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Abstract: Let = ⋅ … ⋅S g gn1 be a sequence with elements gi from an additive finite abelian group G. S is

called a tiny zero-sum sequence if S is non-empty, + … + =g g 0n1 and ( ) ≔ ∑ ≤

=
( )

k S 1i
n

g1
1

ord i
. Let ( )t G be

the smallest integer t such that every sequence of t elements (repetition allowed) from G contains a tiny
zero-sum sequence. In this article, we mainly focus on the explicit value of ( )t G and compute this value for
a new class of groups, namely ones of the form = ⊕G C C p3 3 , where p is a prime number such that ≥p 5.
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1 Introduction

Let G be an additively written finite abelian group with ( )Gexp its exponent and let �( )G be the free abelian
monoid, multiplicatively written, with basis G. The elements of �( )G are called sequences over G. We write
sequences �∈ ( )S G in the form

�= ⋅ … ⋅ = ( ) ∈ ∈
∈

( )S g g g v S g GΠ , with for all .l g G
v S

g1 0g

A sequence T is a subsequence of S if ( ) ≤ ( )v T v Sg g for every ∈g G, denoted by |T S. Let −ST 1 denote the
sequence obtained by deleting the terms of T from S. By ( )σ S we denote the sum of S, that is,

( ) = ∑ ∈

=

σ S g G.i
l

i1 If ( ) =σ S 0, then S is said to be a zero-sum sequence, sometimes, for simplicity we say S
is zero-sum. The cross number ( )k S of a sequence S is defined by

∑( ) =

( )

=

k S
g

1
ord

.
i

l

i1

We call a non-empty zero-sum sequence S a tiny zero-sum sequence if ( ) ≤k S 1. The number ( )t G here is
the least integer �∈t such that every sequence S over G of length | | ≥S t contains a tiny zero-sum
subsequence. In present, the value of ( )t G is only known for seldom kinds of group G. We gather in one
separate theorem without proof all values of the invariant that are either known or easy to be deduced
from the existing literature.

Let ( )η G denote the smallest integer �∈t such that every sequence S over G of length | | ≥S t contains a
non-empty zero-sum subsequence ′|S S with | ′| ≤ ( )S Gexp . Such a subsequence is called a short zero-sum
subsequence. Since ( ) ≤ ( )g Gord expi , it is easy to find that a tiny zero-sum sequence must be a short zero-
sum sequence. Therefore, ( ) ≥ ( )t G η G for any finite abelian group G.
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Theorem 1. Let p be a prime. Then, ( ) = ( )t G η G for the following groups.
(1) ≅G C r

2α [1, Theorem 3.5],
(2) ≅G Cm

3 with =m 3α or =m 5β [2, Theorem 1.7],
(3) ≅ ⊕G C Cp pα α [1, Corollary 3.5], and
(4) ≅ ⊕G C C p2 2 [3, Theorem 1.4].

Girard [1] proved that for any positive integer ≥r 4, there is a finite abelian group of rank r such that
( ) > ( )t G η G . Concerning groups of rank 3, the author with coauthors found that ( ) > ( )t G η G if ≅ ⊕ ⊕G C C C p2 2 2 .
For all finite abelian groups of rank 2, Girard [1] conjectured that ( ) = ( )t G η G and proved that ( ) =t Cp

2α

( ) = −η C p3 2p
α2α for any prime p. This conjecture is widely open. The author with coauthors [3] proved that

( ⊕ ) = ( ⊕ ) = +t C C η C C p2 2p p2 2 2 2 . This article mainly computes the value of ( )t G for ≅ ⊕G C C p3 3 with ≥p 5.
For more information on ( )η G and ( )t G we refer to [1,4–13].

In Section 2, we give five lemmas for the proof of the following main theorem which is in Section 3.

Theorem 2. Let p be a prime number with ≥p 5. Then, ( ) = ( ) = +t G η G p3 4 for ≅ ⊕G C C p3 3 .

2 Preliminaries

Throughout this article, p denotes a prime number. We list some definitions and results which will be used
in the article as follows.

Let G be an abelian group and let = ⋅ … ⋅ =
∈

( )S g g gΠl g G
v S

1
g , where �∈l and … ∈g g G, , l1 . We call ( )v Sg

the multiplicity of g in S, | | = = ∑ ( )

∈

S l v Sg G g the length of S, ( ) = { ∈ | ( ) > }S g G v Ssupp 0g the support of S, and

denote by ( ) = ( )
∈

h S v Smaxg G g the maximummultiplicity of an element in S. We usually call ( )h S the height of S.
We call S zero-sum free if any non-empty subsequence of S is not zero-sum, and minimal zero-sum if it

is zero-sum and each proper subsequence is zero-sum free.
Let ( )D G denote the smallest integer �∈t such that every sequence S over G of length | | ≥S t contains a

non-empty zero-sum subsequence. ( )D G is called the Davenport constant, which is a very important
invariant especially in the zero-sum theory.

Lemma 3. [14, Corollary 4.4] Let �∈m n, with |m n. Then, ( ⊕ ) = + −η C C m n2 2m n and ( ⊕ ) = + −D C C m n 1.m n

Lemma 4. [10, Theorem 5.4.5] Let �∈ ( )S Cp be a sequence of length −p 1. If S is zero-sum free, then
=

−S g p 1 for some ∈ { }g C \ 0p .

