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Abstract: Let S =g, -...- g, be a sequence with elements g; from an additive finite abelian group G. S is

called a tiny zero-sum sequence if S is non-empty, g, + ... + g, = 0 and k(S) = Z;‘zl p- dl(g) < 1. Let t(G) be
the smallest integer t such that every sequence of t elements (repetition allowed) from G contains a tiny
zero-sum sequence. In this article, we mainly focus on the explicit value of ¢(G) and compute this value for

a new class of groups, namely ones of the form G = G @ G, where p is a prime number such that p > 5.
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1 Introduction

Let G be an additively written finite abelian group with exp(G) its exponent and let 7(G) be the free abelian
monoid, multiplicatively written, with basis G. The elements of #(G) are called sequences over G. We write
sequences S € ¥(G) in the form

S=8 .. g =Tgecg™¥, with v(S) e Ny for all ge€G.

A sequence T is a subsequence of S if v,(T) < v,(S) for every g € G, denoted by TI|S. Let ST~! denote the
sequence obtained by deleting the terms of T from S. By o(S) we denote the sum of S, that is,
a(S) = Zf;l g; € G.If 0(S) = 0, then S is said to be a zero-sum sequence, sometimes, for simplicity we say S
is zero-sum. The cross number k(S) of a sequence S is defined by

l

1
k(S) = .
©) g{ ord(g;)

We call a non-empty zero-sum sequence S a tiny zero-sum sequence if k(S) < 1. The number ¢(G) here is
the least integer ¢ € N such that every sequence S over G of length |S| > ¢ contains a tiny zero-sum
subsequence. In present, the value of {(G) is only known for seldom kinds of group G. We gather in one
separate theorem without proof all values of the invariant that are either known or easy to be deduced
from the existing literature.

Let n(G) denote the smallest integer ¢ € N such that every sequence S over G of length |S| > ¢ contains a
non-empty zero-sum subsequence S'|S with |S'| < exp(G). Such a subsequence is called a short zero-sum
subsequence. Since ord(g;) < exp(G), it is easy to find that a tiny zero-sum sequence must be a short zero-
sum sequence. Therefore, {(G) > n(G) for any finite abelian group G.
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Theorem 1. Let p be a prime. Then, t(G) = n(G) for the following groups.
M G=CL1, Theorem 3.5],

(2) G = C} withm = 3% or m = 5F [2, Theorem 1.7],

(3) G = Cpe ® Cpe [1, Corollary 3.5], and

(4) G = G & Gy [3, Theorem 1.4].

Girard [1] proved that for any positive integer r > 4, there is a finite abelian group of rank r such that
t(G) > n(G). Concerning groups of rank 3, the author with coauthors found that t(G) > n(G) if G = G; & G, & Gy,
For all finite abelian groups of rank 2, Girard [1] conjectured that ¢(G) = n(G) and proved that ¢(C za) =
n(c ja) = 3p® — 2 for any prime p. This conjecture is widely open. The author with coauthors [3] proved that
tH(G & Cy) = n(G, ® Gp) = 2p + 2. This article mainly computes the value of t(G) for G = G & G, with p > 5.

For more information on n(G) and t(G) we refer to [1,4-13].

In Section 2, we give five lemmas for the proof of the following main theorem which is in Section 3.

Theorem 2. Let p be a prime number with p > 5. Then, t(G) =n(G) =3p + 4 for G = G & G).

2 Preliminaries

Throughout this article, p denotes a prime number. We list some definitions and results which will be used
in the article as follows.

Let G be an abelian group and let S = g, - ... - g = lgeg™®, wherel e Nand g, ..., g € G. We call v,(S)
the multiplicity of gin S, S| = 1 = de ¢ Ve(S) the length of S, supp(S) = {g € G|v,(S) > 0} the support of S, and
denote by h(S) = max,c;g(S) the maximum multiplicity of an element in S. We usually call h(S) the height of S.

We call S zero-sum free if any non-empty subsequence of S is not zero-sum, and minimal zero-sum if it
is zero-sum and each proper subsequence is zero-sum free.

