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Abstract: We extend a boundedness result for Marcinkiewicz integral operator. We find a new space of
radial functions for which this class of singular integral operators remains LP-bounded when its kernel
satisfies only the sole integrability condition.
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1 Introduction

Forn > 2, let R" be the n-dimensional Euclidean space and $"~! denote the unit sphere in R" equipped with the
normalized surface measure do. For any nonzero y € R", let y’ be the projection of y on $"°1, that is, y’ = Iyll For

a > 0, the Zygmund class L(log L)*(S"!) consists of all measurable functions Q on $"~! which satisfy

I [Q(x)[log%e + |Q(x)])da(x) < co.

Sn—l
The following inclusions among Zygmund classes and Lebesgue spaces hold and are proper. For g > 1 and
0 < a < f8, we have

L9(S"™ 1) ¢ Llog L)(S™1) ¢ LY(S™Y),

L(og L) (S™ 1) ¢ L(log L)%(S™1).

Let Q € L{(S™!) be a homogeneous function of degree zero and satisfy

I Q(y)da(y) = 0. (1.1)
Sn—l

Condition (1.1) is referred to as the cancellation property. It was shown that Q must satisfy (1.1) for the
existence of the singular integrals in our work, see [9]. For p > 0 and a measurable radial function h,
consider the integral operator

2 1/2

M0 = [ er [ foc-yranmnar|
0

lyl<t
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where

Q)
lyl-*

Ko np(y) = h(lyD).

Whenn=1,p =1, h=1and Q(y) = sign(y), we denote Mg,h by M. In 1938, Marcinkiewicz introduced
the operator M to give an analogue of certain Littlewood-Paley g-functions [7]. In [8], Stein introduced the
integral operator M as a higher dimensional version of M. Since then there was much work on the
L?-boundedness of the operator M}M whenever Q belongs to a variety of function spaces. For instance, Stein
proved that M}M is bounded on LP(R™) for all 1 < p < 2 whenever Q ¢ Lip,(S™1), 0 < a < 1. In [10], Walsh
proved the boundedness of M}M when p = 2 and Q € L(log L)"/2($9-1). Moreover, he showed that we may not
attain the boundedness of M¢,; on L? if we reduce the power 1/2 by a smaller one in the Zygmund class
L(log L)V2($%1). In a recent study, Al-Salman et al. [3] proved that M¢,; is bounded for p € (1, c0) and
Q € L(log L)/2(S4°1). We refer the readers to [1-4,11-14] for more background information and related results.

In the following, we discuss some results that are relevant to our work. For 1 < y < oo, let

1y

Iy
PANRY = 1h: R > € : Jhlie@) e = sup f Y| < ool
jez | 5 r
If y = 0o, we set
[®(LY)(R*) = L®(R™).
For1<y < fB <ooandt > 0, the spaces [®(LY)(R*) have the following interesting properties:
LP[R*) ¢ I°(LA)(R*) ¢ I°(LY)([R*) ¢ I1°(LY) (R*), 1.2)
) 1y 2t 1y
[ eS| =) [ o] < 2w, 1.3)

2! 2t

Ding, Lu and Yabuta [4] studied the L2-boundedness of Mg,h when h € I1°(LY)(R*) and proved that
Mg,h is bounded on L*(R™ for Q € L(log L)(S™!) and h € I®°(LY)(R*), 1 < y < co. In 2007, Al-Salman and
Al-Qassem [2] improved this result and proved that Mﬁ’h is bounded on LP(R") for 1 < p < co. In a very
recent work, Hawawsheh et al. [5] introduced a new subspace D,(R*) of I°(L¥)(R*). More precisely,
D,(R*) consists of all measurable radial functions on R", which satisfy the following conditions:

h(r)

M e 1w w9, (1.4)
Uy
» 1/y
< dr
— . 1.
> [ mor<] <o (1.5

2t
The space D,(R*) has many remarkable properties. For instance, D, ¢ L*°(R*) and Dg(R*) ¢ D,(R*)
for 1 <y < B < co. Hawawsheh and Al-Salman [6] proved that taking h € D,(R*) allows Mg’h to be

bounded whenever Q € L($""1), which is known as the sole integrability condition. In fact, they obtained
the following result.

Theorem 1.1. Ifh € D, for somey > 1 and Q € L(S"!) is a homogeneous function of degree zero on R", then

M$,,, is bounded on LP(R™) for % <p<oo.
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In view of Theorem 1.1, the natural question that arises is: what is the largest subspace of I*°(LY) (R*)
for which the result of Theorem 1.1 holds? In this work, we aim to improve the result of the previous
theorem by finding a subspace which contains D,.