Lemma 5. Let �∈ ( )S Cp be a sequence of length −p2 1. If S contains no two disjoint non-empty zero-sum
subsequences, then =

−S g p2 1 for some ∈ { }g C \ 0p .

Proof. Let T be an arbitrary subsequence of S such that | | = −T p 1. Then, | | = = ( )

−ST p D Cp
1 . Therefore, −ST 1

contains a non-empty zero-sum subsequence. It follows from the hypothesis of the lemma that T is zero-sum
free. Hence, =

−T g p 1 for some ∈ { }g C \ 0p by Lemma 4. Now the result follows from the arbitrariness of the
choice of T. □

Lemma 6. Let ≅G C3
2 and suppose that S is a minimal zero-sum sequence over G.

(1) If | | =S 4, then =S g g g1
2

2 3 for pairwise distinct elements ∈ { }g g g G, , \ 01 2 3 . In particular, ( ) =h S 2.
(2) If | | =S 5, then =S g g g1

2
2
2

3 for pairwise distinct elements ∈ { }g g g G, , \ 01 2 3 .
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Proof. Note that for every short zero-sum sequence W over G, we have ( ) =h W 1 or =W h3 for some ∈h G.
Let S be a minimal zero-sum sequence of length ≥ 4 over G. Then, ( ) ≤h S 2.

Assume to the contrary that | ( )| ≥Ssupp 4. Suppose ∈ ( )g g g g S, , , supp1 2 3 4 are pairwise distinct elements. It

follows by ( ) =η G 7 that g g g g1
2

2
2

3
2

4
2 have a short zero-sum subsequence T with ( ) =h T 1, whence T is a short

zero-sum subsequence of S, a contradiction. Thus, | ( )| ≤Ssupp 3.
(1) Suppose | | =S 4. It follows by ( ) ≤h S 2 and | ( )| ≤Ssupp 3 that Smust be of the form =S g g g1

2
2 3 or =S g g1

2
2
2,

where ∈ { }g g g G, , \ 01 2 3 are pairwise distinct elements. If =S g g1
2

2
2, then g g1 2 is a zero-sum subsequence

of S, a contradiction. Thus, the assertion follows.
(2) Suppose | | =S 5. The assertion follows by ( ) ≤h S 2 and | ( )| ≤Ssupp 3. □

The following lemma is a special case of Theorem 10.7 in [15], but here we give a direct proof.

Lemma 7. Let ≅G C3
2 be a finite abelian group and let S be a sequence of length 6 over G. If S does not

contain a short zero-sum subsequence, then =S g g g1
2

2
2

3
2 for pairwise distinct elements ∈ { }g g g G, , \ 01 2 3 .

Proof. Since S has no short zero-sum subsequence, we obtain ( ) ≤h S 2 and ∉ ( )S0 supp . Assume to the
contrary that there exists ∈ ( )g Ssupp such that ( ) =v S 1g . It follows by ( ) =η G 7 that ⋅S g has a short zero-
sum subsequence T, whence ( ) = ( ⋅ ) =v T v S g 2g g . Let =T g h2 , where ∈ ( )h Ssupp . Then, =h g and hence

( ) =v T 3g , a contradiction. Therefore, ( ) =v S 2g for every ∈ ( )g Ssupp and the assertion follows. □

3 Proof of Theorem 2

Before we begin to prove the theorem, we list some results about (⋅)D and (⋅)η which will be used

frequently in the following proof. Let G be a finite abelian group with ≅ ⊕ ≅ ⊕G C C C Cp p3 3 3
2 , where ≥p 5

is a prime. By Lemma 3, we see that

( ) = ( ) = + ( ) =η C η G p η C p7, 3 4, and .p3
2

Let H1 and H2 be subgroups of G such that ≅H C1 3
2 and ≅H Cp2 . Let φ φ,1 2 be the projections from G to

H1 and H2, respectively. If ∈g G, then ( ) =φ g 01 implies that ∈g H2 and ( ) =φ g 02 implies that ∈g H1.
Furthermore, =g 0 if and only if ( ) =φ g 01 and ( ) =φ g 02 .

It is referred to the introduction that ( ) ≥ ( )t G η G and so it suffices to prove that

( ) ≤ ( ) = +t G η G p3 4.

Let S be a sequence of length +p3 4 over G. We want to show that S contains a tiny zero-sum
subsequence. Denote the subsequence of S consisting of elements of order i by Si. Then, S shall be written
as the following form = ⋅ ⋅S S S Sp p3 3 , whence

| | + | | + | | = +S S S p3 4.p p3 3 (1)

We proceed by the following three claims.

Claim A. If | | =S 0p and there exists a subsequenceW0 of S p3 such that | | = −W p 10 andW0
3 divides S p3 , then S

has a tiny zero-sum subsequence.