Let D(G) denote the smallest integer t € N such that every sequence S over G of length |S| > ¢ contains a
non-empty zero-sum subsequence. D(G) is called the Davenport constant, which is a very important
invariant especially in the zero-sum theory.

Lemma 3. [14, Corollary 4.4] Let m, n € N withm|n. Then,n(Cp, ® C;) =2m + n - 2and D(C,, & Cp) =m + n — 1.

Lemma 4. [10, Theorem 5.4.5] Let S € ¥(C,) be a sequence of length p — 1. If S is zero-sum free, then
S = gP~1 for some g € C,\{O}.

Lemma 5. Let S € 7(C,) be a sequence of length 2p - 1. If S contains no two disjoint non-empty zero-sum
subsequences, then S = g%~! for some g € C,\{0}.

Proof. Let T be an arbitrary subsequence of S such that|T| = p — 1. Then, |ST}| = p = D(Cp). Therefore, ST
contains a non-empty zero-sum subsequence. It follows from the hypothesis of the lemma that T is zero-sum
free. Hence, T = gP~! for some g € C,\{0} by Lemma 4. Now the result follows from the arbitrariness of the
choice of T. O

Lemma 6. Let G = C; and suppose that S is a minimal zero-sum sequence over G.
(1) If|IS| = 4, then S = g12g2g3 for pairwise distinct elements g, g, g&; € G\{0}. In particular, h(S) = 2.
() IfIS| = 5, then S = g/g7g, for pairwise distinct elements g, &, &; € G\{0}.
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Proof. Note that for every short zero-sum sequence W over G, we have h(W) = 1 or W = h3 for some h € G.

Let S be a minimal zero-sum sequence of length > 4 over G. Then, h(S) < 2.

Assume to the contrary that|supp(S)| > 4. Suppose g;, &, 8, 8, € supp(S) are pairwise distinct elements. It
follows by 7n(G) = 7 that g/g;g; g’ have a short zero-sum subsequence T with h(T) = 1, whence T is a short
zero-sum subsequence of S, a contradiction. Thus, [supp(S)| < 3.

(1) Suppose|S| = 4. It follows by h(S) < 2 and |supp(S)| < 3 that S must be of the form S = g/g,g; or S = glg;,
where g, 2, g € G\{0} are pairwise distinct elements. If S = gf gzz, then g, g, is a zero-sum subsequence
of S, a contradiction. Thus, the assertion follows.

(2) Suppose |S| = 5. The assertion follows by h(S) < 2 and [supp(S)| < 3. O

The following lemma is a special case of Theorem 10.7 in [15], but here we give a direct proof.

Lemma 7. Let G = C be a finite abelian group and let S be a sequence of length 6 over G. If S does not

contain a short zero-sum subsequence, then S = gf g22g32 for pairwise distinct elements g, g, g&; € G\{0}.

Proof. Since S has no short zero-sum subsequence, we obtain h(S) < 2 and 0 ¢ supp(S). Assume to the
contrary that there exists g € supp(S) such that v,(S) = 1. It follows by n(G) = 7 that S - g has a short zero-

sum subsequence T, whence Vg(T) = v(S-g) = 2. Let T = g?h, where h ¢ supp(S). Then, h = g and hence
Ve(T) = 3, a contradiction. Therefore, v,(S) = 2 for every g € supp(S) and the assertion follows. O

3 Proof of Theorem 2

Before we begin to prove the theorem, we list some results about D(-) and n(-) which will be used

frequently in the following proof. Let G be a finite abelian group withG = G ® G, = Cie Cp, where p > 5
is a prime. By Lemma 3, we see that

n(c3) =7, n(G) = 3p + 4, and n(Cp) = p.

Let H; and H, be subgroups of G such that H; = C32 and H, = C,. Let ¢,, ¢, be the projections from G to
H, and H,, respectively. If g € G, then ¢,(g) = O implies that g € H, and ¢,(g) = O implies that g € H.
Furthermore, g = 0 if and only if ¢,(g) = 0 and ¢,(g) = 0.

It is referred to the introduction that ¢(G) > n(G) and so it suffices to prove that

t(G) < n(G) = 3p + 4.

