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1 Introduction

The theory of function spaces with variable exponents has rapidly made progress in the past 20 years
since some elementary properties were established by Kovacik and Rakosnik [1]. Lebesgue and Sobolev
spaces with variable exponents have been extensively investigated, see [2] and the references therein. In
2012, Almeida and Drihem [3] introduced the Herz spaces with two variable exponents and obtain the
boundedness of some sublinear operators on those spaces. In the same year, Wang and Liu [4] introduced
the Herz-type Hardy spaces with variable exponents HK;Z% (R™ and HK;,"’(?) (R™), which is a generalization
of the classical Herz-type Hardy spaces. In 2015, Dong and Xu [5] introduced the Herz-type Hardy spaces
with two variable exponents HI'(;((_'))’q(R") and HK} ()7 (R").

Recently, extending classical function spaces arising in harmonic analysis of Euclidean spaces to other
domains and non-isotropic settings is an important topic. In 2003, Bownik [6] introduced the anisotropic Hardy
spaces H} (R") associated with very general discrete groups of dilations. This formulation includes the classical
isotropic Hardy space theory established by Fefferman and Stein [7] and the parabolic Hardy space theory
established by Calderén and Torchinsky [8,9]. In 2008, Ding et al. [10] introduced the anisotropic Herz-type

Hardy spaces HI'(‘;Y . (A; RM and HKI’;"‘] (A; R™ and established their atomic and molecular decompositions. In
2018, Zhao and Zhou [11] introduced the variable anisotropic Herz-type Hardy spaces HK;}% (A; R") and
HKI‘}’(‘?) (A; R™) and established their atomic and molecular decompositions. Using these decompositions, they
gave some applications. In 2019, Wang and Guo [12] introduced the variable anisotropic Herz-type Hardy spaces

HK;‘ (()) 4 (A; R and HI{g((j))’q (A; R™) and established their atomic decomposition and some applications.
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Inspired by the previous study, we would like to declare that the goal of this study is to establish the
characterizations of a class of anisotropic Herz-type Hardy spaces with two variable exponents associated with a
non-isotropic dilation on R" in terms of molecular decompositions and obtain the boundedness of the central
6-Calder6n-Zygmund operators on the anisotropic Herz-type Hardy space with two variable exponents.

First, we recall some standard notations in variable function spaces. A measurable function
p(): R" - (0, o) is called a variable exponent. Let f be a measurable function on R" and p(-) € #. Then,
the modular function (or, for simplicity, the modular) Qp () associated with p(.), is defined by setting

00 = [ IFeoPed
[Rn

and the Luxemburg (also called Luxemburg—Nakano) quasi-norm ||f|;»0 by
Ifllo = inf{A € (0, co0): Q) (f/A) <1}

Moreover, the variable Lebesgue space LP" is defined to the set of all measurable functions f satisfying
that Q) (f) < oo, equipped with the quasi-norm ||f|;»0. For any variable exponent p(-), let

p- =essinfp(x) and p, :=ess supp (x).
xeR™ XxeR"

Denote by P the set of all variable exponents p(-) satisfying p_ > 1 and p, < oo. We call p’(-) the conjugate
exponent to p(-), that is, p'(-) = pr('jl. Let B is the set of p(-) € P, such that the Hardy-Littlewood
maximal operator M is bounded on I, It is well known that if p(-) € # and satisfies the following global
log-Holder continuous, then p(-) € B.

Definition 1.1. Let a(-) be a real function on R",
(i) a(-) is called log-Holder continuous on R™ if there exists C > 0, such that

C
log(e + 1/Ix - yI)

la(x) —ay)| <

forall x,y e R" and |[x — y| < %
(ii) a(-) is called log-Holder continuous at origin (or has a log decay at the origin), if there exists C > 0,
such that

C

la(x) — a(0)] < Toge + i)

for all x € R™.
(iii) a(-) is called log-Ho6lder continuous at infinity (or has a log decay at the infinity), if there exist some
o € R" and C > 0, such that

C

la(X) — Ao £ ————

log(e + |x])
for all x € R™.