Proof of Claim A. Since | | =S 0p , we have | | + | | = +S S p3 4p3 3 . If | | ≥S 73 , then the assertion follows by
( ) = ( ) = ( ) =t H η H η C 71 1 3

2 . Therefore, we may assume | | ≤S 63 and | | ≥ −S p3 2p3 . Suppose ⋅ ( ) =

−S Wp3 0
3 1

⋅ … ⋅g g ,t1 where �∈t and … ∈g g G, , t1 . Let = ⋅W W gi i0 for all ∈ [ ]i t1, . Then, for each ∈ [ ]i t1, , we have
| | =W pi , and hence there exists a non-empty subsequenceTi ofWi such that ( )φ Ti2 has sum zero. Therefore,
the sequence = ( ) ⋅ … ⋅ ( ) ⋅U σ T σ T St1 3 is a sequence over H1 of length + | | =t S 73 , whence U has a short zero-
sum subsequence. Therefore, there exist a subset ⊂ [ ]I t1, and a subsequence ′S of S3 such that ′ ⋅

∈
S TΠi I i is
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zero-sum and ≤ | | + | ′| ≤I S1 3. It follows that ′ ⋅
∈

S TΠi I i is a non-empty zero-sum subsequence of S and

( ′⋅ ) = + ≤ ≤
∈

| ′|
∑ | |

| ′ | + | |
∈k S TΠ 1.i I i

S T
p

S I
3 3 3

i I i
□

Claim B. If | | = | | ≥S S p3, 3p3 3 , and there exists a subsequence W0 of S p3 such that | | = −W p 20 and W0
3

divides S p3 , then S has a tiny zero-sum subsequence.

Proof of Claim B. Suppose ⋅ ( ) = ⋅ … ⋅

−S W g gp t3 0
3 1

1 , where ∈ [ ]t 6, 7 and … ∈g g G, , t1 . Let =W W gi i0 for all
∈ [ ]i t1, . We distinguish four cases.

Suppose there exist distinct ∈ [ ]i j t, 1, such that neither ( )φ Wi2 nor ( )φ Wj2 is zero-sum free, say =i 1
and =j 2. Then, there exist non-empty subsequences T1 of W1 and T2 of W2 such that ( )φ T2 1 and ( )φ T2 2 are
zero-sum. Moreover, as ( ) = ( ) =η H η C pp2 there are non-empty subsequences T3 of W g g0 3 4 and T4 of W g g0 5 6
such that ( )φ T2 3 and ( )φ T2 4 are zero-sum. Now consider the sequence = ( ) ⋅ … ⋅ ( ) ⋅U σ T σ T S1 4 3, which is a
sequence of length 7 over H1, whence U has a short zero-sum subsequence. Therefore, there exist a subset

⊂ [ ]I 1, 4 and a subsequence ′S of S3 such that ′ ⋅ ∏

∈

S Ti I i is zero-sum and ≤ | | + | ′| ≤I S1 3. It follows that

′ ⋅ ∏

∈

S Ti I i is a non-empty zero-sum subsequence of S and ( ′⋅ ∏ ) = + ≤ ≤

∈

| ′|
∑ | |

| ′| + | |
∈k S T 1.i I i

S T
p

S I
3 3 3

i I i

Suppose | | = +S p3 1p3 and there is precisely one ∈ [ ]i 1, 7 , say =i 1, such that ( )φ Wi2 is not zero-sum
free. Let V1 be a non-empty subsequence of W1 with ( )φ V2 1 is zero-sum and let =V W g g2 0 2 3, =V W g g3 0 4 5,
and =V W g g4 0 6 7. Since ( )φ Wi2 is zero-sum free for every ∈ [ ]i 2, 7 , it follows by Lemma 4 that
| ( ( ⋅ ⋅ … ⋅ ))| =φ W g gsupp 12 0 2 7 , whence ( )φ Vk2 is zero-sum for every ∈ [ ]k 1, 4 . Now consider the sequences

= ( ) ⋅ … ⋅ ( ) ⋅U σ V σ V S1 4 3, which is a sequence of length 7 over H1, whence U has a short zero-sum
subsequence. Therefore, there exist a subset ⊂ [ ]I 1, 4 and a subsequence ′S of S3 such that ′ ⋅ ∏

∈

S Vi I i is

zero-sum and ≤ | | + | ′| ≤I S1 3. It follows that ′ ⋅ ∏

∈

S Vi I i is a non-empty zero-sum subsequence of S and

( ′⋅ ∏ ) = + ≤ ≤

∈

| ′|
∑ | |

| ′| + | |
∈k S V 1.i I i

S V
p

S I
3 3 3

i I i

Suppose | | = +S p3 1p3 and ( )φ Wi2 is zero-sum free for all ∈ [ ]i 1, 7 . Then, by Lemma 4 we have
| ( ( ⋅ ⋅ … ⋅ ))| =φ W g gsupp 12 0 1 7 . We claim that | ( ⋅ … ⋅ )| =g gsupp 11 7 . Assume to the contrary that there are two
distinct ∈ [ ]k k, 1, 71 2 , say =k 11 and =k 22 , such that ≠g g1 2. Let =V W g g1 0 1 3, =V W g g2 0 4 5, =V W g g3 0 6 7, and

=V W g g4 0 2 3. Then, ( )φ Vk2 is zero-sum for every ∈ [ ]k 1, 4 . Now consider the sequences = ( ) ⋅ ( ) ⋅ ( ) ⋅U σ V σ V σ V S1 2 3 3

and ′ = ( ) ⋅ ( ) ⋅ ( ) ⋅U σ V σ V σ V S4 2 3 3. If U has a short zero-sum subsequence, then there exist a subset ⊂ [ ]I 1, 3 and a
subsequence ′S of S3 such that ′ ⋅ ∏