Let S be a sequence of length 3p + 4 over G. We want to show that S contains a tiny zero-sum
subsequence. Denote the subsequence of S consisting of elements of order i by S;. Then, S shall be written
as the following form S = S5 -S,, - S35, whence

IS3] + ISp| + IS3p] = 3p + 4. e

We proceed by the following three claims.

Claim A. If|S,| = O and there exists a subsequence W, of Ss, such that|Wy| = p — 1 and W; divides S3p, then S
has a tiny zero-sum subsequence.

Proof of Claim A. Since |S,| = 0, we have |S3| + |S5p| = 3p + 4. If |S3] > 7, then the assertion follows by
t(H) = nH) = n(C32) = 7. Therefore, we may assume |S;] < 6 and |S3,| = 3p — 2. Suppose 831,-(W3)*1 =
g ... 8, whereteNand g, ..., g € G. Let W; = W, - g; for all i € [1, t]. Then, for eachi € [1, t], we have
|[W;| = p, and hence there exists a non-empty subsequence T; of W; such that ¢,(T;) has sum zero. Therefore,
the sequence U = o(Ty) - ... - o(T;) - S3 is a sequence over H; of length t + |S3| = 7, whence U has a short zero-
sum subsequence. Therefore, there exist a subset I ¢ [1, t] and a subsequence S’ of S5 such that S’ - II;; T; is
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zero-sum and 1 < |I| + |S'| < 3. It follows that S’ -II;;T; is a non-empty zero-sum subsequence of S and

(S Mgy T) = B1 4 2l el g, O

Claim B. If |S;| = 3, S3,| > 3p, and there exists a subsequence Wy of Ss, such that |Wy| = p — 2 and W3
divides Ss,, then S has a tiny zero-sum subsequence.

Proof of Claim B. SupposeSs, -(Wg)'=g -...-g,wheret e [6,7]and g, ..., g € G. Let W; = Wyg; for all
i € [1, t]. We distinguish four cases.

Suppose there exist distinct i, j € [1, ] such that neither ¢,(W;) nor ¢,(W) is zero-sum free, say i = 1
and j = 2. Then, there exist non-empty subsequences T; of W; and T, of W, such that ¢,(T;) and ¢,(T,) are
zero-sum. Moreover, as n(H,) = n(Cp) = p there are non-empty subsequences T; of Wyg;g, and T, of Wy g;g,
such that ¢,(T5) and ¢,(T;) are zero-sum. Now consider the sequence U = o(Ty) - ... - 0(T3) - S5, which is a
sequence of length 7 over H;, whence U has a short zero-sum subsequence. Therefore, there exist a subset
I c [1, 4] and a subsequence S’ of S; such that S’ - [[,; T; is zero-sum and 1 < [I| + |S'| < 3. It follows that
Zier T < IS+ 11|

3p - 3

Suppose |S3p| = 3p + 1 and there is precisely one i € [1, 7], say i = 1, such that ¢,(I%}) is not zero-sum
free. Let 1} be a non-empty subsequence of W; with ¢,(1}) is zero-sum and let V; = Wy g,8;, V5 = Wog,gs,
and V, = Wyg,g,. Since ¢,(W) is zero-sum free for every ic [2,7], it follows by Lemma 4 that
[supp(p,(Ws -8, - ... &))| = 1, whence ¢,(V}) is zero-sum for every k € [1, 4]. Now consider the sequences
U=0(W)-... - a(V;)-S;, which is a sequence of length 7 over H;, whence U has a short zero-sum
subsequence. Therefore, there exist a subset I ¢ [1, 4] and a subsequence S’ of S; such that §’- []..; V; is
zero-sum and 1 < |I| + |S| < 3. It follows that S'- []._; V; is a non-empty zero-sum subsequence of S and

