢) = 1,
a = +3 (mod 10), and ¢ = 0 (mod 10).

(3) k(1) has azeroata/c € Q U {oo} with(a, c) =1ifand only if (a, c) =1, a = +1 (mod 10), and ¢ = 0 (mod 10).

(4) k(nt) has a zero at a'/c' € Q U {oo} if and only if there exist a, ¢ € Z such that a/c = na'/c', (a, ¢) = 1,
a = +1 (mod 10), and c = 0 (mod 10).

Proof. First we prove that k() has a simple zero at co and a simple pole at 3/10. From Table 1, j9 (1) has
a pole at x if and only if k(1) has a pole or zero at x. Since j9 (1) has a pole at 0o, if ord,k(7) is nonzero, then
x is equivalent to co under IH(10). Among the elements of Sr,10), 00 and 3/10 are equivalent under I,(10) by
Lemma 3.1. It is easy to see that ord,k(r) = 1, thus we know that ords;;ok(r) < 0. Since ngrl(lo) \5 ord, k()

=0, Ol'dg/lok(T) =-1.
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By Lemma 3.1, k() has a simple pole at a/c if and only if (a, ¢) = (3, 0) (mod 10). Similarly, k() has
a simple zero at a/c if and only if (a, ¢) = +(1, 0) (mod 10). Hence, we proved (1) and (3).
We easily obtain (2) and (4) by (1) and (3). (|

Hereafter, we fix the sets Sr,10) and Sru0) of inequivalent cusps of IH(10) and I3(10), respectively, as
follows:

11
Sra0) = {00, 0, > g}

and

11113 3
SF](lO) = {OO’ O’ Ty Ty T T T _}-

Before proving Theorem 1.1 we check the action of Iy(10) on the function k() in the following lemma.
Lemma 3.4. Let y € [5(10) — [3(10). Then k » y(1) = -1/k(1).

Proof. Note that K(y '[}(10)y) = K([3(10)). Since
C((k = y)(1)) = Ky '[}(10)y) = K(I3(10)) = C(k(1)),
there are four constants a, b, ¢, and d satisfying that

2
M and (a b] = +].

kv = ck(t) +d c d

By Lemma 3.3 (1), k(1) has a pole at 3/10 and the g-expansion of (k o y)(t) = ¢! +---. This means that we
may assume thata = 0, ¢ = 1, and b # 0. Then

(0 bjzz(b bd \_ (10
1d d d2+b) 0 1)
so we have d = 0 and b = +1. Hence, k o y = +1/k. Suppose that k o y = 1/k. Using y € I[5(10) and (1.5),

10) (7 — (3(10) _((1_ jj _ L a0y,
19 (1) = G4 o y)(r) [(k k] oy |0 = ko) - 1= = 0

this is a contradiction to the fact that j9 (1) is a generator of the field of modular functions on I(10).
Therefore, (k o y)(1) = -1/k(7). O
Until the proof of Theorem 1.1 ends, assume that n is a positive integer relatively prime to 10. We take

-1
0, € SLy(Z) such that g, = (ao 2) (mod 10) for any integer a relatively prime to 10. Then by [14, Proposi-

tion 3.36] we have a disjoint union such as

10 a b
1"(10)( )F(lO) = [1(10) g, ( j
' 0 n ! ogm OgbL<Jn/a ' “\0 n/a

(a,b,n/a)=1

Let d = ”Hpm(l + p1) for prime p dividing n. Then [1‘1(10)(1 Ojrl(m) : [1(10)] = d. It is clear that o,
depends on a (mod 10), and so we may take g, as follows:

_ (10 _ (-3 -10
01 = i(o 1): 0:3 = i(lo 33 )

Then k o 0.1 = k and k o 0,3 = —1/k by Lemma 3.4.
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We denote a, p, := 0, (g nl;aj for integers a and b such that a is a positive divisor of n,0 < b < n/a, and

(a, b, n/a) = 1. Consider the polynomial ¥,(X, 7) having an indeterminate X

X, k@)= [ [] &- (ke agm)@).

