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Abstract: A semigroup is called an epigroup if some power of each element lies in a subgroup. Under the
universal of epigroups, the aim of the paper is devoted to presenting elements in the groupoid together
with the multiplication of Malcev products generated by classes of completely simple semigroups, nil-
semigroups and semilattices. The information about the set inclusion relations among them is also
provided.
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1 Introduction

A semigroup S is called an epigroup if for each a in S there exists some power a" of a such that a” is a
member of some subgroup of S. The identity of the subgroup is denoted by a“ and this subgroup is
denoted by G,«. The least positive integer m such that a™ € Gy is called the index of a and is denoted by
ind(a). It is well known that aa® = a“a € G,». We denote the group inverse of aa® in G4~ by @ and call it
the pseudo-inverse to a. Then, epigroups can be regarded as (2,1) — algebras with two operations, namely
multiplication and taking pseudo-inverse. Thus, in speaking of a system of identities X of epigroups, we
remind that they are written in the language of unary semigroups, i.e., for an identity u = v in X, in the
terms u and v both multiplication and pseudo-inversion may appear (as well as the derivative operation
a — a® from them: a¥ = aa). We denote by [2] the class of epigroups satisfying the identities in 2 and call
the class [2] an equational class of epigroups. It is clear that the equational class [X] of epigroups is a
pseudovariety of epigroups (a class V of epigroups is a pseudovariety of epigroups if V is closed under
formation of finite direct products, subepigroups and homomorphic images). We also write
[{uq = Valaea = u = v] for the class of epigroups whose membership is determined by satisfaction of a
certain set {uy = VyJuen = u = v of implications.

The class of all epigroups is denoted by E, and it is not a variety (see [1, Subsection 2.3]). Remind that
the class [2] is also not obligatory to be a variety of epigroups because it may not be closed under the
taking of infinite direct products (for example, from Proposition 4.1, the class N of nil-semigroups is an
equational class of epigroups, while from [2, Example 2.14] it is not a variety). For which identity systems
the class of epigroups satisfying a given system is a variety, the reader is referred to [2, Proposition 2.15]
for details.
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For two classes U and V of epigroups,

UoV ={S € E| There exists a congruence p on S such that S/p e V
and ep € U for each idempotent e in S};

U@V ={S € E| There exists a surjective relational morphism 7: S — T such that Te V
and er' € U for each idempotent e in T}.

Notation U-V will denote the Malcev product of U and V, and in such a case, we also say that p is a V-
congruence over semigroups from U. If V is a subclass of the class N, then U-V is a class of all epigroups
which are nil-extensions of semigroups from U by semigroups from V. Also, by UaV we denote a class of
epigroups which are subdirect of semigroups from U and semigroups from V.

Under the universal of completely regular semigroups, the miscellany of Malcev products of varieties of
completely regular semigroups was presented extensively in [3, Chapter 9]. For the Malcev products of
pseudovarieties of finite semigroups and the related topics, the reader is referred to [4]. Under the universal of
epigroups, this work focuses on the presentations of elements in the groupoid under the multiplication of Malcev
products generated by equational classes of epigroups. It should be pointed out that some results on the Malcev
products of well-known and even trivial varieties in the category of completely regular semigroups are no longer
true in that of epigroups. For example, let CR and T denote the classes of completely regular semigroups and
trivial semigroups, respectively. Under the universal of completely regular semigroups, To-CR = CR, while under
the universal of epigroups, TeCR # CR (the claim will be explained in Part II). Therefore, as one of the
impetuses for the study, in this paper it is necessitous to reinspect the Malcev products of some familiar
equational classes under the universal of epigroups. In Shevrin [1] (or [5]) one of the principal theorems is the
structural characteristics of semilattices of archimedean epigroups (that is, semilattices of nil-extensions of
completely simple semigroups), which is the Malcev product (CSoN)oS. The main results of this paper, none the
less, give the characterizations of the members of the groupoid under the multiplication of Malcev products
generated by classes of completely simple semigroups, nil-semigroups and semilattices. We are to investigate
elements or subsets of the groupoid Q under the multiplication ° generated by the class CS of completely simple
semigroups, the class N of nil-semigroups and the class S of semilattices. It is divided into two parts. Part II will
appear in our forthcoming work. By performing multiplication ° of {CS, N, S} with words of length equal to 2, we
exhibit some equational classes of epigroups and meanwhile subsemigroups of Q. We see that, in this work, the
generators {N, S} of Q are both idempotents; while in Part IT we will see that CS is not an idempotent of Q. The
descriptions of the Malcev products CS-CS, S-CS and their derivatives will appear in Part II. Since many of them
are no longer equational classes, their descriptions will be more complex and challenging. For the remaining
Malcev products, the work mainly initiates the problem of characterizing some classes of epigroups by
performing Malcev products of {CS, N, S} with words of length equal to 3. With limitation of semigroup
techniques and methods, we also put more emphasis on semigroup presentations with examples to illustrate
these statements for the general result.

From [6, Fact 2.1], under the universal of finite semigroups, for two pseudovarieties U and V of finite
semigroups, the pseudovariety {(U-V) of finite semigroups generated by the Malcev product of U and V is
equal to U®V. A similar statement holds for the varieties of completely regular semigroups. That is, for
two varieties U and V of completely regular semigroups, the variety (U-V) of completely regular
semigroups generated by the Malcev product of U and V is equal to U@V (for example, see [3, Theorem
1X.6.12]). We are not going to present or show the analogous statement for epigroups in general, since we
do not intend to search for generalizations which are from the sources of notions of varieties of completely
regular semigroups, or pseudovarieties of finite semigroups. In this work, some frequently mentioned
Malcev products UV for two equational classes U and V of epigroups can be characterized by identities,
and in this case, it reveals, as an equational class of epigroups, U-V = U®V. Quite often, in this paper, we
present that for two equational classes U and V of epigroups, if UV is an equational class of epigroups,
then UoV = U®V; for example, we show that the equality (CSoN)oS = (CS@N)@S holds in epigroups.

In addition to this introduction, the paper is organized as follows. Section 2 contains preliminaries. In
this section, some definitions, notations and auxiliary results are given. In Section 3, we recall some
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descriptions of Malcev products that will be used in the sequel. In Section 4, we calculate the derived
groupoid with the operation of Malcev product generated by S and N, and in Section 5 the groupoid
generated by N and NoCS. In Section 6, we recall some characterizations of (CSoN)-S and also present
some new material on this class of epigroups and its subclasses. In Section 7, we characterize the class
CS-(N-S) in several ways. In Section 8, we consider relations among classes of epigroups presented in this
paper with respect to the set inclusion. Many examples illustrate the corresponding problems that we
consider. Meanwhile, for the varied generalizations of Malcev products, the results of products of S, N and
CS under the operation of @ within epigroups, together with their proofs, also appear in the paper.

2 Preliminaries

We summarize several basic notions and terminologies needed in the paper. The reader is referred to the
books in [4,7-10] for background information on the semigroup theory. For further details of epigroups we
refer to Shevrin [5,11] and his survey article [1].

The equality and the universal relations on any set are denoted by V and A, respectively.

Let S be a groupoid (semigroup), and, for a subset X c S, let (X) be the subgroupoid (subsemigroup)
of S generated by X. The element a in S is called to be an idempotent if a® = a and the set of idempotents of
S is denoted by Es.

Let S be a semigroup. We write S = S, if S is a monoid; otherwise, S' stands for the semigroup with an
identity adjoined. S is called archimedean if for any a, b € S there exists a natural number n such that b € S'a"S".
A semigroup S with zero 0 is called a nil-semigroup if for any a € S, there exists n € Z* such that " = 0. An
element a in S is regular, if there exists some x € S such that a = axa. The set of regular elements of S is denoted
by Reg S, and S is called regular if Reg S = S. An element a in S is completely regular if there exists x € S such that
a = axa, x = xax, ax = xa, and S is called completely regular if all its elements enjoy this property. Clearly, the
element a is completely regular if and only if it is a group element of S. The set of all completely regular elements
of a semigroup S (i.e., the group part of S) is denoted by Gr S.

For an epigroup S, a € Gr S (in this case ind(a) = 1), if and only if aa® = a. Formally, we sometimes
write a“** instead of a“a®; for example, a®*! = a“a = &@. Recall that for any a € S and any n > ind(a), a" €
Gr S (see [5, Lemma 1]).

The congruence lattice of a semigroup S is denoted by (C(S), <, n, v ). From [8, Proposition 1.5.11], for
a, b € Sand p, o € C(S),

alp Vv o)b & apxqo6px30 ... %, 10b, (1)
wheren € Z*, X1, X2,...,Xan—1 € S. Let I be an ideal of S. Then, p, = AU (I x I) is a congruence on S known as
a Rees congruence.

Let p be a binary relation on a semigroup S. The radical of p, in notation ,/o, which is due to Shevrin,

is a relation on S defined by the following condition:

a,/Job & there exist m,n € Z* such that a™ p b"(a, b € S).
Let p* denote the congruence on S generated by p. Explicitly, for a, b € S,
ap'b e a=Dbora=xwy, qviy; = QWY .. XqVnYy, =Db 2

for some x;, y; € S%, u;, v; € S such that either ui(p U A)v; or vi(p U Auy, i = 1, 2,...,n. For a subset K of S,
define g by

amgb o (Vx,yeS) [xay € K © xby € K];

and 71 is called the principal congruence on S induced by K.
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The next lemma was mentioned in [12, Lemma 1.1].
Lemma 2.1. Let S be an epigroup and p € C(S). For a, b € S,
(i) if apb, then apb and a® p b*;

(i) if ap € Esyp, then ap a®.

