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Abstract: In this paper, we introduce a new type of contraction to seek the existence of tripled best prox-
imity point results. Here, using the new contraction and P-property, we generalize and extend results of
W. Shatanawi and A. Pitea and prove the existence and uniqueness of some tripled best proximity point
results. Examples are also given to support our results.
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1 Introduction

Fixed point theory has become the focus of many researchers and that is due the fact that it has many ap-
plications in different fields, such as physics, engineering, computer sciences, ..., etc,... However, sometimes
maps do not have a fixed point so the best we can do is to get the minimum "distance" of a input and its
output, which it turns out to be very interesting and it has many applications such a point is called best
proximity point. Introduction of coupled fixed point by Guo and Lakshmikantham [1] in the year 1987 leads
to the introduction of tripled fixed point by Vasile Berinde and Marine Borcut [2]. After this we had seen
many coupled and tripled fixed point results on different spaces and under different contractions. B. Samet
[3] proved some best proximity points theorems endowed with P-property. In [4] W. Shantanawi et. al. proved
best proximity point and coupled best proximity point theorems. For more results on best proximity point
and its application, readers can see research papers [5-11] and references therein.

W. Shantanawi et. al. [4] motivated us to introduce tripled best proximity point. In this paper, we proved
some tripled best proximity point theorems and examples are also given.

Let A and B be any two nonempty subsets of a metric space (X, d). Define

Py(x) = {y e X:d(x,y) =d(x,A)},

d(A, B) :=inf{d(x,y) : x € A,y € B},
Ao = {xe A:d(x,y) =d(A, B), forsomey e B},
and By = {y € B: d(x,y) = d(A, B), for some x € B}.
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2 Preliminaries

Definition 2.1. [3] Let (X, d) be a metric space and A # ¢,B # ¢ are subsetsof X. Let T : A — B be a mapping.
Then a € A is said to be a best proximity point if and only if d(a, Ta) = d(A, B).

Definition 2.2. [2]Let F : X x X x X — X. An element (a, b, ¢) is called a tripled fixed point of F if F(a, b, c) =
a,F(b,a,b)=>bandF(c, b, a) = c.

Definition 2.3. [7] Let (A, B) be a pair of nonempty subsets of a metric space (X, d) with Ay # @. Then, the
pair (A, B) has P-property if and only if

(d(xl, y1) = d(A, B)

d(XZ’ )/2) = d(A,B)) = d(xl’XZ) = d(J’hJ’z),

where x1,x, € Aand y,,y, € B.

Definition 2.4. [5] Amap ¢ : R* — R* is said to be a comparison function if
L x<y=¢()=sply)vVx,y cR";
2. limn_>+°o (,bn(t) =0.
If ¢ is a comparison function, we have ¢(0) = 0 and ¢(t) < t for all t > 0. Here [0, +00)° denote [0, +o0) x
[0, +00) x [0, +00) x [0, +00) x [0, +00) x [0, +00). Let O denote collection of continuous functions 0 : [0, +00)® —
[0, +o0) such that
6(0,t,s,u,v,w) =0forallt,s,u,v,w € [0, +o0);
0(t,s,0,u,v,w) =0forallt,s,u,v,w € [0, +o0);

and 0(t,s,u,v,0,w) =0forallt,s,u,v,w € [0, +o0).

Definition 2.5. [4] Let 0 be a continuous function in © and ¢ be a comparison function. A mapping T : A — B
is said to be a generalized almost (¢, 0)-contraction if

d(Tx, Ty) = ¢(d(x, y)) + 6(d(y, Tx) - d(A, B), d(x, Ty) — d(A, B), d(x, Tx) - d(A, B), d(y, Ty) - d(A, B))
forallx,y € A.

Definition 2.6. [4] Let (X, d) be a metric space with A # ¢ and B # ¢ are closed subsets. Let F : Xx X — X be
a mapping such that d(u, F(u, v)) = d(A, B) and d(v, F(v, u)) = d(A, B). Then F has a coupled best proximity
point (u, v).

