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Abstract: In this paper, the authors present some inequalities of the generalized trigonometric and hyper-
bolic functions which occur in the solutions of some linear differential equations and physics. By these
results, some well-known classical inequalities for them are improved, such as Wilker inequality, Huygens
inequality, Lazarevi¢ inequality and Cusa-Huygens inequality.
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1 Introduction

The well-known Wilker inequality for trigonometric functions

sinx)? tanx
+
X X

> 2, for x € (O, gj ey

was proposed by Wilker [1] and proved by Sumner et al. [2]. The hyperbolic counterpart of (1) was estab-
lished in [3] as follows:

> 2, for x € (0, c0). 2

[sinh sz . tanh x
b% X

A related inequality that is of interest to us is the Huygens inequality [4,5]:
2sinx + tanx > 3x, for x € (0, g), 3)

2sinh x + tanh x > 3x, for x € (0, co). 4)

The Wilker inequalities (1), (2) and the Huygens inequalities (3), (4) have attracted much interest of
many mathematicians. Many generalizations, improvements and refinements of the Wilker inequality and
the Huygens inequality can be found in the literature [6,7] and references therein.
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In [6, Theorems 5 and 8], inequalities (1)—(4) were improved as

- 2
sin,x tan,x T,
( pJ+—p>2, forxe(o,—pjandpzz; (5)
X X 2
sinh,x)?  tanh,x
( pj+ P~ 52, for x € (0,00) and 1< p < 2; (6)
X X
. u
2sinpx + tanyx > 3x, for x € |0, > and p > 2; 7)
2sinh,x + tanhyx > 3x, for x € (0, 00) and 1< p < 2, (8)
1
where m, = 2arcsinpl = 2 Jo m dt. For p = 2, these inequalities coincide with (1)-(4).

In recent years, the following two-sided trigonometric inequality for hyperbolic functions

(cosh x)1/3 < sinh x < COSh; * 2, for x € (0, %j 9)

X

has attracted attention of several research studies. The left inequality of (9) is called the Lazarevi¢ in-
equality, which is obtained in [8]. The right inequality of (9) is the famous Cusa-Huygens inequality, which
is obtained in [9], The counterpart of (9) for trigonometric functions

(cos )13 < SBX  LOSX T 2 for x e [0, E] (10
X 3 2

is also well known. The left inequality (10) has been proven by Mitrinovi¢ [10], while the second one by Cusa

and Huygens [4,11]. The aforementioned inequalities have also been obtained in [5].

The generalized trigonometric and hyperbolic functions depending on a parameter p > 1 were studied
by Lindqvist in a highly cited paper [12]. Drabek and Manéasevich [13] considered a certain (p, g)-eigenvalue
problem with the Dirichlét boundary condition and found the complete solution to the problem. The
solution of a special case is the function sin, 4, which is the first example of the so-called (p, g)-trigono-
metric function. Motivated by the (p, g)-eigenvalue problem, Takeuchi [14] has investigated the (p, q)-
trigonometric functions depending on two parameters in which the case of p = g coincides with the
p-function of Lindqvist, and for p = g = 2 they coincide with familiar elementary functions.

n [15], the relations of generalized trigonometric and hyperbolic functions of two parameters with
their inverse functions were studied. In [16], some inequalities for (p, q)-trigonometric were obtained and
a few conjectures for them were posed. Recently, a conjecture posed in [16] was verified in [17]. In [18],
the power mean inequality for generalized trigonometric and hyperbolic functions with two parameters was
presented.

Motivated by these results on the trigonometric functions, we make a contribution to the subject by
showing some Wilker inequalities, Huygens inequalities, Lazarevi¢ inequalities and Cusa-Huygens inequal-
ities for the (p, q)-trigonometric and hyperbolic functions.

2 Definitions and formulas

For the formulation of our main results, we give the following definitions of (p, q)-trigonometric and
hyperbolic functions, such as the generalized (p, q)-cosine function, the generalized (p, g)-tangent function
and their inverses, and also the corresponding hyperbolic functions.