∈

S Vi I i is zero-sum and ≤ | | + | ′| ≤I S1 3. It follows that ′ ⋅ ∏

∈

S Vi I i is a non-
empty zero-sum subsequence of S and ( ′⋅ ∏ ) = + ≤ ≤

∈

| ′|
∑ | |

| ′| + | |
∈k S T 1i I i

S V
p

S I
3 3 3

i I i , then we are done. If ′U has a

short zero-sum subsequence, then we also get a tiny zero-sum subsequence of S. Hence, we can assume that both
U and ′U have no short zero-sum subsequence, whence by Lemma 7 and the structures of U and ′U we obtain

( ) = ( )σ V σ V1 4 and hence =g g1 2, a contradiction. Thus, | ( ⋅ … ⋅ )| =g gsupp 11 7 and so we have ( ) |W g S p0 1
3

3 . Hence,
by Claim A we have done.

Suppose | | =S p3p3 and there are at most one ∈ [ ]i 1, 6 such that ( )φ Wi2 is not zero-sum free. We may assume
that ( )φ Wj2 is zero-sum free for all ∈ [ ]j 2, 6 . Then, by Lemma 4 we have | ( ( ⋅ ⋅ … ⋅ ))| =φ W g gsupp 12 0 2 6 . If

( ⋅ … ⋅ )φ g g1 1 6 has a short zero-sum subsequence, then ( )φ S p1 3 has pairwise disjoint −p 1 short zero-sum
subsequences. Together with | | =S 1p and ( ) =η H p2 , we can find a tiny zero-sum subsequence of S. Otherwise, by

Lemma 7 we have ( ⋅ … ⋅ ) =φ g g h h h1 1 6 1
2

2
2

3
2, where ∈h h h H, ,1 2 3 1 are pairwise distinct. After renumbering if

necessary, we may assume ( ) =φ g g h1 1 2 1
2, ( ) =φ g g h1 3 4 2

2, and ( ) =φ g g h1 5 6 3
2. Let =V W g g1 0 1 2, =V W g g2 0 3 4,

=V W g g3 0 5 6, =V W g g4 0 3 5, and =V W g g5 0 4 6. Then, ( )φ V2 2 , ( )φ V2 3 , ( )φ V2 4 , and ( )φ V2 5 are all zero-sum sequences.
Furthermore, there exists a non-empty subsequence T1 of V1 such that ( )φ T2 1 is zero-sum. Consider the sequences

= ( ) ⋅ ( ) ⋅ ( ) ⋅U σ T σ V σ V S1 2 3 3 and ′ = ( ) ⋅ ( ) ⋅ ( ) ⋅U σ T σ V σ V S1 4 5 3, which are both sequences of length 6 over H1. If U or
′U has a short zero-sum subsequence, then the corresponding subsequence of S is a tiny zero-sum sequence.

Otherwise, by Lemma 7 we know that both U and ′U have the same structures. Together with ( ) = ( )σ V σ V4 5 , we
obtain ( ) = ( )σ V σ V2 4 , and then =g g4 5. However, ( ) =φ g h1 4 2, ( ) =φ g h2 5 3, and ≠h h2 3, which is a contra-
diction. □
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Assume to the contrary that S has no tiny zero-sum subsequence. It follows from ( ) =η H 71 and
( ) =η H p2 that | | ≤S 63 and | | ≤ −S p 1.p So, we see that

| | = | | − | | − | | ≥ + − ( − ) − = −S S S S p p p3 4 1 6 2 1.p p3 3

If | ( )| ≥ ( )φ S η Hp1 3 1 , then we can choose a subsequence denoted by U of S p3 such that ( ( )) = ∈σ φ U C01 3
2 and

| | ≤U 3. Now letm be the maximum number of disjoint sequences denoted by …U U, , m1 of S p3 like U. Obviously,

≥

| | − ( ( ) − )

m
S η H 1

3
.p3 1 (2)

On the other hand,

+ | | ≤ ( ) −m S η H 1,p 2 (3)

otherwise | ( ) ⋅ … ⋅ ( ) ⋅ | = + | | ≥ ( ) =σ U σ U S m S η H pm p p1 2 . Hence, there exists a subsequence denoted by W of
( ) ⋅ … ⋅ ( ) ⋅σ U σ U Sm p1 such that | | ≤W p and ( ( )) =σ φ W 0.2 Suppose = ∏ ( ) ⋅ ∏

∈ ∈

W σ U gi I i j J j with ⊂ [ ]I m1, ,
⊂ [ | |]J S1, p and | | + | | = | | ≤I J W p, then

∑ ∑ ∑ ∑( ( )) = ( ( )) + ( ) = ( ( )) + ( ) = + = ∈

∈ ∈ ∈ ∈

σ φ W φ σ U φ g σ φ U φ g C0 0 0 .
i I

i
j J

j
i I

i
j J

j1 1 1 1 1 3
2

And

( ) ≤

| |

+

| |

=

| |

≤k W I
p

J
p

W
p

1.