O<aln O<b<n/a
(a,b,n/a)=1
We just write ¥,(X, k(1)) instead of ¥,(X, 7) because ¥,(X, ) € C(k(1))[X] from the fact that all the coeffi-
cients of ®,(X, 7) are elementary symmetric functions of k - a, (i.e., they are invariant under the action
of I3(10)).
Let Sin,0 be the set of cusps which k(mt) has a zero and Sy, is the set of cusps which k(mt). We denote
by r, the nonnegative integer

h=- Y  ordsk(r),

S€S51,00NSn,0

where S, o is the set of cusps which k(mt) has a zero and S, «, is the set of cusps which k(m7). Here we
consider k(t) as a function on K(I3(10) N [5(10n)) and r, = O if the set S, o N Sy, is empty. Then define the
polynomial

E(X, k(1)) = k(T)"¥(X, k(T)),

that is, F(X, Y) = Y"¥(X, Y).
Now we are ready to prove our first theorem.

Proof of Theorem 1.1. Let (X, Y) be the polynomial defined as before. Then it is easy to see that F(X, Y) €
Z(X,Y],degxF(X,Y)=n p|n(1 + p1), and E(X, Y) is irreducible as a polynomial in X (resp. Y) over C(Y)
(resp. C(X)); this is obtained in a similar way to that of [12, Theorem 10], so we omit the proof.

(1) First, we show that the modular equations of k(7) exist for all levels. Let C(fi(1), /(1)) be the field of
modular functions on a certain congruence subgroup I' for nonconstants fi(r) and f,(r). The degree
[C(fi(T), o(1)) : C(fi(1))] (resp. [C(fi(T), fo(T)) : C(fo(1))]) of field of extension is the total degree d,
(resp. d,) of poles fi(1) (resp. f>(1)) in Riemann surface I'\$".

Assume that fi(1) = k(7) and f5(1) = k(nt) for any positive integer n. By Lemma 3.2, C(f(1), fo(1)) =
K([1(10) N Tx(10n)). From Lemma 2.2, one can have a polynomial F(X, Y) such that F(k(t), k(nt)) = O,
degxF(X, Y) is the total degree of poles k(nt), and degyF(X, Y) is the total degree of poles of k(7). So we
obtain the modular equation F(X, Y) of k(1) of level n.

(2) Assume that n = +1 (mod 10). As before, F,(X, k(1)) is an irreducible polynomial in X over C(k(t)) with
Fy(k(t/n), k(1)) = 0. Using ¥,(k(nt), k(1)) = 0, it is easy to see that k(r/n) is a root of F,(k(t),X) €
Z[X, k(1)]. Hence, there is a polynomial G(X, k(1)) € Z[X, k(t)] such that E,(k(1), X) = G(X, k(1)) F(X,
k(t)). By interchanging the places of X and k(t), we have that F,(X, k(1)) = G(k(t), X) F,(k(1), X) and
Fy(k(1), X) = G(X, k(1)) G(k(T), X)E\(k(T), X). S0 G(X, k(T)) should be +1. Suppose that G := G(X, k(1)) =
—1. Then E(X, k(1)) + Fy(k(T), X) = 0. When X = k(71), E,(k(1), k(7)) = 0 and k(1) is a root of E(X, k(1)).
Since X - k(1) divides E,(X, k(1)), E(X, k(1)) is not irreducible by considering d > 1; this is a contra-
diction to the irreducibility of F,(X, Y). Hence, we get

B(X,Y) = B(Y, X).

Now assume that n = +3(mod 10). We already know that ¥,(-1/k(nt), k(1)) = 0 and ¥,(-1/k(1),
k(t/n)) = 0. Then k(t)E(-1/k(t), X) € Z[X, k(1)] also has a root k(7/n). Hence, k(1)4F,(-1/k(t), X) is
written as follows:

k(r)F, [—i, X] = G(X, k(1)) F(X, k(1))
k(1)
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©)

for some G(X, k(1)) € Z[X, k()] by using the fact that E,(X, k(t)) is an irreducible polynomial with root
k(t/n).
Then
degxFy(X, Y) + degxG(X, Y) = dengan(—%, Xj = degyF(X, Y)
and

degyFy(X, ¥) + degyG(X, Y) = degy YF, (—% Xj _ degxF(X, Y),

where the second identity is obtained because Y4F,(-1/Y, X) is written as

1
Cdn,r

(1) Cy XY 4 Co XY + (1) Cpr g XDYT 4+ (=1)¥ Cor o Y4 + (lower degree terms)),

where d,, is the total degrees of pole of k(mt), r = r,,

r's=- Y ordsk(nt), s= Y ordsk(r), and s':= )  ordsk(nr).