By Po(R") and %, (R"), we denote the class of all exponents p € £ (R"), which are locally log-Holder
continuous at the origin and at the infinity, respectively.
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Next, we will recall the notion of expansive dilations on R"; see [6, p. 5]. A real n x n matrix A is
called an expansive dilation, if all eigenvalues A of A satisfy |A] > 1. Suppose A;...A,, are eigenvalues of A
(taken according to the multiplicity), so that 1 < |A;] <...<|A,|. A set A € R" is said to be an ellipsoid if
A = {x e R": |Px| < 1}, for some nondegenerate n x n matrix P, where |-| denotes the Euclidean norm in
R". For a dilation A, there exists an ellipsoid A and r > 1, such that A c rA c AA, where |A|, the Lebesgue
measure of A, equals 1. Let By = A*A for k € Z, then we have By C By C By,1, and By = b¥, where b =
|detA| > 1. Let w be the smallest integer, so that 2B, ¢ A*By, = B,. A homogeneous quasi-norm
associated with an expansive matrix A is a measurable mapping p,: R" — [0, co) satisfying

py(x) >0 for x # 0, p,(Ax) = |detA|p, (x) for x € R",
px +y) < Calpy(x) + py)(y) for x,y € R,

where C, is a positive constant.
It was proved, in [6, p. 6, Lemma 2.4], that all homogeneous quasi-norms associated with a given
dilation A are equivalent. Define the step homogeneous quasi-norm p on R" induced by dilation A as

b, if x € Bj11\B;,
X) =
) {O, if x=0.

Then, for any x, y € R", p(x + y) < b"(p(x) + p(y)).

In the following we denote Cy = Bi\By_; fork € Z. LetN = {1,2, ...} and Z, = {0} U N, denote x; = X,
forkez, ¥, =x, if k€ Z, and X, = xp,, where ., is the characteristic function of C;. Throughout this
paper, we denote by C a constant, which is independent of the main parameters and whose value may vary.

Definition 1.2. Let a(-): R®" - R with a(-) € L°(R"), 0 < g < o0 and p(:) € P(R"). The homogeneous

anisotropic Herz space I'(;,X((,‘)) "1(4; R™) associated with the dilation A is defined by

Ko7 (A3 RM = S fe LEO (R {0}): fllgsa < 00,

loc )

where

1/q
(oe]

a(g = kac(-) a
||f||K;‘(())q = z Ib ﬁ(k"Lp(-)([Rn)

k=-00

The nonhomogeneous anisotropic Herz space K;‘((f))’q(A; R"™) associated with the dilation A is defined by

Ky (A; R" = < f € LEY RM: [flixes < oo,

where
1/q

o0
Flgys = 3 20 15Ol o
k=0

Here, the usual modifications are made when g = o<.

In variable L? spaces, there are some important lemmas as follows.
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Lemma 1.3. [1]. Let p(-) € PR"). If f € LPO (R™) and g € LP'” (R"), then fg is integrable on R" and
| 1r 08001 dx < o e o s
|er
wherer, =1+ 1/p” — 1/p*.
The following lemmas are from [13].

Lemma 1.4. Suppose p(-) € B(R"™). Then, there exists a constant C > 0, such that for all balls B in R",

1

EHXB ”LP(') ([R") ||XB ”LP'(') (R" < C

Lemma 1.5. Let p(-) € P(R"). Then, there exist 0 < 81, 6, < 1 depending only on p(-) and n, such that for all
measurable subsets S ¢ B,