Therefore, the sequence W is a tiny zero-sum subsequence of S, which contradicts the assumption of S.
Now we remark that ( ( ⋅ … ⋅ ) )

−φ S U Up m1 3 1
1 has no short zero-sum subsequence and ( ) ⋅ … ⋅ ( ) ⋅σ U σ U Sm p1

is zero-sum free. Furthermore, we have the following claim.

Claim C. Suppose + | | = ( ) − = −m S η H p1 1p 2 . Let ∈ ( ( ))h φ Ssupp p1 3 with ( ( )) >v φ S 3h p1 3 and let ∈g g,1 2
( )Ssupp p3 . If ( ) = ( ) =φ g φ g h1 1 1 2 , then =g g1 2.

Proof of Claim C. Assume to the contrary that ≠g g1 2. Note that = ⋅ … ⋅ ⋅S U U Up m3 1 0, where =U0
( ⋅ … ⋅ )

−S U Up m3 1
1 with ( ) ≤h U 20 . Since the decomposition only depends on ( )φ S p1 3 , without loss of generality

we may assume |g U1 1 and ∤g U2 1.

If |g U2 0, then let ′ =

−U U g g1 1 2 1
1. Thus, both sequences ( ) ⋅ … ⋅ ( ) ⋅σ U σ U Sm p1 and ( ′) ⋅ … ⋅ ( ) ⋅σ U σ U Sm p1 are

zero-sum free and of length −p 1. It follows by Lemma 4 and − ≥p 1 4 that ( ) = ( ′)σ U σ U1 1 and hence
=g g1 2, a contradiction.

If ∤g U2 0, say |g U2 2, then let ′ =

−U U g g1 1 2 1
1 and ′ =

−U U g g2 2 1 2
1. Thus, both sequences ( ) ⋅ ( ) ⋅ … ⋅ ( ) ⋅σ U σ U σ U Sm p1 2

and ( ′) ⋅ ( ′) ⋅ … ⋅ ( ) ⋅σ U σ U σ U Sm p1 2 are zero-sum free and of length −p 1. It follows by Lemma 4 and − ≥p 1 4 that

( ) = ( ′)σ U σ U1 1 and hence =g g1 2, a contradiction. □

By inequalities (2) and (3), we see that

| | −

+ | | ≤ −

S
S p

6
3

1.p
p

3 (4)

Combining inequalities (1) and (4), we obtain that

| | + ≤ | |S S2 1 ,p 3 (5)

and so it follows from | | ≤S 63 and �| | ∈Sp that | | ≤S 2.p Therefore,

| | = | | − | | − | | ≥ + − − = −S S S S p p3 4 2 6 3 4.p p3 3

It follows by (2) and �∈m that

≥ −m p 3. (6)

824  Linlin Wang



Similarly, if | ( )| ≥ ( )φ S η Hp2 3 2 , then we can find a subsequence denoted by V of S p3 such that
( ( )) = ∈σ φ V C0 p2 and | | ≤V p. Now let n be the maximum number of disjoint subsequences denoted by

…V V, , n1 of S p3 like V. Obviously,

≥

| | − ( − )

n
S p

p
1p3 (7)

and

+ | | ≤ ( ) − =n S η C 1 6,3 3
2 (8)

which could be deduced by the similar method in (3).
Now we remark that ( ( ⋅… ⋅ ) )

−φ S V Vp n2 3 1
1 is zero-sum free and ( ) ⋅ … ⋅ ( ) ⋅σ V σ V Sn1 3 has no short zero-sum

subsequence.
By inequalities (7) and (8), we get that

| | ≤ ( − | |) + −S S p p6 1.p3 3 (9)

Combining inequalities (1) and (9), we obtain that

| | ≤

( − ) − + | |

−

S
p S

p
4 1 1

1
.p

3

Since | | ≤ >S p2, 2p and �| | ∈S3 , it follows that | | ≤S 4.3 Together with (5) and (9), we obtain that
| | + ≤ | | ≤S S2 1 4p 3 and | | ≤ ( − | |) + −S S p p6 1.p3 3 Then, we can distinguish four cases depending on the
previous inequalities and | | + | | + | | = +S S S p3 4p p3 3 .

Case 1. | | =S 43 , | | =S 1p , and | | = −S p3 1p3 .
By inequalities (7) and (8), we obtain that =n 2, i.e., there are exactly two pairwise disjoint

subsequences V V,1 2 of S p3 such that ( ( )) = ∈σ φ V H0i2 2 and | | ≤V pi for =i 1, 2. If | | + | | ≤ −V V p2 11 2 , then

| ( ) | ≥

−S V V pp3 1 2
1 and so there exists one more subsequence disjoint with V1 and V2, a contradiction.

Therefore, | | = | | =V V p1 2 , | ( ) | = −

−S V V p 1p3 1 2
1 , and ( ( ) )

−φ S V Vp2 3 1 2
1 are zero-sum free over H2. By Lemma 4,

we may assume that ( ( ) ) =

− −φ S V V bp
p

2 3 1 2
1 1, ( ) =φ V b p

2 1 1 , and ( ) =φ V b p
2 2 2 , where ∈ { }b b b H, , \ 01 2 2 . Note that

both −b bp p1
1 and −b bp p1

2 contain no two disjoint zero-sum subsequences over H2. It follows from Lemma 5
that = =b b b1 2. Hence, we may assume that ( ) =

−φ S bp
p

2 3
3 1.