Definition 2.7. Let (X, d) be a complete metric space and A # ¢, B # ¢ are closed subsets. An element
(u, v, w) € X x X x X is said to be a tripled best proximity point of F : XxXxX — Xifu,w € Aandy € B such
that d(u, F(u, v, w)) = d(4, B), d(v,F(v,u,w)) = d(A, B) and d(w, F(w, v, u)) = d(A, B).

3 Main results

We prove the following theorem

Theorem 3.1. Let (X, d) be a complete metric space. Let A # ¢, B # ¢ are closed subsets such that Ay and B
are nonempty. Let F : X x X x X — X be a continuous mapping which satisfies

(a) F(Ao x By x Ap) C Bo;
(b) F(Bo x Ag x Bg) C Ao;
(c) Pair (A, B) has the (P)-property.
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Let 6 be a continuous function in © and ¢ be a comparison function satisfying

d(F(x,y,z), F(u, v, w)) < ¢p(max{d(x, u), d(y,v), d(z, w)}) + 0[d(u, F(x,y, z)) - d(A, B),
d(v, F(y, x,y)) - d(A, B), d(w, F(z, y, x)) - d(A, B),
d(x, F(x,y, z)) - d(A, B), d(y, F(y, x,y)) - d(4, B),
d(z,F(z,y,x)) - d(A, B)] (€3]

forallx,y,z,u,v,w e X.
Then (u, u, u) is the unique tripled best proximity point of F.

Proof. Choose xq, zg € Agand yg € By. Since F(xq, Yo, 20), F(zo, Yo, Xo0) € Bo, F(yo, X0, Yo) € Ao, there exists
x1,z1 € Aand y; € Bsuch that d(x, F(xo, Yo, 20)) = d(y1, F(yo, X0, ¥0)) = d(z1, F(z0, Yo, X0)) = d(4, B).
Continuing this way, there exist sequences {xn}, {zn} in A and {y»} in B such that

d(XrH-l) F(X?’h J’n, Zn)) = d(A’ B); (3.2)
d()/n+1,F()’n, Xn, }’n)) = d(A,B); (3-3)
and d(zp+1, F(zn, ¥n, xn)) = d(4, B) forall n € NuU {0}. (3.4)

If d(xn, xp+1) = d(Yn, Yn+1) = d(zn, zn+1) = O for all n € N, then we are done.

Suppose d(xn, Xn+1) > 0 01 d(Yn, Yn+1) > O Or d(2n, Zn+1) > O.
Now, by condition (c), d(xn, F(Xp-1, Yn-1,2n-1)) = d(4, B), d(xns1, F(xn, ¥n, zn)) = d(A, B), and using
(3.1), we have

d(xn, Xp+1) = d(F(Xn-1, Yn-1, Zn-1), F(Xn, yn, zn))
< ¢plmax{d(xp-1, xn), d(yn-1, yn), d(zn-1, 2n)}]
+0[d(xn, F(Xn-1, Yn-1, 2n-1)) = d(A, B), d(yn, F(yn-1, Xn-1, yn-1)) - d(A, B)
d(zn, F(zn-1,Yn-1, Xn-1)) = d(A, B), d(xn-1, F(Xn-1, Yn-1, 2n-1)) — d(4, B),
d(Yn-1, F(Yn-1, Xn-1,¥Yn-1)) = d(A, B), d(zn-1, F(zn-1, ¥n-1, Xn-1)) - d(4, B)]
= ¢plmax{d(xn-1, xn), d(Yn-1, yn), d(zn-1, zn)}1. (3.5)

Similarly, from (c), d(yn, F(yn-1,Xn-1,¥n-1)) = d(A,B), d(yni1, F(yn,Xxn,yn)) = d(A,B), and
d(zn, F(Zn-1, Yn-1, Xn-1)) = d(A, B), d(zns1, F(zn, yn, xn)) = d(A, B) respectively and using (3.1), we obtain

d(yn, ¥ne1) = AFYn-1, Xn-1, Yn-1)> F(Yn, Xn, yn))
< ¢[max{d(yn*1’ yn)’ d(xn—ly Xn), d()’n—l; )’n)}] and (3.6)

d(zn, zne1) = d(F(zn-1, Yn-1, Xn-1), F(2n, ¥n, Xn))
= ¢[max{d(zn-1, zn), d(yn-1, yn), d(xn-1, xn)}]. (B.7)