k(S T W) = 51+ 2l < BTl o g,

Suppose [S3p| =3p +1 and ¢,(W) is zero-sum free for all i € [1,7]. Then, by Lemma 4 we have
Isupp(e,(Wo -&; - ... - &))| = 1. We claim that |supp(g; - ... g&)| = 1. Assume to the contrary that there are two
distinct ki, k, € [1,7], say k = 1 and k;, = 2, such that g, # g,. Let V; = Wy g,8;, Vo = Wog, 85, V5 = Wogg;, and
Vi = Wog,g;. Then, ¢,(V;) is zero-sum for every k € [1, 4]. Now consider the sequences U = o(1}) - o(V3) - 0(V5) - S5
and U’ = a(V,) - o(Vs) - 0(15) - S3. If U has a short zero-sum subsequence, then there exist a subset I ¢ [1, 3] and a
subsequence S’ of S such that S’ - [, ; Vi is zero-sum and 1 < |I] + |S'| < 3. It follows that S’ - [, ; Vi is a non-

empty zero-sum subsequence of S and k(S'-[[;; T)) = % + z’jp'w < 's"; RIS 1, then we are done. If U’ has a

short zero-sum subsequence, then we also get a tiny zero-sum subsequence of S. Hence, we can assume that both
U and U’ have no short zero-sum subsequence, whence by Lemma 7 and the structures of U and U’ we obtain
o(1) = 0(V,) and hence g; = g,, a contradiction. Thus, |supp(g; - ... - &)| = 1 and so we have(Wog1)3|83p. Hence,
by Claim A we have done.

Suppose|S3,| = 3p and there are at most onei € [1, 6] such that ¢,(W) is not zero-sum free. We may assume
that ¢,(W) is zero-sum free for all j € [2, 6]. Then, by Lemma 4 we have |supp(@,(Wo g, -...- g))| = 1. If
©,(g; - ...~ &) has a short zero-sum subsequence, then ¢,(S;,) has pairwise disjoint p — 1 short zero-sum
subsequences. Together with |S,| = 1 and () = p, we can find a tiny zero-sum subsequence of S. Otherwise, by

S"- 1, Ti is a non-empty zero-sum subsequence of S and k(S'-[[,.; T) = %r‘ + <1

iel

iel

iel

Lemma 7 we have ¢,(g; - ...- 8) = hlh;h3, where hy, hy, hs € H; are pairwise distinct. After renumbering if
necessary, we may assume ¢(g,g,) = hi, @,(g8,) = hy, and @,(g;g;) = h5. Let Vi = Wog,g,, Vo = Wogsg,,
Vs = Wogs8e, Vi = Wogs g5, and Vs = Wyg, g¢. Then, @,(15), ¢,(V5), ¢,(V4), and ¢,(V5) are all zero-sum sequences.
Furthermore, there exists a non-empty subsequence T; of 1} such that ¢,(Ty) is zero-sum. Consider the sequences
U=o0(T) -o(h)-0(15)-S; and U’ = o(Ty) - o(V,) - 6(V5) - S5, which are both sequences of length 6 over H;. If U or
U’ has a short zero-sum subsequence, then the corresponding subsequence of S is a tiny zero-sum sequence.
Otherwise, by Lemma 7 we know that both U and U’ have the same structures. Together with a(V,) = a(Vs), we
obtain o(%;) = o(V;), and then g, = g;. However, ¢,(g,) = hy, ¢,(gs) = h3, and h, # h;, which is a contra-
diction. O
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Assume to the contrary that S has no tiny zero-sum subsequence. It follows from n(H;) =7 and
n(H) = p that |S3] < 6 and |Sy| < p - 1. So, we see that

IS3pl = I1S] = Spl = 1S51 23p+4-(p-1) -6=2p -1

If |, (S3p) | = n(Hy), then we can choose a subsequence denoted by U of Ss, such that o(¢,(U)) = 0 € C32 and
|U| < 3. Now let m be the maximum number of disjoint sequences denoted by Uy, ..., Uy, of S3p, like U. Obviously,

m> |S3p| — (n(Hy) - 1).

