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Abstract: In this paper, firstly, we study the structural form of reflective integral for a given system. Then
the sufficient conditions are obtained to ensure there exists the reflective integral with these structured
form for such system. Secondly, we discuss the necessary conditions for the equivalence of such systems and
a general three-dimensional differential system. And then, we apply the obtained results to the study of
the behavior of their periodic solutions when such systems are periodic systems in t.
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1 Introduction

Since Mironenko [1] created the theory of the reflective function, many experts and scholars have used this
theory to study qualitative behaviors of the solutions of the differential systems and obtained many
interesting results [1-13].

In the present section, we shall briefly introduce the related concepts which will be used throughout
the rest of this article.

Consider differential system

x' = X(t,x),t € R,x € D c R", (1.1

which has a continuously differentiable right-hand side and a general solution ¢(t; to, x,). For such a system,
the reflective function is defined as F (¢, x) = @(-t; t, x) [1].

A continuous differentiable vector function F (¢, x) on R x R" is the reflective function of system (1.1) if
and only if the following basic relation

F(t, x) + E(t, x)X(t, x) + X(=t, F(t, x)) = 0, F(0, x) = x (1.2)
holds.
In particular, if X (t + 2w, x) = X (t, x) (w is a positive constant), and we can find the solution of the

basic relation (1.2), then we can establish the Poincare mapping, so that the number of periodic solutions
and the stability of periodic system (1.1) are solved. If the system

x'=Y(t,x),te R,x e DCR" (1.3)

has the same reflective function F (¢, x) as system (1.1), then X (0, x) = Y(0O, x) and systems
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E(t, x) + E(t, x)X(t, x) + X(-t, F(t, x)
E(t, x) + E(t,x)Y(t, x) + Y(-t, F(t, x)
F(0,x) =x

— —

=0,
:0,

are compatible. At this moment, we call system (1.3) is equivalent to system (1.1).

To check whether the above systems compatible, we can use the Frobenius theorem [2]. Doing this in
practice, however, is a very hard task.

If we can neither solve the system (1.1) nor the problem (1.2), then it is good enough to construct any
system (1.3), which is equivalent to system (1.1). To do this, sometimes we can use:

Lemma 1.1. [3] Let the vector functions Ay (k = 1, 2,..., m) be solutions of the equation
A + AX(t, x) = XA (1.4)

and ay(t) (k = 1, 2,..., m) are arbitrary continuous odd functions. Then all the perturbed systems of the form

n

X' =X(t,x) + Y a(t)Aelt, X) (1.5)
k=1

are equivalent to each other and to system (1.1) (here m is any natural number or even m = o).

Thus, if we find some solutions of equation (1.4), we can construct systems (1.5), which are equivalent
to system (1.1). It can be seen that the solution of equation (1.4), that is, the reflective integral [3] of system
(1.1), is particularly important to determine the equivalence of two differential systems. In addition, if
these equivalent systems are 2w-periodic with respect to ¢, then their Poincare mappings coincide, the
initial conditions at ¢t = —w of their 2w-periodic solutions and their stability characters are the same. Thus
to study the equivalence of two differential systems is very important and interesting.

2 Main results

Now, we focus on the equivalence conditions for the general three-dimensional differential system

2
X'= Y Apt)xlyizk £ At x,y, 2),
i+j+k=0
2
y = z By (t)xlyizk = B(t, x, y, z), (2.1)
i+j+k=0
2
2= ) Calt)xiyizk 2 C(t,x,y, 2)
i+j+k=0

and

x' = p1(t)x + p,(t)x? £ P(t, x),
Y = at)y + @(t)y* £ Q(t, y), 2.2)
Z = nt)x + nt)y + t)z + nt)x? + r()xy + rg(t)y? + nt)xz + rg(t)z% + r(t)yz =2 R(t, X, y, 2)

as well as the characteristics of Ay (t), By (t) and Cy(t), where p,(t) # 0, gx(t) # 0, and p;(t), g;(t), n(t)
(i,j=1,2; k=1,2,...,9) are continuously differentiable functions.

