DE GRUYTER Open Mathematics 2020; 18: 1281-1291

Research Article

Congbian Ma* and Yanbo Ren

An equivalent quasinorm for the Lipschitz
space of noncommutative martingales

https://doi.org/10.1515/math-2020-0072
received December 4, 2019; accepted August 10, 2020

Abstract: In this paper, an equivalent quasinorm for the Lipschitz space of noncommutative martingales is
presented. As an application, we obtain the duality theorem between the noncommutative martingale

Hardy space h,(M) (resp. h,(M)) and the Lipschitz space AE(M) (resp. Ap(M)) for0<p <1, B= % -1.

We also prove some equivalent quasinorms for h,(M) and h,(M) for p=10r2 < p < co.
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1 Introduction

In the past two decades, due to the excellent work of Pisier and Xu on noncommutative martingale
inequalities [1], the study of noncommutative martingale theory has attracted more and more attention.
Especially in recent years, some meaningful research results on the noncommutative martingale theory
have emerged continuously, and it has become a research hotspot in the field of noncommutative analysis.

The Lipschitz space was first introduced in the classical martingale theory by Herz and plays an
important role in it. For instance, the Lipschitz space is the generalization of the BMO space and the dual
space of the Hardy space h, (0 < p < 1). The noncommutative Lipschitz spaces A§(M) and A5(M) were
first introduced in [2], and with their help, the atomic decomposition for the Hardy space h(M) was
proved. In this paper, we study the noncommutative Lipschitz spaces A3(M) and Ag(M) for B > 0. We

show that for— co < g < 0, = —%, we have
M) = Xg(M) and  Ap(M) = Xz(M)
with equivalent norms. As its application, we have the duality equalities for 0 < p <1 and f = % -1
(hyM))* = M) and  (hy(M))* = Ag(M).

This answers positively a question asked in [2]. The other main result of this paper concerns the equivalent
quasinorms for hy(M) and h,(M) for p =1 or 2 < p < co. We prove the equalities

h{(M) = LE“(M) and  h{(M) = L2"(M),

which give a new characterization of hf(M) and hf (M).
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This paper is organized as follows. Some definitions and notations are given in Section 2. An
equivalent quasinorm for noncommutative martingale Lipschitz space is shown in Section 3. Equivalent
quasinorms for h;(M) and h,(M) for p =1 or 2 < p < co are considered in Section 4.

2 Preliminaries

Let M be a von Neumann algebra acting on a Hilbert space H and 7 be a normal faithful finite trace on M.
We call (M, 7) a noncommutative probability space. Let x be a positive operator on H. Then x admits a

unique spectral decomposition: x = _[OOO Adey(x). We will often use the spectral projection ey, (x)

corresponding to the interval (A, co). For O < p < oo, let L,(M) be the associated noncommutative
Lp-space. Recall that the norm on Ly(M) is defined by

Ixlp = (@(xP))p,  x € Ly(M),

where |x| = (x*x)ﬁ is the usual modulus of x. Note that if p = co, L (M) is just M with the usual operator
norm. For more detailed discussions about noncommutative Banach function spaces, see [3-5].

Let us recall the general setup for noncommutative martingales. Let (M),>1 be an increasing filtration
of von Neumann subalgebras of M such that the union of M,’s is weak*-dense in M and &, (with
&Eo = &1) the conditional expectation with respect to M,. A sequence x = (x,)ns1 is said to be adapted if
Xn € Li(M,) for all n > 1, and predictable if x,, € L;(M,_1) for n > 2. A noncommutative martingale with
respect to the filtration (M,),s1 is a sequence x = (Xp)n>1 in Ly(M) such that

En(Xns1) = x, for all n>1.

If additionally, x = (X;)n>1 € L,(M) for some O < p < oo, we call x an L,(M)-martingale. In this case, we
set [Ixll, = supullXallp. If Ixll, < co, then x is called a bounded L,(M )-martingale. Note that the space of all
bounded L,-martingales, equipped with ||, is isometric to L,(M) for p > 1. This permits us to not
distinguish a martingale and its final value x., (if the latter exists).