From (3.5), (3.6) and (3.7), we get
max{d(xn, Xn+1), d(Yn, Yn+1); d(zn, zn+1)} < plmax{d(zn-1, zn), d(Yn-1, yn), d(xXn-1, xn)}] (3.8)
Repeating (3.8) n-times, we obtain
max{d(xn, Xn+1), A(Yn, Yn+1), d(2n, Zns1)} < " [max{d(xo, x1), d(yo, y1), d(zo, 20)}].

Hence
lim d(xn, Xp+1) = lim d(yn, yne1) = lim d(zn, zns1) = 0.
n—s+oo n—+oo n—r+oo

Now,

d(Ay B) < d(Xn, F(Xn, J/n, Zn))
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< d(Xn, Xps1) + d(Xns1, F(Xn, Yn, 2n))
= d(Xn, Xn+1) + d(A» B)

which gives
lim d(Xn, F(Xn, VYn, Zn)) = d(A7 B)
n—+oo
Similarly,
HEIPM dWn, F(yn, Xn, yn)) = HEIPOO d(zn, F(zn, yn, xn)) = d(A, B).
Let € > 0. When n — +o0, ¢p"(max{d(xo, x1), d(¥o, ¥1), d(z0, z1)}) — 0 then there exists n € N, such that

dxn, Xr11) < 5 (€ = BN, Ay, Y1) < 3(€ - p(€)) and d(zn, zns1) < 5(€ - p(e) forall n .
Now, we have to prove
max{d(xn, xm), d¥n, ym), d(zn, zm)} < € forall m > n = ny. (3.9)
Suppose (3.9) is true for m = k. Now,
d(xn, Xy41) < d(Xn, Xpi1) + A(Xnie1, Xja1)- (3.10)
From (c), d(Xp+1, F(xn, yn, zn)) = d(Xjs1, F(Xg, Vi, 2i)) = d(A, B), and using (3.1), we have

d(Xn+15 Xg1) = dA(F(xn, Yn, zn), F(X, Yis 21))
< p(max{d(xn, xi), d(yn, yi), d(zn, zi)}) + 0ld(xy, F(xn, yn, zn)) - d(4, B),
d(yi, F(yn, Xn, yn)) = d(A, B), d(zy, F(zn, yn, Xn)) - d(A, B), d(xn, F(xn, yn, zn)) - d(A, B),
d(yn, F(yn, xn, yn)) - d(A, B), d(zn, F(zn, yn, xn)) - d(4, B)] B11)

Similarly,

A(Yn+15 Yier) = dEYn, Xn, Yn)s F(ies Xies Vi)
< p(max{d(yn, yi), d(xn, Xi), d(yn, yi)}) + 0ld(yi, F(yn, Xn, yn)) - d(A, B),
d(xy, F(xn, yn, xn)) = d(A, B), d(yi, F(yn, Xn, yn)) = d(A, B), d(yn, F(yn, Xn, yn)) - d(A, B),
d(xn, F(xn, yn, xn)) = d(A, B), d(yn, F(yn, Xn, yn)) - d(A, B)] (3.12)

and

d(zn+1, Zks1) = dA(F(zn, yn, Xn), F(zi, Vi, Xk))
< p(max{d(zn, zi), d(yn, yi), d(xn, x;)}) + 8ld(zx, F(zn, yn, xn)) - d(A, B),
d(yi, F(yn, zn, yn)) - d(A, B), d(xy, F(xn, yn, zn)) - d(A, B), d(zn, F(zn, yn, xn)) - d(A, B),
d(yn, F(yn, zn, yn)) - d(A, B), d(xn, F(xn, yn, zn)) - d(A, B)]. (.13)