Let us outline the investigation method. In accordance with Lemma 1.1, we seek systems equivalent to
system (2.2) in the set of systems (1.5). Usually, however, we cannot find out all solutions of equation (1.4)
in the case under consideration. Therefore, we seek only polynomial solutions A(t, x, y, z) of equation
(1.4), namely, solutions of the form
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2
> M (0) Xy iz
i+j+k=0
Al(t’ X, Y, Z) 2
At X, y,2) = | Dot X, y,2) [ = | Y. sip(t)xlyizk (23)
Ag(t, X, Y, Z) i+j+k=0
2
Z )’,‘jk(t)xiyjzk

i+j+k=0

with differentiable coefficients yijk(t), Siik(t), and yl.jk(t), that is, we discuss when function A(t, x, y, z) of
(2.3) is a solution of

A2t + AZX Azy AZZ Q = QX Qy Qz Az . (24)

Ay Dy Dy Dy [p} P B P \(n
Ase) |Bse By A3 )\R) R R, R\

In the following, we denote

p =pit), q = qi(t), r = 1(t);

My = Vijk(t)a Siik = Sijk(t), Yik = Vi,-k(t);
A = A (1), Bijie = Byji(t), Cijie = Cyie(t);
Ay = Nty x,y,2) (k=1,2,3),..., etc.

Theorem 2.1. Let p,(t) # 0, qx(t) # 0, 13(t) # 0, and vector function A(t, x, y, z) of (2.3) is a reflective integral
of system (2.2), then

_ 2
A1 = Moo + MigoX + HopoX*s
where

Hooo = koe-[pldt, (2.5

Moo = ko + 2ko Ipzejpldtdt, (2.6)

oo = {kz + I Ipzejpzdtdt + 2k0{'|‘(p2ejpldt~ J-pzefpldtdtjdt}}e Ipldt, .7

ko, lq and I, are arbitrary constants.

Proof. Using relation (2.4), we can get

Alt + AlXP + AlyQ + AlZR = R(Als

i.e.,

Hooo + Hio0X + HowoY + HomZ + HagoX” + BosoV + MogyZ” + MipoXY + My XZ + Py V2
+ (Moo + 2HaooX + HypoY + Mygn2) (01X + P2x?) + (Hoyo + MypoX + 2Uep0Y + Bop2) (@Y + q2y?)
+ (Mooy + Hio1X + HonV + 2M02) (X + DY + BZ + X% + 15Xy + 1eY? + X2 + 1322 + Iyyz)
= (Moo + M100X + HoroY + HomZ + HaooX> + HogolV? +HomZ” + MioXY + MyonXZ + Hoyy2) (P1 + 2D2X).

Equating the coefficients of the same powers of x, y and z, we have

Moor = Moo = Mon = Mi1o = Mio1 = Mooz = Moo = 05 (2.8)
H(go() = P1Mgoo» (29)
Higo = 2P2Ho00s (2.10)

Ha00 + Pikago = P2Migo- (2.11)
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Solving equations (2.9) and (2.10), we get (2.5) and (2.6). Substituting (2.6) into equation (2.11), we have (2.7).
Summarizing the above, the proof is finished. O
Theorem 2.2. Let p,(t) + 0, g2(t) + 0, rs(t) #+ 0, and vector function A(t, x, y, z) of (2.3) is a reflective integral
of system (2.2), then
Ay = So00 + So10Y + So20Y?,
where

Sog0 = woe) 1 2.12)

So10 = (ah + 2w J‘q{ze2 .[qldtdtje_ .[qldt, (2.13)

Soz0 = {wz - w qudt + Zwo“[qz - '[4262 | qldtdt}dt}}e Jaac (2.14)

wo, w1 and w, are arbitrary constants.

Proof. Using relation (2.4), we can get
AZt + AZXP + AzyQ + AZZR = QyAz,
i.e.,
' ! ! ! i 2 i 2 i ) i i i
S000 * S100X t Sp10Y t+ S0012 t S200X” + Sp20Y” + S0022° + S110XY * S101X2 + So11YZ

+(S100 + 25200X + S110Y + 51012) (P1X + P2X2) + (So10 + S110X + 25020Y + Son2) (q1y + @2Y?)
+(Soo1 + S101X + SouY + 250022) (X + DY + BZ + X% + XY + y? + X2 + 3z% + royz)

= (S000 + S100X + So10Y + S001Z + S200X> + S020y? + S0022% +S110XY + S$101X2Z + Sony2) (@1 + 22Y).
Equating the coefficients of the same powers of x, y and z, we have

Soo1 = S100 = So11 = S110 = Si01 = So02 = So20 = O,

5000 = 150005 (2.15)
So10 + 915010 = 24250005 (2.16)
So20 + d15020 + GaSo10 = O. (2.17)

Solving equation (2.15), we get (2.12). Substituting (2.12) into equation (2.16), we get (2.13). Substituting
(2.13) into equation (2.17), we have (2.14).