If p is an equivalence on a semigroup S and a € S, then ap denotes the p class containing a; if A € S,
then pl|, denotes the restriction of p to A. The kernel of p is the set

kerp = {a € S| a p e for some e € Eg};
and the trace of p is
trp = plg;.
If S is an epigroup and p € C(S), then, from Lemma 2.1, it is easy to see that
kerp ={a e S|ap a“}.
Lemma 2.2. Let S be an epigroup and p € C(S). If e € Eg, then ep is a subepigroup of S.

Proof. Since e = e, we must have ep ep < ep so that ep is a subsemigroup of S. If a € ep, then ape
whence by Lemma 2.1 dpe, that is, a@ € ep. Therefore, ep is a subepigroup of S, as required. |

It is known that for p, A € C(S) such that p € A,
Alp = {(ap, bp) € S/p x S/p | (a, b) € A}

is a congruence on S/p, and S/A = (S/p)/(A/p) (see [8, Theorem 1.5.4]).
For an epigroup S, we define an equivalence relation # as follows:

aPboa=ho aa® =bb%@,b cS).

Notice that for anya € S, a = a, and so a P @, which implies that the restriction of £ to the set Gr S is the
equality relation on this set. Then, ¥ = A in S if and only if S is a completely regular semigroup.

The following lemma will be frequently used throughout the paper.

Lemma 2.3. ([13, Lemma 2.6]) Let S be an epigroup. For any a, b € S,
1) (@“ba®)” = (a“b)“a” = a®“(ba“)";
(i) aba = aba;
(iii) a(ba)” = (ab)*a.
On an epigroup S define the following relation: for a, b € S,

a<bé& (e, feEg)a=eb-=Df,

and the relation is called a natural partial order on any epigroup (see [7, Corollary 1.4.6]). It is easy to see
that the restriction of the relation to Es is given by

e<fee=ef=fe.
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Fora € S, e € Es, ifa < e, that is, there exist f, g € Eg such that a = fe = eg, then a° = fe-eg = feg = ag = a,
that is, a € Es.

Lemma 2.4. [14, Lemma 2.3] In an epigroup, D N < = A.

The class of all epigroups is closed under the taking of homomorphic images (see [1, Observation 2.1]).
A homomorphic image of a subepigroup of an epigroup is called an epidivisor. The relation “is an
epidivisor of” is transitive for epigroups.

In this paper, by L, and R, we denote the two-element left zero and right zero semigroups,
respectively. Y, is the two-element semilattice {0,1}. We will use several other semigroups given by the
following presentations:

A ={c,d|c?=0,d*2=d,cdc =c,dcd =d) = {0, c, d, cd, dc};
B, ={¢c,d|c?=d?=0,cdc = c,dcd = dy = {0, c, d, cd, dc};
V={e,fle*=ef?=f,fe=0)=1{0,e,f,ef};
P ={a,e|e’=e,ea=a,ae=0)=1{0,a,e};

Ly, ={a,f|a@®=d’fa=f?=f)=Aa,f,af, & a’f};

Lyy ={a,fl@f=a*fa=f*=f) ={a,f, af, a®};

and (1? [Rs3,1, R3] is the dual semigroup of P [Ls, Ls,]. We observe that among the subsemigroups of A,
(similarly, of B,), {0, ¢, cd} = P, {0, c, dc} = <17 Then, both A, and B, have epidivisors P and F We also see

that the semigroups A,, B,, P and P have a common epidivisor Y.
The monogenic semigroup with index m and period r is denoted by C,,,. Notice that C;, is the cyclic
group of order r and C,l,,,1 (obtained from C,,; by adjoining an identity 1) can be given by the following:

Cni1=<a,ele?=e,ae =ea=a,a™=0).

It is known that for n, 1, > 2, if r; divides r,, then the group C; , is a homomorphic image of the group C, ..
In particular, for any r € Z*, the group C,, is a homomorphic image of the infinite cyclic group C;, ... From
[14, Lemma 2.6] for all positive integers m > 2, the semigroups C,l,,,1 have a common epidivisor Czl,l.

Let S, T be epigroups. A relational morphism 7: S — T is a function 7: S — 27 satisfying the following
conditions:

o sT+ J, forall s € S (i.e., 7 is fully defined);

® $TSHT C (81S)7T, for sq, 5, € S;

etestT=tesSt,forseS,teT.

The graph of 7 is
#17 ={(s,t) e Sx T |t € st}.

Alternatively, a relational morphism 7: S — T is a relation from S to T such that the graph #r is a
subepigroup of S x T projecting onto S. Now fors € S, t € T, if t € st, then t* € s“t. It is easy to check that
the composition of two relation morphisms is again a relational morphism.

Let 7: S — T be a relational morphism. Let ps and pr be the projections from #r to S and T,
respectively. Then, ps'pr is termed the canonical factorization of 7. The inverse of T is the relation 7
T — Sdefined by tt~!={s € S|t € st}. If tr™! + & for every t € T, then 7 is called surjective.

Lemma 2.5. Let S, T be epigroups. Let 1: S — T be a surjective relational morphism.
() ™% T — S is also a surjective relation morphism.
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(i) If S’ is a subepigroup of S, then S't = U{sT | s € S'} is a subepigroup of T.
(iii) If T is a subepigroup of T, then T't™! = u{tt™' | t € T'} is a subepigroup of S.

Proof. Here, we only present the proof of (i), and the statements of (ii) and (iii) can be proved similarly.
(i) Clearly 7" is fully defined, since 7 is surjective. Now for t;, t, € Tand s; € ;7% s, € 17, that is, t; € s;T,
t, € S,T, we have ft, € S;TS>T € (5155)T, that is, $;5; € (t;t2)7. We also get 57 € {71, Therefore, 72 T — S
is also a surjective relation morphism. (|

The relational morphism 7 is injective (pseudo-injective, respectively) if the implication
STNIT+ DB =>s=t(sTNtt + T = ST = 1)

holds.

Lemma 2.6. Let T: S — T be a homomorphism between epigroups. Then, T is an injective (hence a pseudo-
injective) relational morphism from S to T.

Proof. From [1, Observation 2.1], it is easy to check that 7 is an injective relational morphism from Sto 7. O

By J,L,R,D and H we denote Green’s relations on a semigroup S. We denote the £ class
containing the element a in S by L,, and in the same way we define J,, R,, H, and D,.
In the next lemma, statements (i)—(iii) are corollaries of [10, Theorem 6.45], and (iv) comes from [5, Lemma 5].

Lemma 2.7. Let S be an epigroup.

i =D inS.

(i) Forae Sand x € S, ifa D xa, then a L xa.
(ili) Forae Sandy € S, ifa D ay, then a R ay.
(iv) Fora, b € S, (ab)*D (ba)®.

Corollary 2.8. A simple epigroup S is a completely simple semigroup.

Proof. It is known that S is simple if and only if 7 = S x S. Then, from Lemma 2.7(i) for any a € S, a D a?
and so from Lemma 2.7(ii and iii) we have a H a2, that is, a € Gr S (see [8, Theorem 2.2.5]). Thus, S is a
completely regular simple semigroup, and so from [3, Proposition II.1.1] S is a completely simple
semigroup. O

From [3, Theorem VI.5.1], for a completely regular semigroup S, letting p € C(S) and G any of Green’s
relations, then fora, b € S,a(p vV G)b © ap G bp. In the next lemma, we shall show that for some Green’s
relations the statement is also true for an epigroup.

Lemma 2.9. Let S be an epigroup and p € C(S). For G € {D, L, R},

alpvG)beapGhbpla,bes).

Proof necessity. Notice that Green’s relations are preserved under homomorphisms (see [3, Lemma
1.7.5]). Then,

apvGboeoapxGxupxsG...x%_1Gbforsomen e Ztand x, %, ..., %51 €S
Sap=xpGXp=xpG..=%n1p G bp
=ap G bp. O
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Proof sufficiency. For the converse, we consider several cases. For the case of D, we have

ap D bp & ap xby, b p uav for some x, y, u, v € S1, where 1p is the (adjoined) identity of S/p
= a p xu-avy, b p ux-b-yv
= ap (xw)ka(vy)x, b p(ux)*b(yv)k, k = max {ind (xu), ind (ux), ind (vy), ind (yv)}
= ap (xu)?a(vy)’, b p(wa)’b(yv)*
= a p (xu)”xby (vy)*, b p (ux)*b (yv)”
=apx wx)“b(yv)?y, b p(ux)®b(yv)® by Lemma 2.3 (iii)
= ap xwx)“b(yv)?y D (ux)®b(yv)“p b since (ux)?b (yv)* = uxu-x (ux)*b (yv)¥y-yvy
=apDpb
=apVvD)h.

For the case of £, we have

ap Lbp o apxb,bpyaforsomex,y e S!
= ap xy-a, bp yx-b
=ap (xy)a, b p (yx)*b, k = max {ind (xy), ind (yx)}
=ap (xy)“a, bp (yx)“b
= a pxy)“xb, b p (yx)“b
= a p x(yx)”b, b p(yx)*b by Lemma 2.3 (iii)
=ap x(yx)?b L(yx)“b p b since (yx)?b = yxy-x (yx)b
=saplpb
=a(vVvL)b.

The proof of the case of R is dual to that of £ and here we omit it. O
From the proof of Lemma 2.9, we also get the next result.
Corollary 2.10. Let S be an epigroup and p € C(S). For G € {D, L, R}, we have pVv G = p G p.
It was mentioned in [3, Lemma IV.3.5] that for a congruence p on a completely regular semigroup, p is
a completely simple congruence if and only if p v D = V. We claim that the statement is also true for an

epigroup.

Lemma 2.11. Let S be an epigroup and p € C(S). Then, p is a completely simple congruence if and only
ifpvD=V.

