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Abstract: This paper focuses on finite-order meromorphic solutions of nonlinear difference equation
f(z) + q(z)e?@ A f(z) = p(z), where p, q, Q are polynomials, n > 2 is an integer, and A.f is the forward
difference of f. A relationship between the growth and zero distribution of these solutions is obtained.
Using this relationship, we obtain the form of these solutions of the aforementioned equation. Some
examples are given to illustrate our results.
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1 Introduction and main results

In 2010, Yang and Laine [1] studied the existence of finite-order entire solutions of the differential-
difference equation

f(2z) + Lz, f) = h(z), (1.1)

where L(z, f) is a linear differential-difference polynomial in f with small meromorphic coefficients, h(z) is
a meromorphic function of finite order, and n > 2 is an integer. It is proved that if n > 4, then equation (1.1)
has at most one admissible entire solution of finite order. In particular, the equation

f?2) + q@)f(z + 1) = p(z),

where p(z), q(z) are polynomials, has no transcendental entire solutions of finite order. This paper results
in an extensive focus on the integrability of nonlinear difference equations (see, e.g., [2-8]). For example,
assuming that h(z) = p;e®? + p,e%Z, the authors in [2-5] gave some conditions how to judge the existence
of admissible finite-order entire solutions of (1.1), where pi, p,, &, @, are constants. If the condition
admissible solution is omitted, that is, the coefficients of L(z,f) are not small functions of f,
Wen, Heittokangas, and Laine [7] proved that every finite-order meromorphic solution of the difference
equation

f1(2) + q(2)e?@f(z + ¢) = p(2) (1.2)

is entire, and classified these entire solutions in terms of its growth and zero distribution, see Theorem A.
For the convenience of our statement, we recall some notions and definitions.
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Let f be a meromorphic function in the complex plane C. It is assumed that the reader is familiar with
the basic notations and the main results of the Nevanlinna theory, such as m(r, f), N(r, f), T(r, f), the first
and second main theorems, etc.; see, e.g., [9,10]. The notations o(f) and A(f) denote, respectively, the
order and the exponent of convergence of zeros of f. An entire function of the form

f(z) = Pi(2)e%@ + ...+ Pi(z)e%®), (1.3)

where P(z), Qj(2)(j = 1,..., k) are polynomials in z such that max{degQj(z) : 1 <j < k} = s > 1is called an
exponential polynomial of degree s. Denote

I ={e" +d:deC, a polynomial, a # const.},
I, ={e* : a polynomial, a # const.}.

Theorem A. [7] Let n > 2 be an integer, ¢ € C\{0}, and let p(z), q(z)(#0), Q(z) be polynomials such that Q(z)
is not a constant. Then we identify finite-order entire solutions f of (1.2) as follows:

(a) every solution f satisfies o(f) = degQ and is of mean type;

(b) every solution f satisfies A(f) = a(f) if and only if p(z) # 0;

(c) a solution f € Iy if and only if p(z) = 0. In particular, this is the case if n > 3;

(d) if a solution f € Ty, and if g is any other finite-order entire solution of (1.2), then f = ng, where n*"! = 1;
(e) if f is an exponential polynomial solution of the form (1.3), then f € Iy. Moreover, if f e \Iy, then

o(f) =1

A variant of Theorem A was obtained by Liu [11]. Considering the differential-difference equation
f2) + q(2)e?@f 0 (z + ¢) = p(z), (1.4)

Liu proved the following result.

Theorem B. [11] Let n > 2, k > 1 be an integer, c € C\{0}, and let p(z), q(z)(#0), Q(z) be polynomials such

that Q(z) is not a constant. Then every finite-order transcendental entire solution f of (1.4) should satisfy

results (a), (b), and (d) of Theorem A. Moreover,

(i) asolution f € {B(z)e*? : B, a polynomials, a # const.} if and only if p(z) = 0. In particular, this is case
ifn>3;

(ii) if f is an exponential polynomial solution of the form (1.3), then f ¢ {B(z)e®® + h(z):B,a,h
polynomials, a # const.}.