Let x = (x,)n=1 be @ noncommutative martingale with respect to (M),>1 with the usual convention that
&Eo = &;. Define dx,, = x,, — x,_1 for n > 1 with the usual convention that x, = 0. The sequence dx = (dxy)n>1
is called the martingale difference sequence of x. In the sequel, for any operator x € L;(M) we denote
Xp = Ep(x) forn > 1.

Let x = (x,)n>1 be a finite martingale in L,(M). We set

1
2

Sc,n(X) = [Z 8k—1(|dxk |2)] ’ SC(X) = [Z 8n—l(ldxrl |2)]

k=1 n=1
and

1
2

Sr,n(X) = [z 8k—1(|dxlj IZ)J ) Sr(X) = [z an—l(ld—xrt |2)] .

k=1 n=1

These will be called the column and row conditioned square functions, respectively. Let 0 < p < co. Define
hy(M) (resp. h,(M)) as the completion of all finite L.,-martingales under the (quasi) norm Ixllngm) =
sl (resp. IIXIIh;(M) = [Is;(x)llp). For p = co. We define h$ (M) (resp. h/,(M)) as the Banach space of the
Lo,-martingales x such that ) ° | 8,_1(|dx,|)? (respectively Y E,_1(ldx,])?) converge for the weak operator
topology.

For more information of noncommutative martingales, see the seminal article of Pisier and Xu [3] and
the sequels to it.

The main object of this paper is the noncommutative Lipschitz spaces A5 and A3(M).
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Definition 2.1. Let § > 0. Set
Ag(M) = {x € L(M) = lIxliagm) < oo}

with

IXllagcr = max {sup 7(e) PIE1(0) oo, SUp sUP 7(€) 2 PT(En(lX — X, |2))%},

ecP, n=1 ee$,

where %, denotes the lattice of projections of M,.
Similarly, we define

ApM) = {x € Ly(M) = lIxlagmy = lIx*lagimy < ool

The classical martingale space L7 which is defined in [6] has the following noncommutative analogue.

Definition 2.2. We define

LP M) = {X € M) : x = ) Wik Vi € LaMumy), 2k € La(M), Emy (@) = 0
k=1

(e9]
and [|xll zem) = inf{z Vi ll2 1z IIz} < 00},

k=1

where (M, )i=1 and (Em k=1 are the subsequences of (Mj)i=1 and (Eik=1, the infimum runs over all
decompositions of x as above. Similarly, define

LPT (M) = {x € LyM) : lIxlizrp = X7l 2m) < 00}
It is clear that L#(M) and L"(M) are Banach spaces.

We will use the following definitions from [2,7].

Definition 2.3. [2] Let O < p < 2. Denote the index class W; which consists of sequences (wp),=1 such that
(a),%/p‘l),,zl is nondecreasing with each w, € L;'(M,) invertible with bounded inverse and |w,|; < 1. Define

o) 2
XpM) = 1x € L(M) : Iixlxgon = inf [T[Z |wn|1_2/p|dxn+1|2J] < 00 .

1 n=1

For 2 < p < oo or — 0o < p < 0. Denote W, which consists of sequences (wy)n>1 such that (w! /7)., is
nondecreasing with each w, € L;(M,) invertible with bounded inverse and |w,|; < 1. Define

w, n=1

XpM) = Jx € Ly(M) : lIixlixgm) = sup (T[Z |wn I“/Pldxmllzj] < oof.

Similarly, define

X,(M) = {x € Ly(M) : Ixlxran = Ix*lxgomy < co}.
Remark that for 2 < p < oo, X;(M) can be rewritten in the following form. Given (wy)n>1 € W,, we set
2 2 \;
g, = (a)n - w,’;_l) , Vnx1,

where a = % — —. It is clear that

SR

a

(gn) € Gy=1qu= (un)nzo tUp € La(Mn), T [Z |un|2] <1;. (31)

n=1
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Then

(un) €Gy n=1

1
(o) 2
Ixllxgm) = sup [T[Z | P En(Ix = X HB .