Summarizing the above, the proof is finished. O

Theorem 2.3. Suppose that vector function A(t, x, y, z) of (2.3) is a reflective integral of system (2.2) and
P2() 0, ga(t) # 0, 13(t) # 0, 15(t) # 0, Ts(t) £ 0, P =17 # 0, Ga — Ty # 0, 2pa1; — 17 + 4ryTg # 0,2q0T9 — 13 + 4T3 # 0,

!

17— Doty — 4nrg 2N £ 0, 13— qoly — 4rgrg = A # 0, (17 - pz)(%) - 2rg (%) 2B, (19— %)(%) - 2rg (:f) £
ﬁZ’ 17 (%) - 21 (’%) £ 61, I9 (%:) - 21 (Lg) 2 62, then

£}

2
Z Vijk(t)xiyjzk

i+j+k=0

2
A ) Hooo t HiooX + HagoX
iv)j 2
At,x,y,z) = |Dy| = si(t)xtyizk | = So00 + So10Y + So20Y s
j
A3 i+j+k=0 Yooo * V100X + YooV + YoorZ + Z2(1,x2 + 15Xy + Tey? + X2 + 1322 + 1Yz
£

2
Y yplt)xyizk

i+j+k=0
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where
Yoor . (Bi  pi
Yo (P P 2.18
H100 T PR Yoo2 (2.18)
Yoor (B2 @
Soip=——+|—=+— , 2.19
010 my FR- Yoo2 (2.19)
14
Moo = r_:)’ooz’ (2.20)
So20 = 3—;)’002, (2.21)
Y(;oo = NHgpo T N2S000 + 13Ypoos (2.22)
Y(;()l = I7Upoo T T9Sooo + 2r8)/000, (223)
1
Yoo1 = r_S(Y(;()z + BYoo2)s (2.24)
1) n
Yoo = (Ti + é))’mz’ (2.25)
6 r
Yoo = [i + éj)’ooz’ (2.26)
) n (p1 — )6 —-np
214 o0 + 155000 + 17Vo00 = (_1 + _1))’002 + #Yooz’ 2.27)
/11 £ Al
5 L @-mb -
IsMooo + 2M6S000 + T9Ypoo = [—2 + —2Jy002 + M)’om- (2.28)
/12 £ Az

Proof. Using relation (2.4), we can get
ABI + A3XP + A3yQ + A3ZR = RXAI + RyAz + RZA3,
i.e.

Yooo * YiooX *+ YooY + YoorZ + YaooX> * YooV + Yoo Z° + ViioXY + VigtXZ + Yo, VZ
+ (oo + 200X + VoY + o1Z2) 01X + P2x?) + (Voro + YiaoX + VoY + You?) @y + G2y%)
+ Woor + YiorX + YouV + Vo022) (NX + Y + BZ + X% + Isxy + IY? + X2 + 1322 + Kyz) (2.29)
= (1 + 20X + 1Y + 152) (Moo + MiooX + MagoX?) + (12 + 15X + 215y + T92)(Sooo + So10Y + So20Y?)
+ (15 + X + 1Y + 212) (Vooo + YiooX + YoroV + YoorZ + Ya00X> + YouoV” + YoorZ” + YiuoXV + Vi X2
+ YonY2)-

Equating the coefficients of x°, z and z2 in (2.29), we have (2.22), (2.23), and (2.24). Equating the coefficients
of xz? and yz? in (2.29), we get

7

Yio1 = — Yooz (2.30)
Ts
Ty

You = ~ Yooz (2.31)
Tg

Equating the coefficients of remaining items in (2.29), we obtain
ylloo + P1Yioo + MYoor = Moo + 2MaMogo + 155000 + 13¥100 + 7¥o00s (232

!
Yoro + @Yoo + 2Yoo1 = TsHooo + 26So00 + 125010 + 13¥o10 + oYoo0s (2.33)
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y2,00 + (D2 = M)Vioo + (2P1 = B3) V200 + TaYoor + Vo1 = Tikaoo + 2MaMiggs (2.34)
Yoro + (@2 = T0)Yigo + 41 = 12)Yoz0 + TeYoor + 2Yor = 125020 + 216 So10s (2.35)
Yio + (P1 + @1 = B)Vio + NYou + Ts(oor = Higo — S010) + B2Vior = F¥or0 + ToVioos (2.36)
Yior + PrYor + 2MYooz2 = 7Moo + 28Yi005 (2.37)