For1 < p, g < oo, the increasing function arcsinp 4x : [0, 1] — [0, 7, 4/2] is defined by

X
. 1
arcsing X = I m dt (11)
0
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and

1
Tp,q . J‘ 1
—* = arcsin, ,1 = | ———— dt. 12
2 pa (1 - tayu/p 12
0

The inverse of arcsin, 4 on [0, 71, 4/2] is called the generalized (p, g)-sine function, denoted by sin, 4 :
[0, ﬂp,q/z] - [0, 1].
The generalized (p, q)-cosine function cosp ¢x : [0, 71, 4/2] — [0, 1] is defined as

d
€08y, X = — siny, X. (13)
p.aX = g Spa

If x € [0, m,,4/2], then by (2.6) in [19]

ind Dy
sinj, ;x + cost ,x = 1. (14)

The generalized (p, q)-tangent function tan, 4 : (0, 11, 4/2) — (0, 00) is defined as

(15)
Similarly, for x € (0, co), the inverse of the generalized (p, g)-hyperbolic sine function [15] is defined by

X
1
arcsinh, ,x = I ——dt
Pa (1 + taV/p
0

and also other corresponding (p, g)-hyperbolic functions, such as (p, g)-hyperbolic cosine and tangent func-
tions, are defined by

sinh,, ,x
coshy, gx = 4 sinh, ,x, tanh, x = — 24~
dx coshy, ox
for x € [0, c0), respectively.
The definitions show that
| coshy, gx|P — |sinh, gx|9 =1, x € (0, 00). (16)

It is clear that all these generalized functions coincide with the classical ones when p = g = 2.

3 Preliminaries and proofs

In this section, we give three Lemmas needed in the proofs of our main results. First, let us recall the
following well-known formulas [15,19]: for p, q € (1, c0),

x < sinh, 4x, for x € (0, c0), 17)
X < tanp gx, for x € (0, my 4/2), (18)
x > tanh, ¢x, for x € (0, c0), (19)
2 < M <1, for x € (0, m,4/2] (20)
Ty g X
and the Jacobsthal inequality [20]
na"b < (n - )a" + b", (a, b > 0). (21)

The following Lemmas will be frequently applied later.
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Lemma 1. [15, Lemma 1] [19, Proposition 3.1] For all p, q € (1, c0), x € (0, m,,4/2), we have

% COSp gX = —%(cosp,qx)z‘l’(sinp,qx)q‘1 , (22)
d q,.. _
atanp,qx =1+ ;(smp,qx)q (COspgx)P; (23)
and for all x € (0, co), we have
d q 2-p(cj q-1
™ coshy ¢x = ;(coshp,qx) (sinh, ¢x)771, (24)
d 9 s a -p
atanhp,qx =1- ;(smhp,qx) (coshy ¢x)P. (25)

Lemma 2.
(1) For p, q € (1, ), the function
log(siny, 4x/x)
filx) = iAo SU it dd
log cosp, ¢x
is strictly decreasing from (0, m,4/2) to (0,1/(1 + q)). In particular, for all p,q € (1, 00) and
x € (0, my, 4/2),

sin, ,x
D,q <1

cos? (26)

p.q
with the best constant a« = 1/(1 + q).
(2) For p, q € (1, 00), the function

£00 = log(sinhy, 4x/x)

log coshy, 4x

is strictly increasing from (0, oo) to (1/(1 + q), 1). In particular, for all p, q € (1, co) and x € (0, c0),

sinh,, ;x

cosh} x < < coshg,qx (27)

with the best constant a = 1/(1 + q) and 8 = 1.