Wgliro _ 1BI xsleo ( ﬂTl s llro ( ﬂj‘sz
Islo 1817 sl ~UBL " Ixglo ~ LB

Next, we introduce the definition of homogeneous anisotropic Herz-type Hardy space with two

variable exponents HK; ((f))’q (A; R™) and the nonhomogeneous anisotropic Herz-type Hardy space with two

variable exponents HI(;‘((f))’q(A; R"™) and the atomic characterization of HKS ((_'))’q (A; R™ and HK;}(‘j))’q (A; RM),

which were obtained by Wang and Guo [12].
A C™ complex-valued function ¢ is said to belong to the Schwartz class S, if for every integer

¢ € Z, and multi-index a, [|@le,¢ = sup [p (x)]*|0%p (x)| < co. The dual space of S, namely, the space of
xeRM

all tempered distributions on R" equipped with the weak-* topology, is denoted by S’. For any
Nez,, let

Syv={peS: [Plge <1, la] <N, <N}

For ¢ € S, k € Z and x € R", let y(x) = b*k<p(A’kx).
Let f € S'. The non-tangential maximal function M,,(f) with respect to ¢ is defined by setting, for any x € R",

M, (f)(x) = sup{lf x@, ¥)|: x —y € By, k € Z}.

For any given N € N, the non-tangential grand maximal function My(f) of f € S’ is defined by setting, for
any x € R",

My (f)(x) = sup M, (f)(x).
PpeSy

For 0 < g < oo, we denote

N - [Q/g-DInb/InA]+2, 0<g<1,
1712, q>1

Definition 1.6. Let a(-) € L*°, 0 < g < oo, p(-) € P, and N > N,. The homogeneous anisotropic Herz-type
Hardy space with variable exponents HK;,X((,‘))"](A; R™ and the nonhomogeneous anisotropic Herz-type

Hardy space with variable exponents HKgfj))’q (A; R™ are defined, respectively, by setting,
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HESS Y (A3 RY) = {f € S': My (f) € Koty (4; R™)
and
HKS (9 (A; R") = {f € S": My (f) € K5()7(A; RM},
where
W llieoe agmry = 1M ) lige0a g gemy @0 Iflrcspo asmry = 1My () llgae -

Definition 1.7. Let p(-) € P, a(-) € L*® n Pg’g N 19 and nonnegative integer s € [(a; — 8,) In b/InA_,c0)
with §, as in Lemma 1.5. Here, a; = a, if l < 0, a; = a.., if | > 0.

(1) An anisotropic central (a(-), p(-), s)-atom is a measurable function a on R" satisfying
(i) suppa c B, for somel € Z;
(i) llalro < |bl ke

(iii) IR" a(x)xPdx = 0 for any B € Z" with |B| < s.

(2) An anisotropic central (a(-), p(-), s)-atom of restricted type is a measurable function a on R" satisfying
(i) suppa c B, 1 > 0, for somel € Z;
(i) llalpo < |blkae;

(iii) -[IR" a(x)xPdx = 0 for any B € Z" with |B| < s.

2 Molecular decompositions ofH ()’ (A [R™)

In this section, we first give the definitions of the molecules of the anisotropic Herz-type Hardy spaces
with variable exponents. Before stating our results, we first give the notations of molecules.

Definition 2.1. Let 0 < g < o0, p(-) € P(RY), a(-) € L n Py N P, and nonnegative integer s > max{[(a
(0) - 6) Inb/InA_], [(ae — 61) In b/In A_]}, where 6; as in lemma 1.5. Set € > max{s,(a(0) + §; — 1) In b/InA_,
(@so + 61 - 1) Inb/InA_} and d = 1 - 6, + €. Moreover, for anyl € Z, whenl< 0, a;:=a(0) and a :=1- 6; -
(0)+¢&whenl>0,a;:=a.and a:=1-6; - a., + €.

(1) A function M; € I’ with [ € Z is said to be a dyadic central (a(-), p(-); s, €);-molecule if it satisfies

(i) IMllp0 < ble
(i) Rpo (M) = IMIEE 1 (0 ())MILE < o0s

(iii) J.[R" M;(x)xPdx = 0, for any B with || < s.