You + @Yon * 212Yo0z = 195010 + 278Y5105 (2.38)

(@2 = 1) V10 + T6Yio1 * TYou = 155020 + 17¥205 (2.39)

(202 = 1) Va00 + TaVior = 2Maloos (2.40)

P2Yior + 214Yo02 — 28Y200 = 17Ha00 (2.41)

(202 = 75)Yoz0 + TeYou = 2650205 (2.42)

218¥020 = @2You ~ 26 Yo02 = ~1950205 (2.43)

(P2 = 1) Va0 = Tsbago + To¥a00 ~ TsVior ~ TaVourr (2.44)

Eliminating sgy from (2.42) and (2.43), and using identity (2.31), we get
(qaTs — 13 + 4T6T8) sV = (41215 + (2G5 — T6T0) o] Yoo
Since 2qy19 — 12 + 4rg1g)13 # 0, then
Ts
Yo20 = Yoo (2.45)
I3
Substituting (2.31) and (2.45) into relation (2.42), and using r; # 0, we get
So20 = 2)'002- (2.46)
I3
Eliminating u,,, from (2.40) and (2.41), and using identity (2.30), we get
Q@paty — 17 + ANTe) IYseo = Ta(AT4Ts + 20217 = 17) Yoo
Since (2p,1; — 17 + 4n,1g)15 # 0, then
Ty
Y200 = ~ Yooz (2.47)
I3
Since r; # 0, from (2.30), (2.47), and (2.41), we can get
p
Moo = _2)’002- (2.48)
I3
Since p, — 1, # 0, substituting (2.30), (2.31), (2.47), and (2.48) into relation (2.44), we have
I5
Vo = ~ Yooz: (2.49)
I3

(2.25) can be obtained by using identities (2.24), (2.34), (2.48), (2.30), (2.37), and A; # 0. Similarly, using
identities (2.35), (2.38), (2.31), (2.45), (2.24), and A, # 0, we get (2.26). Substituting (2.25) and (2.30) into
(2.37), we get (2.18). Similarly, substituting (2.26) and (2.31) into (2.38), we obtain (2.19). Substituting
(2.18), (2.24), and (2.25) into (2.32), we get (2.27). (2.28) can be obtained by using identities (2.18), (2.24),
(2.25), and (2.33). The calculation shows that identities (2.36) and (2.39) are identical.

Summarizing the above, Theorem 2.1 and Theorem 2.2, the proof is finished. O

From Lemma 1.1, we have thereby constructed the set of three-dimensional differential systems

x' P m
Y =1Q|+ Y at)Alt, x,y, 2) (2.50)
z! R k=1
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equivalent to system (2.2) in the sense of the reflective integral. Here ax(t) are arbitrary scalar continuous
odd functions, and A(t, x, y, z) are vector functions described in Theorem 2.3.

Therefore, if some system can be represented in the form (2.50), then it is equivalent to the original
system (2.2).

Theorem 2.4. Suppose that the general three-dimensional differential system (2.1) can be represented in
the form (2.50), i.e.

x' A P m
Y'|=[B|=|Q|+ ) a®)Mlt, x,y,2), (2.51)
! C R k=1

where ai(t) are arbitrary continuous scalar odd functions, continuously differentiable vector functions
A(t, x,y,2) (k=1,2,...,m) are reflective integrals of system (2.2). Then system (2.1) is equivalent to the
system (2.2), and

Apo0(0) = Bggo(0) = Cpoo(0) = 0,

2.52)
Aoro = Agor = Ao2o = Aoz = Airo = Aror1 = Ao = 0,
m m
Ao = p1 + z A tygors  Aooo = P2 + z Ak Uyook s
k=1 k=1
Bioo = Boo1 = B2oo = Booz = Biio = Bio1 = Bon = 0,
m m
Bowo = Gi + ), ®Sotok» Bozo = G2+ Y. XcSozoks
k=1 k=1
m m (2.53)
Cioo =1+ z Yoo  Coo =1+ z Qi Yook
k=1 k=1