Next, we assert that =

−S gp
p

3
3 1 for some ∈g G, which implies that + | | ≥ + ≥

−m S p1p
p3 1

3




 , a

contradiction to inequality (3). Assume to the contrary that there exist ∈ ( )g g S, supp p1 2 3 such that ≠g g1 2.

Let T1 be a subsequence of ( )

−S g gp3 1 2
1 with length −p 1 and let T2 be a subsequence of ( )

−S T g gp3 1 1 2
1 with

length p. Then, = ( ) ⋅ ( ) ⋅W σ T g σ T S1 1 1 2 3 and = ( ) ⋅ ( ) ⋅W σ T g σ T S2 1 2 2 3 are both sequences over H1 of length 6. It
follows by our assumptions S has no tiny zero-sum subsequence that W1 and W2 have no short zero-sum
subsequence. Hence, by Lemma 7 ( ) = ( )σ T g σ T g1 1 1 2 , i.e., =g g1 2, a contradiction.

Case 2. | | =S 33 , | | =S 1p , and | | =S p3p3 .
Because | | =S 1p , together with inequalities (2) and (3) we obtain that = −m p 2 and = ⋅ … ⋅ ⋅

−
S U U Up p3 1 2 0,

where = ( ⋅ … ⋅ )
−

−U S U Up p0 3 1 2
1. Since ( )φ U1 0 does not contain a short zero-sum subsequence over H1 and

( ) =η H 71 , it follows that

∑≥ | | = | | − | | ≥ − ( − ) =

=

−

U S U p p6 3 3 2 6,p
i

p

i0 3
1

2

i.e., | | =U 60 , whence, | |= … = | | =
−

U U 3p1 2 . By Lemma 7, we may assume that ( ) =φ U h h h1 0 1
2

2
2

3
2 for three

pairwise distinct elements ∈ { }h h h H, , \ 01 2 3 1 . We claim that ( ) ∈ { }φ U h h h, ,i1 1
3

2
3

3
3 for every ∈ [ − ]i p1, 2 .

Assume to the contrary that there exists ∈ [ ]i m1, , say =i 1, such that ( ) ∉ { }φ U h h h, ,1 1 1
3

2
3

3
3 , whence there

exists ∈ { }h H h h h\ 0, , ,4 1 1 2 3 such that | ( )h φ U4 1 1 . If there exists ∈ { }h H h h h\ 0, , ,5 1 1 2 3 such that | ( )h h φ U4 5 1 1 .
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Then, ( ) =η H 71 implies that both h h h h1
2

2
2

3
2

4 and h h h h1
2

2
2

3
2

5 have short zero-sum subsequences, whence
h h h h h1

2
2
2

3
2

4 5 has two disjoint short zero-sum subsequences, a contradiction to the maximality of m. Thus,
by symmetry we may assume ( ) =φ U h h h1 1 4 1 2. It follows that ( )φ U h h h1 1 1

2
2
2

3
2 has two disjoint short zero-sum

subsequences, a contradiction to the maximality of m.
Now we can assume that

( ) = ∈ + + = −

+ + +φ S h h h x x x N x x x p, where , , with 2.p
x x x

1 3 1
3 2

2
3 2

3
3 2

1 2 3 0 1 2 31 2 3

By Claim C, for every ∈ [ ]i 1, 3 with ≥x 1i , there exists ∈g Gi such that ( ) =φ g hi i1 and ∣

+g Si
x

p
3 2

3i . If there exists
∈ [ ]j 1, 3 such that =x 0j , we choose an arbitrary ∈g Gj . Let =W g g gx x x

1 2 3
1 2 3. Then, |W S p

3
3 , a contradiction

to Claim B.

Case 3. | | =S 33 , | | =S 0p , and | | = +S p3 1p3 .
Assume to the contrary that ( )φ S p1 3 has a zero-sum subsequence ( )φ U1 1 of length 2. Since ∣ ∣ = −

−S U p3 1p3 1
1

and ( ) =η H 71 , there exist disjoint short zero-sum subsequences ( ) … ( )
−

φ U φ U, , p1 2 1 1 of ( )

−φ S Up1 3 1
1 . Let

′ = ( ⋅ … ⋅ )
−

−U S U Up p0 3 1 1
1. Then, | ′ | ≥ + − − ( − ) =U p p3 1 2 3 2 50 . It follows by ( ) =D H 51 that ( ′)φ U1 0 has a non-

empty zero-sum subsequence ( )φ U1 0 . Since = ( ) ( ) … ( )
−

W σ U σ U σ Up0 0 1 1 is a sequence of length p over H2, there
exists a subset ⊂ [ − ]I p0, 1 such that ∑ ( ) =

∈

σ U 0i I i , i.e., ∏

∈

Ui I i is zero-sum. If ∣∏ ∣ ≤

∈

U p3i I i , then ∏

∈

Ui I i is a

tiny zero-sum subsequence, a contradiction. If ∣∏ ∣ = +

∈

U p3 1i I i , then S p3 is zero-sum and hence ≥n 4, a
contradiction to inequality (8).