(2) A function M; € IP® with I € Ny is said to be a dyadic central (a(-), p(-); s, €);-molecule of restricted
type if it satisfies (ii), (iii) and
(i) 1Mo < b7,

Definition 2.2. Let 0 < g < o0, p(-) € P(RM), a(-) € L*® n Py N Py, and nonnegative integer s > max{[(a(0) — &)
Inb/InA], [(@ — 67) In b/InA_]}, where 6, as in Lemma 1.5. Set £ > max{s,(@(0) + 6; — 1) Inb/InA_, (&, + 6 — 1)
Inb/InA} and d = 1 - 8, + &. Moreover, for any function M € IPY, when |M||;»0 > 1, a := 1 — §; — a(0) + & when
Mllpo <1,a:=1-6;— a + &
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(1) A function M € IP" is said to be a central (a(-), p(-); s, €)-molecule if it satisfies

@) Rpo) (M) = IMIEE 1o ()IMIH < 003

(ii) I[R,, M (x)xBdx = 0, for any B with || < s.

(2) A function M € IP" is said to be a central (a(-), p(-); s, €)-molecule of restricted type if it satisfies (i),
(ii) and
i) Mo < 1.
The following lemma shows that a central (a(-), p(-); s, €)-molecule is a generalization of the central
(a(-), p(-), s)-atom.

Lemma 2.3. Let 0 < g < oo, p(-) € B(RM), a € L® N Py N Py, and nonnegative integer s > max{[(a(0) — §,) In
b/nA], [(aw — 6)Inb/InA ], [(a(0) — 6,) Inb/InA ], [(a. — 6,) Inb/ In A}, where max{6,,65} < a(0), a., < oo and
6y, 8, as in Lemma 1.5. Set € > max{s,(a@(0) + 6; — 1) Inb/InA_, (tes + 6; — 1) In b/InA_} and d = 1 - 6, + €. Moreover, for
any function M € I©, when |M|p0 > 1, a :=1 - 6, — a(0) + & when |[M[»0 <1, a=1- 6, - &, + &.

(i) If M is a central (a(-), p(-), s)-atom, then M is a central (a(-), p(-); s, €)-molecule, such that Ry, (M) < C
with C independent of M.

(i) If M is a central (a(-), p(-), s)-atom of restricted type, then M is a central (a(-), p(-); s, €)-molecule of
restricted type, such that R, (M) < C with C independent of M.

Proof. We only prove (i). (ii) can be proved in the similar way.
Let M be a (a(-), p(-), s)-atom with support on a ball By, then we get

IMIELE 1o ()MIE @ < bEDAC-ald M) 0 < C. O

Now, we give the molecular decompositions of anisotropic Herz-type Hardy spaces with two variable
exponents.

Theorem 2.4. Let 0 < q < oo, p(-) € B(RM), a € L® N Py N Py, and nonnegative integer s > max{[(a(0) — &)
In b/InA_], [(@e — 67) In b/In A_], [(@(0) =6,) In b/In A_], [(®. — 65) In b/In A_]}, where max{6,,6,} < a(0), a.. < oo and
61, 8, as in Lemma 1.5. Set € > max{s,(a(0) + 6; - 1) Inb/InA_, (&, + 6; - 1) Inb/InA_} and d =1 - 6, + €. Moreover,
for any function M € IP©, when |M||;»o > 1, a :=1 - 6; — a(0) + & when [M[»0 <1,a:=1- 8, — Qo + €.

(i) fe HK; ((,'))’q (A; R™) if and only if can be represented as
f= > MM, in S,
k=-00

where each My is a dyadic central (a(-), p(-); s, €)-molecule and Y. . |Ac|? < co. Moreover,

0 1/q
IIf”HI’(:((:))’q(A;R") ~ lnf[ z |Ak |qJ 3
k=-00

where the infimum is taken over all above decompositions of f.

