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Abstract: The aim of this study was to present a simple method for finding the asymptotic relations for
products of elements of some positive real sequences. The main reason to carry out this study was the result
obtained by Alzer and Sandor concerning an estimation of a sequence of the product of the first k primes.
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1 Introduction
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and p runs over all prime numbers less than or equal to x. The above limit was proven by Alzer and Sándor [1].
Nevertheless, we decided to obtain a new proof of this limit as the original proof was obtained in an over

Agata Chmielowska: Department of Application of Mathematics and Methods of Artificial Intelligence, Silesian University of
Technology, ul. Kaszubska 23, 44-100, Gliwice, Poland, e-mail: agata.chmielowska@polsl.pl
Michał Różański, Roman Wituła: Department of Mathematics, Silesian University of Technology, ul. Kaszubska 23, 44-100,
Gliwice, Poland, e-mail: michal.rozanski@polsl.pl, roman.witula@polsl.pl



* Corresponding author: Barbara Smoleń, Department of Mathematics, Silesian University of Technology, ul. Kaszubska 23,
44-100, Gliwice, Poland, e-mail: barbara.smolen@polsl.pl

Ireneusz Sobstyl: Silesian University of Technology, Faculty of Applied Mathematics, ul. Kaszubska 23, 44-100, Gliwice,
Poland, e-mail: irensob220@student.polsl.pl

Open Mathematics 2020; 18: 886–893

Open Access. © 2020 Agata Chmielowska et al., published by De Gruyter. This work is licensed under the Creative Commons
Attribution 4.0 Public License.

https://doi.org/10.1515/math-2020-0029
mailto:agata.chmielowska@polsl.pl
mailto:michal.rozanski@polsl.pl
mailto:roman.witula@polsl.pl
mailto:barbara.smolen@polsl.pl
mailto:irensob220@student.polsl.pl


complicated way (in a certain sense). In consequence, we also found a new result (Theorem 1), which gives
a simple and universal tool for generating asymptotic relations of many known sequences of real numbers,
especially for the products of elements of certain sequences.

2 Main result

The discussion is based on the following well-known fact, which is connected to d′ Alembert’s ratio test.

Lemma 1. Suppose that { } =
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This result will be used for finding the estimation of sequence { } =
∞bk k 1 in the following way. If we can
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Using Stirling’s approximation we can write
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From the prime number theorem, we get ∼p k klogk . Therefore, we have

=

( + )

+

∏
⋅

∏
∼ ⋅

( + ) ⋅

⋅
∼

( + )

+

−

+

+ +

− −

b
b

k
k

p

k
k
p p

k e
k e

e
k

1
1 1 1

log 1
.k

k k k k

k k

k k
1

2 2 1

1

21
2

1
2

1
2

1
2

































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where >−e 1t2 if <t 2 and <−e 1t2 if >t 2. Then, for every < <t t21 2 and for sufficiently large �∈k
the following inequalities hold
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Corollary 1. We have (see [1])
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or equivalently

∏
=

→∞

k
k
p

k elim log .
k k

2

2k








In a similar way, we may find the estimation of sequence {∏ } =
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where >− −e 1t 1 if < −t 1 and <− −e 1t 1 if > −t 1. Therefore, we obtain

∏[ ( + + )] ≤ ≤ [ ( + + )]k t k k p k t k kexp log log log exp log log logk3 4

for any < − <t t13 4 and for sufficiently large k. Moreover, we also have

(∏ )
− − = −

→∞

p
k

k klim log log log log 1,
k

k







i.e.,

∏
=

→∞

p
k k e

lim
log

1 .
k

kk

The last result reminds another known limit
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which is not an incident and comes from the general relationship presented in Theorem 1.

From now on we will use the symbol ∏ xk to denote product ∏ = xi
k

i1 , where { } =
∞xi i 1 is any real sequence.

Now, we will prove our main result.

Theorem 1. Let { } =
∞fk k 1 be an increasing sequence of positive reals. Suppose that there exists �∈r w, and
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Proof. Let us set ≔ ( )g e k klogk
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where >− + − ( )e 1t r p 0 if < − ( )t r p 0 and <− + − ( )e 1t r p 0 if > − ( )t r p 0 , which finishes the proof. □

Corollary 2. Let { } =
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∏ ∼ −f e k klog .k
r s s wk

Then, we have

∏ ∏
=

→∞

−
f

k k
elim

log
.

k

k
s w

r s2
kk

(3)

Remark 1. Note that identity (2) can be n-times iterated for all �∈n if we make additional assumptions
about monotonicity of the corresponding sequences.

3 Applications

Some applications of Theorem 1 are given as follows.
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which implies the relation
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Now we present an application of Corollary 2.

(3.7) In [7, Problem 1.5], it was proved that
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and by Corollary 2
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We note that from (4) we obtain the solution of Problem 51, p. 45 from Pólya and Szegő [12]:
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Note also that, applying Corollary 2, monotonicity of sequences { } =
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important at all, because the following lemma holds.
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4 Final remarks

(1) Using the other asymptotic expansions, especially the ones given in the study of Kellner [6] (e.g., for product
of Bernoulli numbers, for products of the special values of gamma function, etc.), we can generate many new
relations that are omitted here. Other relations were published recently in [13] as well.

(2) In the history of the following asymptotic relation (see [14–16])
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n e
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2 1
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1

one thread –Dutch connection is missing. The above relationship was found by the last author as one
of the problems in the problem section of the known Dutch journal Nieuw Archief voor Wiskunde but in
the equivalent form:

∑( + ) =
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+ ( )−
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e e
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3
2 1
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1

It is interesting that in both proofs of these equalities (from Nieuw Archief voor Wiskunde and by
Lampret – see [15]) Tannery’s theorem was used.

(3) Another estimation for a number of primes is discussed by Meštrović in [17].
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5 Problems

The natural question about asymptoticity of the following expressions:
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arises from (1) and (2). For now, this question remains unanswered. The following formula (see [18,19])
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is an inspiration for solving this problem.
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