2 Lemmas

This section prepares for the proof of our main result by using a variation of the technique that was used to
prove Theorem 1.1.
Let D}(R") consist of all measurable radial functions on R", which satisfy the following conditions:

rV'h(r) € 1°(LY) (R™), (2.1)
7 1/y
Y th(r)ly% < co. 2.2)
j=0 yi-1

It can be readily seen that D;(R*) c I®°(LY)(R*) and D’;(R*) ¢ Dy(R*). In fact, one can consider the function
h(r) = 7l (0)-

Lemma 2.1. Let h € D)(R") for some y > 1 and Q € L(S""). Then,
[Ko,n(y)ldy < 217 (log 27 t* VI QIu e Rl -
t/2<|y|<t

Proof. By switching to polar coordinates, Holder’s inequality and using (1.3), we have

t t
dr ! _ ! ]
j Kaa(y)|dy = jrp|h(r>| f 00/ 1daty) [ <2¢ g, j Y
t/2<|y|<t t/2 st t/2

< 21 (1log MY P QI P Rl ey - O

d
)<
r

Lemma 2.2. Let Q and h be as in Lemma 2.1. If

F(x, £) = £ j Fix - y)Kan(y)dy,

t/2<|y|<t
then
IF(x, O)ll, < 2 og 20 ¢ Y IQIL I Rlliowy ) Il -

Proof. An application of Minkowski’s inequality for integrals yields

1/p P \P

IFCx, Ol = j|F(x, pPpdx| = j £ f fix - YKau(y)dy| dx
R" R" t/2<|y|st
1/p
<t j Kan()] jlf(x—yﬂpdx dy.
|R"

t/2<|y|<t

Now, applying Lemma 2.1 and recalling that the Lebesgue integral is invariant under translation
we have the desired result. O
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Definition 2.3. For a function u defined on R", the maximal integral operator of u is defined as

o*(u)(x) = sup t7 I |u(X_y)|IQ(y)|

1<t<oco |y|n—p
t/2<|y|<t

Ih(lyD) (dy.

The following lemma constitutes the boundedness of the maximal integral operator o*(u).

Lemma 2.4. Let Q and h be as in Lemma 2.1 and y > 1. Then,
lo*lly < Cllully

forq>y'.

Proof. With the aid of Hélder’s inequality we get

Q r
0@ = sup 2 [ lutx - I E Ly hyDldy
1<t<oo |Y| P Y
t/2<|y|<t
1y 1/y
_ 19| _ QI gy
csup |00 [ -y Sy | (e [ Sl nayray
1<t<co lyr-p+1 lyl*-°
t/2<lylst t/2<lylst
17y’
! ! Q
<RI Hlleane x sup |0 [ - yr S0 Lay 03)
1<t<co ly|=+ :
t/2<|y|<t
¢ 1/y!
ny' ! ] dr
< C sup lu(x = ry") " 1Q(y") 1do(y") —
1<t<oo "1 r
t/2'S
o 17y’
ny' ] ] dr
<C lu(x = ry")"1Q(y") Ido(y )7
1/2 s™!
Finally, by using (2.3) and Minkowski’s inequality for integrals we obtain
aly Y'lq
’ ' dr
oty <c| [ | [ [ wec-norieoneon S| dx
R" \1/2 s™!
- ay Y
<c uGc - )Y Ity | dx| I
< ux —-ry y oly ) (2.4)
1/2 | R" \ ™!
o y'lq
1\ 19 ! ! dr
<C lu(x — ry’)|[7dx IQ(y)IdO(y)F
1/2 s™1 \R"
< Cllully . O
Now, we are in a position to study the Dyadic operators
1/2

it 2

j dt
e =| [ o [ Kaumgixsy.ody] &

2 t/2<ly|<t
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Lemma 2.5. Let— <p<2IfgeZ=L" (dx Lz([zf 2+, dt))for] =0,1,2, ..., then
1S58l < €277 gl

Proof. Since p’ > 2, there exists a non-negative function u ¢ e 2)’([R”) with [lull;#/2'gn = 1 such that

2i+1 2
i det
Isghely = [ | [ o [ Kanmgocry.ody| T ucodx. (2.5)
R" | 2 t/2<lyl<t
Let G(x, t) =t a<lylet Ko.n(y)g(x + y, t)dy. Then, by applying the Cauchy-Schwartz inequality we have
<lyl<