The purpose of this paper is to classify finite-order meromorphic solutions of the difference equation
f12) + q(2)e?@Af(2) = p(2), 1.5)

where n, p, g, Q, c satisfy the hypotheses of Theorem A, A.f(z) = f(z + ¢) — f(z). Our results show that
meromorphic solutions of (1.5) have different structure from equations (1.2) and (1.4). Note that every
finite-order meromorphic solution of (1.5) is entire by comparing the poles of both sides of (1.5). Now we
state our results as follows.

Theorem 1.1. Let n > 2 be an integer, ¢ € C\{0}, and let p(z), q(z) (0), Q(z) be polynomials such that Q(z) is

not a constant. Then every finite-order nonconstant entire solution f of (1.5) has the following properties.
() o(f) = deg(Q(2)) and f is of mean type;

(i) A(f) = o(f) if and only if p(z) # O;

(iii) A(f) = o(f) — 1if and only if p(z) = 0. In particular, this is the case if n > 3.

Theorem 1.2 is a direct result of the proof of result (iii) of Theorem 1.1, see Section 2. It gives the
expression of finite-order entire solutions of (1.5) in the case n > 3 or p(z) = 0.



1294 —— Huifang Liu et al. DE GRUYTER

Theorem 1.2. Let n, p(z), q(z), Q(z), ¢ satisfy the hypotheses of Theorem 1.1. If n > 3 or p(z) = 0, then every
finite-order nonconstant entire solution f of (1.5) is of the form

f(2) = A(z)e”’,

where s = degQ, w is a nonzero constant, and A(z)(#0) is an entire function satisfying o(A) = A(A) =
degQ - 1. In particular, if degQ = 1, then A(z) reduces to a polynomial.

Remark 1.1. Examples 1.1-1.3 show that the difference equation (1.5) does have such solution defined as
Theorem 1.2.

Example 1.1. The equation f2(z) + ezzAcf(z) = 0 has a solution f(z) = (1 - ezcz)ezz, where c is a nonzero
constant such that e’ = 1. Here, A(f) = A(1 — €%) = 1 = o(f) - 1.

Example 1.2. The equation f2(z) + (z + 1)2e#?A.f(z) = 0 has a solution f(z) = —c(z + 1)ef?, where c, B are
nonzero constants such that ef° = 1. Here, A(f) = 0 = o(f) - 1.

Example 1.3. The equation f?(z)+2e?A.f(z)=0 has a solution f(z)=e?, where c=-log 2. Here, A(f) =
0=0(f)-1.

Now we consider the expression of finite-order entire solution of (1.5) in the case n = 2 and p(z) # 0.
From Theorem 1.1, it follows that every finite-order entire solution f satisfies A(f) = o(f) = degQ. So, it is
plausible to consider the exponential polynomial solutions of (1.5).

Theorem 1.3. Let p(z)(#0), q(z)(#0), Q(z) be polynomials such that Q(z) is not a constant. If f is an expo-
nential polynomial solution of (1.5) of the form (1.3), then f is of the form
f(2) = Hi(z)e“ + Ho(z), (L.6)

where H,, Hy are nonconstant polynomials, w, is a nonzero constant satisfying e“:¢ = 1.
Remark 1.2. Example 1.4 shows that entire solutions of the form (1.6) do exist.

Example 1.4. The equation f2(z) + (z + 1)2¥™%(f(z + 1) - f(2)) = (2% + 3z + 2)? has a solution f(z) =
22 +3z+2— (z +1)e¥z,

The remainder of this paper is organized as follows. In Section 2, we use some known results to give
the proof of Theorem 1.1. The proof of Theorem 1.3 is given in Section 3, and its key reasoning relies on
Steinmetz’s results on the Nevanlinna characteristic of exponential polynomials.

2 Proof of Theorem 1.1

The following lemmas will be used to prove Theorem 1.1, in which, Lemma 2.1 is the difference version of
the logarithmic derivative lemma due to Chiang and Feng; Lemma 2.4 is called the Hadamard factorization
theorem.

Lemma 2.1. [12] Let f(z) be a finite-order meromorphic function in the complex plane, and c be a fixed
nonzero constant. Then, for each € > 0, we have

m(r, Mj + m(r, &j = O(rotH-1+&y 4 O(log r).
f(z) fiz+c¢)
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Lemma 2.2. [13] Let f(z) be a transcendental meromorphic function of finite order. Then
I(r,f(z + ) = T(r, f(2)) + S(r, f(2)),

where S(r, f(z)) denotes any quantity satisfying S(r, f) = o(T(r, f)) as r — oo, possibly outside of a set of
finite logarithmic measure.