(ii) fe HI(I‘;‘((_'))"](A; R™) if and only if can be represented as

f= Z MMy, in S,
k=0

where each My is a dyadic central (a(-), p(-); s, €)-molecule of restricted type and };” ; |Ax|? < co. Moreover,
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00 1/q
"f"HK;‘((_'))'q(A;R") ~ im{z |/\k|q] )
k=0

where the infimum is taken over all above decompositions of f.

Theorem 2.5. Let 0 < g <1, p(-) € BR"), a € L® n Py N Py, and nonnegative integer s > max{[(a(0) — ;) In b/
InA], (@ — 6)) Inb/InA_], [(2(0) — 8,) In b/InA ], [(a. — &,) In b/In A_]}, where max{6,,6,} < a(0), a.., < oo and &,
6, as in Lemma 15. Set € > max{s,(@(0) +  — 1) Inb/InA, (@, + 6; — 1) Inb/InA_} and d = 1 - 6, + €. Moreover, for
any function M € IPY, when |[M|»0 > 1, a :=1 - 8; — a(0) + & when [M|»0 <1, a:=1- 6 — Q. + €.

(i) fe HK;((,‘))’Q(A; R™) if and only if can be represented as

f= z MMy, in S,

k=-00

where each My is a central (a(-), p(-); s, €)-molecule and Z;Z o Mkl? < co. Moreover,

0 1/q
"f”HI.(;((_.))'q(A;R") ~ lnf( Z |Ak |qj ’
k=-00

where the infimum is taken over all above decompositions of f.
(i) fe HK}()9(A; R") if and only if can be represented as

f= Z MMy, in S,
k=0

where each M is a central (a(-), p(); s, €)-molecule of restricted type and Y., |Ax|? < co. Moreover,

00 1/q
WFlkaga amry ~ iﬂf[z Ak |qj ,

k=0

where the infimum is taken over all above decompositions of f.

By theorem 3.2 of [12] and Lemma 2.3, we see that Theorems 2.4 and 2.5 can be obtained from the
following lemma.

Lemma 2.6. Let 0 < g < oo, p(-) € B(R"), a € L N Py N Py, and nonnegative integer s > max{[(a(0) — 6,)
Inb/InA_], [(@s — 61)Inb/InA_], [(@(0) — 85) Inb/InA_], [(as — 65) In b/In A_]}, where max{6,,65} < a(0),
Qo < oo and 6,, 8, as in Lemma 1.5. Set € > max{s,(a(0) + 6; — 1)Inb/InA_, (@, + 6; — 1)Inb/InA_} and
d =1- 8, + &. Moreover, for any function M € LPV and l € Z, when |M|;»o > 10r1< 0, let a; := a(0) and a :=
1-06;-a(0) + & when |[M|ppo <lorl>0,leta;:=a.anda:=1- 6, — a.. + €.

(i) If 0 < g < 1, there exists a constant C, such that for any central (a(-), p(-); s, €)-molecule M and any
central (a(-), p(-); s, €)-molecule of restricted type M,
”M”HI'(;((_'))‘q(A;R") < C and ||M||HK;(<_-)>,q(A;Rn) <C,
respectively.
(ii) There exists a constant C, such that for any dyadic central (a(-), p(-); S, €);-molecule My, | € Z, and any
dyadic central (a(-), p(-); s, €);-molecule of restricted type M;, 1 € N,

"Ml”HK;((:))v‘I(A;IRn) <C and ”Ml "HK;((_'))"](A;RH) < C,

respectively.
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Proof. We only prove (i) for the homogeneous case, the proof of the nonhomogeneous case and (ii) are similar.
Suppose that M is a central (a(-), p(-); s, €)-molecule. Taking

MY @, Mo > 1,
IMI S, 1Mo <1,

and denote by o,, the unique integer satisfying b’ < r < b%*1. Denote E, = B,, and Ex = By, \Bg,+k-1 for
k € N. Set

M0~ T jM(y)xEk Wy = Be() - Fe (o).
It follows that
_ < XEk(X
M@ =Y - Fo)+ Y j Mg 0)dy.
k=0 k=0 |

Obviously, supp (Hx (x) — Fi(x)) € Bk and I[R" (Hx (x) = F,(x))dx = 0. We claim that

(a) There is a positive constant C and a sequence of numbers {A;}, such that

[ee)
Y Al? < 00, Hi - F = Aa,
k=0

where each ay is a (a(-), p(-), 0)-atom;
(b) Z‘,ﬁo Fy has a (a(-), p(:), 0)-atom decomposition,
then our desired conclusion can be deduced directly.