Proof. This follows from Lemma 2.9 and Corollary 2.8. O

Let S be an epigroup and p a congruence on S. It is not true that fora, b € S,a(p v H) b & ap H bp.
The following example illustrates the problem. Let S; be the semigroup defined by the presentation (see
[11, Example 4])

Si=<a,g|a®=a%g°=g,g% =ag" = a,ga® = a?, a’g? = aga).

Here @’ = a*, g* = g” and a“ is a right zero, so that a”g, a“g® a“g’> are also right zeros. The semigroup S;
consisting of 16 elements is a chain of two archimedean epigroups. Its egghox picture is presented in
Figure 1. The family of subsets {ga, ag?}, {a, gag?}, {ag, gag’}, {ag’, gag} and all the singleton sets which
are not contained in the four former subsets of S; is a partition m of S;. Let p be the equivalence on S,
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a ag ag® | ag®

ga | gag | gag? | gag®

7]

Figure 1: The eggbox picture of S; and its archimedean components.

2 22 23|
L@ [@g a9 ]|

Figure 2: The eggbox picture of S, and its archimedean components.

Figure 3: The sequence of transitions of a under the relation p on S;.

induced by 7. It is easy to check that p is a congruence on S; and S;/p = S,, where S, is the semigroup
defined by the presentation (see [11, Example 5])

S;=<a,gla*=a’ g =g,ga=ag’ ag" = a, ga’ = a*).

Its eggbox picture is presented in Figure 2. It is easy to check that, in S;/p, ap H (ag?) p, while from (1) and
Figure 3 (a,ag?) ¢p Vv H.

Lemma 2.12. For pseudovarieties U, V of E,
(i) UV c UmV;
(i) U®™V is pseudovariety of E.

Proof.

(i) This is clear, since any congruence p on an epigroup can induce a natural homomorphism p* (see
[8, Theorem 1.5.2]), and from Lemma 2.6 a homomorphism is a relational morphism.

(ii) The proof is analogous to the one of [15, Lemma 6.2] or [3, Proposition IX.6.11]. O

Let V be a subclass of epigroups. If there exists the least congruence p on S such that S/p € V, then p is
called the least V-congruence and is denoted by py. It is known that for any semigroup and a class V of
semigroups containing the trivial semigroup and closed under the formation of subdirect products (hence
for any variety V of epigroups), py exists (see [3, Lemma [.8.12]).

It is known that under universe of finite semigroups, for pseudovarieties U, V, W of finite semigroups,
U@ (V@W) ¢ (UaV)@W (for example, see [4, Exercise 2.3.20]). In the next lemma, we can obtain the
analogous result under universe of epigroups.
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Lemma 2.13. Let U, V, W be equational classes of epigroups. Then, U (V@W) ¢ (U@&V)@W.

Proof. Let S ¢ U@ (V@W). Then, there exist surjective relational morphisms 7: S —» A with A ¢ V®W and
for each idempotent a € A, ar'eUand o: A > Wwith W e W and for each idempotent w € W, woleV.
We consider the composition To: S — W of T and g, which is also a surjective relational morphism. For
idempotent w € W, set w(to) ™" = K, that is, wo 17" = K. Then, Kt = wo™}, and so from Lemma 2.5(ii and iii)
K is a subepigroup of S and Kt is a subepigroup of A with Kt € V. Now the relation 7|g: K —» Kt is a
surjective relational morphism with Kt € V. For any e € K7, since e € A, we have e(t|) " is a subepigroup
of et € U (actually e(t|x)™ = et™). Thus, K € U®V, so that S € (U®V)@W. O

From the proof of Lemma 2.13, we remark if U, V, W are classes of epigroups closed under the taking
subepigroups, then U@ (V@W) ¢ (UaV)@W.

3 Some results

In this section, we recall some descriptions of Malcev products that will be used; some new characterizations of
them will also be presented below.

Proposition 3.1. The following equalities hold for epigroups:
(i) CR = [x¥*1 = x];
(ii) CS = [x(yx)¥ = x].

Proof.

(i) Clearly the equality holds since an epigroup is completely regular if and only if it is a union of its
subgroups.

(ii) From [3, Proposition IIL.1.1], CS < [x (yx)® = x]. For the converse, substituting y — x“ in the given
identity yields x*™' = x, so that [x (yx)” = x] < CR. Again from [3, Proposition II.1.1], we have
[x (yx)¥ = x] ¢ CS. O

It is well known that a semigroup S is completely regular if and only if S is a semilattice of completely
simple semigroups (for example, see [3, Theorem I1.1.4]). Now we present the following result.

Proposition 3.2. For epigroups, CR = CS-S = CS@S.

Proof. As mentioned above CR = CS-S, we remain to show that CS@S < CR. Let S € CS®S be such that
there is a surjective relational morphism 7: S — Y with Y € S and for each a € Y, ar™! belongs to CS. For
arbitrary x € S, there exists a € Y such that a € xr. Then, x € ar™* = a“t™! € CS and so x“*' = x.
Consequently, we have S € CR. O

The next result comes from [16, Theorem 3.1].

Theorem 3.3. The following conditions on an epigroup S are equivalent:
(i) S € No(CS-S);
(ii) ® is a congruence on S;
(iii) there are no semigroups A,, B,. L3, and Rs; among the epidivisors of S;
(iv) S satisfies the identity (xy)” = (x“xyy®)®.
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Corollary 3.4. For epigroups, N@ (CS@S) = No(CS-S).

Proof. From Proposition 3.2, we only need to show that N@ (CSoS) € No(CS-S). Let S € N@ (CS-S) be such
that there is a surjective relational morphism 7: S — A with A € €S-8 and for each idempotent e € A, et™" ¢
N. For arbitrary x, y € S, there exist a, b € A such that a € xt, b € yt. Since (ab)” = (a”abb®)” in A, we have
xy)®, (X“xyy®)“ e (ab)”17! € N, so that (xy)” = (x’xyy®) since a nil-semigroup has only one idempotent
(completely regular element) as its zero. Thus, from Theorem 3.3, S € No(CS-S). (|

Lemma 3.5. For epigroups, To(CSeS) = No(CS-S) N [xx¥ = x¥ = x = x?].

Proof. Let S € To(CS-S). It is trivial that S € No(CS-S). Let p € C(S) be such that S/p € CS-S and over T.
Now if xx* = x*, then x p xx” = x“. Since x“p is trivial, we have x = x?.

For the opposite inclusion, set S € No(CSoS) N [xx? = x¥ = x = x?]. Then, from Theorem 3.3, P is a
congruence on S and S/P € CS-S. Now for any e € Es, if a P e, then aa® = e = a?, so that by hypothesis we
have a = e. Thus, e € T and so S € To(CS-S). O

The class of nil-extensions of completely regular semigroups is denoted by CRoN. In the following
proposition, we give some characterizations of nil-extensions of completely regular semigroups (see [14,
Proposition 3.3]).

Proposition 3.6. The following conditions on an epigroup S are equivalent:
(i) S € (CS°S)N, that is, S € CRoN;

(ii) GrSis an ideal of S;

(iii) the semigroups P, P and C;, are not epidivisors of S;

(iv) S satisfies the identity (xy“z)**! = xy“z.

Corollary 3.7. For epigroups, (CS@S)@N = (CS-S)-N.

Proof. From Proposition 3.2, we only need to show that (CSeS)@N < (CS-S)-N. Let S € (CS-S)@N be such
that there is a surjective relational morphism 7: S — N with N € N and for each idempotent i € N, the
semigroup it ' belongs to CSeS. For arhitrary x, y, z € S, there exist a, b, c € N such that a € xt, b e y1, c €
zt. Since the nil-semigroup N has the unique idempotent as its zero, we have b* = ab®c in N. Then,
xy“z € b¥77! € CSoS, so that (xy“z)”*! = xy“z. Hence, from Theorem 3.6, S € No(CS-S). O

4 The semigroup generated by S and N with the operation of
Malcev product

In this section, we shall calculate the derived groupoid with the operation of Malcev product generated by
S and N.

Proposition 4.1. The following equalities hold for epigroups:
(i) S@S =SS =S =[x = x¥, xy = yx];
(ii) N@N = NoN = N = [x¥ = x%y = yx¥] = [x¥ = yY].

Proof.
(i) Clearly the equality S = [x = x¥, xy = yx] holds.
It suffices to show that S@S < S. Let S € S®S be such that there is a surjective relational
morphism 7: S — Y with Y € S and for each a ¢ Y the semigroup ar* belongs to S. For arbitrary
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(i)

X, y € S, there exist a, B € Y such that a € x7, € yr. On one hand, x € at™! € S, so that x = x*, which
means that S is a band (i.e., a semigroup in which each element is an idempotent). On the other hand,
xy, yx € (af)t™" = (af)“t™"! € S, which means idempotents xy, yx are commutative, so that xyx = xyyx =
yxxy = yxy. Thus, xy = xyxy = yxy-y = yxy = yx-yxy = yx-xyx = yx. Therefore, we get S € S.

Denote the five classes by A, B, C, D, E in order.

B cE. Let S ¢ Band p € C(S) be such that S/p € N and for e € Es, ep € N. Then, x* p x* x p y*y p y*,
since S/p has one unique idempotent (group element) as its zero. Now x“x, y“y € x“p € N, then x“x =
y“y since x“x, y“y € GrS.

E c D. Let S € E. Substituting y — x“ in the given identity yields x“x = x“. Also, the given identity
implies x“ = y“. We obtain x* = x“x = y“y = x*y, y*y = yy* = yx*, and so x* = x“y = yx*.

D c C. Let S € D. For any a, b € S, the given identity yields a* = a“b” = b”a® = b”. Then, S has only
one idempotent, playing the role of zero. Also, substituting y — x in the given identity yields x“x = x“.
Thus, a" = a"a® = (aa®)" = (a®)" = a* for n = ind(a), so that S € N.