Lemma 2.3. [14] Let fj(2), g/(z) (j = 1,..., n) (n > 2) be entire functions satisfying the following conditions.
(i) Y7, filz)es® =0

(il) The order of f; is less than that of e&®)=8( for1 <j<n,1<t<k<n.

Then fi(z) =0, (j=1,...,n).

Lemma 2.4. [14] Let f(z) be an entire function of finite order. Then f(z) = u(z)e"®, where u(z) is the
canonical product of f(z) formed with the zeros of f, and v(z) is a polynomial of degree at most o(f).

Proof of Theorem 1.1. Let f be a finite-order nonconstant entire solution of (1.5). If A.f = 0, then we get fis
transcendental, which contradicts that f" = p is a polynomial by (1.5). So we have A f # 0.

Proof of (i). From Lemma 2.1 and (1.5), it follows that for each & > 0,
nm(r, f) =m(r, p(z) - q(z)e?@Af)
< m(r, e%) + m[r, A;g?] + m(r, f(2) + O(log ) @1
<m(r, @) + m(r, f(2)) + O(r°V71+¢) + O(log 1),

m(r, ¢29) m( Lfﬂ}
q(z2)Af(2)

< m[ e )] + m(r, f"(z)) + O(og r) (2.2)

< T(r, Af(2)) + nm(r, f(z)) + O(logr)
<+ D)m(, f(z)) + O@°N-1+¢) 1 O(log r).

T(r f)

Hence, by (2.1) and (2.2), we get o(f) = deg(Q(z)), and fis of mean type, that is, its type 7(f) = hm €
(0, +00).
Proof of (ii) “=.” Suppose that P(z) = 0, then (1.5) can be represented as
U z) + q(z)e?® (f(z + ) 1} =0 (2.3)
f2)
By (2.3), we get
flz + c)j
Nir, = 0(logr).
( f(z)
Then, combining Lemma 2.1, we get for each € > 0,
T(r, M} = 0(roH-1+¢) 4 O(log ). (2.4)
f(2)
Hence, from (2.3) and (2.4), it follows that for each € > 0,
(n-1N|r ! =N|r, - <T|r, Af () + O(log r) = O(roN-1+¢) 1 O(logr). (2.5
' f(z) q(z)eQm% f2)
V4

By (2.5), we get A(f) < a(f), which contradicts the condition A(f) = a(f). So P(z) # 0.
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Proof of (ii) “<.” Since P(z) # 0, from Lemma 2.1, (1.5), and the second main theorem related to three
small functions [9, Theorem 2.5], we get for each € > 0,

nT(r, f)=T(, f") sN(r, #j + N@r, f™) + N[r, f"%PJ + S(r, f)

N(r, %) + N(r, ﬁj + S(r, f)

N(r, %j + T(r, AS) + S, f)

IN

(2.6)

IN

IN

N(r, %j +m(r, f) + O(roN-1+€) 4 S(r, f).

(2.6) implies that o(f) < A(f). Then from the fact o(f) > A(f), we get o(f) = A(f).

Proof of (iii). First, we prove that if n > 3, then p(z) = 0. In fact, if p(z) # 0, then by (2.6), we get
T(r, f) = O(r°O-1+€) 1 S(r, f), which yields o(f) < o(f) — 1. This is a contradiction.

Second, from result (ii) of Theorem 1.1, it is easy to obtain that A(f) < o(f) if and only if P(z) = 0. So,
we only prove A(f) = o(f) — 1 provided P(z) = 0.

Since P(z) = 0, we get A(f) < o(f). From this equality and Lemma 2.4, it yields

f(2) = A(z)e®®, (2.7)
where a(z) is a polynomial, A(z)(#0) is the canonical product of f formed with the zeros of f, such that
0(A) = AMA) = A(f) < o(f), dega = o(f) = degQ = s. (2.8)
Substituting (2.7) into (1.5), we get
A (z) @02 @nasz® 4 g(7)e®@+ Q) (A(z + ¢)edE+0-aE) _ A(z))el@sthz’ = 0 (2.9)

where a(z) = a;z°% + ao(z), Q(z) = bsz° + Qo(z). Here, as, bs are nonzero constants, &g, Qo are polynomials
of degree < s — 1. By (2.8), (2.9), and Lemma 2.3, we get nas = as + bs, and

A(2) + q(z)eW@)+1-M0@) (A(z + ¢)e*@+)-a@) — A(z)) = 0. (2.10)
Next, we divide three cases to complete the proof.