5€Sn,00NS1,0 5€81,0NSn,0 5€81,0NSn,0

Hence, degxG(X,Y) + degyG(X, Y) =0 and G := G(X, Y) is constant. Moreover, we obtain that d =
degxF(X, Y) = degyFy(X, Y). By using that F(X, Y) is a primitive polynomial, G = +1. Since F,(-1/Y,
X)=G-YE(X,Y),

E(X,Y) = G(-X)F, (Y, —%j = G=X)AYU-X)" +--) = G(-1)"" XY 4.,

Noting that ¥,(X, k(1)) can be written as the following product:

0 I (-grane) 1 T (g0,
O<aln O<b<n/a O<aln 0<b<n/a

a=+1(mod 10) (a,b,n/a)=1 a=+3 (mod 10) (a,b,n/a)=1

we can get that the coefficient of X4-7Y? in F,(X, Y) is given by

I1 IT &
O<aln O<b<n/a (3-2)
a=+3 (mod 10) (a,b,n/a)=1

Hence, (3.2) should be (-1)4-"G. Denote by IIII the double product
O<aln O<b<n/a
a=+3 (mod 10) (a,b,n/a)=1

By [15, Lemma 6.7], in (3.2) []]] (;’b = 1. Since [T [] (-1) = (-1), we have G = (-1)?. Hence,
F(X, Y) = Ydﬁl(—%, Xj

because n is odd and d is even.

Now we focus on the congruence properties which the modular equation of k() satisfies. Let p be an
odd prime not 5. We denote x = y (mod «) for x,y € Rif x — y € aR.
Write k(1) = Z;’Zlcma"’ with integers c,,. Since

(k o a,p)(T) =(k o al((l) f;j](r) = k(T;bj = Y m"a7 = Y cng? = (ko ao)(r) (mod1- (),

m>1 m>1
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p-1
[T &= (ko ayp) (@) =X~ (ko ay)(r)? (mod1-{)
b=0

= (XP = (k o a1,0)(1)P) (mod1-¢)
=(XP - k(t)) (mod1 - {p);

in last congruence we use that

p p
(k o a1,0)(T)P = k[ﬂ = [Zcmq'v"] = ) chq"= ) cug™ (mod1- ().

m>1 m>1 m>1

On the other hand,

0 if p = +1 (mod 10),
__ dk =
r Z ordgk(t) {p if p = +3 (mod 10).

seSl,mnSn,o

Hence,

BX, k) =k@)y [T [I &-keoaun@)

a=1,p 0<b<p/a
= k()" (XP — k(1)) (X = (k > ap,0)(T))
= k()" (XP - k(1)) (X — (k ° 0p) (pT))
{(XI’ - k(1)) (X - k(p1)) if p=+1 (mod 10),

KOPa? - ko) (X + 1L5) if p = +3 (mod 10)

_ &P - k(1))X - k(7)?) if p = +1 (mod 10),
| (XP - k(1)) (k(T)PX + 1) if p = +3 (mod 10),

where a = b means that a=b (mod 1 - (p), because k(p7) = Y cug?™ = YchgP™ = (Y cng™)P = k(1)? (mod p).
We have that1 — (p divides F,(X, Y) - H,(X,Y)inZ [(p] and F,(X, Y) € Z[X, Y], where

P _ —Y?) if p=
Hy(X, Y) = XP-Y)X-YP) %f p = =1 (mod 10),
(XP - Y)(XY?P + 1) if p = +3 (mod 10).
Our result follows since p is the smallest integer which is divisible by 1 - {, in Z [(p]. O

We study the property of F,(X, Y) of odd prime level p # 5 in Proposition 3.5. It is helpful for finding
the modular equations in practice; it reduces the computation cost.

Proposition 3.5. Let p be an odd prime with p # 5 and F,(X, Y) = ZOsi,iSpHCi’iX Y} be a modular equation of
level p. Then Fy(X, Y) satisfies the following:
(1) If p = +1 (mod 10), then
(@) Cpi1,0# 0 and Cop.1 # 0,
(b) Cps1j=Cipa=0forj=1,2,..,p+1,
(¢) Coj=Cio=0forj=0,1,..,p.
(2) If p = £3 (mod 10), then
(@) Cpi1p#0,Co1#0,Cipi1#0andCpp# 0,
(b) Coj=Cips1=0forj=0,2,...,p +1,
(©) Cp1,j=Co=0forj=0,1,..,p-1,p+ 1

Proof. LetI' = I[1(10) n I(10p). Since all statements below also hold for the case p = 3, we deal with the only
case of the prime p > 7.