C ¢ B. It is clear.
Since A 2 C and C = D as shown above, we remain to show

A cD.LetScAand1:S — N be a surjective relational morphism with N €« N and for each a € N, at™" €
N. For arbitrary x, y € S, there exist a, b € N such that a € xt, b € yr. As shown above C = D, we have
a® = a®b = ba®. Then, x*, x”y, yx“ € a®1t! € N, and, again from C = D, we have x* = x“x*y = yx“x*, so
that S € [x¥ = x%y = yx¥]. O

The class of D trivial epigroups (i.e., epigroups whose D classes are singletons) is denoted by J,

which is characterized in the next result as semilattices of nil-semigroups, Malcev products and in terms
of identities.

Proposition 4.2. The following equalities hold for epigroups:

@
(i)

N@S =] = NoS = [()*! = (y)°] = [()*x = ()” = y (xy)*;
J@J =JoJ = 8] =]JoS =].

Proof.

@

(i)

We will show the first equality and for the other equalities, see [16, Proposition 4.13] and [14, Lemma 4.6].
From [16, Proposition 4.13] J = NS, then by Lemma 2.12 we have J ¢ N@S. For the reverse inclusion,
take S € N@S. Then, there is a surjective relational morphism 7: S — Y with Y € S and for each a € Y, the
semigroup at! belongs to N. For arbitrary x, y € S, there exist a, f € Y such that a € xr, 8 € yr. Then,
af € xtyt € (xy)T, af = Ba € ytxT € (yx)T and af = (aB)” € (xy)“1. Therefore, xy, yx, (xy)* € (aB)t ' € N,
and so from Proposition 4.1(ii) (xy)*** = (yx)*. Consequently, from the equality J = [(xy)¥*! = (yx)*], we
have S €.
It suffices to show that J@J c J. Let S € J@]J be such that there is a surjective relational morphism
7: S — J with J € J and for each j € E; the semigroup jt~! belongs to J. For arbitrary x, y € S, there exist
a, b € J such that a € xt, b € yr. On one hand, from Lemma 2.3

(xy)“’“ =xy (Xy)? = x (yx)?-(yx)?-(yx)2y,

) =yxyx = yxyx = y ()*0)“ - (xy)“x;
so that (xy)®*1D (yx)“. On the other hand, analogous to the proof of (i), we can show that (xy)“*',
x(yx) (notice that x(yx)* = (xy)“x), (yx)“y and y (xy)? are all among (ba)“t". Thus, (xy)*** and (yx)*
are D related in (ba)”7”", whereas (ba)“t™" € J, so that (xy = (yx)*. Therefore, by (i) we have
Se]l. O

)w+1
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Lemma 4.3. For epigroups, SeNENoS.

Proof. If S € SoN, then from [14, Corollary] Gr S is an ideal of S and GrS € S. We show that in this case
S € NoS. Let a, b € S be such that a D b. Then, there exist some x, y, u, v € S' such that a = xby, b = uav.
Thus, a = (xu)“x-b-y(vy)“, b = (ux)“u-a-v(yv)® (see the proof of Lemma 2.9). If x = y = 1, then a = b. If either
of x, yis not equal to 1, say, x # 1, then a, b € Esand a D b in Gr S, so that a = b since Gr S is a semilattice.
Therefore, we obtain the O is trivial on S, that is, S € NoS.

For the proper containment, we only consider the semigroup P. It is observed that P € NoS while
P ¢ SoN. O

We remark that in [14, Proposition 4.8] the authors were unaware of the result of Lemma 4.3 at that
time, and now we rewrite [14, Proposition 4.8] as follows.

Proposition 4.4. The following conditions on an epigroup S are equivalent:
(i) S € SoN;

(ii) S€ CReNNJ;

(iii) S € NeS;

(iv) the semigroups P, <17, Czl,l, L, R, and C,,, for any prime p are not epidivisors of S;
(v) S satisfies the identities (xy)*™* = (yx)%, (xy*“2)* = xy“z;

(vi) S satisfies the identity (xy“z)* = zy“x;

(vii) S satisfies the identities (xy“)” = y“x, (x“y)* = yx“.

Proof. The equivalences of (i)-(vi) follow from [14, Proposition 4.8] and Lemma 4.3.

(i)=(vii). If S € SoN, then from [14, Corollary 3.4] Gr S is an ideal of S and Gr S = Es € S. Then, for any
a, b € S, we have ab”, b“a € Es and, from Lemma 2.7(iv), (ab®)*D (b”a)” = b“a. Since from Lemma 4.3
S € J, we have (ab”)” = b”a. Similarly we have (a“b)* = ba®.

(vii)=(iv). Since identities are inherited by epidivisors, it remains to show that none of the semigroups
listed in (iv) satisfies the identities in (vii). It is clear that none of the semigroups L, R, and C;, satisfies
the identities. Also, we can see that the identities fail in Czl,1 if one sets x = a, y = e; the former identity fails
in P if x = a, y = e; the latter identity fails in Pifx= e,y =a. O

Corollary 4.5. For epigroups, S@N = SoN.

Proof. We only need to show that S@N < SoN. Let S ¢ S@N be such that there is a surjective relational
morphism 7: S — N with N € N and for each idempotent a € N, the semigroup ar™* belongs to S. For
arbitrary x, y € S, there exist a, b € N such that a € xt, b € yt. Since b* = ab® = b“a in N, we obtain y*, xy*,
y“x € bt € 8, so that (xy”)” = xy* = xy”y” = y“xy* = y”.y“x = y*“x. Similarly, we have (x“y)” = yx“.
Thus, from Proposition 4.4, S € SoN. O

Corollary 4.6. For epigroups,
(i) J = NoJ = SeJ = (8oN)J;
(ii) J =JoN =JoS = Jo(SoN);

(iii) J = No(SoN) = (SeN)o(S°N);
(iv) So(SeN) = (SoN)oN = SoN.

Proof. From Proposition 4.2, Lemma 4.3, as JoJ = J and SoN ¢ J, the equalities in (i) and (ii) hold in epigroups.
(iii) From Proposition 4.2, Lemma 4.3 and the equalities in (i) or (ii), we have

J = NoS € No(SoN) € (SoN)o(SoN) € Jof =J,

so that the equalities in (iii) hold.
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(iv) Clearly SoN < So(ScN), SoN < (SoN)N.

Let S € So(SoN). Then, there exists p € C(S) such that S/p € SoN, ep € S for any e € Es. Then, from
Proposition 4.4 (xy*)” p y“x, and so y“x = (y’x)¥, since (xy*)“p ¢ S. Now from Lemma 2.7(iv)
xy9)*D (yx)? = y?x and from (i) S € J (which means D = A in S), thus (xy*)* = y“x. Similarly, we have
x?y)¥ = yx“. Therefore, S € SoN.

Let S € (SeN)oN. Then, there exists p € C(S) such that S/p € N,ep € SN (e € Es). Then, from

Proposition 4.1 (xy“)” py“xpy“. Now y?, (xy?)?, y?x € y“p € SoN and, from Proposition 4.4, we have
yﬂ)X = yw.ywx = (y(uxyw)w = (wa_y(u)a) — (wa)w.
Similarly, we have (x“y)” = yx“. Therefore, S € SoN. O

Proposition 4.7. The semigroup {S,N) with multiplication ° is given by the Cayley table in Figure 4, and
(S,N) = V.

SoN |J SoN

z

—~

z
T S )
[P S

Figure 4: The Cayley table of (S,N).

Proof. From Proposition 4.2, Corollary 4.6, we observe that the underlying set of ¢S, N) is equal to
{S, N, S¢N, J} and the semigroup has the Cayley table in Figure 4. It is easy to show that S n N = T; and
also from Lemma 4.3 elements S, N, ScN and ] are all distinct. Define ¢: (S, N) —» Vby Sp =e, Np = f,
(SeN)¢ = ef, Jp = 0; it is easy to check that ¢ is an isomorphism. O

We add a result that will be used in the rest of the paper for closing the section.

Lemma 4.8. Let S be an epigroup and p € C(S).
(i) p is over completely simple semigroups if and only if for any e € Es, ep C D,.
(i) S/p e NS & D cp.

Proof.

(i) If p is over completely simple semigroups, then for any a € ep, a D% e, so that a D’ e, that is, a < D,.
If ep € D, then for any a € ep, from Lemma 2.1, a*, a € ep, so that a*, a € D,, which yields
a € Gr S since a D a. Thus, from Lemma 2.2, ep is a completely regular subsemigroup of S. Now for any a, b
€ ep, we have ab € ep, so that a D ab D b. Then, from Lemma 2.7 aRab L b and so from
[8, Proposition 2.4.2] a R% ab L% b, since ep is a regular subsemigroup of S. Hence, a D¢ b, so that
from Corollary 2.8 ep is a completely simple semigroup. Therefore, p is over completely simple semigroups.

(ii) If S/p € NS, then for any a, b € S, we have

aDb e a=xby,b = uav, forsomex,y, u,vecS!
= a = xu-a-vy, b = ux-byv
= a = kawy)k, b = ux)*b(v)¥, k = max {ind (xu), ind (ux), ind (vy), ind (yv)}
=a = (u?alvy)?, b= wx)?b(yv)?
= a = (xu)“xby (vy)”, b = (ux)“b (yv)*
= a = x (ux)“b (yv)*y p(ux)”b(yv)® = b by Proposition 4.2
=apbh.
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Consequently, we obtain D ¢ p.

For the converse, let a, b € S be such that ap D5/? bp. Then, from Lemma 2.9 alpVv D)b. If D cp,
then a p b, so that the Green relation D is trivial on S/p, that is, S/p € NoS (notice that from Proposition 4.2
NoS =]). a

5 The semigroup generated by N and NoCS with the operation of
Malcev products

Our goal in this section is to calculate the derived groupoid with the operation of Malcev products
generated by N and N-CS. We begin with Malcev products CSeN and N-CS.