By using the properties of 8, limp—s+co d(xn, F(Xn, yn, zn)) = d(A, B), limn_s+e0 d(¥n, F(¥n, Xn, yn)) = d(4, B)
and limp—+00 d(zn, F(zn, ¥n, xn)) = d(A, B), we have

hm Sup e[d(Xk’ F(XYU Yn, Zn)) - d(A’ B)a d()’k, F(Yn, Xn, )/n)) - d(A’ B)a d(Zk, F(ZTI’ Vn, X)‘l)) - d(A5 B)’

n—+oo

d(xn, F(xn, }/n,Zn)) -d(A, B), d(Yn, F(J’n, Xn, J/n)) - d(A, B), d(zn, F(zn, Yn, xn)) — d(4, B)] = 0;

limsup 6[d(yk) F()’n, Xn, le)) - d(Ay B)’ d(Xk, F(Xn, ley X)’l)) - d(Ay B)’ d(yka F()’n, Xn, le)) - d(Ay B)’

n—+oo

d(yn, F(yn, Xn, yn)) — d(4, B), d(xn, F(Xn, ¥n, xn)) — d(A, B), d(yn, F(yn, Xn, yn)) - d(4, B)] = 0
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and
nll)IPm Sup e[d(zk, F(Zn, yl’l, XYI)) - d(A, B), d()’k, F(}/n, Zn, )/n)) - d(Aa B)s d(Xk’ F(Xn, yn’ Zn)) - d(A’ B)’
d(zn, F(an J’n, Xn)) - d(A, B)9 d(J/n, F(}/n, Zn, J’n)) - d(A9 B)y d(XH; F(XTU J/n, Zn)) - d(Ay B)] = 0-
When taking ng large enough, we have

0ld(xy, F(xn, yn, zn)) = d(A, B), d(y, F(yn, Xn, yn)) - d(A, B),
d(zy, F(zn, yn, xn)) — d(4, B), d(xn, F(xn, ¥n, zn)) - d(4, B),

A, Fn, X, yn)) = d(A, B), d(zn, Fzn, yn, x0)) — d(A, B < 2 (& - $(&)), (314)

0ld(yk, F(¥n, xn, yn)) - d(A, B), d(xy, F(xn, yn, xn)) — d(4, B),
d(yy, F(yn, xn, yn)) — d(A, B), d(yn, F(yn, xn, yn)) - d(A, B),
d(xn, F(Xn, yn, xn)) = d(A, B), d(yn, F(yn, Xn, yn)) — d(A, B)] < %(8 - ¢(e)) (3.15)

and

0ld(zy, F(zn, Xn, zn)) - d(A, B), d(yy, F(yn, zn, yn)) - d(4, B),
d(xy, F(xn, yn, zn)) - d(A, B), d(zn, F(zn, yn, xn)) - d(4, B),

d(yn, F(yn, zn, yn)) - d(A, B), d(xn, F(Xn, yn, zn)) — d(4, B)] < %(8 - ¢(e) (3.16)
From the relations (3.9)-(3.16), we get

max{d(xn, Xy;1), AdWYn, Yr+1), d(Zn, Zx1)} < €.

Thus (3.9) is true for all m = n = ng. Hence, {xn} and {z,} are Cauchy sequences in A and {yx} in B. Since
(X, d) is complete, there exist u, v, w € X such that

lim xp=u, lim z;=wand lim y,=v.
n—s+oo n—s+oo n—s+oo

Since A and B are closed, we get u, w € A and v € B. Since F is continuous,
n1~1>r£1 d(xn+1’ F(Xn; Yn, Zn)) = d(A’ B) = d(u’ F(u’ v, W)) = d(A’ B)-

Similarly, d(v, F(v, u, v)) = d(A, B) and d(w, F(w, v, u)) = d(A, B).
Thus, (u, v, w) is a tripled best proximity point of F. Now, we show that u = v = w.
Lastly, from (c) and using (3.1), we have

d(u, w) = d(F(u, v, w), F(w, v, u)) < ¢p(d(u, w)) = u=w. (3.17)

Therefore, u =v =w.
To prove the uniqueness, let t be another tripled best proximity point. Now,

d(u,t) = d(F(u,u,u), F(t, t,t)) < p(d(u, t)) = u = t.
This completes the proof. O