We recall the definition of the space L,(M;€y,), with 1 < p < co. A sequence (Xp)n>1 in L,(M) belongs to
Lp(M;800) if (Xp)n>1 admits a factorization x, = ay, b, with a, b € L,,(M) and (¥,)n>1 € Leo(M). The norm of
(Xnns1 is then defined as

IGanz1lL,mse,) = inf Halkp sup ly, lloo 1112}

Xn=aY, nx1
We usually write [[(Xn)n=1llL,v;e.) = | szlp*xn llp-
Definition 2.4. [7] Let 2 < p < co. Define the space
Limo(M) = {a € Ly(M) : I sup'&nlla - E@P); < oo}

equipped with the norm
;
lalzgmoov) = max{uaup, (Isup*€nta - Ex@Ply) }

Then (Lf,mo(M), ||-||L;mo(M)) is a Banach space. Similarly, we set
L,mo(M) = {a : a* € Lymo(M)}
equipped with the norm

lallymoomy = lla*lzsmocrt-

3 An equivalent quasinorm for the Lipschitz space of
noncommutative martingales

In this section, we prove the noncommutative equivalent quasinorms for Lipschitz spaces Ag(M) and
Ag(M) (B = 0). As its application, we obtain the duality of the Hardy space h;(M) (resp. h,(M)) and the
Lipschitz space Az(M) (resp. Ag(M)) for 0 < p < 1.

Theorem 3.1. For- co < ¢ < 0 and 8 = —%, we have Ag(M) = X;(M) with equivalent norms. More precisely,
for any x € L(M), we have

2 _%
"3 IxXlxcomy < Ixliagvn < IXlxeom)-
Similarly, A,’;(M) = X,;(M) with the same equivalence constants.

The following Lemma is the key ingredient of our proof.

Lemma 3.2. For x € A5(M) (B = 0), we have

EnllX = xu?) < cz[ D r(e)zﬁe]n > 1, (3.1)

eeB,

where C = ||X||/1pf( my and B, is the set consisting of all minimal projections with respect to M.
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Proof. By the definition of A5(M)(B = 0), we have for any e € B,
T(e&n(lx — Xy )2 < Cr(e)2*. (3.2)

Let P be a projection with respect to M, and there does not exist any minimal projections e’ such that
e’ < P.Lety=&yx — x,*)P. Then for any k > 1
1
> — .
ye(%,w)(y) 2 € w)(y)

1
i
Thus by (3.2), we get that

1

,oo)(y) )i <Cr (e(

3+B

! wWP)

ﬁ‘[ (6(%,00)()/) )% =T (ye(%:oo)()/) ); =T (8n(|x = Xn |2)Pe(

(y)) # 0, we have that

|
e

When T(e(

)

|

B
. 3.3)

e

L <T <e ( ))

7k = T\ o)V
Note that e(%’oo)(y) < P and P can be divided into infinite small pieces. Thus, T(QG’OO)()/)) = 0, which
contradicts (3.3). Therefore, we obtain T(e( OO)(y)) = 0 for every k > 1 which implies E,(|x — x,*)P = 0.

1
L
Now we prove (3.1) holds. Let e € B, and a = Ct(e)?. Let &€ > 0 and €y = (g, ¢, 00)(En(IX — X4 [*)). Then
we have that

eeoEn(lx = x,2) = (a + €)%epe.
Thus using (3.2), we get that
(a + &) 1(ege): < T(egeEn(Ix — x,?))2 < at(ege):.

It is easy to see that epe = 0, which implies that e < eq does not hold. Using the preceding result, we have
that

Enllx = xa*)eo = 0.
Let e, = €42 (En(IX — Xz [?)). Then we have
Enllx = xal’) = Enl(IX = Xn )1 < a’en.
It follows that
Exlx = x,P) e < Cxr(e)Pe. (3.4)
Note that E,(]x — x,2) (1 - Yecs, € = 0. Thus by (3.4), we have
EnllX = Xa?) = Enllx = x,) ). € < CZ[ > r(e)zﬁe].
eeB, eeB,

The proof is complete. O
We will also need the following well-known lemma from [8].