A semigroup S either has no minimal ideals or possesses a unique minimal ideal denoted by K(S),
which is called the kernel of S. We remark that, from [5, Corollary of Proposition 1], the kernel of an
epigroup is a completely simple semigroup. Let e, f € Es. Define

M(e,f) = {g € Es|ge = g = fg}.

Proposition 5.1. The following conditions on an epigroup S are equivalent:
(i) S € CSoN;
(ii) Esis an antichain;
(iii) S € CRoN and GrS is the (completely simple) kernel of S;
(iv) VD =V;
(v) the semigroup Y, is not among the epidivisors of S;
(vi) M(e,f) is a singleton for all e, f € Es;
(vii) S satisfies the identity (x“y“x”)* = x“;
(viii) S satisfies the identity (x“yx“)“ = x“;
(ix) S satisfies the identity (x“zy“)" = (x“y*)“.

Proof. The equivalences (i)—(iii), (v) and (vii)—(viii) come from [5, Propositions 1, 3 and 3’, Observation 6]
(or [14, Proposition 3.6]) and their corollaries.
(iv)=(). If (iv) holds, then from [1, Theorem 3.16] (or see Theorem 6.1 below) S € (CSoN)-T, that is, S € CSoN.
(ii)=(ix). If (ii) holds, then (x“y“x*)* = x*, (y“x“y*)* = y*, since (x?y“x?)* < x¥, (y*x%y*)? < y* and
Es is an antichain. Thus, from Lemma 2.3(i)

(x“zy®)?-(xy®)® = (x“zy@)*y? (x“y“)” = (x“zy?)0y? = (x“zy?)”,
(waw)w,(xwzyw)w — (waw)wxw,(xwzyw)w — Xw (szyw)a) — (szyw)w’

that is, (x“zy?)? < (x¥y?)?, so that (x“zy*)* = (x“y“)“.

(ix)=(vi). Let g € Es be such that ge = g = fg. Then, the identity in (ix) yields g = g“ = (fge)*” = (fe)” and
so M(e,f) = {(fe)“}.

(vi)=(vii). It is easy to check that (x“y“x“)?, x* € M (x“, x*). If (vi) holds, then (x“y“x“)* = x“.

(vii)=(iv). For any a, b € S, if (vii) holds, then from Lemma 2.7(iv) a® = (a®b%a?)D (b®a’b®) = b“.
Thus, a™@Ha?Db*Ha"d@, so that a /D b. Therefore, /D =V, as required. O

Corollary 5.2. For epigroups, CS@N = CSoN.

Proof. We only need to show that CS@N < CSoN. Let S € CS@N be such that there is a surjective relational
morphism 7: S — N with N € N and for each idempotent i € N, the semigroup it~ belongs to CS. For arbitrary
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X, y € S, there exist a, b € N such that a € xt, b € yr. Since a” = b” in N, we have y®, x® € b®T! € CS ¢ CSoN,
so that from Proposition 5.1 (x*y“x*)* = x“. Thus, again from Proposition 5.1, S € CSoN. O

Lemma 5.3. Let S € CSoN. Then, L, R, H and D are congruences on S.

Proof. As known, O is equal to the Rees Congruence pg s (see Proposition 5.1), and of course a
congruence on S.

By duality we only need to consider R. Since R is left compatible, we remain to show that R is right
compatible. Now let a, b € S be such thata R b. Then, a=bora, b e GrS, since R c D =p, . Ifa=b,
there is nothing to say; if a, b € Gr S, then a®Rb* and a®, a”ac, b*, b*bc € Gr S (since Gr S is an ideal of S),
that is, a“ac D a® R b¥ D b%bc, so that from Lemma 2.7(ii and iii) ac = a®%ac R a® R b® R b®bc = bc.
Consequently, ac R bc, establishing that R is right compatible. O

In a regular semigroup, J*(=D*) is the least semilattice congruence (see [7, Theorem 1.4.17]). In the
following result, we say about D*, P* for an epigroup.

Proposition 5.4. Let S be an epigroup.
(i) D" = py.s-

(i) P* = pcg-

(iii) ()" = {(a, (@b)*a)}" = p¢s.

(iv) (<lgs)" = Peson-

Proof.
(i) AsD ¢ D*, from Lemma 4.8 S/D* € SoN, so that by the minimality of py.g, we have py g € D*. Also,
S/pn.g € NoS, again from Lemma 4.8, D < py.g and so D* € py.s-
(ii) Since a@ ¥ a, we have a #’a, so that from Proposition 3.1 S/P* € CR. Therefore, P* C pcg-
Conversely, let a #* b, a, b € S and p be a completely regular congruence. Then,

a = xquy;, Qviy; = Yy, ... XqVn¥, = b,

for some x;, y; € SL, w;, v; € S, w;Pv;, i = 1, 2,...,n. Notice that, from Proposition 3.1, u;p &I; = % p vi,
which means u; p v;. Then,

a = qWY,PXaviyiPX Uy, ... PXnVay, = b,
and so ap b. Consequently, £* ¢ p. Thus, the minimality of £~ is proved.

(iii) We denote (<)* by A and show first that A = pcs. As a”a < a, we have aa“Aa and so from Proposition
3.1 S/A € CR. For two idempotents in S/A, from Lemma 2.1, we take eA, fA for e, f € Es. If eA < fA, then
efAfeAe, so that fefAe, which means (fef) Ae. As (fef)* < f, we have (fef) Af. Consequently, eAf,
that is, eAd = fA. Thus, every idempotent of S/A is primitive, and so from [3, Theorem III.1.3] S/A € CS.

Conversely, let a A b, a, b € S and p be a completely simple congruence. We have

a = xiwy, iy, = oYy, ... XqVnl, = b,

for some x;, y; € SLu, vi€ S, u; < viorv <, i =1, 2,...,n. It is easy to check that u;p < vip, or vip < u;p,
so that u; p v;, since S/p € CS and the natural partial order on S/p is trivial (see [3, Theorem I1.4.2]). Now

a = qWmY,PXViyiPX% U, ... PXnVaY, = b,

so that ap b. Consequently, A ¢ p and the minimality of A is proved.



322 — Jingguo Liu DE GRUYTER

Let o be the congruence {(a, (ab)“a)|a, b € S}*. From Lemma 2.3(iii) (ab)“a = (ab)“-a = a-(ba)®,
then (ab)”a < a, so that 0 € p¢g. As a o (ab)“a, from Proposition 3.1, we have S/o € CS and so p¢g € 0.
(iv) We denote (<|g)* by A. For any a, b, c € S, since (a®b”a®)® < a®, we have (a”b”a”)* Aa”, and so by
Proposition 5.1 S/A € CSeoN.
Conversely, for a, b € S, let aAdb and p be a completely simple congruence on S. We have

a = xew, \fiy; = %€, ..oXnfnl, = b,

for some x;, y; € Sl e, fi € Es, e; < fior f; < e, i =1, 2,...,n. It is easy to check that e;p < fip, or fip < e;p,
so that epf;, since S/p € CSeN and Eg, is an antichain (see Proposition 5.1). Now

a = xiely,pxifiyipxaerys ... Pxafay, = b,
so that apb. Consequently, A € p and the minimality of A is proved. O

Proposition 5.5. The following conditions on an epigroup S are equivalent:
(i) S € NoCS;

(ii) S € CSeN;

(iii) S € No(CS-S) n CSeN;

(iv) the semigroups Ls 1, R3; and Y, are not epidivisors of S;

(v) S satisfies the identity (xy)“ = (xzy)“;

(vi) S satisfies the identity x* = (xyx)“.

Proof. The equivalences of (ii), (iv) and (vi) were mentioned in [11, Theorem 9] or [1, Theorem 3.39].

(iii)(iv). Notice that semigroups A, and B, have a common epidivisor Y,. Then, from Proposition 5.1
and Theorem 3.3, the equivalence holds.

(i)=(i). If (i) holds, then there exists p € C(S) such that S/p € CS with p being over N. From
Proposition 5.4 £ < p and from Theorem 3.3, £ € C(S). Now for any a, b € S, since CS < CSoN, from
Proposition 5.1, we have (a“b”a®)“pa®, so that (a”b“a”)” = a“, since a”’p € N. Then, again from
Proposition 5.1, we have S € CSoN. Therefore, S € CSoN n N-CS and so from [16, Proposition 4.1] S ¢ CS®N
(we remark here that £ n p;, ¢ = 4).

(ii)=({ii). This is clear from [16, Proposition 4.1].

(iii)=(i). From Theorem 3.3, the relation # is a congruence on S and S/# ¢ CR with # being over N.
Whereas also by hypothesis S € CSeN, S/P € CS<N, so that S/P € CR n CSoN = CS. Hence, S € NoCS, as
required.

(iii)=(v). On one hand, by hypothesis and Proposition 5.1, Gr S is a completely simple subsemigroup
of S. Then, for any a, b, c € S, as aa®, a“cb®, b*b € Gr S, from [3, Proposition III.1.1], we have (aa”b”b)“ =
(aa“cbh®b)”. On the other hand, by hypothesis and Theorem 3.3, (aa”b”b)“ = (ab)“. Also, by Theorem 3.3,
% is a congruence on S, then ach P aa“cb®b, so that (ach)” = (aa”cbh®b)”. Consequently, (ach)” = (ab)“,
as required.

(v)=(vi). This is clear. O

Corollary 5.6. For epigroups, N@CS = N-CS.