Assume that the cusp a/c of I with ord,k(t) or ord, k(pt) is nonzero. Then c is a multiple of 10. Let
fi(t) = k(r) and fo(1) = k(p1). Define the sets S; o, and S;, for j = 1, 2 as Lemma 2.2. Then we know that
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St,00 = {E’ @},
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11
S0 = {E’ @}

and
{i i} if p = +1 (mod 10) {L L} if p =+1 (mod 10)
10 10p = ’ 10 10p - ’
Sr00 = L _ S0 = . )
{10, @} if p = +3 (mod 10), > @} if p = +3 (mod 10).
Moreover,

ords/iopfi(t) = =1, ordsofi(t) = —p, ordy10p (1) = 1,
We calculate ord, f>(1) (x = 1/10, 3/10, 1/10p, 3/10p) as follows:

(1) ordyj10pf2(1) = ordo k(pt) =

ordy 0 i(T) =

(2) ordzjiopfo(T) = ord [k o (p 00 1)(1019 C](T)) :Ordq(k o (130

where b and c are integers such that 3c — 10bp = 1.

j(pf)] = ordg won = P

1 if p =+1 (mod 10),
() ordof2(7) = {— 1 if p = +3 (mod 10),
because the width of 1/10 is p and

e [10 J()
t
pj(f)

o (L By = etgip .. if p=
k (0 p)(r)—(pq Py if p = +1 (mod 10),

1/k o [(1) LJ(T) = (;q‘l/l’ +-.- if p = +3 (mod 10),

wheret,y € Z such that 10t + yp=1and 0 <t<p - 1.

-1 if p =+1 (mod 10),
d =
() ordsof2(T) {1 if p = +3 (mod 10),
because the width of 3/10 is p and

p O 3p 2p 3p 2-3t\(1 t
fe i 7@k (0 J(lo o=k [10 7)”‘ (10 y j[f’ p](”

o (L Yy 2 etgp 4 if p =
1/k [0 p)(r)—(pq Py if p=+1 (mod 10),

o[V By = ctgip 4. if p=
k (0 pj(‘r)—(pq Py if p = +3 (mod 10),

wheret,y € Z such that10t + yp=7and 0 <t <p - 1.

Hence, the total degree of poles of fi(t) is p + 1fori = 1, 2, and the modular equation F,(X, Y) of k(t) of
level p is written as:

Fp(Xa Y) = Z Ci,inYj.

0<i,j<p+1
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Now we have the information on §; o and S; ., for j = 1, 2 as follows:
(1) Si,00 U S1,0 = Sp,00 U Spj0-

0] if p = 1 (mod 10),

2 =
(2 S1,00 N S20 {%} if p = +3 (mod 10).

10’ 10p

{1 L } if p = +1 (mod 10),
(3) S,0N S0 = .
{@} if p = +3 (mod 10).
Thus, we have
Cpi1,0# 0, Copi1# 0,
Cp+1,1 = Cp+1,2 == Lp+,p+1 = o,

and

if p = +1 (mod 10). Moreover,
Cpr1p#0, Con#0,
Cpi1,0 == Cpi1,p-1= Cpi1,p+1 =0,
and
Co0=Cop=-=Cops1=0

if p = +3 (mod 10).
By letting fi(1) = k(pt) and f,(1) = k(7) and repeating this similar calculation for S; ., and S; o, the result
follows. o

We find the modular equations of levels 2 and 5 explicitly in Proposition 3.6 using the method presented
in Theorem 1.1 (1).

Proposition 3.6. Let U := k(1), V := k(2t), and W := k(51). Then
(1) (modular equation of level 2)

UP-(1-2U0-U»)V+V2=0.
(2) (modular equation of level 5)

U° - (1-5U+ 1502 - 2U)W - (2 - 5U - 1502 - 1002 + 5U* + U°) W?
+ (1 -5U - 1002 + 1502 - 5U% - 2U°) W2 + (2 - 1502 + 5U% + U>) W* - W°.

Proof.