Casel.s — 1> 0ando(4) < s — 1. Ifdeg(Qo(z) + (1 — n)ag(z)) < s — 1, then by deg(a(z + ¢) — a(z))=s -1,
Lemmas 2.2, 2.3, and (2.10), we get q(z)A(z + c¢) = 0, which contradicts the fact that g(z) # 0 and A(z) # O.
Similarly, if deg(Qo(z) + (1 — n)ao(z)) = s — 1, then by Lemmas 2.2, 2.3, and (2.10), it yields q(z)A(z) = 0,
and we again have a contradiction.

Case 2. 0 < s — 1 < o(A). It follows from (2.10) that

N(r, Az + C)j < N[r, Lj = O(log ).
A(z) q(z)

Then by Lemma 2.1, we get for each € > 0,

T(r’ Az + C)j — O(ro®-1+¢) 1 O(log 7). (2.11)
A(z)

Combining (2.10) and (2.11), we get for each € > 0,

1 1
(n- l)N(r, MJ <N|r, A0 pater ) ] + O(logr)
A(2)

. (2.12)

et(z+o)-a(z) _ A@2)
A(z+c)

< T(r, e®@*+9)-a@)) 4 Q(roW-1+&) 1 O(log r).

<N|r, + O(r°@W-1+&) 4 O(log r)
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Hence, from deg(a(z + ¢) — a(z)) = s — 1, (2.8), and (2.12), it follows A(4) < s — 1. Since A(4) = 0(4) = s - 1,
weget A(f) =A(A) =s -1=o0(f) - 1.

Case 3.5 — 1 = 0. By (2.8), we get 0(4) = A(A) < 1. If A(z) is transcendental, then A(z) has infinitely many

zeros. But (2.12) implies N (r, ﬁ) = O(log r). This is a contradiction. So A(z) is a polynomial and A(f) =

AMA) =0=o0(f) - 1. O

3 Proof of Theorem 1.3

Following Steinmetz [15], the exponential polynomial (1.3) can be normalized in the form
f(2) = Ho(z) + Hy(2)e"" + -+ Hy(z)e“n?, 3.1

where m < k, wy,..., w,, are pairwise different leading coefficients of the polynomials Q;(z)(1 < j < k) of
degree s, Hi(z)(0 < j < m) are either exponential polynomials of degree < s — 1 or ordinary polynomials in
z. So, we have Hi(z) £ 0(1 <j < m).

Set W = {wnq,..., Wn}, Wo = W U {0}. The convex hull of the set W, denoted by co(W), is the intersection
of all convex sets containing W. If W contains finitely many elements, then co(W) is either a compact
polygon with nonempty interior or a line segment. We denote by C(co(W)) the perimeter of co(W). When
co(W) is a line segment, C(co(W)) equals to twice the length of this line segment.

Theorem C. [15] Let f be given by (3.1). Then

T(r, f) = Clco(We)) L + o(r).
2

Theorem D. [15] Let f be given by (3.1). If Hy(z) # O, then

m[r, %j = o(r%);

while if Hy(z) = O, then
N|r 1. C(co(W))r—s + o(r®)
) 21 '

In order to prove Theorem 1.3, we need Lemmas 3.1 and 3.2. As one may observe, the proof of Lemma
3.1 is somewhat similar to that of [7, Lemma 4.5].

Lemma 3.1. Let f be given by (3.1), and be a solution of (1.5), where n = 2. If the points 0, wy,..., Wy, are
collinear, then m = 1.