Proof. We only need to show that N@CS < NoCS. Let S € N@CS be such that there is a surjective
relational morphism 7: S — A with A € CS and for each idempotent a € A, the semigroup ar ™! belongs to N.
For arbitrary x, y € S, there exist a, b € A such that a € xt, b € yr. Since CS ¢ N-CS, from Proposition 5.5,
(aba)” = a” in A. Then, (xyx)*, xw € a”t" € N, and so (xyx) = x* since a nil-semigroup has only one
idempotent. Thus, from Proposition 5.5, we have S € CSoN. O
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In the following proposition, we give some observations pertaining to the properties of the natural
partial order in CSeN and N-CS.

Proposition 5.7. The following statements hold for an epigroup S:
(i) SeCS-No [(aeS,beGrS)a<h = a=b]
(ii) S € NoCS = [(a,b € S)a < b = a® = b?].

Proof.
(i) Sufficiency. Let e, f € Eqt be such that a =eb = bf. If e=1or f =1, trivially a = b; if e, f € Es, then a €
Gr S, since from Proposition 5.1 Gr S is an ideal of S. Now again from Proposition 5.1 we have

aHa® = (b“bfebb®) = b*Hb,

and then a(H n )b, so that from Lemma 2.4 a = b.
Necessity. From Proposition 5.1, this is an immediate consequence of the fact that Eg is an

antichain.
(ii) Let e,f e Eg be such that a = eb = bf. If f =1 or g = 1, in this case a = b; if e, f € Es, then from
Proposition 5.5 a“ = (bfeb)” = b®. O

Proposition 5.8. For epigroups,
(i) (CSoN)o(CSeN) = CSoN;

(ii) (NoCS)o(NoCS) = CS-N;

(iii) No(NoCS) = N-CS;

(iv) CSo(NoCS) = CSoN.

Proof.

(i) Let S € (CSoN)o(CSoN). Let p € C(S) be such that S/p € CSeN and ep € CS-N for e € Es. Taking e, f ¢
Eg, if e < f, then from Proposition 5.4(iv) epf, that is, e, f € ep € CSoN. Thus, from Proposition 5.1, E,
is an antichain, and so e = f. Now we obtain that Es is an antichain and again from Proposition
5.1 S € CSoN.

(ii) Since CS, N ¢ NoCS, we have CSoN ¢ (NoCS)-(N-CS). On the other hand, from (i) and Proposition 5.5,
(NoCS)>(NoCS) < (CSoN)-(CS-N) < CSoN.

(iii) Let S € No(CS-N) and p € C(S) be such that S/p € CSoN and ep € N for e € Es. Taking x, y € S, from
Proposition 5.5, we have x“p(xyx)“, that is, x*, (xyx)* € (xyx)*p € N, so that x* = (xyx) since in a nil-
semigroup there exists only one idempotent. Thus, again from Proposition 5.5, S € NoCS.

(iv) It is clear that CSoN < CSo(N-CS). By (ii), we have CSo(N-CS) < CScN. O

In the following result, we shall calculate the derived groupoid with the operation of Malcev products
generated by N and N-CS. Here, we deliberately avoid mentioning the class CS-CS and its derivatives,
since we will describe them in Part II as mentioned before.

Proposition 5.9. The semigroup (N, NoCS) with multiplication ° is given by the Cayley table in Figure 5,
and {N, NoCS) = P.

Proof. From Propositions 4.1, 5.8, it is routine to check that (N, N-CS) has the Cayley table in Figure 5. We
observe that elements N, NoCS and CSoN are all distinct. For example, from Proposition 5.5, L3; € CSeN,
while L;; ¢ NoCS, which means NeCS$CS-N. Let N, = {a, O} be the two element nil-semigroup, in which
a’ = 0a = a0 = 0 (we remark that N, = C,,), and C,, = {g, e} the cyclic group of order 2, in which g> = e, eg =
ge = g; they are disjoint. Considering the direct product N, x C;,, from Proposition 5.5, N, x C;; € NoCS
(Figure 6). Since the unique idempotent (0, e) is not zero of N, x C;, we see N, x Ci, ¢ N.
Therefore, NcNoCS.

Define ¢: (N, NoCS) — P by N¢ = e, (N-CS)¢@ = a; it is clear that ¢ is an isomorphism. O
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° N NoCS CS°N
N N NoCS CS°N
NoCS CS°N CS°N CS°N
CS°N CS°N CS°N CS°N

Figure 5: The Cayley table of (N, N-CS).

Figure 6: The eggbox of N, x (i ,.

6 (CSoN)-S

By far, we do not consider the case V-CS for the class V € {S, CS} (which will appear in Part II). The
universe will be (CS-N)-S in the rest of the paper, since the given classes of epigroups below are contained
in it. We gather here some characterizations about (CSoN)oS (see [1, Theorem 3.16] for more
characterizations about such epigroups), including some new conclusions.

Theorem 6.1. The following conditions on an epigroup S are equivalent:
(i) S € (CSoN)-S;
(ii) RegS = GrS;
(iii) there are no semigroups A,, B, among the epidivisors of S;
(iv) VD is the least semilattice congruence;
) trD = trD*;
(vi) S satisfies either (hence both) of the identities ((xy)“x(xy)*)* = (xy)*, ((y)“y(xy)*)® = (xy)*;
(vii) S satisfies the identity ((xy)“x)*™* = (xy)“x;
(viii) S satisfies either (hence both) of the identities ((xy)“(yx)*(xy)*)® = (xy)*, ((y)®yx(xy)®)* = (xy)®.

Proof. The equivalences of (i), (ii), (iii), (iv) and (viii) were mentioned in [1, Theorem 3.16] or [5, Theorem 3].
For a periodic semigroup, the equivalence of (iii) and (vii) was mentioned in [17, Lemma 2.1].

(iv)=(v). If VO is the least semilattice congruence, then D* ¢ O since D < VD . Now let e, f € Eg be
such that e D* f. Then, eJD f and so e D f. Now we have shown that trD* ¢ trD; the reverse inclusion
holds trivially.

(v)=(vi). It is easy to verify that for any a, b € S, (ab)¥a D (ab)® and so (ab)?a D*(ab)”. Thus,
(ab)?a (ab)*D*(ab)®. Then, from Lemma 2.1 ((ab)?a(ab)®)? D*(ab)?, so that ((ab)?a(ab)?)“trO*(ab)®. If
(v) holds, then ((ab)?a(ab)?)?tr D (ab)” and so ((ab)?a(ab)?)” D (ab)“. Since ((ab)?a(ab)?)® < (ab)?,
from Lemma 2.4, we obtain ((ab)”a(ab)”)” = (ab)®. The latter identity can be obtained similarly.

(vi)=(vii). If the former identity in (vi) holds, then

(C)?x)*! = (xy)“x ((xy)“x)” = (xy)® (x (xy)¥)*x by Lemma 2.3 (iii)
= ((y)“x (xy)?)?x by Lemma 2.3(i)
= (xy)“x by the former identity in (vi).

(vii)=(i). If a € Reg S, then there exists b € S such that aba = a. Since ab is an idempotent of S, we
have a = (ab)®a. If (vii) holds, then (ab)“a is a group element and so a € GrS. O
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Corollary 6.2. For epigroups, (CS@N)®@S = (CSoN)-S.

Proof. From Corollary 5.2, we only need to show that (CSeN)@S < (CSeN)-S. Let S € (CSeN)@S be such
that there is a surjective relational morphism 7: S — Y with Y € S and for each idempotent a € Y, the
semigroup ar~! € CSeN. For arbitrary x, y € S, there exist a, 8 € Y such that a € x7, B € yt. Since aB = (af)*” =
(Ba)” in Y. Then, (xy)®, (yx)* € (aB)T~' € CSeN, so that from Proposition 5.1 ((xy)*(yx)“(xy)*)* = (xy)*. Thus,
from Theorem 6.1, S € (CS°N)-S. O

The basic characterization of (CSoN)-S is that they are semilattices of archimedean epigroups. For
S € (CSoN)-S, we say S = (Y;S,), and mean that Y = S//D and the subepigroups S, (@ € Y) are the
archimedean components of S.

Proposition 6.3. Let S be a semilattice Y of archimedean epigroups S,, that is, S = (Y; S,) € (CSoN)-S. For
a, b € S, the following statements are equivalent:

(i) a D b;

(ii) a, b € K(S,) for some a € Y, or a, b € S\K(S,) and for some B, y € Y with B, y > a,

(K (Sp))'a(K (Sy)' = (K (Sp)'b (K (S))),

where, say, K(S,) is the kernel of S, and K(S,) = Gr Sy;
(iii) there exist a, B, y € Y such that B,y > a and a, b € S,

(K (Sp))'a (K (Sy)' = (K (Sp)'b (K (Sy))".

Proof. (i)=(ii). If a D b, then a, beS, for some a € Y. Since the regular D class of S, (of S) is a completely
simple kernel of S, (see [5, Theorem 3]), either a, b € Gr S (in this case a, b € K(S,)), or a, b ¢ GrS (notice
that neither the case a € GrS, b ¢ GrS nor the case a ¢ GrS, b € Gr S occurs).

Now we consider the latter case and clearly a, b € S,\K(S,). Since a D b, there exist some x, y, u, v € S*
such that a = xby, b = uav. Thus, a = xu-a-vy, b = ux-b-yv and so a = (xu)™-a-(vy)", b = (ux)"-b-(yv)" for all
positive integers n. Now S is an epigroup, and so we can choose n such that n = max{ind(xu), ind(ux), ind
(vy), ind(yv)}. Then, a = (xu)“-a-(vy)®, b = (ux)”-b-(yv)* and so

a = xw?x-by (vy)?, b = (wx)?u-av (yv)®.