Therefore, ( )φ S p1 3 has no zero-sum subsequence of length 2, whence | ( ( ))| ≤φ Ssupp 4p1 3 . Suppose

( ) =

+ + + +φ S h h h h ,p
x r x r x r x r

1 3 1
3

2
3

3
3

4
31 1 2 2 3 3 4 4

where �∈x x x x, , ,1 2 3 4 0, ∈ [ ]r r r r, , , 0, 21 2 3 4 , and ∈ { }h h h h H, , , \ 01 2 3 4 are pairwise distinct elements. It
follows by | | = +S p3 1p3 and inequalities (2) and (3) that = −m p 1. Then, − ≥ + + + ≥ −p x x x x p1 21 2 3 4 ,

+ + + ≡ ( )r r r r 1 mod 31 2 3 4 , and |{ ∈ [ ]| = }| ≤i r1, 4 0 2i . We distinguish three cases.
Suppose |{ ∈ [ ]| = }| =i r1, 4 0 0i . By Claim C, for every ∈ [ ]i 1, 4 with ≥x 1i , there exists ∈g Gi such that

( ) =φ g hi i1 and ∣

+g Si
x r

p
3

3i i . If there exists ∈ [ ]j 1, 4 such that =x 0j , we choose an arbitrary ∈g Gj . Let

=W g g g gx x x x
1 2 3 4

1 2 3 4. Then, |W S p
3

3 , a contradiction to Claim B.
Suppose |{ ∈ [ ]| = }| =i r1, 4 0 1i , say =r 04 . Then, + + + =r r r r 41 2 3 4 . By Claim C, for every ∈ [ ]i 1, 3 with

≥x 1i , there exists ∈g Gi such that ( ) =φ g hi i1 and ∣

+g Si
x r

p
3

3i i . If there exists ∈ [ ]j 1, 3 such that =x 0j , we choose

an arbitrary ∈g Gj . If ≤x 14 , then + + ≥ −x x x p 21 2 3 . Let =W g g gx x x
1 2 3

1 2 3. Then, |W S p
3

3 , a contradiction to

Claim B. If ≥x 24 , then Claim C implies that there exists ∈g G4 such that ( ) =φ g h1 4 4 and ∣g Sx
p4

3
34 . Note

+ + + = −x x x x p 11 2 3 4 . Let =W g g g gx x x x
1 2 3 4

1 2 3 4. Then, |W S p
3

3 , a contradiction to Claim A.
Suppose |{ ∈ [ ]| = }| =i r1, 4 0 2i , say = =r r 03 4 . Then, = =r r 21 2 . If ≠x 13 or ≠x 14 , a similar argument to

the above implies a contradiction. Thus, = =x x 13 4 and hence ( ) =

+ +φ S h h h hp
x x

1 3 1
3 2

2
3 2

3
3

4
31 2 . It follows by

( ) =η H 71 and ( )φ S p1 3 has no zero-sum subsequence of length 2 that h h h h1
2

2
2

3
2

4
2 has a zero-sum subsequence X

of length 3. By symmetry, we may assume |h X3 . We claim that there exists ∈g G3 such that ( ) =φ g h1 3 3 and

|g S p3
3

3 . Assume to the contrary that there exist distinct ∈ ( )g g S, supp p4 5 3 such that ( ) = ( ) =φ g φ g h1 4 1 5 3. Let

… …W W Y Y V V, , , , , , ,x x1 1 1 21 2 be disjoint subsequences of S p3 with ( ) =φ W hi1 1
3 for every ∈ [ ]i x1, 1 , ( ) =φ Y hi1 2

3

for every ∈ [ ]i x1, 2 , ( ) =φ V Xi1 for every ∈ [ ]i 1, 2 , |g V4 1, and |g V5 2. Set ′ =

−V V g g1 1 5 4
1 and ′ =

−V V g g2 2 4 5
1. Then,

both sequences ( ) … ( ) ( ) … ( ) ( ) ( )σ W σ W σ Y σ Y σ V σ V, , , ,x x1 1 1 21 2 and ( ) … ( ) ( ) … ( ) ( ′) ( ′)σ W σ W σ Y σ Y σ V σ V, , , ,x x1 1 1 21 2

are zero-sum free over H2 of length −p 1. It follows by Lemma 4 that =g g4 5, a contradiction. Therefore,

there exists ∈g G3 such that ( ) =φ g h1 3 3 and |g S p3
3

3 . By Claim C, for every ∈ [ ]i 1, 2 with ≥x 1i , there exists

∈g Gi such that ( ) =φ g hi i1 and ∣

+g Si
x r

p
3

3i i . If there exists ∈ [ ]j 1, 2 such that =x 0j , we choose an arbitrary

∈g Gj . Let =W g g gx x
1 2 3

1 2 . Then, |W S p
3

3 , a contradiction to Claim B.
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Case 4. | | ≤S 23 , | | =S 0p , and | | ≥ +S p3 2p3 .
Then, = ⋅ ⋅ … ⋅

−
S U U Up p3 0 1 1 and | | ≥U 50 . Since the sequence ( )φ U1 0 does not contain short zero-sum

subsequence over H1, it follows from Lemma 6 that | ( ( ))| =φ Usupp 31 0 . Then, we may assume that
( ( )) = { }φ U h h hsupp , , .1 0 1 2 3 If there exists some ∈ [ − ]i p1, 1 such that | | =U 2i , then | | =U 60 and by Lemma