Proof. Suppose contrary to the assertion that m > 2. Without loss of generality, we assume that w; = kjw
(i = 1,..., m), where w is a nonzero complex number, k; are distinct nonzero real numbers such that k; > k;
fori > j. Set Q(z) = bsz° + Qo(z), where Qq(z) is a polynomial of degree < s — 1. Substituting the expression
(3.1) of finto (1.5), we get

m m
Y. H()Hz)e"hv=" = P(z) ~ q(z)e®® {lo(z)ebszs ) lt<z>e<bs+krw>zs}, (3.2)

i,j=0 t=1

where ko = 0, lo(z) = Ho(z + ¢) — Ho(2), li(2) = Hi(z + c)e¥@+’~wz* _ H(2) (t = 1,..., m).
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Now we divide two cases k, > 0 and k, < O to derive a contradiction. Considering the similarity of
proofs in these two cases, we only discuss the case k, > 0 in detail.
Let A={k+k:i,j=0,1,.., m}, we have

. k, k>0,
max A = 2k,,, min(4 - {0}) = {2;(1, ;(1 o, (3.3)

From the proof of Theorem 1.1, we get A.f # 0, which implies that at least one of L,..., l is not vanishing.

Case 1. l;(z) =---= li(z) = 0. Then we have ly(z) # 0, which implies Hy(z) # 0. If 2k,,w + bs, then by (3.2),
(3.3), and Lemma 2.3, we get H,i(z) = 0, which contradicts Hy(z) # 0. If 2k,,w = bs, then by (3.2), (3.3),
and Lemma 2.3, we get H(z) = 0, which also contradicts Hj(z) # 0.

Case 2. At least one of l,..., [; is not vanishing. Set A = {t € {0, 1,..., m} : l((z) # 0}, then A is a nonempty
set. Denote t, = max A.

Subcase 2.1. Iy(z) # 0. If there exists some j, € A\{to} such that 2k,w = bs + kj,w, then by (3.2), (3.3),
Lemma 2.3, and the fact

2k — kj, + ke > max{2ky, — kj, + ki1 i=0,...,to - 1},

we get g(z)e®®], (z) = 0, which contradicts g(z) # 0. If 2kyw = bs + ky,w, then by (3.2), (3.3), Lemma 2.3,
and the fact

min{2k,, - k¢, + ki : i = 0,..., to} > min(4 - {0}),
we get Hi(z) = 0, which contradicts Hi(z) # 0.
Subcase 2.2. ly(z) = 0 and Hy(z) # 0. Using the similar proof to subcase 2.1, we get a contradiction.

Subcase 2.3. [y(z) = 0 and Hy(z) = 0. Then by (3.2), (3.3), and Lemma 2.3, we get there exists some
Jjo € A\{0} such that 2k,,w = bs + kj,w. Otherwise, we have H,%,(z) = 0, which contradicts Hy,(z) # 0. While
if 2kw = bs + kj w, then by (3.2), (3.3) and the fact

2k = min{2ky,..., 2k, ki + ki : 1 < i< j<m} < min {2k, - kj, + k; : i = 1,..., to},

we get H(z) = 0, which contradicts Hy(z) # 0. O
Lemma 3.2. Let f be given by (3.1). If f is a solution of (1.5), where n = 2, then m = 1.

Proof. Suppose contrary to the assertion that m > 2. Substituting the expression (3.1) of f into (1.5), we get

F(z) = f2(2) - pz) = M(z) + Y H(2)H2)e @+ = —q(2)e?9Af(z) = -q(z)e?® )" l(z)e””, (3.4)
i,j=0 j=0
wi+wj#0

where M(z) is either an exponential polynomial of degree <s -1 or ordinary polynomial in z,
li(z) = Hi(z + c)ewizter-wz® _ Hi(z) (j = 0,1,..., m), wo = 0. From the proof of Theorem 1.1, we get A.f # O,
which implies that at least one of l,..., ly is not vanishing.

Set

X = @1y, O, @7 + @5 2 @7 + @ #0,0,j=1,...,m},

X ={w; +wj : w; +w; +0,1,j =1,...,m},

Y = {@q,..., Oy, 2007,..., 20}, Y = {207,..., 20m}.
It is obvious by convexity that

C(co(Xy)) < C(co(X)), C(co(Yr)) < C(co(Yy)), C(co(X;)) = C(co(Y))), ( =1, 2). (3.5)
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If ly(z) =---= L(2) = 0, then we have ly(z) # 0, which implies Hy(z) # 0. From the fact F(z) = —q(z)ly(z)e?®
and Theorem C, we get
1
Ni|r, —=|=o(rd.
[rg) =000

On the other hand, by (3.4), Theorems C and D, we get

N [ 1} | Cleo) 3 + o(r%), M(2) =0,
"F) | 2C(coWo)) 2 + o(r), M(2) # 0.