As above, it is easy to verify that (xu)“x, (ux)“u fall into the same archimedean component possibly
with an identity 1 adjoined, say, (Sp)', and y(vy)”, v(yv)* € (S,)!, where B, y > a, B, y € Y. Also, (xu)“x,
wx)“u € (K(Sp)', ywy)®, viyv)® € (K(S,))", and so

(K (Sp)'a(K (Sy)' = (K(Sp)' Gaw)xby (vy)® (K (Sy))!
C(K(Sp))'b (K (S)))'s

similarly, (K(Sp))'b(K(S)))" € (K(Sp))'a(K(S))".
(ii)=(iii). It is clear.
(iii)=(i). It is clear. O

We now give one characterization of the class (N-CS)-S. In Section 8, we can see that it is not an
equational class of epigroups and is contained in (CS<N)-S.

Theorem 6.4. The following conditions on an epigroup S are equivalent:
(i) S € (NoCS)-S;
(ii) (Va, b e S)a’?Db®? = a¥ = (aba)®.
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Proof. (i)=(ii). On one hand, from Proposition 5.5 and Theorem 6.1, VO is the least semilattice
congruence. Let p € C(S) be such that S/p € S and ep € N ° CS for e € Es. Then, we have VD ¢ p, so that
eD < ep € NoCS. Taking a, b € S, if a® D b¥, then a™@ Ha?Db*HbM®), so that a?~/D a VD b.
Therefore, a, b € a?p € NoCS, and again from Proposition 5.5 a* = (aba)®.

(ii)=(i). From Lemma 2.7(iv), (xy)” D (yx)?, and so by hypothesis (xy)* = ((xy)“(yx)“(xy)*)*. Thus,
from Theorem 6.1, S € (CSoN)-S and VO is the least semilattice congruence. Now for any a, b € S, if
a VD b, which means a” D b, then by hypothesis a” = (aba)”. Now from Proposition 5.5 each /D class
belongs to NoCS. Therefore, S € (N-CS)-S, as required. O

7 CSo(NoS)

In this section, we characterize the class CSo(N-S) (that is, CScJ) in several ways and consider one special case
in which the Green relation D is a congruence. We begin with an auxiliary result of independent interest.

Lemma 7.1. Let p be a congruence on an epigroup S. The following conditions on S are equivalent:
(i) trp c trD;

(i) pcVD;

(iii) for any e € Es, ep € CSoN.

Proof. (i)=(ii). Let a, b € S be such that a p b. Then, from Lemma 2.1 a” p b*. If (i) holds, then a® D b?, so
that @@ ¢{ qv D p® ¢ pind®), Hence, a VD b.

(ii)=(iii). For any a, b € ep, that is, apepb, from Lemma 2.1, we have a“pepb®. Thus, a*b“a”pa® and
so (a“b“a®)“pa®. If p < /D, then (a”’b¥a®)?/D a® and so (a?b”a®)” D a®. Whereas (a’h”a®)” < a®,
then from Lemma 2.4 (a“b”a®)*” = a“. Now from Lemma 2.2, ep is a subepigroup of S, and, from
Proposition 5.1, we have ep € CSoN.

(iii)=(i). Let e, f € Es be such that epf. If (iii) holds, then from Proposition 5.1 e D%f, so that
eDf. O

Now we give some characterizations of the class CSo(NoS).

Theorem 7.2. The following conditions on an epigroup S are equivalent:
(i) S € CSo(N-S);
(i) S € CS@ (N-S) and the corresponding relational morphism is pseudo-injective;
(iii) there exists p € C(S) such that D < p, and ep = D,, for any e € Es;
(iv) there exists p € C(S) such that D < p < VD and ker p = Gr S;
(v) there exists p € C(S) such that D < p, kerp = ker D and trp = trD;
(vi) kerD* = ker D, trD* = trD;

(vii) D* is over completely simple semigroups;

(viii) D* is over completely regular semigroups;

(ix) kerD* = GrS;
(x) D ¢ g, where K = Gr S.

Proof. The equivalence (i) (iii) follows immediately from Lemma 4.8.

(i)=(i). If (i) holds, then there exists p € C(S) such that S/p € N-S with p being over CS. Then, from
[8, Theorem 1.5.2], the induced natural map p# from S to the quotient set S/p is a homomorphism, and so
from Lemma 2.6, it is easy to show that (ii) holds.

(ii)=(x). If (ii) holds, then there exists a pseudo-injective relational morphism 7: S — J such that J € No§
and er ' € CS for any e ¢ E. For any x € S, let x” denote an element in J such that x € xt (since T is fully
defined); and if 1 € S'\S, 17 = 1, 1“ = 1 (we remark that these special conventions have no harm to our proof).
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Let a, b € S be such that a D b. Then, there exist s, t, u, v € S* such that a = sbt, b = uav. Analogous to
the proof of Lemma 2.9, we have a = (su)“s-b-t(vt)”, b = (us)“-b-(tv)“. It is a routine matter to show that
(SUNYs"DE V)Y € at, WSHYb-(tV)?Y € br. As ] € NoS, from Proposition 4.2, (s"u")“s"-b"-t"(v't")” =
W'sH?-b"(tVHY. Set (sTuN)“sTb T (V)Y = a; and so a € ar N bt (note that here @ may be not an
idempotent). Then, for any x, y € S, x"ay™ € (xay)t n (xby)t, which implies (xay)T n (xby)T # & so that
(xay)T = (xby)t, since 7 is pseudo-injective. Now if xay € Gr S, then

(xTay")® = (x"ay")?*! since ] € NoS
=xTay" (XTay")? € (xay)T (xay)“T
C(xay)?*it = (xay)T since xay € GrS
= (xby)T as proved above.

Then, xby € (xX"ay")*1™* € CS and so xby € GrS. Similarly, the implication xby € GrS = xay € Gr S holds.
Thus, angb and so D ¢ .

(x)=({ii). If (x) holds, we will show that D" is the congruence p in (iii) which we are seeking. Clearly
D < D, and we remain to show that for any e € Es, eD* C D,.

First, if b € Reg S, that is, b D f for some f € Es, then bmkf, so that b € Gr S since f € Gr S. Therefore,
RegS ¢ GrS, and so RegS = GrS, since the inverse inclusion is clear. Now from Theorem 6.1, we
have trD* = trD.

Second, let a € S be such that a D*e. On one hand, we have a¥ D" e, so that, from the fact that
trD* = trD just proved above, we have a? D e. On the other hand, from (2), a = e, or

e = X1y, iy = QUY,, ..XnVn), = Q,

for some x;, y; € S, u;, v € S, u; D vy, i =1, 2,...,n. For the case a = e, there is nothing to prove. For the latter
case, since D < g, it is easy to observe that amge, so that a € Gr S since e € Gr S, which means a D a®.
Therefore, a D e, that is, a € D..

(iii)=(iv). Let (iii) hold. From Lemmas 4.8, ep € CS for any e ¢ Es, so that by Lemma 7.1 p ¢ /. Also,
kerp = Ueer,ep < GrS; conversely, if a € GrS, then a D a® and so by hypothesis apa®, which implies a ¢
ker p . Therefore, we have ker p = Gr S.

(iv)=(v). If (iv) holds, we need only to show that kerp ¢ ker D and trp ¢ tr D. To this end, take a € S
with a € ker p, that is, apa®. Since ker p = Gr S, we have a D a?, that is, a € ker D. Taking e, f € Es with
epf, since p < VD, we have eJ/Df, that is, e D f.

(v)=(vi). If (v) holds, then D < D* < p and so the implication holds.

(vi)=(vii). For any e € Eg, let a € S be such that a € eD*. On one hand, from Lemma 2.1, a?D"* e and so
a? D e, sine trD* = trPD. On the other hand, clearly a € ker D* and then a € ker D since ker D* = ker D,
so that a D f for some f € Eg, which implies a € RegS. Now from Theorem 6.1, we have a € GrS. Thus,
a H a® D e, so that a € D,. By far, we have shown that for any e € Es, eD* ¢ D,, then, from Lemma 4.8, D*
is over completely simple semigroups.

(vii)=(viii). It is clear.

(viii)=(ix). It is clear.

(iX)=(x). Let a, b € S be such that a D b. For any x, y € S!, we have

xay € GtS = xby D*xay D (xay)”
= xby D*(xay)” since D < D* and D" is transitive
= xby € GrS by the condition in (ix).

Similarly, the implication xby € GrS = xay € Gr S holds. Thus, angb and so D < . O

From Theorem 7.2 and Proposition 5.4(i), we obtain the statement (i) in the following result.
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Proposition 7.3. The following equalities hold for epigroups:
(i) CRo(NoS) = CSo(NoS);
(ii) CR® (N@S) = CS@ (N-S).

Proof.

(i) It suffices to prove that CRo(NoS) < CSo(N-S). Let S € CRo(N-S) be such that there exists p € C(S) such
that S/p € NoS, ep € CR for e € Es. Then, ker p ¢ GrS, and from Lemma 4.8 D < p, which yields
D < D* € p, so that ker D* ¢ GrS. Conversely, if a € Gr S, then a D a? and so a D* a?, which implies
a € ker ©O*. Now ker D* = GrS; and so from Theorem 7.2, we have S € CSo(NoS).

(ii) From Proposition 4.2, it suffices to prove that CR@ (NoS) < CS@ (NoS). Let S € CR® (N-S) be such that
there exists a surjective relational morphism 7: S — J such that J € NoS and itte CRforallie E;. Now
#tp; =] € NoS and for any i € E;

ipi' = {(s,1) € Sx J |i € st} =ir! € CR.

Then, #7 € CRo(N-S) and so by (i) #1 € CSo(N-S), which obviously yields #7 € CS@ (N-S). Now S =
#1ps, so that S € CS@(NoS), since from Lemma 2.12 CS@(N-S) is closed under the taking of
homomorphic images. O

Lemma 7.4. In epigroups, CS@ (N-S) < (CScN)-S.