2

GO, OF <[t I IKo,n(¥)lIg(x +y, t)|dy

t/2<|y|<t (2 6)
lee | asmlay|er [ IKas)liste+ v OPdy .
t/2<|y|<t t/2<|y|<t
Thus, by Lemma 2.1 and (2.6) we get
IGGx, ) < ctY| ¢0 j Ko x()lIgx + y, )Py | 2.7)
t/2<|y|<t
Now, combining (2.5) and (2.7) gives
2]'+1
_ dt
182,800l < 271 j j j EPKaAIlg0x + 3, O PuC)dy e
R™ 2 t/2<|y|st
2/+1
— 2l j f tP|Ko ()] j g0+, ) |2u(x>dxdy$
2 t/2<|y|<t
2/+1
_ dt
- c2 j | erkan j 805, ) Pulx - y)dedy - (2.8)
2 t/2<|y|<t
2]+1
_ royily 2 - dt
=C2 lg(x, t)] tP1Ko,n(y) lu(x - y)ddex
LY t/2<|y|<t
2j+1
ity dt |
<(C2 lg(x, D)1 - |° (u) (x)dx.
R" | 2/
An application of Holder’s inequality yields
185,800 15 < Cliglzllo*@)ller g, (2.9)

Finally, by the observation that (p'/2)’ > y’ whenever % < p < 2 and Lemma 2.4 we get the required
estimate. O
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3 Main result

Theorem 3.1. If h € D, + D), for somey > 1 and Q ¢ L{(S™ 1) is a homogeneous function of degree zero on
R", then M, is bounded on LP(R") for % <p<oo.

Proof. Based on the observation that the operator Mg, p is sublinear in h and Theorem 1.1, we need only to
prove Theorem 3.1 for h ¢ Z);‘,. First, note that

2 1/2
MP _ i dt
anf () = t fx - y)Kon(y)dy T
0 lylt
o 2 1/2
<, dt
= I N _[ fx=yEKony)dy| —
k=0 x t
0 t2k-1qy|<t2k
2 1/2
- ) de
<y tr fx = y)Kan(y)dy| —
k=0 t (3.1)
0 t2 k- 1q|y|<t2k
2 1/2
S 5k _ de
=12 tr fx = y)Ko,n(y)dy .
k=0 0 t/2<ly|<t
2 1/2
_ dt
=G| [ oo [ re-Kanmay|
0 t/2<|y|<t
< Gy (RE Wf 00 + SE f (),
where
) 2 1/2 1 1/2
det dt
RS0 =| [ oo [ fe-pRamay| | =] [ FopS
0 t/2<|y|<t 0
- 2 1/2 . 1/2
dt dt
st = [ oo [ se-pramay] T =| [ 1Fwopt
1 t/2<lyl<t 1
By using the homogeneity of LP-norm and the classical Minkowski inequality we have
IME fl < CoIRE flly + 1B ufll)- (3.2)
For p > 2, by Lemma 2.2 we have
S8 = Foo P3| ax Fo, RS < e [ —Loae = cie (33)
ISo.flp = [F(x, )] e < | IFx, t)IlpT < ClIfl, gres t = ClIfll,- .
R" \ 1 1 1

Next, we consider the case where 1 < p < 2. By duality, there exists a function g(x, t) defined on R" x R* in
7 = Lp'(dx, Lz([l, 0], %)) with |iglz < 1 such that
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T dt
152, fll, = j £ j £l - YKaa(y)dy [glx, 0 dx
R" 1 t/2<|y|<t
T i dt
:j j jf(x—y)g(x, Odx |t PKo () dy
1 t/2<lylst \R"
2j+l
< - dt
- [ [er | Kanisors v 0ayStfooax
R /=0 5 t/2<lyl<t
o 2i+1 2 1/2
<2 [| 3] [ oo [ Kawmgocsyooar| &) rooax
R [J=0| 5 t/2<lyl<t

= (In 2)/2 j [i Sﬁf}lg(X)Jf(X)dX-

R" j=0

By Holder’s inequality and Lemma 2.5, we get
IS8, 1fllp < (In 2)1/2 "f"p[z II(SS’,’},g(X)IIp'] < Clifllp-
j=0

On the other hand, to prove the boundedness of the operator R[p)’ p» consider

2 1/2
1 dt
RS0 =| [ |0 [ fec-pKanmdy|
0 t/2<|y|<t
i 3 1/2

- _ de
<y '[ tr f foc=Kany)dy| —

=0 | i t/2<lyl<t
= Y REF(0)

Therefore, by Minkowski’s inequality we have

IRE Ol < Y IRES

j=0

— 835

(3.4)

(3.5)

(3.6)

(3.7)

for 1 < p < co. Thus, we need to estimate ||725’,j,f||p so that the series on the right-hand side of (3.7)
converges. The proof follows the same lines of the one in [6]. In fact, by using (2.2) in the proofs of

Lemmas 2.4 and 2.5 we achieve our goal.

O
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