)

3
On the other hand,
m+ |Sp| < n(H) - 1, 3)
otherwise [o(Uy) - ... - 0(Un) - Spl = m + |Sp| = n(H,) = p. Hence, there exists a subsequence denoted by W of

o(ly) - ... - 0(Up) -Sp such that |W| < p and o(p,(W)) = 0. Suppose W = []._,0(U)) - qugi with I c [1, m],
Jc[1,1Sy1]l and [I] + |J| = [W]| < p, then
ol (W) =Y @) + Y ¢,(g) = Y ol@,(U)) + Y ¢(g) =0+ 0=0 € CL
iel jeJ iel jeJ
And

k(W)sﬂ+ﬂ=msl.

p b p

Therefore, the sequence W is a tiny zero-sum subsequence of S, which contradicts the assumption of S.
Now we remark that ¢,(S5p(Uj - ... - Upn)™!) has no short zero-sum subsequence and o(U;) - ... - 0(Up) - S,
is zero-sum free. Furthermore, we have the following claim.

Claim C. Suppose m + |Sp| = n(H,) - 1=p - 1. Let h € supp(p,(Ssp)) with vy(@,(S3p)) >3 and let g, g, €
supp(Ssp). If ¢1(8) = ¢1(8,) = h, then g, = g,.

Proof of Claim C. Assume to the contrary that g, # g,. Note that Ss, = U -...: Uy, Uy, where Uy =
S3p(Us - ... - Up)™! with h(Up) < 2. Since the decomposition only depends on ®,(S3p), without loss of generality
we may assume g |U; and g,1U;.

If g|Up, then let Ul = Ulgzgl’l. Thus, both sequences o(Uy) - ... - 0(Uy) -Sp and o)) -...- o(Up) -S, are
zero-sum free and of length p — 1. It follows by Lemma 4 and p — 1 > 4 that o(U;) = o(U]) and hence
g, = 8, a contradiction.

If g,4Uo, say & |Us, then let U; = Ulgzgl‘l and U, = Uzglgz‘l. Thus, both sequences a(U;) - o(Uy) - ... - 0(Up) - Sp
and o(U)) -a(U3) - ... - a(Uy) -S, are zero-sum free and of length p — 1. It follows by Lemma 4 and p — 1 > 4 that
o(Uy) = o(U]) and hence g, = g,, a contradiction. O

By inequalities (2) and (3), we see that

S3yl — 6
%+|Splsp—l. (4)
Combining inequalities (1) and (4), we obtain that
2ISpl + 1 < 1S3, (5)
and so it follows from |S3] < 6 and [S,| € N that [S,| < 2. Therefore,
IS3pl = ISI = 1Spl = 1S31 23p +4 -2 -6 =3p - 4.

It follows by (2) and m € N that
mzp-3. (6)
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Similarly, if |¢,(Ssp)| = n(H,), then we can find a subsequence denoted by V of S;, such that
0(p,(V)) =0 € C, and |V] < p. Now let n be the maximum number of disjoint subsequences denoted by
W, ..., V, of S3, like V. Obviously,

. 1Sspl - (P - 1)

)
p
and
n+|S3l<n(CHh-1=6, (8)
which could be deduced by the similar method in (3).
Now we remark that ¢,(S3p(V -...- V,)™) is zero-sum free and o(V}) - ... - a(V,) - S; has no short zero-sum
subsequence.
By inequalities (7) and (8), we get that
IS3pl < (6 - |S3)p +p - L. 9)

Combining inequalities (1) and (9), we obtain that

4p -1) -1+ |S,]

S5l <
1551 o~

Since |Sy| <2,p > 2 and [S5] € N, it follows that |S;] < 4. Together with (5) and (9), we obtain that
21Sp| +1<|S5] < 4 and |S3p| < (6 — [S5])p + p — 1. Then, we can distinguish four cases depending on the
previous inequalities and |Ss| + |S,| + |S3p] = 3p + 4.

Case 1.1S5| = 4,1S,| = 1, and |S;p| = 3p — 1.