We first show (a). Without loss of generality, we can suppose that R, (M) = 1, which implies that

1 ()Mo = IMIELE = re,

For k = 0, we have

I, 70
IHo ) = Fo )l < WMl + 0o H Vg, |
Or

< CIM|l;p0 = Cr~* < C|Bg, [,
and for k e N,

IHi () = Fie () lIpo < 1Hye () [Iper + [1Fe () [Ippo

C
< 1Hie () [l + m"Hk O lIro lxg, o Ixg, Nro
k

< ClHk )lppo
< Cli(p ()Ml r00 (baﬁk—l)fd
= Cra (k1) < Chka|By, [,

Thus, for any k € N u {0}, there is a constant C independent of k, such that
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IHy 0O = Fi 0Ollppo < Cb™4|Bg, e[,

If we denote Ay = Ch™® and a; x = (Hy (x) — Fx(x))/Ayk, then the a;; are central (a(-), p(-), 0)-atoms and
Yo Hie(X) = F(x)(x) = Y2 Avian,ic (x). Moreover,

Yl <C) bua<,
k=0 k=0

where C is independent of M.
Next, we will show (b). Set

- Xg, (X)
me=Y | MOy, 0dx, @00 = =,
ix |Eic|
[RH
Noting that my = 0, summing by parts, we have
Y E@) =Y (g~ M) @) = Y Mit (@, 00 — ¢ ().
i=k i=k i=k
Clearly,
I Micr1 (P (X) = @, (X))dx =0,  supp{My1(@y,; — @)} € Bosists
[R'l
and

my = mg — J M (x)dx.

Bar+k—1
Hence, we obtain
1@ = @Ol = |- [ MK 00X (@ - 9
BO‘I+k )228
< "XEk "Lp(-) ||XEk+1 ”Lp(') + ”XEk "LP(') |Ejs1 I IM (x)|dx
Bl g 7o Bl |Exl
or+k
bllxg, Lo
< C— 2 ()M Ollro (0 () g, o
IEk+1| '
b ok _
< Cmrtlb (0y+k-1)d |Bo, k| 1||XEk llLro ||XBO‘,+k 7o
<C b (T,+1b—(a,+k—l)d
~ (b-1/b
b2(1761+8) + 1b—kab—(a,+k+1)m
(b-1/b

<Ch™a |Bar+k+1 I,

where C is independent of k. Setting
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Aoy =Chb™  and  ayx = M1 (@p,q — P/ ois

we have

® X
y ~h I M (y)xg, (V)dy = Z Aoy,
i |Ex] k=0

where the a, are central (a(-), p(-), 0)-atoms. Furthermore,

Y Mylt<C ) b <,
k=0 k=0

where C is independent of M. The conclusion (b) then holds. Hence, the proof of Lemma 2.6 is completed. [

3 Applications

In this section, we give an application of the molecular decomposition theory established in Section 2.
We study the boundedness of the central §-Calder6n-Zygmund operators from HK a()q(A R™ to
HKa()q(A R"). The following condition is necessary for our discussion on the central §-Calderén-

Zygmund operators on the HI a<) q(A; R"™) spaces:

f=Y Aa;in 8'= Tf= Y ATa; in S (3.1)

ieN ieN

The central §-Calderén-Zygmund operators, which are more general than the classical Calderén-
Zygmund operators, were introduced by Lu and Yang [14] in the isotropic setting of R". Moreover, Ding et al.
[10] extended them to the following non-isotropic setting of R" associated with the dilation A.