Lemma 3.3. Let f be a function in C(R*) and x,y € M*. Then

1
(fx+y)-fo)) =1 ff’(x + ty)ydt |.
0
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Proof of Theorem 3.1. Let x € X;(M) and é =
respect to M,. Define

. Fix an integer m > 0 and let e be a projection with

1_1
2 q

1
_Jet(e) @, m=mn;
u, =
0, m# n.

Noting that (uy)n=0 € Gy, We have

1

(rerittenlx - xuP))" = [r[z 4 PER(IX = X mB < Ixlxgoan-

n=1

Thus, we have that x € )lﬁ(/\/() and ||X||,1§(M) < IIXIIX;(M).
Now, let x € /\ﬁ(M) and C = ||X||,1§(M). Let B, be the set consisting of all minimal projections with
respect to M. Then by Lemma 3.3, we have that

Enllx = o) < Cz[ D T(e)zﬁe]. (3.5)
ecB,

Let u = (u,) € G,. Denote 1, = (Zk<n |ug |2) and r, =71, €00, OO)(r) Then r, is invertible and 7(r,) < 1. Let
Iy = I Ade be the spectral decomposition of r,,. Let du = dr(e;). Then we havej Adu < 1. Observe that

Y HoXpyW-A<,

Ap€(0,00)

where y;, , (1) is the characteristic function at point Ao. It follows that

Y uoy Py, W) < A%,

/10€ (0,00)

By the continuous function calculus, we have

Y 1(e)¥e< 2. (3.6)

eeB,

Using (3.5) and (3.6),

1

[ [Z |un PEn(Ix — xa?) JJ { [Z |un? ) T(e)zﬁe]] <C [T [i (rf - rﬁz‘l)rﬁﬁﬁ . (3.7)
n=1 eeB, n=1

Applying Lemma 3.3 with f(t) = t2,x + y = rﬂ and x = r _,, We obtain

1

a_q 2
T((rn% - r,;%_l)r,}‘é) <T j (r“ L+ t( ri - rf_l))2 (r,,% - r,;%_l)dt = Er(r,, - 1),

0
where we have used the fact that the operator function a — a?~! is nonincreasing for - 1< £ - 1< 0.
Taking the sum over n leads to (‘r (Zﬁil [un PEn(Ix — Xy |2))i [ D Ixlirgar)- Taking supremum over all

(uy) € Gy, we get

2} 2)
IXIxsom) < P IXlrpcrty = D IXHAgcre)-

The proof is complete. O

Using the dual result in Theorem 3.2 in [2], we will describe the dual space of h,(M)(0 < p < 1) as the
Lipschitz space.
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Corollary 3.4. Let 0 < p < 1land 8 = % — 1. Then we have
(hp(M))* = Ag(M)
and
(hy(M))" = Ag(M)

with equivalent norms.

4 Equivalent quasinorms for hi (A1) and h; (A1) (2 < p < oo)

In this section, we first describe an equivalent quasinorm for h{(M). As in the classical case, the spaces h;
and L} are equivalent (see [6]). We will transfer this to the noncommutative martingales.

Theorem 4.1. We have that
h{(M) = LZS(M) and h{(M) = L3 (M)

with equivalent norms.
For the proof we need the following lemmas.

Lemma 4.2. Let 1 < p <2 and p' be the conjugate index of p. For x,y € L>(M), we have
1
2 2
lT(xy")| < (Ej IXHrsero 1Y lxgom -

Proof. Let (r,) € Wi. Then by the Cauchy-Schwarz inequality and Lemma 3.1, we have that

1 1
(o] 11 1_1, * [ 2 2( oo 1_2’ 2
) = 3 of (@) (a7 ) < [Z o (nifian |)J [Z (71 |jj
k=1 k=1 k=1
1

2\
< Mxllxsomy IYllxgan < [E] IXrgomy IV llxgoa) -

Note that the set G, defined in (3.1) can be reduced to the following one:

%
G, =1 finite sequences u = (Up)ns1 ¢ Un € Loo(Mp), T[(Z |ty |2] } <1}

n>1

Indeed, for any (up)ns0 € Gy Set

L _ [nleon (), < N;
" 0, n>N.