7 we see that ( ) =φ U h h h .1 0 1
2

2
2

3
2 Clearly,U0 must contain a subsequence denoted by W of length 4 such that

( ( )) =σ φ W 0.1 Then, ( ) ⋅ … ⋅ ( ) ⋅ ( )
−

σ U σ U σ Wp1 1 is a sequence of length p over H2, and so it contains a zero-
sum subsequence, whence the corresponding sequence over G is zero-sum of length less than
| ⋅ … ⋅ ⋅ | ≤ ( − ) + + =

−
U U W p p3 2 2 4 3 ,p1 1 i.e., we get a tiny zero-sum subsequence of S, a contradiction.
Therefore, | | =U 3i for all ∈ [ − ]i p1, 1 .

If | | =S 03 , then | | = + = ( )S p η G3 4p3 , whence S contains a short zero-sum subsequence which is a tiny
zero-sum subsequence. So, we suppose that | | ∈ { }S 1, 2 .3

If | | =S 13 , then | | = +S p3 3p3 and S p3 could be written by the form = ⋅ … ⋅ ⋅
−

S U U Up p3 1 1 0 with | | =U 3i for

∈ [ − ]i p1, 1 and | | =U 60 . Furthermore, we see that ( ) =φ U h h h1 0 1
2

2
2

3
2. We assert that ( ( )) = { }φ S h h hsupp , ,p1 3 1 2 3 .

Assume to the contrary that there exist ∈ { }h H h h h\ 0, , ,4 1 1 2 3 and ∈ [ − ]i p1, 1 , say =i 1, such that | ( )h φ U4 1 1 . If

there exists ∈ { }h H h h h\ 0, , ,5 1 1 2 3 such that | ( )h h φ U4 5 1 1 . Then, ( ) =η H 71 implies that both h h h h1
2

2
2

3
2

4 and

h h h h1
2

2
2

3
2

5 have short zero-sum subsequences, whence h h h h h1
2

2
2

3
2

4 5 has two disjoint short zero-sum subsequences.
Then, ( )φ U U1 1 0 has two disjoint short zero-sum subsequences, whence =m p, a contradiction. Since

h h h1
2

2
2

3
2 has no short zero-sum subsequence, we obtain ( ) ∈ { }φ U h h h, ,i1 1

3
2
3

3
3 . Then, we can assume

( ) =

+ + +φ S h h hp
x x x

1 3 1
3 2

2
3 2

3
3 21 2 3 , where �∈x x x, ,1 2 3 0 and + + = −x x x p 11 2 3 . It follows by Claim C that for every

∈ [ ]i 1, 3 with ≥x 1i , there exists ∈g Gi such that ( ) =φ g hi i1 and ∣

+g Si
x

p
3 2

3i . If there exists ∈ [ ]j 1, 3 such that

=x 0j , then we choose an arbitrary ∈g Gj . Let =W g g gx x x
1 2 3

1 2 3. Then, |W S p
3

3 , a contradiction to Claim A.

If | | =S 23 , then | | = +S p3 2p3 . Since ( )φ S p1 3 has no zero-sum subsequence of length 2, we may assume
that

( ) =

+ + + +φ S h h h h ,p
x r x r x r x r

1 3 1
3

2
3

3
3

4
31 1 2 2 3 3 4 4

where �∈x x x x, , ,1 2 3 4 0, ∈ [ ]r r r r, , , 0, 21 2 3 4 , and ∈ { }h h h h H, , , \ 01 2 3 4 are pairwise distinct elements. Then,
− ≥ + + + ≥ −p x x x x p1 21 2 3 4 and + + + ∈ { }r r r r 5, 81 2 3 4 . If + + + =r r r r 81 2 3 4 , then h h h h1

2
2
2

3
2

4
2 has two

disjoint short zero-sum subsequences, a contradiction to ≤ −m p 1. Thus, + + + = −x x x x p 11 2 3 4 and
+ + + =r r r r 51 2 3 4 . Since h h h hr r r r

1 2 3 4
1 2 3 4 has no short zero-sum subsequence, it follows by Lemma 6 that there

exists ∈ [ ]i 1, 4 , say =i 4, such that =r 04 . By symmetry, we can assume that = =r r 21 2 and =r 13 . It follows
by Claim C that for every ∈ [ ]i 1, 3 with ≥x 1i , there exists ∈g Gi such that ( ) =φ g hi i1 and ∣

+g Si
x r

p
3

3i i . If
there exists ∈ [ ]j 1, 3 such that =x 0j , then we choose an arbitrary ∈g Gj . If =x 04 , then let =W g g gx x x

1 2 3
1 2 3

and hence |W S p
3

3 , a contradiction to Claim A. Suppose =x 14 . Note that h h h h1
2

2
2

3 4
2 has a short zero-sum

subsequence X with |h X4 . A similar argument to that at the end of Case 3 shows that there exists ∈g G4
such that ( ) =φ g h1 4 4 and |g S p4

3
3 . Let =W g g g gx x x x

1 2 3 4
1 2 3 4 and hence |W S p

3
3 , a contradiction to Claim A.

Now the proof of Theorem 2 is completed.
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