Definition 3.1. Let 0 < § <1and 1 < p < oo. Let T: S(R™) — S'(R") be a linear continuous operator. If there
exists K (x, y) € S’ (R" x R"), being continuous away from the diagonal in R?" and satisfying:

(i) IK(x,0)| +|K(0,x)| < C(p(x))?, for all x # 0;
(ii) IK(x, 0) = K(x,y)| + IK(0,x) = K(y,x)| < C(p(¥))°(p(x))1-%, when p(x) > b?p(y);
(iii) <T(f), g> = IJR"XR" K(x,y)f (y)g (x)dydx, for f,g € S(R") with disjoint supports, and if T can be

extended to a bounded operator on L? (R"), then we say T is a central §-Calderén-Zygmund operator
in L? (R™).

Using the molecular theory of HI a() ?(A; R™), we can prove the following theorem:

Theorem 3.2. Let 0 < § < 1, 0 < g < oo, p(-) €e B(RM, acL®nNPyn Py and max {5,, 6} <
a; < min {(6; + §)InA_/In b, (6, + 6)InA_/ In b} with a; as in Definition 1.7. Suppose that T is a central
8-Calderén-Zygmund operator and is bounded on LPY (R™. If T satisfies (3.1) for every central atomic

decomposition and I . Ta(x)dx = 0O for each central (a(-), p(-), 0)-atom a(x), then T can be extended to a

bounded operator from H () q(A R") to HI a() q(A R™M).
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Remark 3.3. The boundedness of the central §-Calderén-Zygmund operators on the homogeneous
anisotropic Herz-type Hardy space HKpa g (A; R™) is contained by Theorem 3.2, and the results also hold for

the nonhomogeneous anisotropic Herz-type Hardy space HK;‘((_‘))"](A; R™).

Proof. Case 1. For O < g < 1. Let a be a central (a(-), p(-), 0)-atom with its support in B, for some k € Z. If
Ta is a central (a(-), p(-); 0, €)-molecule for some 6§ + 6; > € > §; + a; — 1 and by condition (3.1) and Lemma
2.6, we have ||Ta||Hka((-)),q AR < C. Then, for homogeneous case
o (A

TA? .o < 2 WlITall o = oo
l f"HKpa((,))'q(A;R") kgool 7l ”HK;’((,))"’(A;R")

Thus, T is a bounded operator on HI'(;,X (()) 14; RD) by taking supremum of the above formula. It suffices to

show Ta is a central (a(-), p(-), 0, €)-molecule for some § + §; > € > §; + a; — 1. To this aim, leta=1- 6, - a; +
g, d=1- 6, + & Obviously, we only need to verify the size condition of molecules, that is,

Ry (Ta) = I Tal$yé (e () Ta Ol < C, (3.2)

with C independent of a. From the hypothesis of the theorem, we need to show only (3.2). To do this, we first
estimate [|(o (-))4Ta(-)|»o. By the boundedness of T on the IP"), we have

(o ()4Ta (o g,y < COMITallro g,.,,, < Cb*|allro g,,,,) < CHFE-,

On the other hand, if x € Bg,,,, from the condition(ii) of definition 3.1 and IB a(x)dx = 0, we can get
k

Py’
o (X)l+5

IT(a)| = I K(x,y) -Kx,0)ay)dy|<C la(y)ldy

By By

< Cbk+o)p (x)fwﬁ j law)ldy < CB*1+9p (x) 1+ M (a) (x).
k
By

Therefore, noting that € < § + 6;, we have

1 () Ta()lro g,y < CHFH*PN(p () 10Ma (o g,
< Chk(1+6)+k(d-1-6) [Ma (')"LP(" &
< CoMla ()llppo my < CH @0,
That is, l|(p ())?Ta ()llpo < Cb*@-%. Thus,
Rpy (Ta) = ITal®? 1o () Ta (I},
< C||a||gl/,f_’) pk(d-ap(-a/d)