(1) We consider I3(10) n I5(20). If a/c € Q satisfies a = +3 (mod 10) and ¢ = 0 (mod 20), then a/c is equi-
valent to either 3/10 or 3/20 under I3(10) N Ix(20). Similarly, if a/c € Q satisfies a = +1 (mod 10) and
¢ = 0 (mod 20), then a/c is equivalent to either 1/10 or 1/20 under I3(10) N I(20). Moreover, the widths
of 1/20, 3/20, 1/10, and 3/10 are all 1. Hence, we have

Ol’d1/10k(T) = Ordl/zok(T) =1, 0rd3/10k(‘r) =-1, Ol’dg/zok(‘l') =-1
and

Ordl/zok(ZT) =2, Ord3/20k(2T) =-2.
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By Lemma 2.2, the modular equation F>(X, Y) is given by

BX,Y)= ) CyXYl.
0<i,j<2

Since there is no point x such that ord, k(7) < 0 and ord, k(27) > 0, by Lemma 2.2 (1), G, ¢ is nonzero, so
we may assume that G, ¢ is 1. By substituting X := k() and Y := k(271) as g-expansions, we get that

Coi=-1, GCi1=2, Gi1=1, G(Cop=1

(2) Under the group I3(1) n IH(50), we may consider the points

107107107107 20" 20" 20" 20 50" 50
in Q such that ord, k(t) is nonzero. Note that all widths of these points are 1. Hence,

ords;10k(T) = ordz/10k(T) = ords;20k(t) = ord;/20k(t) = ords;sok(r) = -1,
ordy /10k(t) = ordg;10k(1) = ordy20k(T) = ordy,0k(T) = ordy;sok(1) = 1,
and
ords;sok(57) = =5,  ordy;sok(5T7) = 5.

Thus, we get the modular equation F(X, Y) = ¥,_; ;s Ci; X 1Y/ and Cs is nonzero because there is no
point x such that ordyk(t) < 0 and ord,k(57) > O by Lemma 2.2 (1). When we put Cs o = 1 and substitute
X := k(1) and k(57) in F5(X, Y), we conclude that

EX,Y)=X>-(1-5X+15X3 - 2X°)Y - (2 - 5X - 15X% - 10X3 + 5X* + X°)Y?
+ (1 -5X - 10X? + 15X3 — 5X* — 2X°)Y3 + (2 - 15X + 5X* + X°)Y* - Y°,

4 Class fields and evaluations: Proofs of Theorems 1.2, 1.3, and 1.4

For an imaginary quadratic field K with discriminant dx and positive integer N, let K, be the ray class field

modulo N over K. Let T € K n § be a root of a primitive equation ax? + bx + ¢ = 0 satisfying b? — 4ac = dg,
where a, b, and c are integers. In this section, we show that k(r) generates Ky over K, and we work on
evaluation of k(7).

Lemma 4.1. Let K be an imaginary quadratic field with discriminant dx and T € K n $) be a root of a primitive
equation ax? + bx + ¢ = O such that b?> — 4ac = dy and a, b, c € Z. LetT"' be a congruence subgroup such that
T'(N) c T' ¢ IL(N). Suppose that (N, a) = 1. Then the field generated over K by all the values h(t), where
h € K (I')q is defined and finite at 7, is the ray class field modulo N over K.

Proof. See [16, Corollary 5.2]. O
Proof of Theorem 1.2. By Proposition 1.1, we have K(I3(10))o = Q(k(1)). Hence, k(t) satisfies the condition
of Lemma 4.1 when N = 10, and so we can conclude that for an imaginary quadratic field K with discrimi-
nant dg, the field K(k(1)) is the ray class field modulo 10 over K when 1 € K n §) satisfies ar? + bt + ¢ = 0,

b? - 4ac = dg, and (a, 10) = 1. O

Now we evaluate k(1) for an imaginary quadratic quantity T by proving Theorems 1.3 and 1.4.
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Proof of Theorem 1.3. Let j© and j9 be the Hauptmoduln which are given in Table 1. We claim that the
following two identities are true:

J1O (0% — 799 (1)2 + 8} (1) + 16

i(5) —
j2(T) = 10 ()2

(4.1)

and

(G® (1)? + 250§ (1) + 3,125)

]'(5) (T)s (4.2)

jT) =

First we show (4.1). Since [I5(5) : Ip(10)] = [IH(1) : Tp(10)]/[To(1) : Th(5)] = 18/6 = 3, a Hauptmodul
j© (1) of level 5 is written as the fraction P(j1°(1))/P,(j%° (1)), where Py(X) and Py(X) are polynomials and
max {degxP,(X), degxP»(X)} = 3. Note that both j4% (r) and j® (1) have a simple pole at co. Hence degxP;(X) >
degxP>(X) and degxPi(X) = 3. This implies that there is a polynomial A(X, Y) = P,(X)Y —Py(X) such that
AGIO(1), jO(1)) = 0, PY(X) = @ X% + &1 X + ap, and P(X) = a3 X° + oo X> + a{ X + aj.