This yields a contradiction. So, there exists some ¢; € {1,..., m} such that I;(z) # 0. Set Ay = {t € {1,..., m}:
l((z) # 0}. Denote by T the set consisted of nonzero elements @(t € /Ay) and To = T U {0}. It is obvious that

C(co(T)) < C(co(W)), C(co(Tp)) < C(co(Wp)).
By (3.4), Theorems C and D, we get
1 1 Cleo(T)) % + o(r), lo(z) = 0,
N[r, —j = N(r, —j + O(logr) = T (3.6)
F(z) Af(z) C(co(To)) = + o(r%), Io(2) # O.

Case 1. Suppose that M(z) # 0, then by (3.4) and Theorem D, we get

1 S
m[r, WJ = o(r9). 3.7)

So, by Theorem C, (3.4), (3.6), and (3.7), we get
2C(co(W0))r—S +0o(r5) =2T(r,f(z))=T(r,F(z)) + O(logr) = T(r, Lj + O(log r)
2n F(z)

Clco(T)) % + o(r), lo(z) = 0,

Clco(Tp) £ + o(r), lo(z) # O,
which contradicts C(co(W,)) = C(co(Ty)) = C(co(T)).
Case 2. Suppose that M(z) = 0, then by (3.4) and Theorem D, we get

( 1 J ( 1 J Clco(X) = + o(r®), Ho(z) # 0,
N|r =N|lr, —— | =
f2 )

, —— " (3.8)
F(z) - p(2) C(co(xz))z’—n + 0(rs), Ho(z) = 0.

Subcase 2.1. If Hy(z) = 0, then we must have ly(z) = 0. So, by (3.6) and (3.8), we get C(co(T)) = C(co(Xp)).
From this equality and (3.5), it follows that

%C(CO(Yz)) = C(co(W)) = C(co(T)) = C(co(Xy)) = C(co(Y2)),

which is a contradiction.
Subcase 2.2. If Hy(z) # 0 and Ily(z) = 0, then by (3.6) and (3.8), we get C(co(T)) = C(co(X;)). From this
equality and (3.5), we get

1

EC(CO(Yz)) = C(co(W)) = C(co(T)) = C(co(X)) = C(co(Y1)) = C(co(Y2)),

which is a contradiction.
Subcase 2.3. If Hy(z)ly(z) # O, then by (3.6) and (3.8), we get
C(co(Tp)) = C(co(Xy)). (3.9)
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By Lemma 3.1 and m > 2, we know that co(W;) cannot reduce to a line segment. Hence, co(W,) is a polygon
with nonempty interior.

If 0 is not a boundary point of co(W), then we have co(W,) = co(W). From this equality, (3.5) and (3.9),
it follows that

C(co(Y2)) < C(co(Yy)) = Cco(Xy)) < C(co(Wp)) = C(co(W)) = %C(CO(Yz)),

which is a contradiction. So, 0 is a boundary point of co(Wy). Since co(Wp) is a polygon with nonempty
interior, we denote the nonzero corner points of co(Wp) by w,..., u(t < m), such that 0 < arguy, <
argu,<---<argu; < 2m. Hence,

Clco(Wp)) = |w| + |up — ug| +---+ Uy — U] + |ugel. (3.10)

SetY; = {w, 2uy,..., 2us, us}. Since wy, ..., u; are corner points of co(Wp) and argy; < argu;,1(j = 1,..., t - 1), we
know that the points 2uj,..., 2u; must be corner points of co(¥3), and co(Y3) may have other corner points.
So by (3.10), we get

C(co(Y3)) > 12uy — ug| + 12up — 2wy | + -+ + |2up — 2ue_q| + 120 — us| > C(co(Wp)). (3.11)
Then, by ¥53 ¢ ¥;, (3.5), and (3.11), we get
C(co(Xy)) = C(co(Y)) = C(co(Y3)) > C(co(Wp)) = C(co(To)),
which contradicts (3.9). O