Proof.
(1) Let fi1(x) = log(sinp 4x/x) and fi,(x) = log cos, 4x. Clearly, fi1(0*) = f,(0) = 0, by (13) and (22), we have

fa) _p_ tanpgx-x  p fi3(0)
fl0) g xcosFxcos) x  q fiu(x)

with fi3(x) = tany 4x - x, fis(x) = x cos;lpx sin?, ;x and fi3(0) = fi4(0) = 0. By (14), (22) and (23), we have

fi300 _4q 1
fisx)  p1+qgkx)

with
D'
&) = 1
siny, ox cosh /x
which is strictly increasing. Using the monotone form of I’Hoépital rule [21, Theorem 1.25], we see
that fi(x) is strictly decreasing. We can easily obtain the limiting values, too. The assertion on f; is
clear.
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(2) Write f51(x) = log(sinh, 4x/x) and fn(x) = log coshy 4x, then f(0%) = £,(0) = 0. By (24), we have
fa) _p x-tanhyex  p frx)

foX)  q x cosh? x sinh} .x g fou(x)

with fi3(x) = x - tanhy, 4x, f4(x) = x cosh)? x sinh}, ;x and f,3(0) = f4(0) = 0. By differentiation and
by (16),

f2/3(X) _4q 1
fu) P 1+qgx)

with
X

gz(x) = )
. p,l
sinhy, 4x coshf’/x

which is strictly decreasing by [15, Lemma 5]. Hence, the function f, is strictly increasing by [21,
Theorem 1.25]. So the other results follow. O

Remark. The left inequalities of (26) and (27) are Lazarevi¢ inequalities.

Lemma 3. For p > q > 2, the function

s q-2 . q-2

200) = singX sinh? ~ x
- p-2 p-2

cosp ix  coshi “x

is strictly increasing in (0, 1, 4/2).

Proof. By differentiation, we have

sind x sinh?3x sinh? x
b }— £ {p(q—z)—qm—a&}. (28)

oy SinERx
g'k) = =-|P(@-2) +4qlp-2) »
pcosy ’x coshp  x

p p p-3
5 COSp, oX p coshf °x
Case (i). For p > q > 3.

In this case, by (28), we obtain

s -3 s 1.9-3 s q-3 s 1q-3
00> (q - 2) sinf gx -2 sinh?, ’x —g- sinjgx  sinhj gx
g =4 costox 1 cosh?2x cosb ’x  cosh? ’x
p.q p.q . p.q

sin Jx  sinh} ’x o3 .
>(q -2 N - cosh?x =(q - 2)[tan} ;/x - tanhp,qx] >0,
p.q p.q

which is true by (18) and (19).

Case (ii). For2<g<p < 3.
In this case, by (14), (16), (17) and (28), we have
sind 2x q(p - 2) + 2(q - p)cosh, ,x B sinh? 2x q(p - 2) + 2(q - p)cosh}, ,x

g'(x)= >
-3 2p-3
p COSy 4°X p coshyf°x

sinh%j;x qp - 2) + 2(q - p)cosh ,x ~ q(p - 2) + 2(q - p)coshy x
p cos? *x cosh??_?x

Sil’lh%:;x 1 1 3-p 3-p
=——2q(p -2 o x  cosh® + 2(q — p)(cosy, Fx — cosh, Fx) | > 0,
p.q p,q

which is true since cos, ¢x < 1 < coshy 4x. This completes the proof. O



DE GRUYTER Inequalities for the generalized trigonometric and hyperbolic functions = 1585

Lemma 4. For p > q > 1, the function h(x) = cos, 4X - coshy, 4x is strictly decreasing from (0, m, 4/2) to (0, 1).
In particular, for all p > q > 1 and x € (0, 1, 4/2),

COSp gX < ———.
P,q
coshy ¢x

Proof. By differentiation, we have

sinhd x  sind x
h'(x) == cosp ¢X - coshy gx - =
p coshh /x  cosh x
4 sinhd  x  sind x
= COSp,gX - coshy, ox = - =
coshf ;x  cos}  x

'Q'G

= €08p,qX - coshy, gx(tanh? Jx — tand 1x) < 0.