< Ch~(kaa/dpk(d-a;)(1-a/d)
=C < o0,

where C is independent of a.
Case 2. For 1 < g < o=. By a proof similar to that of [3, Proposition 3.8], we easily obtain an important
lemma as follows. O
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Lemma 3.4. Let a(-) € L° N Py N Py, p(-) € P and q € (0, o), then

1/q 1/q

-1 +00
~ ki ok
Wlges amny = | 2, DM po | +| D D™ lfi 150
k=00 k=0

We now proceed with the proof of Theorem 3.2. Let a be a central (a(-), p(:), 0)-atom with its support
in By for some k € Z. We write

-1 +00
I T Wy = 2 DM T Pty + 3 B UMY T (P
() ’ k=00 k=0
q q
-1 +00 +00 +00
<C Y bk N IMyT @)xliro | +C Y b%k| S A [IMy T (@)X o
k=—00 j=-00 k=0 j=-0c0
= 13 + 14.
For L, it is easy to see that
-1 k-0-1 a -1 +00 a
L<C ) bokl 3 LMy T (@)xello | +C Y bk Y A4 1IMy T (@) o
k=-0c0 j=-00 k=-0c0 j=k-o
=By + k.

We first estimate MyT(a) on Cy for k > ko + 0 + 1. For any x € Cy, ¢ € Sy, j € Z and a polynomial P of
degree < s, by a proof similar to those of [10, p. 1454], we have

MyT (@) (x) < Cb ™ot folyy ||/, (BAS)™, (3.3)

where m = k — ko — 1 — 0. By the Holder inequality, |b%-%2A-5"1| < 1 and (3.3), we obtain

q
-1 k-0-1
L <C z pkaao Z MI,|b—j(ao+1)+kb(j—k)§z(bA_S+1)j+o+1—k
k=-co j=-00
-1 k-0-1 o
<C z pka(ao—6) ) ~ka(s+1) z M},|(bao—62/1_—5—1)—i
k=-co j=—c0
-1 k-0-1 k-0-1 , a/a
<C Z bka(ao-62) ) ~ka (s+1) Z A;1 (bo-02 =571)-9i/2 Z (bro-®2p =5 1)ai/2
k=-c0 j=-00 j=-00
-1 k-0-1
<C Y (proops Yz Y| (beo-8A 5 )42
k=-00 j=—00

<C Jio |}li|‘1(bao—62/\:s—1)—jq/2 Jio (bao—sz)l:s—l)kq/z

j=—00 k=j+o+1

<C Y IAL.

jez
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From the LP® boundedness of My, the size condition of a, and the Hélder inequality, we conclude that

-1 +00 7
132 <C z baokq Z |A)|”T(a})XkI|Lp<)
k=-c0 j=k-0
-1 +00 /
<C z paokq Z IA;[1B; "%
k=-00 j=k-o
-1 -1 a -1 +00 1
<C z paokq Z AilIBi[ % | +C Z poka Z |Aj]|B; |~
k=-c0 j=k-o k=-co j=0
B . L alq
<C Y bl 3 Bt |3 (B
k=—co j=k-o j=k-o
alq
-1 +00 +00
+C z poka Z Mj|q|Bj|—aooq/2 z |Bj|—aooq 2
k=—oc0 j=0 j=0

-1 j +00
<C Z Z Ajlapk-Da0d/2 4 ¢ Z A1

j=—00 k=-00 Jj=0
-1 +00
<C Y I+ Y Il <C) a9
j=—co Jj=0 jez

The proof of I, is similar to I5, we are omitting it there. From the I3, I,, we can get

IMVT Doy < € 2 1

© jez
Thus,
"T (f)"HK;X((_'))'q (4;R™ < C”f”HI'(:((:))’q(A;R")'
Therefore, we finish the proof of Theorem 3.2. O
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