By inequalities (7) and (8), we obtain that n =2, i.e., there are exactly two pairwise disjoint
subsequences 1, 15 of S3, such that o(¢,(V;))) =0 € H, and |V;| < p fori=1,2. If |[Vj| + || < 2p - 1, then
1S35(Vi¥5)}| > p and so there exists one more subsequence disjoint with V; and V5, a contradiction.
Therefore, |Vi| = [V5| = p, [S3(ViV5)}| = p — 1, and @,(S;5,(V1V5)™!) are zero-sum free over H,. By Lemma 4,
we may assume that @,(S3p(V115)) = bP71, @,(V1) = b?, and ¢,(V») = by, where b, by, b, € H,\{0}. Note that
both bP-!bf and bP-'b§ contain no two disjoint zero-sum subsequences over H. It follows from Lemma 5
that b = b; = b,. Hence, we may assume that ¢,(S;,) = b1

Next, we assert that S;, = g1 for some g e G, which implies that m + |S,| > L%J +1>p, a

contradiction to inequality (3). Assume to the contrary that there exist g, g, € supp(Ssp) such that g, # g,.
Let T; be a subsequence of S;,(g,8,)"! with length p — 1 and let T, be a subsequence of S;,(T;g;g,)! with
length p. Then, W, = 0(T;g,) - 0(Tz) - S5 and W;, = 0(Tg,) - o(T3) - S5 are both sequences over H; of length 6. It
follows by our assumptions S has no tiny zero-sum subsequence that W; and W, have no short zero-sum
subsequence. Hence, by Lemma 7 o(Tig;) = 0(T1g,), i.e., g, = 8,, a contradiction.

Case 2. [S3]| =3, |Sp| = 1, and |S5,] = 3p.

Because |S,| = 1, together with inequalities (2) and (3) we obtain thatm = p — 2 and S5, = U - ... - Up_, - Up,
where Uy = S5p(Uy - ... - Up—»)™!. Since ¢,(Up) does not contain a short zero-sum subsequence over H; and
n(H,) = 7, it follows that

p-2
6> |Upl = 1S3p| = D Uil 23p - 3(p - 2) =6,
i-1
i.e., |Up| = 6, whence, |Uj|= ... = |U,-,| = 3. By Lemma 7, we may assume that ¢,(Up) = hZhih3 for three
pairwise distinct elements hy, hy, h; € H\{0}. We claim that ¢,(U) € {h, h3, h3} for every i € [1,p - 2].
Assume to the contrary that there exists i € [1, m], say i = 1, such that ¢,(Uy) ¢ {h, h3, h3}, whence there
exists hy, € H1\{0, hy, hy, h3} such that hy|¢p,(Uy). If there exists hs € Hj\{O, hy, hy, hs} such that h,hs|e,(U)).
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Then, n(H,) = 7 implies that both hfhih?h, and hihihihs have short zero-sum subsequences, whence
h{hihih,hs has two disjoint short zero-sum subsequences, a contradiction to the maximality of m. Thus,
by symmetry we may assume ¢,(U;) = hyhihy. It follows that gol(Ul)hl2 h22 h32 has two disjoint short zero-sum
subsequences, a contradiction to the maximality of m.

Now we can assume that

@,(S3p) = R 2R3 252, where X, X%, %3 € Ny with X + % +x5=p - 2.

By Claim C, for everyi € [1, 3] with x; > 1, there exists g; € G such that ¢,(g;) = h; and gf""*zl Ssp. If there exists
j € [1, 3] such that x; = 0, we choose an arbitrary g; € G. Let W = gg,2g%. Then, W3|S;p, a contradiction
to Claim B.

Case 3. |S3] = 3,1S,] = 0, and |S5p| = 3p + 1.

Assume to the contrary that ¢,(S3,) has a zero-sum subsequence ¢,(U;) of length 2. Since |S3, Up 1=3p-1
and n(H;) =7, there exist disjoint short zero-sum subsequences @, (U,), ..., ¢,(Up-1) of ¢, (Ssp UY. Let
Uy = S3p(Us - ... -Up_)L. Then, |Uj| = 3p + 1 -2 - 3(p — 2) = 5. 1t follows by D(H,) = 5 that ¢,(Up) has a non-
empty zero-sum subsequence ¢, (Up). Since Wy = a(Up)o(Uy) ... 0(Up,-4) is a sequence of length p over H,, there
exists a subset I ¢ [0, p — 1] such that }, , o(U)) = 0, ie., [],, U is zero-sum. If [[ [, Uil < 3p, then[],; Uiisa
tiny zero-sum subsequence, a contradiction. If |[],_,Uil = 3p + 1, then S5, is zero-sum and hence n > 4, a
contradiction to inequality (8).