Since

JOUD) =g+ 1+ q+ 297 + 2¢° - 29 - @° - 497 - 2q° + O(q°)
and
j (1) = q7' - 6 + 9q + 10¢° - 30> + 6g* — 25¢° + 96q° + 60q’ — 2504% + O(q°),

by substituting the g-expansions of X = j® (1) and Y = j19 (1) to A(X,Y), we get the relation between
j19 (1) and j® (7).

Now we show (4.2). Note that [C(j® (1)) : C(j())] = [K(To(1)) : K(To(5))] = 6; so, we can take the poly-
nomials of degree less than or equal to 6 similar to P,(X) and P,(X) in the case of (4.1). Since

J(T) = g' + 744 + 196,884q + 21,493,760q% + 864,299,970 + 20,245,856,256q" + 333,202,640,600¢° + 0(q°),
(4.2) follows.

Combining (1.5), (4.1), and (4.2), we obtain our assertion. O

Remark 4.2. Identity (4.1) can be obtained by using the third formula in [11, Theorem 10.5]

n(51)° _( k j 1-k2 Y

n(r)® 1+k-Kk)\1- 4k - k>
and (1.5) because j® (1) = n(1)¢/n(51)°. The function field K(I,(10)) is generated by j1% (1) and K(Io(5)) ¢
K(Tp(10)). Thus, j© (21) is contained in K(I(10)), and so it is also written in terms of j(9 (1):

j1Or) - 4
j1o )

j®@r) = (1) + 1)2[

Furthermore, j® (21) belongs to the bigger field K(I;(10)) which is generated by k = k(t), and thus it can
be written as the rational function in k as follows (this appears in [11, Theorem 10.5]):

1+ k- k(1= bk - k2
i (21) = .
prien = (L (52

Remark 4.3. [11, Theorem 5.26] contains (4.2). It also contains the relation between j(5t) and j® (1):

(5 +10j9 (1) + j© (1))
j(S) (1)

j(51) =

because j(57) is a modular function on Iy(5).
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Example 4.4. By Theorem 1.3, we can compute k[@j and k().

1) k[LY3) - L(Sag + 1,320 + 590+/5 + 25\5a0 + 59
2 3
o

~ /10,491,900 + 455,760a + 203,820+/5a0 + 8,850+/5a3 + 4,692,1204/5 + 19,815a3 ),
where ag:=3/2,7285 + 6,100 by using j(@]z 0, j® (@): -125-50+/5, and j10 (#} =

10ag 2,640 +1,180/5 504/5 118

3 3ao 3 3°
(2) k(i) = ~67 —30/5 — 5B, + /17,990 + 8,045./5 + 6708, + 300/5 f,,
where B,=+360+161J5 by using j(i)=1728, j®(i)=250+125/5, and j19(i)=134+60/5 +

104/360 + 1614/5 .
3) k(%] = 5[11 + 545 — {250 — 110J§]

by using ;(%j =1728, j©® (%j =250 - 1254/5, and j(10 (%j = —11 - 5.5.

Proof of Theorem 1.4. We choose positive integers a and b such that r = a/b and (a, b) = 1. When p is a
prime factor of r, let 1o = pt (resp. 7/p) if pla (resp. p|b). By finding the modular equation Fy(X, Y) in
Appendix A, let the polynomial P(T) := Ey(k(t), T) (resp. Fy(T, k(1))) if pla (resp. p|b). Then the solutions
t,..., ty of the equation P(T) = 0 which can be written in terms of radicals are candidates for the value k().
Among them, we choose ¢; to have the smallest absolute value

b do 11‘_/’[ (1 - glo"9)(1 - glo8)(1 — glon-2)(1 — glon-1
] ol (1 _ qéOn—7)(1 _ qéOn—é)(l _ qéon_4)(l _ qéon_B)

for qo = e?M; then t; is the value k(7). One can repeat this procedure until getting k(rt). O

Example 4.5. By Theorem 1.4, we have the value

1 2 1- _22 3 4
k(f_B)zg_a_%_\/ 4a c;+4a +a

’

where a = k(“ Fj is the value found in Example 4.4

a = - %(5{13 - 1,320 - 590+/5 — 25+/5a0 — 59,
Qo

+ \/10,491,900 + 455,760a, + 203,820/5 a0 + 8,850/5a3 + 4,692,120/5 + 19,815a3),

and
ag = 3/2,7285 + 6,100.
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