= (T[z [un |28n(|x — Xn |2)J] .
n>1

Thus, the set G, can be reduced to G,. O

Then we have that

ol

lim [T[Z luiNM PEn(Ix — Xy |2)D

N—oo n>1
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Lemma 4.3. Let y € LI2(M) and 2 < p < co. Then we have
IVllxsomy = sup [T(xy™)l,

p
X€F;

where

1

sz =9X= Z anby : (ap) € /Gvou En(bn) = 0, [T[Z |bn|2J] <1p.

nx=1 n>1

Proof. For any finite sequences (a,) € Gy, set

1

2
Aa,y = [T[Z |an|2|yn|2]] s
n>1

where y" = y — y,. Then we have A,, < co and

A2 N *
Aa,y = Aﬂ,y — T[Z anyn*%] — T[Z anyn*znj’ (4.1)
a’y

n>1 a.y nx>1

where z, = 2% Note that E,(z,) = ALS,,(y")a,’{ =0 and
Y a,y

Aa
1 ) 1
T| Y Izl | = —1| D V"a; P | = —-7| Y lanPly"? | = 1.
Asy A;

n>1 n>1 sy n>1

Let x = ), ., GnZy,. It is clear that x € F} and
Y anzn|| < ) lanllizall, < supllaqll) lznlz < co.
n>1 b nxl n=1 n>1

Thus,

<

z QnZn

nx>1

XV

nx1

< 00.

{z ,y]

n>1

2 2

Therefore, by the definition of X;(M) and (4.1), we have that

Iyllxsm) = sup Agy = sup {Zaﬂw“]:mm Zr@A%aw“wmw
(an)€ Gy xeFf n=1 xeF} |n>1
=sup | T(@zay*) - Y. T(anEn(zn)y;)| = sup [T(xy")|. O
xeFf |n»1 nx1 xeFf

Proof of Theorem 4.1. First let x = zy and there exists n > 1 such that y € L,(M,), z € L,(M), E4(z) = 0.
Then we have that

Em(zy) = EmEul(zy) =0; m<n. (4.2)

Thus, we have that

Emzy) = Ep2)y; m=1. (4.3)

Using (4.2), (4.3), and the fact y € L,(M,), we find

sc(x)? = ) EraldzyP = Y EaldzyP = Y*(Z 8k1|de|2JY-

k>1 k>n k>n
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Thus, we deduce that
Ixllecaty = IscCOl = lIsc@)ylh < lIsc@2llyll = Izl21yl2.

Therefore, we get that || x[lnep) < Ixll, 2¢(a1)- Now we consider the general case. Let
[oe]
x =Y zkyk,
k=1
where for every k > 1, yX € Ly(My,), zX € Ly(M), and &, (z¥) = 0. Then by (4.3), we have that

n
Ixllrerty = lim Z zkyk
n—

P

[e6]

n 00
< Hm Y 128 < Y 12 YL
h{(M) =00 g k=1

It follows that xllneom) < lIxllp2eop)-

We turn to the converse inequality. Let x € L>°(M). Then by Lemma 4.2 and Lemma 4.3,

Il 2n sup [T(xy™)|
XlLzeom) , u
yeL1’”(M)*,Ily\lle,c(M)*g

= sup Ixllng vy 1Yl vy 6.4)
YELE MY IVl 2600 <1

< xllrgm sup sup |t(ay")|.
YELEEMY IVl 26p <1 acFf

We will show

sup |t(ay*)| < sup [T(ay™)|. 4.5)
aeFf aeLf‘C(M),IIallle,cW)gl :
Indeed, let a € Ff. Then a can be decomposed as
a= Y tbn, (4.6)

n>1

where (r,) € Gy, En(bn) = 0 and (1( Yns1 Pn 1%))2 < 1. Thus, by the Cauchy-Schwarz inequality we have that