It is true by (18) and (19), which implies that h is strictly decreasing. Hence, the other conclusion for 4 is
clear. O

4 Main results

Theorem 1.
(1) Ifx € (0,my4/2), p,g>1andn eN*,(n - Da - gf 20, B <O, then
a B
(n—l)(‘x ] +[ X ] > n. (29)
siny ¢x tan, 4x
(2) If x € (0,00), p,g>1landn e N*, (n - 1)a — gB <0, B <O, then
a B
n-1)|— X + X > n. (30)
sinhy, ox tanhy, ox
Proof.

« 8
(1) Taking a = ( X Jn , b= [ X J" in Jacobsthal inequality (21), by (20) and (26) in Lemma 2,

sinp,¢x tanp, ¢x

(n-1)a B

x x V¥ X n x "
(n-1)|— + >n|—
siny, ¢x tan, ;x siny ¢x tan, gx

(n- 1)a+ﬁ

X
=nNn -
siny, ¢x siny, ox tanp aX

(n-1a+p
X n B
- (cosp qx)”
siny, ¢x

(n-1)a+p . (g+1)B
X n (smp,qx n
sin,, gx X

(n-1)a—qp
X n

siny, 4x
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a B
(2) Taking a = (.;jn, b= [;)" in Jacobsthal inequality (21), the proof of the inequality (30) is
sinhy,gx tanh, ¢x

similar to that of the proof of inequality (29). O

Remark.

(1) Putp=g=2,n=2,a=-2,=-lorputp=q=2,n=3,a=-1,8 = -1in (29), inequality (29) be-
comes inequality (5) or (7).

(2) Putl<p=gq<2,n=2,a=-2,=-1lorputl<p=g<2,n=3,a=-1,8=-1in (30), inequality
(30) becomes inequality (6) or (8).

In particular,

(3) Takingp=gq=2,n=2,a=-2,=-lorputp=q=2,n=3,a=-1,8=-1in (29) and (30), the in-
equalities turn into the Wilker inequality (1), (2) or the Huygens inequality (3), (4).

Theorem 2.
(1) For x € (0, m, 4/2), p, q € (1, 2], we have

siny, ¢x B COSpgX + g _ COSpgX + 2

< ; 31
X 1+¢q 3 )
(2) Forx € (0, m,4/2), p = q = 2, we have
siny, ,x X
B < — ; 32)
b sinhp, 4x
(3) Forx € (0,m,4/2), p = q > 1, we have
sin, ,x
et X (33)
X tan, 4x
Proof.
(1) Let Fi(x) = x(cosp,q + q) — (1 + g)sin, 4x. Then by differentiation, we have
Fx) =q-Ix sing Jx cosy, Px — q cosp,gX
p
and

3-p in?

cos3 Px 2 —p) sin? x

F'(x) = 1 — P ;’_”; (g - D(tany gx — X) + 9e-p) p)x—i’q > 0,
p sinj, Ix p cosh .x

which is true by (18) for p, q € (1, 2]. Hence, Fy(x) is increasing with F;(0) = 0, or equivalently,
x(cosp gx + q) > (1 + g)siny 4x.
The right inequality in (31) is clear. It is easy to verify that the left inequality in (31) is true.
(2) Let B(x) = x% - sinp ¢x sinh, 4x, we have
F5(x) = 2x — €0sp gx sinhy, gx — sin, 4x cosh,, 4x
and
sind ’x  sinh® ’x

q .. . ,
FJ(x) = 2 + = sin, ,x sinh, ,x - — 2¢0Sy gx coshy, X,
p D,q D,q Cosgy—qzx Coshg,—qzx D,q D,q

then Fj is increasing in x with F}(0) = 0 by Lemmas 3 and 4. Hence, F, is increasing in x with Fj(0) = 0,
which implies the monotonicity of F, with F5(0) = 0. Therefore, we obtain inequality (32).
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(3) Let F3(x) = sin, ,x tan, ,x — x2, then by (14), differentiation gives
p.q p.q