Proof of Theorem 1.3. The condition p(z) # 0 and result (iii) of Theorem 1.1 imply n = 2. Then by Lemma
3.2, we get m = 1, that is,

f(2) = Hy(z) + Hy(z)e"?, (3.12)

where Hy(z), Hi(z) (#0) are either exponential polynomials of degree < s — 1 or ordinary polynomials in z.
Substituting (3.12) into (1.5), we get

Hi(z)e%" 1+ 2Hy(z) Hy(z)e®?" + q(z)e®@]y(z)els? + q(z)e@@](z)e@+h)=" = p(z) — Hi(z), (3.13)

where Q(z) = bsz® + Qo(z), Qo(z) is a polynomial of degree <s —1, ly(z) = Ho(z + ¢) — Ho(z), L(z) =
Hy(z + c)e®@+O’~wiz’ _ H (7). From the proof of Theorem 1.1, we get A.f # 0, which implies that at least one
of I, Iy is not vanishing.

Claim I. We claim that [j(z) # 0. Otherwise, we have ly(z) # 0, which implies Hy(z) # 0. If bs = 2w, then by
(3.13) and Lemma 2.3, we get Hy(z)Hi(z) = 0, which yields Hi(z) = 0. This contradicts Hi(z) # 0. So
bs # 2w;. Then by (3.13) and Lemma 2.3, we get H(z) = 0, which contradicts H(z) # O.

Claim II. We claim that Hy(z) # 0. Otherwise, we have ly(z) = 0. If bs = wy, then by (3.13) and Lemma 2.3,
we get p(z) = 0, which contradicts the hypotheses of Theorem 1.3. So bs; # w,. Then by (3.13) and Lemma
2.3, we get H2(z) = 0, which contradicts H(z) # 0.

Now we divide two cases to complete the proof of Theorem 1.3.

Case 1. ly(z) = 0. Since w; ¢ {2wy, w; + bs}, by (3.13) and Lemma 2.3, we get Hy(z)Hi(z) = 0, which
contradicts Claims I or II.

Case 2. Iy(z) # 0. If w, + bs = 0, then by 2w, ¢ {w, —w:}, (3.13), and Lemma 2.3, we get H(z) = 0, which
contradicts Hy(z) # 0. So, we have w; + bs # 0.

Subcase 2.1. Suppose that bs # w;, then we get w; ¢ {2wy, bs, w, + bs}. Hence, by (3.13) and Lemma 2.3, we
get Hy(z)Hi(z) = 0. This is a contradiction.



DE GRUYTER Meromorphic solutions of certain nonlinear difference equations =— 1301

Subcase 2.2. Suppose that b; = w;, then by (3.13) and Lemma 2.3, we get

Hi(z) + q(z)e%@ {Hy(z + c)ewie+9-wiz" — Hy(z)} = 0,
2Ho(z)Hy(2) + q(z)e®@{Hy(z + ¢) — Ho(2)} = 0, (3.14)
p(z) - Hy(z) = 0.

From the second and third equations of (3.14), we obtain that Hy(z) is a nonconstant polynomial. Solving
the second equation of (3.14) yields that

Hi(2) = G(z)e%®), (3.15)

where G(z) = 7}10(2)2;2()“0)51(2) is a nonzero polynomial. Substituting (3.15) into the first equation of (3.14),
0
we get

GA2) + q(2){G(z + ¢)eF+ -wiz+Qz+0)-Q2) _ G(z)} = 0. (3.16)
If s > 2, then by (3.16), Lemma 2.3, and the fact that
deg(wi(z + ¢)° — w1z%) =5 — 1, deg(Qo(z + ¢) — Qo(2)) = deg{Qo(2)} —1<5 -2,

we get g(z) G(z + ¢) = 0, which contradicts g(z) # 0. Sos = 1 and H,(z) is a polynomial. Suppose that Hj is a
constant, it follows from Claim I that e“: # 1. Then by the first and second equations of (3.14), we obtain
that g is a constant and degH, = degH, — 1. But the latter equality cannot hold. So H; is a nonconstant
polynomial. Finally, comparing the degree of polynomials of the first and second equations of (3.14), we
get degH, = degq — 1 and e®:¢ = 1. Theorem 1.3 is thus proved. O
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