Proof. Let S € CS@ (N-S) be such that there is a surjective relational morphism 7: S — J with J € NoS and
for each i € J, the semigroup it ! belongs to CS. Now for any x, y € S, there exist a, b € J such that a € xt,
b € yt. Then, (ab)“a € ((xy)“x)t. Since from Proposition 4.2 (ab)”a = (ba)® in ], we have (xy)“x € (ba)”1 " €
CS. It follows that (xy)” x € Gr S and so S satisfies the identity ((xy)“x)“*! = (xy)“x. Thus, from Theorem 6.1,
S € (CSoN)-S. O

The following result implies that CSo(N-S) is not an equational class of epigroups.
Lemma 7.5. The class CS-(N-S) of epigroups is not closed under the taking of homomorphic images.
Proof. Consider the semigroup @ with presentation
O=Lef,clef=f=f*fe=e=¢e?c?>=ce=cf=0).
It is easy to check that the collection of D classes of O is {{e, f}, {ec}, {fc}, {c}, {0}} (Figure 7). Now consider
the partition {{e, f}, {ec, fc, c}, {0}} of O. It is clear that the partition induces a congruence p on 0, and
D ¢ p, in which 8/p = P € NoS (see Lemma 4.3), ep(= fp), O € CS. Thus, from Theorem 7.2, @ € CSo(N-S).

If we consider the partition {{e}, {f}, {ec, c}, {fc, O}} of O. It is clear that the partition induces a
congruence ¢ on 0, and O/c = Q, where

O=Lef,clef=f=f*fe=e=e’c?*=ce=cf=fc=0)

(the semigroup Q was studied in [18]; also see [19]). We claim that Q ¢ CSo(NS). Otherwise, from Theorem
7.2, there exists p € C(Q) such that D ¢ p and Op = Do = 0. While from the fact thate D f, we have epf, so
that ecp fc = 0, a contradiction. O

A semigroup S is said to be © compatible if O is a congruence on S. The class of 9-compatible
epigroups is denoted by DC. From Theorem 7.2, we arrive at DC ¢ CSo(NoS). The next result, together with
Lemma 7.5, implies that the inclusion is proper.
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Figure 7: The eggbox of 6.

Lemma 7.6. The class of D-compatible epigroups S is closed under the taking of homomorphic images.

Proof. Since D is a congruence on S, for any p € C(S), from Lemma 2.9 D3P = (p v D)/p is also a
congruence on S/p. Thus, S is closed under the taking of homomorphic images. O

Lemma 7.7. For epigroups, (CSoS)oN <€ (CScN)o-S.

Proof. If S € (CS-S)-N and a, b € S, then from Proposition 3.6 (ab)® a € Gr S, that is, ((ab)“a)**" = (ab)“a.
Thus, from Theorem 7.2, S € (CSoN)o-S. O

Lemma 7.8. Let S be an epigroup such that S € (CSoS)oN (that is, Gr S is an ideal of S, which implies Gr S =
K € CR).

(i Wa,beSaDbeoa=>beS\K oraDXbp.

(i) D < pg.

Proof.
(i) This holds directly from Lemma 7.7 and Proposition 6.3.
(ii) This is true from the fact of (i). O

8 Some further set inclusion relations

In this section, we study the set inclusion relations among the classes of epigroups mentioned in the
previous sections. Along with some illustrative examples, the proper containments among them are
discussed.

Proposition 8.1. For epigroups,

(i) No(CSeS)%(NoCS)SS(CSoN)-S;

(ii) (CSoS)°NEDCECSo(NoS)&(CSoN)-S;
(iii) CSe(SoN) = (CS<S)°N.

Proof.

(i) From the proof of Theorem 6.4, we observe that (NoCS)oS ¢ (CSoN)oS. It is easy to see that
Ls, € (CSoN)-S; while from Theorem 6.4, L3; ¢ (N-CS)-S, since in L3 ; we see that a¥Df=»a® = (afa)”.
Therefore, (N-CS)-S is properly contained in (CSoN)oS.

For the first inclusion, let S € No(CSoS). Then, from Theorem 3.3, £ is a congruence on S.
Observing the forbidden epidivisors of the two class of epigrouips, from Theorems 6.1 and 3.3, we also
get S € (CSoN)-S and /D is the least semilattice congruence on S. Now for any e € Es, e/D € CSoN.
On the other hand, from Proposition 5.4, P ¢ JD and then Pleyp is a congruence on eJD, so that

evD € No(CS-8) N CSsN = No-CS (see Proposition 5.5). Therefore, S € (NoCS)oS.
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(i)

Considering the semigroups Ls,, from Theorem 6.4, it is easy to check that L3, € (N-CS)-S; while
from Theorem 3.3, L3, ¢ No(CSeS), since a P a’>=»af P a’f (which means that # is not a congruence
on S). Therefore, No(CS-S) is properly contained in (N-CS)-S.

For the first inclusion, let S € (CS-S)oN. Then, from Lemma 7.7, S € (CSoN)-S. We shall show that D is
right compatible.

Let a, b € S be such that a D b. From Lemma 7.8, either a, b ¢ Gr S, in this case a = b, ora, b €
Gr S. For any c € S, if a = b, then trivially ac D bc; if a, b € Gr S, then from Proposition 3.6, ac, bc €
Gr S, so that

aDb =>aDh=ac D" bc since D*is a congruence
= (ac)?D*(bc)” from Lemma 2.1
= (ac)?D (bc)” from Theorem 6.1
= ac D(ac)® D (bc)? D bc
= ac D bc.

Thus, D is right compatible. The left compatibility is proved dually and so D is a congruence on S,
that is, S € DC.

We claim that the class (CS-S)°N is properly contained in DC. For example, if we consider the
semigroup P, we see that from Proposition 3.6 P ¢ (CS-S)-N, whereas P € DC.

For the second proper inclusion, from Theorem 7.2, we observe that DC € CSo(N-S). We declare
that the inclusion is proper when we consider the semigroup O in the proof of Lemma 7.5. It is easy to
see that 0'fcO' = {fc, 0}, so that (ec, fc) ¢ D, while (e, f) € D (Figure 7). Hence, 6 is not D
compatible, while from the proof of Lemma 7.5, © € CSo(N-S).

The third inclusion is an immediate consequence of Lemma 7.4. Considering the semigroup Q in
the proof of Lemma 7.5, we have observed that Q ¢ CSo(NoS), whereas from Theorem 6.1,
Q € (CSoN)-S, since Reg Q = E,. Therefore, CSe(N-S)& (CSeN)-S, as required.

(iii) Let S € (CS<S)oN. Let p € C(S) be such that S/p € SoN and p is over CS. Then, for any x, y € S, from

Proposition 4.4, xy“zp (xy“z)*. As (xy“z)“p € CS, we have xy”“z € Gr S, that is, (xy“z)“*' = xy*“z. Thus,
from Theorem 3.6, S € CSo(S<N).

Let S € CSo(SoN). Then, for any x, y € S, from Theorem 3.6, (xy“2)“*! = xy“z, and so (xy“z)* Dxy“z.
Now from (ii), D is a congruence on S; and so from Proposition 4.4, we have S/D € SoN. Also, from
Proposition 4.8, D is over CS. Therefore, we have S € CSo(SoN). O

Note that the semigroup L;; is a homomorphic image of the semigroup L;,. Then, from the proof of

Proposition 8.1(i), we arrive at the next fact.

Corollary 8.2. The class (NoCS)<S is not closed under the taking of homomorphic images.

We observe that the semigroups P, P and the cyclic groups C,,, for any prime p, are © compatible.

Considering the direct product F x Cyp x P, from [19, Lemma 2.1], it is not O compatible, which reminds
us that the class of all D-compatible epigroups is not closed for taking direct products. Thus, we cannot
characterize P-compatible epigroups in terms of identities. From Theorem 6.4, we can check that

P x Cip x P € (NoCS)-S. Therefore, we claim that DC & (N-CS)-S. In fact, we have the next result.

Proposition 8.3. For epigroups, DC and (N-CS)-S are incomparable with respect to the partial order of set
inclusion.

Proof. It follows from Corollary 8.2 and Lemma 7.6. O
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From Proposition 3.6, (CSoS)-N is an equational class of epigroups, and so from Theorem 8.1(iv), we
get the next corollary.

Corollary 8.4. CS@ (ScN) = (CS-S)-N.

Proof. From Theorem 8.1(iv), we only need to show that CS@ (SeN) < (CS-S)-N. Let S ¢ CS@ (S°N) be such
that there is a surjective relational morphism 1: S — A with A € SoN and for each idempotent a € A, at™* ¢
CS. For arbitrary x, y, z € S, there exist a, b, c € A such that a € xt, b € yt, c € zr. Now from Proposition 4.4,
(ch®a)” = ab“c e xy“zt, that is, xy“z € (ch”a)“1™* € CS, so that xy“z € Gr S, that is, (xy“z)**! = xy“z. Thus,
from Theorem 3.6, S € (CS-S)oN. O

Theorem 8.5. For epigroups,
(i) No(CSeS) < (NoCS)@S < (CSoN)-S;
(ii) (CSeS)oN < CS@(N-S) < (CSoN)-S.

Proof.
(i) From Corollaries 3.4, 5.6 and Lemma 2.13,

No(CS-S) = N@ (CS®@S) < (N@CS)®S = (N-CS) @S,

and so the first inclusion holds. The second inclusion holds immediately from Corollaries 6.2 and 5.5.
(ii) The first inclusion holds from Theorem 8.1(iv). For the second inclusion, from Corollaries 8.4, 6.2 and
Lemma 2.13,

CS@ (N-S) = CS@ (N®S) < (CS@N)@S = (CSoN)-S,
and so the second inclusion holds. O
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