sin?*1x
Fy(x) = 2siny gx — 2x + L 24~
p cosp ;X
F(x) = gM(cosp X+ q) + 2c0Sp ox — 2
3 - 2p-1 p,q p.q
p cosy X
and
. g-1 .
mey g SNbaX | pi?+pg-q 2p-q g*(2p — 1) sing X
FE'Xx) == w2 COSy, o X + >

p cosy’x p p p cosh ,x

T ) cac2@-D p
D cosy’y U x p COSp oX

sind~lx 2(op — 1) sin? ,x
_4q p,.q |:(q2 +q- 2) + [2 _ g]Sin%,q"'q (zp 1) p,q j| > 0.
b

— 1587

Hence Fj(x) > F}(0) = 0, then F; is strictly increasing with F5(0) = 0, and F(x) > F3(0) = 0, inequality

(33) follows.

Theorem 3.
(1) Forx > 0, p,q € (1, 2], we have

sinhp, 4x < coshp gx + g

X 1+gq
(2) Forx >0,q > p =2, we have

sinh,, 4x p coshy gx + 2
9
X 3

(3) Forx > 0,q=p > 1, we have

sinhp, 4x S (0 + 1)coshy, 4x

X gcoshy x +1°
or equivalently,
tanh, 4x S p+1
x gcoshy x +1°
Proof.
(1) Let Gi(x) = x(cosh, ¢x + q) — (1 + g)sinhy, 4x, then
Gi(x) =q + 9y sinh? Jx cosh’ ?x — g coshy, gx
b
and
cosh> Px —p) sinh? x
G/'(x) = 1% (g - 1)(x - tanh, gx) + q2 p)x Z’q >0,
p sinhy, Ix p coshp  x

O

(34)

35

(36)

@37

which is true by (19) for p, g € (1, 2]. Hence, G is increasing in x with G{(0) = 0. So G;(x) > G1(0) = 0.

Therefore, inequality (34) is obtained.

(2) Let Ga(x) = x(coshp 4x + 2) — 3sinh, 4x, then

! _ q s g-1 2-p
Gx) =2+ ;x sinh}, /x cosh}, Px — 2cosh, ¢x,

and by (16), (24), differentiation gives
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. q_z
q smhp,qx

(g - Dx — tanh, x +

q@2 - p) SIhG X

GH(X) — _ P4
: p coshy x| p coshb x
sinh9=2x [ sinh? x 2g — p sinh? x
= gii’i (@ -Dx|1- 7?‘1 — tanhy gx + | pxii’q
p coshj /x| coshf  x p  coshf x
g sinh% 2x [ X 2q - p_sinh? x
p coshl °x coshp _x p  cosh x
o4 sinhd2x[2g - p  x Canh gy 24P sinhg, x
~ pcoshh x| p coshh x P p  coshh x
sinh?2x [ 2g —
-4 L ’q3 a-p 1+ sinh‘g 0 — tanhy ;x
p coshh x| p coshp x ’
sinh?2x [ g —
= g—’;’_q} A4-P, tanhp,qx}
pcoshb°x| p
sinh? 2x
> gi[x - tanh, 4x] > 0,

p-3
p coshf 2x

DE GRUYTER

|

which is true by (19). So G5(x) > G5(0) = 0. Hence, G, is increasing in x with G,(x) > G,(0) = 0. Then

inequality (35) is obtained.
(3)

G3(x) = p — g coshy gx +

Set Gs3(x) = (p + 1)x — tanh, 4x(q coshp 4x + 1). Then

inhd
q s1nhp, e

p b
p coshf .x

and by (16) and (24), differentiation gives

G5 (x) =

2 sinh?}
g? sinhy /x 1

P
coshf . x

|

= — coshy, 4x | < 0.
p coshl”'x

Hence, G; is strictly decreasing with G}(0) = p — g < 0, and G3(x) < G3(0) = 0. Inequalities (36) and (37)

are proved.

Remark. The left inequalities of (31),

(34) and (35) are Cusa-Huygens inequalities.

O
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