Y Inmlaliball; < [Z ||rn||%J (Z ||bn||%J <1

nx=1 nx>1 n>1

Taking the infimum as in (4.6), we obtain a ¢ LE’C(M) and lall 2eomy <1, which imply that (4.5) holds.
Combining (4.4) and (4.5), we have that XL 2eaty < IXNRgA)- Thus, we have that hf(M) = LE’C(M).
Similarly, we have that h{ (M) = L#"(M). The proof of the theorem is complete. O

Let 2 < p < co. Our second result of this section concerns the equivalent quasinorms for hf,(M)
and hy(M).

Theorem 4.4. Let 2 < p < co. Then we have
h,(M) = X,(M) = Lymo(M)

with equivalent norms. More precisely,

1

p 2
IxXlxsmy < Ixllgmomy < Ixllngemy < (SJ XN xsomy -

Similarly,
h,(M) = X,(M) = L,mo(M)

with equivalent norms.
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Proof. Step 1: Let x ¢ XIC,(M). Fix a positive integer N, we will show that s y(x) € L,(M). Let1<n < N.

Since the dual space of Lg(M n is Lﬁ(M )

||8,,(|an+1|)2||§ = sup T()’,,Sn(ldxn+1|2))-
Yo€Lty (My)
p-2
Iyalle p (m<1
p-2
p_
Let w, = °. Then w;, > 0 and 7(w,) < 1. Thus, we have that

_2
IEnldnal?ll = sup 7 (wy PEn(dxnal)?) < ey -

wy,=0,T(wy) <1

Therefore, we obtain that

1

N 2
(Z 8n—l(ldxn |)2] =
p

N 2
z 8n—l(ld—xnl)2

n=1

n=1 p
2

N
1
<y I|8n—1(|dxn|)2"% < Nllxllxgmy < oo.
n=1

Assume [s; y(x)ll, = 1. Then the sequence {s”y(x), sZy(X),..., SZy(X), ...} € Ws. Set s o(x) = 0. Thus, we

have that
N , N
ey 2 T[Z (SO 7(s2 (%) — SE,HI(X))J = T[SCI?I‘VZ(X) Y (S20X) = 204
n=1 n=1
It follows that
Ixllrgay < IXlxsoan -
Now let x € hIC,(M) and (w,) € Wh. Set s. o(x) = 0. Then for any n

1

Thus, we get that

1

[T [Z Wﬁf%(scz,m(X) - SE,k(X))D < sl

k=1
Therefore, the inequality ||x||X;(M) < ||x||h;( M) holds.
Step 2: Let x € hy(M). Then for any n > 0
Enllx = En(X)P) = Sn{ i Epe-1(ldxic Iz)J < En(s{(X)).
k=n+1
Thus, we have that
IXllzgmocrty < IXMIgim)-

Now let x € Lymo(M)) and i + = = 1. Note that

1
p

Isup*(Enlx = Ex0) D)z = sup{ Y T(Enllx = E)D?Y,) 2 Yy € Ly and

nx1

Thus, we have that

(X))J = 7(sfy()).

[T[ Wi Hs2 00 - sg,k(x»B _ (r (w,l*ﬁsf,m(x))jf < W) B (T2 < IseX)lp-
k=1

<1;.
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1
2

IXllxsmy = sup | T (Z [tn PEn(1X ~ X IZJ < lIsup*(Enllx = EaLO DA < IXNLEmocm)-
(un) € Gy n=1
The proof of the theorem is complete. O

The following is an immediate consequence of Theorem 4.4 and Theorem 3.3 in [2] (or Theorem 3.1
in [7]).

Corollary 4.5. Let 1 < p < 2 and let q be the index conjugate to p. Then
(hy(M))* = hg(M)

and
(R (M) = hj(M)

with equivalent norms.
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