Therefore, ¢,(S;5,) has no zero-sum subsequence of length 2, whence |supp(¢,(S3p))| < 4. Suppose

iel

iel

_ 1 3G+N 1 30+ 1, 3X3+13 1, 3X4+1y
<P1(53p) = h1 hz h3 h4 ’

where x, %, X3, x4, € Ng, n, 1, 13,1, € [0, 2], and hy, hy, hs, h, € H\{O} are pairwise distinct elements. It
follows by |Ssp| = 3p + 1and inequalities (2) and (3)thatm =p - 1. Then,p-12x+ X%+ XG53+ X, > p - 2,
n+n+n+rnr=1mod3), and |{i € [1, 4]|r; = 0}| < 2. We distinguish three cases.

Suppose [{i € [1, 4]|r = 0}| = 0. By Claim C, for every i € [1, 4] with x; > 1, there exists g; € G such that
¢,(g) = h; and gf""”"l Ssp. If there exists j € [1, 4] such that x; = 0, we choose an arbitrary g; € G. Let
W = glg,g%g,“. Then, WA|Ss,, a contradiction to Claim B.

Suppose |{i € [1,4]|,=0}| =1, say r, = 0. Then, r + , + 13 + 1, = 4. By Claim C, for every i € [1, 3] with
X; = 1, there exists g; € G such that ¢,(g;) = h; and gf""*"' | Ssp. If there exists j € [1, 3] such that x; = 0, we choose
an arbitrary g; € G. If x4 < 1, then x + X + x3 > p - 2. Let W = g/"g;,°g°. Then, W3|Ssp, a contradiction to
Claim B. If x, > 2, then Claim C implies that there exists g, € G such that ¢,(g,) = hs and gf"‘*l Ssp. Note
X +X%+X+X,=p -1 Let W=glgrglbg. Then, WS;,, a contradiction to Claim A.

Suppose |{i € [1, 4]|, =0} =2,sayrs =1, = 0.Then, =, = 2. If 3 # 1 or x4 # 1, a similar argument to
the above implies a contradiction. Thus, % = x4 = 1 and hence ¢,(S3,) = h#*?h3**2h3h}. It follows by
n(Hy) = 7 and ¢,(Ssp) has no zero-sum subsequence of length 2 that h hs hs h; has a zero-sum subsequence X
of length 3. By symmetry, we may assume h;|X. We claim that there exists g; € G such that ¢,(g;) = h; and
g33|83p. Assume to the contrary that there exist distinct g,, g5 € supp(Ssp) such that ¢,(g,) = ¢,(g;) = hs. Let
Wi, ..., Wy, Y, ..., Yo, V5, V5 be disjoint subsequences of S3, with ¢,(W) = h{ for every i € [1, x], ¢,(¥;) = h;
for every i € [1, x), (V) = X for every i € [1, 2], g,|V;, and g;|V5. Set V| = Vigsg,! and V, = V5g,g;". Then,
both sequences o(W)), ..., a(Wy)0(Y)), ..., 0(Y,)0(W)o(Vp) and a(Wy), ..., a(Wy)o(¥), ..., a(%,)a(V])a(V3)
are zero-sum free over H, of length p — 1. It follows by Lemma 4 that g, = g;, a contradiction. Therefore,
there exists g; € G such that ¢,(g;) = h; and g33|S3p. By Claim C, for every i € [1, 2] with x; > 1, there exists
g; € G such that ¢,(g;) = h; and gf""”"l Ssp. If there exists j € [1, 2] such that x; = 0, we choose an arbitrary
g € G. Let W = g{"g;?g;. Then, W3|S;p, a contradiction to Claim B.
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Case 4. |S3] < 2,1S,] = 0, and |S5p| = 3p + 2.