Theorem 3.2. Let (X, d) be a complete metric space. Let A # ¢, B # ¢ are closed subsets such that Ay and B
are nonempty. Let F : X x X x X — X be a continuous mapping which satisfies

1. F(Agx Ao xAp) C By or F(Bg x By x Bg) C Ao;

2. Pair (A, B) has the (P)-property.
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Let 0 be a continuous function in © and ¢ be a comparison function satisfying
d(F(x,y, z), F(u, v, w)) < ¢p(max{d(x, u), d(y, v), d(z, w)}) + 0[d(u, F(x, y, z)) - d(A, B),
d(v, F(y, x,y)) - d(A, B), d(w, F(z, y, x)) - d(A, B),
d(x, F(x,y, z)) - d(A, B), d(y, F(y, x,y)) - d(4, B),
d(z,F(z,y,x)) - d(A, B)]

forallx,y,z,u,v,w e X.
Then (u, u, u) is the unique tripled best proximity point of F.

Proof. Choose xo, Yo, 20 € Ao. Since F(Ap x Ag x Ap) C By, we get F(xo, Yo, 20), F(yo, X0, ¥0), F(20, Yo, Xo) €
By. Then by following Theorem 3.1, we get that (u, u, u) is the unique tripled best proximity point. O

Taking A = B in Theorem 3.1, we can get a triple fixed point which is given below:

Theorem 3.3. Let (X, d) be a complete metric space. Let A # ¢ be a closed subset. Let F : X x X x X — X
be a continuous mapping such that F(A x A x A) C A, 0 be a continuous function in © and ¢ be a comparison
function satisfying

d(F(x,y,z), F(u,v,w)) < ¢(max{d(x, u), d(y,v), d(z, w)}) + 0[d(u, F(x, y, 2)),
d(v, F(y, x,y)), d(w, F(z, y, x)), d(x, F(x, y, 2)),
d(y,F(y,x,y)),d(z, F(z,y,x))] forallx,y,z,u,v,w € X.

Then (u, u, u) is the unique tripled point of F.

Example 3.4. Consider X = {0,2,3,4,5} and d(x, y) = %for allx,y e X.Let U ={2,5} and V = {2, 4} be
subsets of X. Let F : X x X x X — X be a continuous mapping given by F(x,y,z) =x+y -z forall x,y,z € X,
6 : [0;+00)® — [0, +o0) given by O(r, s, t, u, v, w) = min{r, s, t,u, v, w} and ¢ : [0, +o0) — [0, +o0) be given
by ¢(t) = i+

Proof. Here, Ag = {2}, Bo = {2}, d(A, B) = 0. Take x, z € Ag and y € B, then clearly F(Ag x Bg x Ag) C Bo,
F(BoxApxBg) C Ay, condition (c) of Theorem 3.1is true, satisfying (3.1) and also all the conditions of Theorem
3.2. Hence, from Theorem 3.1 and Theorem 3.2, (2,2,2) is the unique tripled best proximity point. O

Example 3.5. Consider (X,d) = R,d(x,y) = |x—y| forall x,y € R.Let U = [1,2] and V = [-2,-1] be
subsets of X. Let F : X x X x X — X be a continuous mapping given by F(x,y,z) = *3= forall x,y,z € X,
6 : [0; +00)® — [0, +o0) given by O(r, s, t, u, v, w) = min{r, s, t, u, v, w} and ¢ : [0, +oo) — [0, +o0) be given

by ¢(t) = 1%

Proof. Here, Ag = {1}, Bo = {-1}, d(A, B) = 2. Take x, z € Ag and y € By, then clearly F(Aq x Bg x Ap) C By,
F(BoxAoxBg) C Ag, the pair (4, B) has the (P)-property and (1,-1,1) is the unique tripled best proximity point
but not of the form (u, u, u). This is because (3.1) is not satisfied. Therefore, by Theorem 3.1, we cannot get the
results. O

4 Conclusion

In closing, we would like to bring to the readers’ attention that our results were proven in metric spaces. So,
we can prove these results in partial metric spaces, metric like spaces, or M-metric spaces.
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