m

Is Iy
Coot =13+ ) @Yooys  Cuo = =Coozs  Gooo = —Coo2s
k=1 Ig I8

Te 7 Ty
Co2 = =Coo2,  Cio1 = —Coo2,  Cont = =Coo2-
T3 I3 I3

Proof. Using relation (2.51), we can get

m
A=P+ ) aby,
k=1
i.e.
Agoo + AooX + Aoioy + Aoz + AxoXx? + Aoxoy? + Aooaz? + AnoXxy + Ao xz + Aonyz
= (P1xX + P2xX) +2311 A(Mooor + HioorX + Haooi XD+
Equating the coefficients of the same powers of x, y and z, we have (2.52) and (2.53). Since a(t) +
a(-t) =0 (k=1,2,..., m), then Ayyo (0) = 0.
Similarly, the rest of conclusions in this theory can be obtained from B = Q + ka:1 axAy and

C=R+ ka:l akA3k.
Summarizing the above, the proof is finished. O

Remark 2.5. We have thereby shown that a general three-dimensional differential system (2.1) that can be
represented in the form (2.50) necessarily has the form

x' = Agoo + Ai0X + Axox?,

! _ 2

y' = Booo + Bowoy + BoxoY?,
002

¢
z' = Cooo + CiooX + Coroy + Comz + =2 (x> + IsXy + Iy + Xz + Igz” + yyz),
8

where Agoo(0) = Bggo(0) = Cooo(0) = 0.
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Theorem 2.6. If system (2.1) is equivalent to system (2.2), pi, q; and r; are arbitrary constants and p, # O,

then system (2.1) has no periodic solutions.

Proof. When p; # 0, the general solution of
x' = p1(t)x + py(t)x?
is

pit =1n x| - In|p; + pox| + w3,

where ms is arbitrary constant. Obviously, it is not a periodic solution. Therefore, system (2.2) has no
periodic solutions. Considering equivalence between systems (2.1) and (2.2), system (2.1) has no periodic

solutions too.

Example 1. Consider the three-dimensional differential system

x' =1 - xsin 2t + z sin 2t + x2 cos 2t + 2xz sin?t,
y' =1-ysin2t + z sin 2t + y? cos 2t + 2yz sin’t,
z' =1+ sin 3t cost + x sin 3t sin t + xz cos 2t + 2z2sin?t.

Set t = 0, we have the corresponding stationary system

X' =1+ x2%,
y'=1+y%
z' =1+ xz.

Let a continuously differentiable vector function

F(t,X, y;Z) = (Fl(t’X’yyz)’FZ(t9X’y’Z)’FB(t’X’y’Z))T

O

(2.54)

(2.55)

be reflective function of system (2.55). Since Fi(t, x, y, z) = F(t, x) = @(-t; t, x), where x = @(t; to, Xo) is

the general solution of equation x’ = 1 + x? in Cauchy form, we have

X cos 2t — sin 2t

K¢, x,y,z) = ——.
i v:2) Ccos 2t + x sin 2t

Similarly, we obtained

y cos 2t — sin 2t

F(t,x,y,z) = .
2 v 2) Cos 2t + y sin 2t

Let F = (F, 5, F5)T be the reflective function of system (2.54), by relation (1.2), we have

F\(Fk O O 1 - x sin 2t + z sin 2t + x2 cos 2t + 2xz sin?t

Fx| 0 E O 1 -y sin 2t + z sin 2t + y? cos 2t + 2yz sin’ ¢t

B )\ Fsx F3y F3; (1 + sin 3t cost + x sin 3t sin t + xz cos 2t + 222 sin?t
1+ F sin 2t — F; sin 2t + F? cos 2t + 2F;F; sin?t

+ 1+ F, sin 2t — F; sin 2t + F# cos 2t + 2F,F; sin? ¢t = 0.

1 - sin3t cost — F; sin 3t sint + F;F; cos 2t + 2F32 sin?t

From the first equation in system (2.56), we obtain

x(cos 2t — 1) + z — sin 2t

K, x,y,z) = ;
B V:2) COs 2t + x sin 2t

Substitute F; and F; into the third equation in system (2.56), we obtain an identity. Since

(2.56)
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Ei+FE(0+x3)+F,(1+xz)+1+FF=0,

then function F = (F, F>, F5)T is also the reflective function of system (2.55), i.e. systems (2.54) and (2.55)
are equivalent. Obviously, system (2.54) has no periodic solutions. Considering equivalence between
systems (2.54) and (2.55), system (2.54) has no periodic solutions too.
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