Then, S5, = Up - U; - ... - Up—q and [Up| = 5. Since the sequence ¢,(Uy) does not contain short zero-sum
subsequence over H;, it follows from Lemma 6 that |[supp(p,(Up))| = 3. Then, we may assume that
supp(@,(Up)) = {h, hy, hs}. If there exists somei € [1, p — 1] such that |U;| = 2, then |Uy| = 6 and by Lemma
7 we see that ¢,(Up) = hZhih}. Clearly, U, must contain a subsequence denoted by W of length 4 such that
o(ep,(W)) = 0. Then, o(U}y) - ... - 6(Uyp_1) - (W) is a sequence of length p over H,, and so it contains a zero-
sum subsequence, whence the corresponding sequence over G is zero-sum of length less than
U -...- Uy - W <3(p - 2) + 2+ 4 = 3p, i.e.,, we get a tiny zero-sum subsequence of S, a contradiction.
Therefore, |U;| = 3 for alli e [1,p — 1].

If|S;| = 0, then|S3,| = 3p + 4 = n(G), whence S contains a short zero-sum subsequence which is a tiny
zero-sum subsequence. So, we suppose that |S;| € {1, 2}.

If|S;| = 1, then|S3y,| = 3p + 3 and Ss;, could be written by the form S3p, = U - ... - Uy_q - Up with |U;| = 3 for
i € [1,p - 1] and|Up| = 6. Furthermore, we see that ¢,(Up) = hihihi. We assert that supp(,(S3p)) = {hi, ha, hs}.
Assume to the contrary that there exist h, € H;\{0, h;, hy, hs} and i € [1, p - 1], say i = 1, such that h|p,(T}). If
there exists hs € H;\{0, hy, hy, hs} such that hyhs|@,(Uy). Then, n(Hy) = 7 implies that both h’h3hih, and
h h# h3 hs have short zero-sum subsequences, whence hh3 hi h,hs has two disjoint short zero-sum subsequences.
Then, ¢,(U;Uy) has two disjoint short zero-sum subsequences, whence m = p, a contradiction. Since
hihihi has no short zero-sum subsequence, we obtain ¢,(Uy) € {h?, h;, hj}. Then, we can assume
@,(S3p) = R 2R3 252 where X, %, x5 € Ng and X, + % + x3 = p — 1. It follows by Claim C that for every
i € [1, 3] with x; > 1, there exists g; € G such that ¢,(g;) = h; and gf""*zl Ssp. If there exists j € [1, 3] such that
xj = 0, then we choose an arbitrary g; € G. Let W = 8g,°g;°. Then, WA|Ss,, a contradiction to Claim A.

If|S;] =2, then|S;,| = 3p + 2. Since ¢,(S3p) has no zero-sum subsequence of length 2, we may assume
that

_ W 3x+n 30+ 3, 3X3+13 1, 3X4+14
@,(S3p) = R R 2 pg ST g

where X, %, X3, X4 € Ng, 1, h, 13, I, € [0, 2], and hy, hy, h3, h, € H\{0} are pairwise distinct elements. Then,
p-l2x+xn+x+x,2p-2andn+n+nrn+rei58.Ifn+n+n+r=_8, then h’hfhih? has two
disjoint short zero-sum subsequences, a contradiction to m < p — 1. Thus, x; + , + 3 + x4, = p — 1 and
n+ 1+ 1+ 1, = 5. Since hithh h* has no short zero-sum subsequence, it follows by Lemma 6 that there
existsi € [1, 4], sayi = 4, such that r, = 0. By symmetry, we can assume thatn, = , = 2 and r; = 1. It follows
by Claim C that for every i € [1, 3] with x; > 1, there exists g; € G such that ¢,(g;) = h; and gf"f”fl S3p. If
there exists j € [1, 3] such that x; = 0, then we choose an arbitrary g; € G. If x4 = 0, then let W = g[g,2g,
and hence W?3|S;p, a contradiction to Claim A. Suppose x, = 1. Note that h?h?hsh? has a short zero-sum
subsequence X with h4|X. A similar argument to that at the end of Case 3 shows that there exists g, € G

X3 o X

such that ¢,(g,) = h, and g2|33p. Let W = g)ig°g%g and hence W?|Ss,, a contradiction to Claim A.

Now the proof of Theorem 2 is completed.
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